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Determining the Maximum Power Transfer Points for
MC-WPT Systems With Arbitrary Number of Coils

Yue SunY, Member, IEEE, Zhi-Juan Liao

Abstract—To reveal the general characteristic of the maximum
power transfer points of magnetic coupling wireless power
transfer (MC-WPT) systems, and to quickly and accurately
determine all possible maximum power transfer points for
arbitrary coil MC-WPT systems, a novel theoretical analysis
method is proposed in this paper. Based on the modal theory,
an accurate time-domain model of an n-coil MC-WPT system is
established and the analytical current response on each coil is
derived. According to the current response of the load, a detailed
power spectrum distribution is presented, based on which the
mathematic expressions of all possible maximum power transfer
points, including the maximum output powers and corresponding
operating frequencies, are deduced. The theoretical results are
verified in experiment prototypes practically. The experimental
results show that: 1) the output power reaches its maximum
value at the modal frequencies rather than the designed natural
frequency of the resonators in MC-WPT systems; 2) there are n
modal frequencies of an n-coil MC-WPT system. The analysis re-
sults provide useful information to choose the operating frequency
for practical MC-WPT systems with arbitrary number of coils.

Index Terms—Modal frequencies, modal theory, the maximum
power transfer, wireless power transfer.

I. INTRODUCTION

AGNETIC coupling wireless power transfer (MC-WPT)
M is a technology to transfer power from power sources to
electric loads across some large air gaps by electromagnetic
coupling. This technology has been a research hotspot since the
inspiring work of transmitting 60 W power to a lamp over a
distance of 2 m was demonstrated in 2007 [1], [2]. Due to the
electric isolation between transmitters and receivers, this tech-
nology has the advantages of flexibility, reliability, and safety.
In recent years, considerable process in MC-WPT has paved the
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way toward practical applications such as consumer electronics
[3], [4], medical implanted devices [5], [6], and electric vehicles
(71, [8].

Output power is one of the most significant indexes of
MC-WPT systems. Maintaining high power transfer is neces-
sary for most of the MC-WPT applications, especially for high
power equipment such as electric vehicles or rapid charging
devices [9]. In a conventional MC-WPT system, the natural
frequency of each resonator in the system and the operating
frequency are usually set equal to achieve the maximum power
transfer [1], [2], [10]-[13]. However, there is a common phe-
nomenon termed as “frequency splitting,” in which the maxi-
mum output power point splits into many points and the output
power at the designed resonators’ natural frequency (RNF) point
is very small [14]-[20]. Moreover, in a multicoil MC-WPT sys-
tem, even though the system is in a nonsplitting region, the cross
couplings between the nonadjacent resonators would shift the
frequency of the maximum power transfer point away from the
designed RNF [21]. Due to such phenomena, the system op-
erating at the fixed designed RNF often suffers a lower output
power.

Many solutions have been proposed against these phenomena,
such as frequency tracking control [14], [22], adding impedance
matching network [17], [23], [24], regulating the coupling
strength [14], [15], adjusting the structure of the system [19],
[25], and so on. However, these methods differ from system to
system and then are very hard to implement in multicoil systems.
Moreover, each of these methods has its own insurmountable
drawbacks. For example, frequency tracking control requires the
system to add a series of complex control and detection circuits,
such as the phase compensator and phase-locked loop, which
occupy specialized space and introduce additional power con-
sumption. Adding impedance matching network will increase
the order of the system, so that the complexity of control will
also increase accordingly. Regulating the coupling strength is
usually achieved by adjusting the relative position and/or posture
of resonators, and then it is difficult to implement to the systems
whose relative position of resonators are fixed or need to be shift
constantly. The method of adjusting the structure of system can-
not be applied to an existing system with frequency splitting.
Essentially, these methods are only compensation methods for
output power and the physical interpretation of the maximum
power transfer is not clear. Revealing the physical interpreta-
tion of maximum power transfer and predicating the maximum
power transfer points are the key points to solve these problems
and maintain a higher output power for MC-WPT systems.

See http://www.ieee.org/publications_standards/publications/rights/index.html for more intormation.
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For the maximum power points analysis of MC-WPT sys-
tems, circuit theory [26]-[28] and coupled mode theory [18],
[29] are the two traditional and major analysis methods. In
[21], Lee et al. investigated the effects of cross couplings of
nonadjacent resonators on the optimal frequency for multicoil
MC-WPT systems, but this paper did not consider the frequency
deviation caused by frequency splitting which could occur even
if the cross couplings are negligible. More importantly, the phys-
ical interpretation of the optimal frequency is not involved in
[21]. Establishing a generalized mathematic relationship be-
tween the maximum power transfer points and the electric pa-
rameters not only permits quantitative analysis of the optimal
frequency but also provides a generic platform for its physical
interpretation. In [18], [27]-[29], the analytical frequencies of
the maximum power transfer points were derived by using the
two traditional methods, but they limited their study to some
specific low-order systems with a symmetrical parameter struc-
ture and negligible cross couplings. Theoretical investigations
of the maximum power transfer points of a nonsymmetrical
MC-WPT system were discussed in [26], but the model is the
simplest two-coil system. Since the circuit theory and coupled
mode theory can only derive the analytical frequencies of the
maximum power transfer points by seeking the extreme points
of the output power versus the operating frequency, hence the
two methods only suit for such specific simple systems. For a
multicoil system with nonsymmetrical parameters and nonneg-
ligible cross couplings, the equations would become extremely
complex and rigorous to be analyzed with two traditional meth-
ods. Actually, an MC-WPT system may have multiple maxi-
mum power transfer points, the number and position of which
will vary with parameters of the system [30]. So far, the gen-
eralized characteristic of the maximum power transfer points
of MC-WPT systems is not clear, which has become a bottle-
neck problem of WPT systems and has practical significance
[31], [32].

In this paper, a novel theoretical analysis method in terms
of modal theory is proposed for MC-WPT systems with arbi-
trary number of coils to quickly and accurately determine its
maximum power transfer points. With the proposed method, the
mathematic expressions of all possible maximum power transfer
points of arbitrary coil MC-WPT systems, including the operat-
ing frequencies and corresponding output powers, are derived,
based on which the generalized characteristic and physical in-
terpretation of the maximum power transfer points are deduced.
From engineers’ point of view, knowledge of the maximum
power transfer points provides useful information for the choice
of operation frequency and parameter optimum design for
practical use.

This paper is organized as follows: an accurate time-domain
model of n-coil MC-WPT systems is established in Section II.
The analytical current response on each coil along with the
mathematic expression of output power is derived based on the
modal theory in Section III. In Section IV, a detailed spec-
trum distribution of the output power is presented to determine
the maximum power transfer points, based on which all pos-
sible maximum power transfer points, including the maximum
powers and corresponding frequencies, are deduced. Finally,
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Fig. 1. Equivalent circuit diagram of an n-coil MC-WPT system.

prototypes have been built and tested to validate the theoretical
analysis.

II. MATHEMATIC MODEL OF AN N-CoIL MC-WPT SYSTEM

Fig. 1 shows the equivalent circuit diagram of a typical n-coil
MC-WPT system. The schematic consists of n coils and each
coil is connected with a lumped compensating capacitor to form
a resonator.

In Fig. 1, variables with the subscript j represents the electric
parameters in the jth resonator (j = 1,2,...,n). Rp;, L;,and C;
indicate the equivalent series resistance (ESR), self-inductance,
and the corresponding compensating capacitor of the jth coil,
respectively. 7; is the current in the jth resonator and u; is the
voltage across capacitor C;. M;; denotes the mutual inductance
between the ith coil and jth coil (¢ # j and M;; = Mj;). v
and Rj stand for the supply voltage and load resistance of
the system, respectively. I?; is defined as the total resistance
of the jth resonator. When j # n, R; = R,;, otherwise R; =
Rpj + Ry.

For mathematical modeling, sinusoidal supply voltage with
angular frequency w is assumed, that is, v; = Vsin(wt), where
V is the amplitude of the supply voltage. Then, the natural fre-
quency (w,;) and quality factor (Q);) of the jth resonator can be
obtained as w.; = 1/1/L;C; and Q; = wL;/R;, respectively.
Usually, in order to increase the coupling strengths, the quality
factors of the resonators in MC-WPT systems are relatively high
(11, [2], [10].

According to Kirchhoff’s voltages law (KVL), the math-
ematic model of the n-coil MC-WPT system can be
expressed as

L Cyiiy + Mo Cotig + - - - My, Cp iy, + R Crig 4wy = vy
Mi2Chiiy + Ly Cotig + - - - Moy, Cp iy, + RoCatiy + 1z = 0

Mln Cl ﬂl + MQn 02712 + - Ln Cnan + Rn Cn i‘n + up, =0.
(D

Define V=[v; 0--- 0]7, I=[iy iy -+ i, |, and U =
[up ug -+ u, |7 as the supply voltage vector, current vector,
and the capacitor voltage vector of the system, respectively, the
mathematic model in (1) can be transformed into

LCU+RCU+U=V )
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where
Ll M12 Mln
_]\421 L2 M2n
L pr—
M, M, L
C=diag(C1 Cy--- C,),
R = diag(Rl RZ to R” )n,xn' (3)

Here, operator diag(-),«, represents the generation of an

n-order diagonal matrix, i.e.,
ay 0 0
0 a9 0
diag(a1 as -+ ap )nxn = “4)
0 0 an

III. SYSTEM RESPONSE ANALYSIS WITH MODAL THEORY

Modal analysis is often used to analyze and optimize dynamic
characteristics of mechanic vibration systems, which is the pro-
cess of determining the inherent dynamic characteristics of a
system in terms of its modal parameters, including modal fre-
quencies, damping coefficients, and mode shapes. This method
is based upon the fact that the response of a linear time-variant
dynamic system with a mathematic model in the form as shown
in (2) can be expressed as the linear combination of a set of
simple harmonic waves called modes [33]. In this paper, the
current response on each coil will be derived with modal theory,
and then, the power spectrum distribution of the system will be
deeply investigated to determine the maximum power transfer
points.

According to the matrix theory, there is a nonsingular matrix
® = [{p},,{e}s, - {©},]nxn, which makes (5) established
[34]. The gth column vector {p}, = [¢14 P24 "+ Png]T in
matrix ® is called gth mode shape of the system. It should be
noticed that, different from the subscriptjin Fig. 1 which denotes
the circuit elements in the jth resonator, here the subscript g
emphasizes the position of the column {¢}, in matrix ®

STLC® = M = diag(m; my - -

{'I’T@:f(:diag(kl ky - k)

where my = {¢}; (LC){e},, ks = {p}{e}y, and ¢=
1,2,...,n.

Unlike the usual approach used for linear vibration systems,
in which one computes the natural modes in general by using
complex matrix calculus, here we use real matrix calculus by

my, )
nJnxn

&)

nxn
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be zero, i.e., PTRCP ~ C = diag(¢1 ¢2 -+ ¢ )nxn, Where
cq = {p}] (RC){p},. The effects of this assumption can be
ignored when the damping coefficients of the system are small
[33]. For MC-WPT systems, due to the generally high qual-
ity factor of resonators, the damping coefficients are usually
very small and then the assumption is justified, which will be
demonstrated later. In this case, the mathematic model of the
system shown in (2) can be decoupled into » mutual independent
equations as follows:

MX +CX+KX =Y (6)
where
T hn
1 L2 T Y2
X=¢% "'U-= , Y=¢'V = 7
xn y’ll

Substituting V = [v1 0 -+ 0]7 and v; = Vsin(wt) into (7),
the gth element in vector Y can be obtained as y, = {¢}] V =
14 Vsin(wt). In this case, the gth independent equation in (6)
can be expressed as

Mgy + Cqig + kgxqg = @14Vsin (wt). (8)
Solving for (8), &, can be derived as
Ty = qu sin (wt + 01,/) 9)
where
A, — 1V
U = mge)? o e
0,, =tan"' (1%_6;;;:@) . (10)

Substituting (9) into

Al
U=[{eh el {eh]
T,
and I = CJ d{% d:]—f d:;ff’ J¥, the analytical expression of

the current vector can be obtained as
n

I=C <Z ({(p}quchos (wt + 0., ))) . (11)
q=1
Then, the analytical current response on each circuit can be
quickly determined. For example, the current response on the
Jjth resonator (i;) can be expressed as

n

. . T . . . . .
assuming that the matrix <I>. RC§ is a diagonal matrix, that is, ij = Z (CjpjqwAzqcos (wt+6,,)) (12)
the nondiagonal elements in matrix 7 RC® are assumed to =1
- 2¢,V ’ ! V (k 2) ’
. PlgPiqwc PlgPiqw — myw
li;| = C; (Z p LIt 2) +<Z 1; St ) : (13)
q:1( ¢ — Mew?)” + ciw pt (kg —mgw?)” + clw
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which is a linear combination of n harmonic waves with am-
plitude C;p;,wA;,. Thus, the amplitude of the current 7; as
shown in (12) can be calculated by equation(13) as shown at the
bottom of the previous page

From (13) the output power (P) and the transfer efficiency (1)
of the system can be derived as

P =\|i,|*R.2
n 2
_ RLCEL Z (plqwnq“ﬁcqv

2 = (kg — mqwz)2 + c2w?

n 2 2
I Z P1gpnqwV (kq — mgw ) (14)

= (kq — mqw?)2 + c2w?
.2

n= lin] R (15)

Sy lil° (Ryj + Rej)

IV. PREDICATION OF THE MAXIMUM POWER
TRANSFER POINTS

A. Multiple Maximum Power Transfer Points

Since the load resistance R is independent of operating
frequency w, according to (14) we can obtain that the frequencies
of the maximum power transfer points are equivalent to the
frequencies of the maximum current amplitude points of |i,,|.
Then, the spectrum distribution of current amplitude |i,, | will be
deeply investigated in this section to determine the maximum
power transfer points.

For simplicity, the current response on the nth resonator (¢,,)
is rewritten as

i = Z (CrongBycos (wt +6,,))

(16)
q=1
where
B, =wA,, = P1gV L .
)@ e
17)

wy and ¢, in (17) are defined as the gth modal frequency
and gth damping coefficient of the system, which can be
calculated by

kq c

AU N —— 18
my T meky) 1o

Wy =

Then, we can obtain that there are » modal frequencies and
n corresponding damping coefficients of an n-coil MC-WPT
system. In order to distinguish the modal frequencies of the
system from the RNFs (w1, wea, . . ., Wey) in the system, the n
modal frequencies are labeled as wy, wo, ..., w,. In addition,
from (18) we can obtain that the damping coefficients are in-
versely proportional to the quality factors of the resonators for

¢y = {p}l (RC){p}, andm, = {¢}] (LC){p},. Hence, the
damping coefficients of MC-WPT systems will be very small as
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Fig. 2. Spectrum distribution diagram of current amplitude |é,, |, which is
linearly superimposed by n unimodal curves.

the quality factors of the resonators are relatively high in typical
MC-WPT systems.

B, versus the operating frequency w is a unimodal curve and
the curve reaches the maximum value B . When w equals to
the gth modal frequency w,, i.e.,

_ vV 1
c \/mkq.

Since the damping coefficients of MC-WPT systems are usu-
ally small, B, will be much larger than the other items B;
(¢ # s) when the operating frequencies w equals to the gth
modal frequency w, . In this case, the current response 4,, can be
approximated as i, |,—w, ~ Cy@ngBymaxcos(wyt + 0., ) and
|i,, | reaches a local maximum value. Then, the spectrum distri-
bution of the current amplitude |7, | can be plotted as in Fig. 2.

As shown in Fig. 2, the current amplitude |, | is superimposed
by n unimodal curves with peak positions of wy, wo, ..., wy.
In order to facilitate subsequent analysis, the unimodal curve
whose peak position equals to the gth modal frequency is la-
beled as the curve g. It is obvious that if the n modal frequencies
are far away from each other, there are n peak positions of the
current amplitude |i, | and the output power, which are equal to
the n modal frequencies of the system. When some of modal
frequencies are very close, there will be a decrease of the peak
positions of the superimposed curve (current amplitude |i,,|).
For example, if the modal frequencies w,, and w, are very close,
the superimposed curve composed by the curve p and g may
be changed from the bimodal curve to a new unimodal curve
with the peak position in the middle of w, and w,. But even in
this case, the system operating at the natural frequency w, or
w, will also achieve a larger current amplitude because the two
modal frequencies w,, and w, are very close to the peak position
of the superimposed curve composed by the curve p and g. The
phenomenon of the reduction of the peak positions of the su-
perimposed curve is defined as the mode overlap phenomenon.
Theoretically, when some damping coefficients are very large,
even if the modal frequencies are not very close, there might
be mode overlap phenomenon. But this phenomenon generally
does not occur in MC-WPT systems because damping coeffi-
cients of MC-WPT systems are general small, that is to say the
mode overlap phenomenon of MC-WPT systems occurs only
when some modal frequencies are very close.

Bq‘max = Bq| (19)
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From the above analysis, we can obtain that only when all
modes are overlapping and there is only one peak of current
amplitude |, |, the system is in nonsplitting region, otherwise
the system is in splitting region. For MC-WPT systems, since
the mode overlap phenomenon occurs only when some modal
frequencies are very close, hence the system operating at its
modal frequencies will achieve a larger output power no matter
whether there is mode overlap phenomenon or not ( no matter
whether the system is in nonsplitting region or not).

B. Derivation of the Analytical Frequencies of the Maximum
Power Transfer Points

The above section has demonstrated that, no matter the system
is in splitting or non-splitting state, the system operating at the
modal frequencies will achieve a larger output power. However,
the derivation of modal frequencies is a bit complicated for
practical use. In order to quickly determine the frequencies of
the maximum power transfer points, it is necessary to establish
a direct mathematic relationship between the modal frequencies
and electric parameters

By transforming (3), we have

(LC) '® = &M, 'K, (20)
Then, we can obtain
(LO) ™" [{ph {p}s - Lo}
W20 - 0
e teh o tehl |0 ey
0 0 .. W

n

Equation (21) represents an eigenvalue problem where wg is

the eigenvalue, {(}, is the corresponding eigenvector of matrix
(LC) !,and ¢ = 1,2, ... n. Then, the n modal frequencies can
be calculated by

Wi, = \/eigenvalue <(LC)71).

The results indicate that: 1) there are n modal frequencies of
an n-coil MC-WPT system, which are the square roots of the
eigenvalues of matric (LC)~! and completely determined by
the physical properties (L;, C;) and spatial distributions (1)
of the system. 2) All possible frequencies of the maximum
power transfer points of arbitrary coil system can be quickly
and accurately calculated by using (22).

(22)

C. Maximum Output Power Analysis

Since the mode shape {¢}, is the corresponding eigenvec-
tor of the matrix (LC)™*, then {¢},, m; = {} (LC){¢},.
cg = {} (RC){p},, and k, = {o}I{p}, can be quickly
determined. Substituting them into (14) and (15) the output
power and transfer efficiency of the system at arbitrary operat-
ing frequency point can be quickly determined, including the
power and efficiency at the modal frequencies.
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repeaters

Receiver

Fig. 3. Photograph of the experimental setup of the four-coil system.
TABLE 1
GEOMETRIC PARAMETERS OF THE PRACTICAL COILS
Symbol  Parameters Values
N Number of turns 6
a Inner radius of coil 0.1 m
Wth Width between per turn 0.0l m
r_wire Radius of copper wire 0.00125 m

From (14), the output power of the system at the sth modal
frequency can be derived as

" 2
Pl _ R C? Z cplqcpnqwchv
e 2 (kg — mqw?)® + c2w?

q=1

"L 0140 wV(k: —mwQ) ’
+<Z lg¥nqWs q qs > ) (23)

2
(kg —myw?)” + ng,g

g=1

Then, all possible maximum power transfer points, includ-
ing the frequencies and corresponding output power, can be
quickly obtained by using (22) and (23), based on which the op-
timal frequency of the maximum output power can be quickly
determined.

V. EXPERIMENTAL VERIFICATION
A. Experimental Setup

In order to validate the theoretical results, several experimen-
tal setups have been built and tested (Fig. 3 shows the exper-
imental setup with four coils). All the coils are designed with
the same geometric parameters listed in Table I and are aligned
centered to the coil centers = 0 along the z-axis. Then, the
mutual inductance between two coils is completely determined
by the distance of the two coils. The circuit schematic of the
experimental setups is shown in Fig. 4. An H-bridge consisting
of four MOSFETs is used as the voltage source, which is cou-
pled to the leftmost coil acting as the transmitter. The rightmost
coil is the receiver loading by a resistance. The rest of the coils
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Circuit schematic of the practical systems.

Fig. 4.

TABLE I
MUTUAL INDUCTANCES AT DIFFERENT TRANSFER DISTANCES

Transfer distance (m) 0.05 0.1 0.15
Mutual inductance (uH) 53 2.55 1.52
TABLE III

GEOMETRIC PARAMETERS OF THE PRACTICAL COILS

Modal frequencies

System structure (kHz) Output power (W)
The two-coil system 72,107 26.84,27.79
The tri-coil system 66,93, 114 20.06, 27.03, 16.99

The four-coil system 62, 86, 103, 117 16.67,22.27,31.3,10.33

are regarded as repeaters. The measured self-inductance and
ESR of the coils are L; = 13.8 yH and R,,; = 0.087 €2, and the
compensating capacitor of each coil is fixed at 259 + 10% nF.
Then, we can obtain that the natural frequency of each resonator
in the practical systems is about 84 kHz.

B. Model Evaluation and the Maximum Power Transfer
Points Evaluation

A novel theoretical analysis method for MC-WPT systems is
proposed in this paper, based on which the analytical current
on each circuit and the mathematic expressions of all possi-
ble maximum power transfer points of arbitrary coil MC-WPT
systems are derived. In order to verify the proposed theoretical
model and testify its accuracy, three experimental setups with
two, three, and four coils are demonstrated here. In this set of
experiments, the transfer distances between adjacent coils are
fixed at 0.05 m and the measured mutual inductances at different
transfer distances are listed in Table II. The supply voltage is
7.9V and the load resistance is 1 € (the actually measured value
is 0.7 ).

Based on the given electric parameters, all possible maximum
power transfer points of each system, including the operating
frequencies calculated by (22) and corresponding output power
calculated by (23), are listed as shown in Table III. Then, the op-
timal frequency for the maximum power transfer can be quickly
and accurately determined, i.e., the optimal frequency of the
two-coil system, three-coil system, and four-coils system are
107, 93, and 86 kHz, respectively.
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Fig. 5. Output power and transfer efficiency versus operating frequency of
the two-coil system. (a) Output power. (b) Efficiency.

With the same electric parameters, the systems have been
simulated in SIMULINK software. The theoretical, simulated,
and measured output power and transfer efficiency versus the
operating frequency of the two-coil system, three-coil system,
and four-coil system are plotted in Figs 57, respectively.

As shown in Figs 5-7, the theoretical output powers and
transfer efficiencies at arbitrary operating frequency points are
consistent well with the simulated results, which indicate that
the proposed theoretical model in this paper is effective and
accurate. There are some derivations between the theoreti-
cal values and measured values, which mainly caused by the
measurement error of electric parameters. In addition, from
Figs. 5-7 we can obtain that the extreme points of output power
and transfer efficiency are not equal, but the power transfer of
each system is relatively efficient at the maximum power trans-
fer points.

Meanwhile, from Figs. 5-7 we can obtain that there are n peak
positions of the output power of the n-coil system, which are
derived from the designed RNF (84 kHz) and equal to the modal
frequencies of the systems as calculated in Table III. The results
demonstrate that: 1) the output power reaches its maximum
value at the modal frequency points rather than the designed
natural frequency point of resonators in MC-WPT systems; 2)
there are n modal frequencies of an n-coil MC-WPT system,
which can be quickly and accurately determined by using (22).

In order to obtain a better understanding about the power
boost ability with the proposed method, the output powers at the
optimal frequencies calculated by the proposed method and the
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Fig. 6. Output power and transfer efficiency versus operating frequency of
the three-coil system. (a) Output power. (b) Efficiency.

TABLE IV
OUTPUT POWER AT THE OPTIMAL FREQUENCY AND THE DESIGNED RNF

Power at the modal Power at the designed
System structure

frequencies (W) RNF (W)
The two-coil system  27.79 2.567
The tri-coil system 27.03 2.446
The four-coil system  22.17 14.23

designed circuit natural frequency (84 kHz) of the three systems
are listed in Table IV. It can be clearly seen from Table IV
that the output power has a great improvement by changing
the operating frequency from the designed RNF to the optimal
frequency calculated by the proposed method.

C. Power Characteristic of Different Mutual Inductances
(Transfer Distances)

The theoretical analysis indicates that: 1) the main reason
leading to mode overlap phenomenon is the too close distribu-
tion of modal frequencies, which will result in a decrease of
maximum power transfer points; 2) the system operating at any
one of the modal frequencies will achieve a larger power trans-
fer. For verification, the two-coil system is demonstrated in this
section.

Since the self-inductances and compensating capacitors of
the coils are usually fixed in MC-WPT systems, from (22) we
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can obtain that the mutual inductances are the main parame-
ters affecting the modal frequencies. A one-to-one relationship
between the mutual inductance and the transfer distance is estab-
lished and inserted into the calculation of the modal frequencies.
In this set of experiments, the transfer distance d varies from
0.04 to 0.28 m with a step size of 0.02 m. The predicating
frequencies (the theoretical modal frequencies) and the mea-
sured frequencies of the maximum power transfer points versus
the transfer distance d are plotted in Fig. 8. Fig. 9 shows the
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measured output power versus the transfer distance d when the
system operating frequency is set at the first modal frequency
(just for comparison, the two modal frequencies can be either
one) and the designed RNF.

When the transfer distance is small (the mutual inductance
is large), as shown in Figs 8 and 9, the two modal frequen-
cies are far apart and the output power at the modal frequency
are extremely larger than that of the designed RNF. The results
indicate that the system is in splitting region. In this case, as
shown in Fig. 8, the measured frequencies of the maximum
power transfer points are consistent well with the theoretical
value. With the increase of the transfer distance, as shown in
Fig. 8, the frequencies of the maximum power transfer points
are getting closer and eventually converge to the designed RNF.
Though, in this case, there are some derivations between modal
frequency points and maximum power transfer points, the sys-
tem operating at the modal frequencies also achieves a larger
output power as the deviation is very small, which is shown in
Fig. 9. Moreover, the derivations will get smaller and smaller
with the increase of the transfer distance. Hence, no matter the
system is in splitting or nonsplitting region, the system operating
at the optimal frequencies will achieve a larger output power.

D. Power Characteristic of Load Resistance

From the above theoretical analysis we can obtain that the
load resistance has no relationship with the modal frequen-
cies but has an impact on the damping coefficients. Theoret-
ically, larger damping coefficients may also cause the mode
overlap phenomenon and then the decrease of the maximum
power transfer points. Since the quality factors of resonators
in MC-WPT systems are relatively high and the damping co-
efficients of MC-WPT systems are very small, the mode over-
lap phenomenon caused by damping coefficients does not oc-
cur in MC-WPT systems in general. The two-coil system in
Section V-B is also used here for verification.

Since the operating frequencies of the experiments are about
100 kHz, the self-inductances of the coils are about 13.8 uH,
and the ESRs of the coils are about 0.087 €2, the load resistance
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Fig. 10. Measured output power versus the operating frequency at different
load resistance.

should be much less than 0.1 2 in order to guarantee that the
resonators’ quality factor is greater than 10 (which usually far
larger than 10). In practice, higher operating frequency or coils
with larger self-inductance will be chosen for a larger load resis-
tance. For a load resistance of 0.5 and 1 €2, the measured output
power versus the operating frequency is plotted in Fig. 10.

As can been seen from Fig. 10, even though the load resistance
is as large as 1 €2 (for general situation, the load resistance in this
system should be less than 0.1 2), there is no mode overlap phe-
nomenon and the output power peaks at the modal frequencies
of the system. The experimental results indicate that the mode
overlap phenomenon caused by the load resistance (damping
coefficients) does not happen in MC-WPT systems in general
and the assumption of small damping coefficients of MC-WPT
systems is justified. Although the load resistance has little effect
on the frequencies of the maximum power transfer points, as
shown in Fig. 10, it has a large effect on the output power.

VI. CONCLUSION

This paper proposes a novel analysis method for arbitrary coil
MC-WPT systems to quickly and accurately determine its max-
imum power transfer points, including the operating frequencies
and corresponding output powers. The method is based on the
modal theory and the accurate calculation of the modal frequen-
cies. Contrary to the common sense, it has been theoretically
and experimentally demonstrated that:

1) the output power of MC-WPT systems peaks at the modal
frequencies of the system rather than the designed natural
frequencies of the resonators;

2) no matter the system is in splitting or nonsplitting region,
the system operating at the modal frequencies will achieve
a larger output power;

3) there are n modal frequencies of an n-coil system, whose
mathematic expressions are derived in this paper.

The analysis results provide useful information for the choice
of the operating frequency for practical systems. Meanwhile,
the theoretical results are also suitable for optimizing the out-
put power by designing the parameters of the system in the
future for the accurate relationship between the maximum
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output power and electric parameters of the system is derived. In
addition, since the analytical current on each circuit is derived,
then the theoretical method is particularly suitable for analyzing
multicoil systems, such as the multitransmitter systems and/or
multireceiving systems.

Moreover, since the modal parameters, such as modal fre-
quencies and mode shapes, are inherent to a system and are
completely determined by physical properties and spatial distri-
butions of the system, these proposed theoretical results would
be possible to be adopted to identify the coupling factors and/or
loads of the MC-WPT systems. The multiple modal frequencies
characteristic also can be used for designing multiband wireless
power transfer systems in the future.
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