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State of Charge-Dependent Polynomial Equivalent
Circuit Modeling for Electrochemical Impedance
Spectroscopy of Lithium-Ion Batteries

Qian-Kun Wang

Abstract—Electrochemical impedance spectroscopy (EIS) is
used not only to give a thorough understanding of reaction ki-
netics and transport mechanisms in lithium-ion batteries (LIBs),
but also to provide a promising nondestructive tool for state of
charge (SOC) estimation. Although various equivalent circuit mod-
els (ECMs) have been proposed to model impedance spectra, the
impact of SOC on circuit parameters is often neglected in these
models. In this study, the nonlinear relationship between circuit
parameters and SOC is explicitly characterized using analytical
polynomial functions. The effect of polynomial order is systemat-
ically investigated by means of fitting and prediction accuracy, in
which the prediction performance is evaluated using leave-one-out
cross-validation (LOOCYV) method. The EIS measurements of a
20-A-h commercial LIB are performed to demonstrate the effec-
tiveness of the proposed model. The results show that a seventh-
order polynomial function is sufficiently high to capture the non-
linear effect of SOC on circuit parameters. Moreover, the LOOCV
prediction performance of the polynomial function-based ECM is
probably better than that of a common interpolation-based ECM.

Index Terms—Electrochemical impedance spectroscopy (EIS),
equivalent circuit model (ECM), lithium-ion batteries (LIB), poly-
nomial function, state of charge (SOC).

I. INTRODUCTION

ITHIUM-ION batteries (LIBs), as a promising type of
L energy storage devices, have been increasingly used in
a wide range of applications, such as portable electronic de-
vices, electric vehicles, and hybrid electric vehicles [1]-[4]. In
general, successful commercialization of LIBs often requires
a high-fidelity battery management system (BMS) to guaran-
tee safe, efficient, and reliable operations of LIBs [S]-[7]. As
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two key functions of BMS, both state of charge (SOC) esti-
mation [8]-[10] and state of health (SOH) prognostics [11],
[12] have attracted growing attention. Since both SOC and
SOH cannot be measured directly, a combined strategy of the
mathematical model and the state estimation method is of-
ten applied to perform SOC estimation and SOH prognostics
[13]. Among the measurement techniques that have been em-
ployed to assist in constructing mathematical model, electro-
chemical impedance spectroscopy (EIS) provide a promising
tool to study electrochemical reaction kinetics and transport
mechanisms in LIBs [14], [15]. Although EIS could be in na-
ture suitable for accurate SOC estimation and SOH prognostics
[16]-[18], its online implementation in BMS is scarce due to rel-
atively strict measurement condition and high cost. Moreover,
the nonlinear relationship between EIS data and SOC is rarely
modeled on a quantitative basis and thus needs to be further
investigated.

EIS data are usually interpreted using equivalent circuit mod-
els (ECMs), which typically consist of inductance, resistance,
capacitance, constant phase element (CPE), and Warburg ele-
ment. Generally, different combinations of elements result in
different ECMs, which can describe various impedance charac-
teristics such as ion conduction, diffusion and migration, charge
transfer, and solid-state ion diffusion [19]. In the past decades,
diverse ECMs have been proposed to elucidate the reaction and
transport mechanisms not only in electrodes [20], [21], but also
in full cells [14], [22]. It has been recognized that the same
impedance spectrum might be nicely fitted by several different
ECMs [19]. It is often difficult to determine a proper struc-
ture of ECM to model EIS data without a clear understanding
of the complicated electrochemical process. If analyzing EIS
data from a commercial battery, separation of the parameters
corresponding to the positive and negative electrodes would be-
come more difficult, as the individual electrode parameters are
almost comparable in magnitudes [23]. Although such param-
eters separation might be tackled through proper assumptions,
its validity needs to be further investigated [23]. From the view-
point of SOC estimation and SOH prognostics by means of EIS
measurements, one of the most important tasks is to extract one
or several key impedance parameters, which should be sensi-
tive to SOC and SOH variations. Hence, this study is mainly
focused on constructing a suitable ECM to interpret EIS data of
a commercial battery, while neglecting separating the individual
electrode parameters to some extent. However, both fitting and
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Fig. 1.  Schematic diagram of the battery test bench.

prediction performance of ECM should be properly evaluated
to determine a compact, simple, yet accurate ECM.

It is well known that the circuit parameters are dependent on
SOC and temperature [22], [24]-[27]. While the impacts of SOC
and temperature on circuit parameters have been widely inves-
tigated, most studies focus on mechanism interpretation and are
in nature only qualitative [22], [25]. Traditionally, each ECM is
individually constructed based on one EIS spectrum at a specific
SOC and temperature. Recently, the nonlinear quantitative rela-
tionship between circuit parameters and SOC/temperature has
been studied using empirical equations such as polynomial func-
tions or exponential functions [24], [28]. However, the fitting
performance is only examined based on correlation coefficient
criterion. Consequently, the prediction performance might not
be guaranteed in practical applications [24].

The salient original contribution of this paper delivered to the
related literature is as follows: the leave-one-out cross-validation
(LOOCYV) method is leveraged to assess the prediction perfor-
mance of the ECM and consequently to assist in optimally se-
lecting the polynomial order for each SOC-dependent circuit
parameter. To the best of our knowledge, this study is the first
attempt to propose an explicit SOC-embedded polynomial ECM
for interpreting EIS data at various SOC values, with a system-
atic evaluation of model sensitivity to the polynomial order.

The remainder of this paper is structured as follows. The
EIS experimental setup is introduced in Section II. The tradi-
tional interpolation-based ECM, the polynomial ECM, and the
parameter estimation strategy are then described in Section III.
The fitting and prediction performance of both interpolation
and polynomial ECMs is assessed in Section IV. Finally, main
concluding remarks are presented in Section V.

II. EXPERIMENTAL SETUP

A commercial pouch-type LiFePO, battery with a nominal
capacity of 20 A-h and voltage of 3.2 V was used in this ex-
periment. The schematic diagram of the battery test bench is
shown in Fig. 1. The EIS measurements were conducted at
various temperatures and SOC values using a Solartron 1287
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Fig. 2. Equivalent circuit used to model impedance spectra.

Electrochemical Interface, TOYO power booster PBi250-10,
and a 1260 impedance/gain-phase analyzer controlled by Zplot
and Corrware software. The EIS measurements were performed
in the frequency range from 1 kHz to 10 mHz and at a volt-
age amplitude of 10 mV. Numerous SOC values between 0%
and 100% were obtained with a NEWARE Model CT-4008-
5V10A-FA battery test system, and the temperature range from
273 to 303 K were achieved using a JIWEI Model GD4010
programmable temperature test chamber.

Before measuring EIS data, the usable capacity of battery was
calibrated by a standard reference capacity test method. First,
the battery was charged by the constant current and constant
voltage (CCCV) method. Then, the battery was discharged using
constant current (CC) of 7 A to the cut-off voltage of 2.5 V.
Finally, both CCCV charge and CC discharge tests was repeated
for three times, and the average of three discharge capacity
values is calculated as the battery usable capacity. In this study,
after raising or lowering the cell ambient temperature to the
target value, a soak period of 2 h was permitted for thermal
equalization before the EIS measurement. First, the cell was
charged using a CC of 7 A until the voltage reached to the cut-
off voltage of 3.65 V and then charged at constant voltage of
3.65 V until the current decayed to 0.4 A. Then, the cell was
discharged using a CC of 7 A to a specific SOC step by step,
and then the EIS measurement was carried out at each SOC
step. Finally, repeat the previous two steps for each specified
temperature for obtaining all impedance spectra.

III. METHODOLOGY
A. ECM

An equivalent circuit is proposed to model impedance spectra
as shown in Fig. 2, in which L, Ry, R.;, W, and CPE denote in-
ductance, ohmic resistance, charge transfer resistance, Warburg
impedance, and CPE, respectively. The inductance component
originates from the porosity of electrode and connection leads
to the battery at high frequencies, and the complex impedance
of inductance component 77, is defined as

Zp = jwL ey

where w is the angular frequency of ac signal. The ohmic re-
sistance component includes the electrolyte resistance, contact
resistance, electronic contacts, etc. The charge transfer resis-
tance component mainly arises from the charge transfer in the
solid electrolyte interface (SEI) layer of the electrode and the
electrode/electrolyte interface. The impedances of ohmic resis-
tance component Zp, and charge transfer resistance component



WANG et al.: STATE OF CHARGE-DEPENDENT POLYNOMIAL EQUIVALENT CIRCUIT MODELING

Zp,, are simply defined as
Zr, = Ro 2)
ZR. = Ret. 3)

The CPE component is used to model the behavior of imper-
fect dielectrics, and the complex impedance of CPE Zcpg is
described by [29]

1
Z = —= 4
CPE Gl O €]

where Q is the time constant, and # is a real number between
0 and 1. When n = 0, it corresponds to a pure resistor, and
when n = 1 to a pure capacitor. The generalized finite-length
Warburg element is used to model the solid-state lithium-ion
diffusion process [15], [20], [30], and the complex impedance
of Warburg component Zyy is given by [30]

tanh(jwr)’

(jwr)
where 7 is the diffusion time constant, ¢ varies between 0 and

1, and Ry is the Warburg resistance. The overall impedance of
the equivalent circuit in Fig. 2 can be formulated as

1
Zgem = Zp + Zp, + —3 i : ©)

ZR . +2Zw

Zw = Rw &)

ZcPE

Based on the description above, there are eight circuit pa-
rameters in the ECM to estimate, which can be described as
B =[L, Ry, Ret, Q,n, Ry, 7,6]". A complex nonlinear least-
squares (CNLS) method was used to fit EIS data based on the
equivalent circuit in Fig. 2. CNLS will minimize a weighted
sum of squares error (WSSE) of the difference between the ex-
perimental and calculated impedances, which is defined as

K
WSSE = Z {w,k[Zlcxp ((Uk) - Z/calc (wkvﬁ)f
k=1

+ U}Nk [Z”exp (wk) - Z”calc (w/ﬁﬂ)]?} (7)

where K is the number of frequencies, wj, and w}, are the weights
of data points, Z;, (wy.) and Z, ,(wy,) are the real and imagi-
nary parts of the experimental impedances at wy,, respectively,
and 7!, (wi,B) and Z , (wy, 3) are the real and imaginary
parts of the calculated impedances at wy,, respectively. In this
study, a modulus weighting strategy is adopted to guarantee
that small and large impedances take an equal contribution to

the sum of squares. Hence, both wj, and w] are set equal to
2 2
LN Zexp (wi)I? = 1/{[Z" exp (wi)]” + [2"exp (wi)] " }-

B. Polynomial ECM and Parameter Estimation

Since both SOC and temperature influence impedance spec-
tra, the circuit parameters are often estimated for each specified
SOC and temperature. Then, the interpolation method can be in-
troduced to estimate the circuit parameters at unseen SOC and
temperature. However, in this study, the circuit parameters (3
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are explicitly modeled as polynomial functions of SOC, which
are represented as

N
@,Zzawsocj, i=1,...8 3
=0

where N is the order of polynomial function and «; is poly-
nomial coefficients of the ith circuit parameters in 3. SOC is
estimated by the Coulomb counting method with relatively high
accurate current measurement in the laboratory, which is calcu-
lated by

[y 1dt
C’VL

where C), is the discharge capacity calibrated by a standard
reference capacity test method. Thus, there are total (N + 1)
parameters to estimate. Note that these circuit parameters should
be larger than 0 to ensure their physical meaningful. Hence, the
parameter estimation problem can be summarized as

SOC=1- ©)

P
min Z WSSE, (10)
p=1
s.t. Constraints (8)
N )
Bi=> a;S0C >0, i=1,...8 (11)
j=0

where P is the number of experimental impedance spectra cor-
responding to different SOC values. The CNLS problems are
solved by fmincon with the trust-region-reflective algorithm in
MATLAB optimization toolbox.

C. Model Performance Evaluation Criteria

To evaluate the fitting and prediction performance of the es-
tablished ECM on one impedance spectrum, two criteria, namely
the root mean square error (RMSE) and mean absolute percent-
age error (MAPE), are used, which are defined as follows:

Zszl {[Z/EXP (wr) — Z' cale (wkwe*)]Q
+[Z”exp (wk) - ZNcal(‘, (wka IB*)]Q}

RMSE =
2K
(12)
K
100 Z,ex (Wk) - Z/calc (Wk /8*)
MAPE = — P ’
(%) 2K Pt H Zlcxp (Wk)

Z//exp (Wk) - Z//calc (wlm /6*)
Z"exp (i)
where (3" is the optimal parameters estimated by solving the
CNLS problems. Since both (12) and (13) are only used for one
impedance spectrum, the average values of RMSE and MAPE
should be computed for a set of impedance spectra with differ-
ent temperatures and SOC values. For the ease of description,
AFRMSE and AFMAPE are introduced to represent the aver-
age fitting RMSE and MAPE for all SOC values at a specific

)

} 13)
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temperature, and are defined as follows:

P
1
AFRMSE = — [; RMSE, (14)
1 P
AFMAPE = — > MAPE,. (15)

p=1

In the proposed polynomial ECM, the order of polynomial
functions should be optimally determined. Although various
statistical testing methods such as chi-square, F-test and ?-
test have been proposed to guide the optimal selection of
model structure, these indicators might be not sufficient to
determine the goodness of fit [31]. Note that these statisti-
cal testing methods only focus on the fitting residuals and
may not guarantee a good prediction performance on the
unseen data points. Cross-validation method is a promising
model evaluation method, in which the whole experimental
dataset is first divided into training set and testing set, then
the model is constructed in terms of training set, and finally
the model is independently evaluated in terms of testing set.
In this work, a particular cross-validation method, namely
LOOCV [32], is used to assess the prediction performance of
the polynomial ECM and guide the selection of the polyno-
mial order. In the LOOCYV method, at each time, one of P sets
of experimental impedance spectra is selected as testing spec-
trum, and the remaining P—1 spectra are used to establish the
polynomial ECM. There are total P runs of model construc-
tion, and the average prediction performance can be evaluated
on the P sets of testing spectra. Two experimental impedance
spectra corresponding to 0% and 100% SOC are always kept in
training spectra. Hence, at each temperature, there are total P—2
runs for performing cross validation. Two more criteria, namely
APRMSE and APMAPE, are defined to represent the LOOCV
average prediction RMSE and MAPE, respectively

P-1

1

APRMSE = —— 1; RMSE, (16)
P-1

(17)

1
APMAPE = —— MAPE,.

Given a set of P EIS spectra with SOC, (p = 1, 2, ..., P)
at a specific temperature, the implementation of the LOOCV
method for selecting optimal polynomial order can be briefly
described as follows. Note that the EIS spectra with 0% and
100% SOC corresponding to the p values of 1 and P, respectively,
are excluded to be testing spectra.

Step 1: Set N = 1, where N denotes the order of polynomial;

Step 2: Set p = 2, where p denotes the index of EIS spectra;

Step 3: Set the testing set as the EIS spectra with SOC,,, and set
the training set as the EIS spectra with other SOC values;

Step 4: Construct the Nth-order polynomial ECM using the
training set;

Step 5: Compute the prediction RMSE, and MAPE,, values
for the pth testing set based on (12) and (13), respectively;
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Fig. 3. Nyquist plots of a 20-A-h LiFePO4 battery: (a) temperature effect at
100% SOC and (b) SOC effect at 283 K.

Step 6: Set p = p + 1; if p is less than P, then go to Step 3;
otherwise, go to Step 7;

Step 7: Calculate the APRMSEy and APMAPEy values for
the Nth-order polynomial ECM based on (16) and (17), re-
spectively;

Step 8: Set N = N + 1; if N is no more than Ny, (the
prescribed maximal polynomial order), then go to Step 2;
otherwise, go to Step 9;

Step 9: Determine the optimal polynomial order corresponding
to minimal APRMSE or APMAPE.

IV. RESULTS AND DISCUSSION

A. Impedance Response of LIBs

Fig. 3(a) and (b) shows the effects of temperature and SOC
on Nyquist impedance spectra at a SOC of 100% and a tem-
perature of 283 K for a commercial 20 A-h LiFePO, battery,
respectively. Z' and Z” in Fig. 3 are the real and imaginary
impedance responses of the battery, respectively. It can be ap-
parently seen from Fig. 3 that all the impedance spectra are
composed of an inductive tail at high frequencies, a depressed
semicircle at medium frequencies, and a straight slope line
at low frequencies. In general, the porosity of the electrode
and connection leads to the battery result in the inductance
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Fig. 4. Fitting performance of the traditional ECM at different temperatures
and SOC: (a) RMSE and (b) MAPE.

phenomenon [28], the depressed semicircle at medium frequen-
cies originates from the SEI layer of the electrode and elec-
trode/electrolyte interface, and the straight line represents the
solid-state lithium-ion diffusion into the porous electrode matrix
[24]. From Fig. 3(a), it is observed that the semicircle becomes
more depressed as temperature increases. It is mainly ascribed
to the fact that the charge transfer rate in the SEI layer and
electrode/electrolyte interface increases at higher temperature.
From the enlarged view in Fig. 3(a), the total ohmic resistance,
represented by the high-frequency intercept on the real axis, de-
creases as temperature increases. That might be explained by an
increased ion transfer rate in the electrolyte solution at higher
temperature.

Compared with the impact of temperature on impedance spec-
tra in Fig. 3(a), the impact of SOC on impedance spectra shown
in Fig. 3(b) is relatively less significant. However, it can be ob-
served that the SOC mainly influences the charge transfer rate
in the medium-frequency range and the solid-state lithium-ion
diffusion rate in the low-frequency range, while the total ohmic
resistances at the high-frequency intercept on the real axis are
almost the same in the whole SOC range. As the SOC increases
from 0% to 90%, the semicircle shows a slight depressed, and the
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Fig. 5. Ohmic resistance profiles with respect to SOC at different tempera-

tures: (a) 273 K, (b) 283 K, (¢) 293 K, and (d) 303 K.

slope line decreases in both the real and imaginary directions,
while at the SOC of 100%, the slope line shows a significant
increase in both the real and imaginary directions. However, it
should be noted that the impact of SOC on impedance spectra
would be dissimilar at different temperatures, and the impact of
temperature on impedance spectra would be varied at different
SOC values.

B. Fitting Performance Evaluation of Traditional ECM

The ECM shown in Fig. 2 is used to model impedance spectra.
Before evaluating the effectiveness of the proposed polynomial
ECM method, ECMs are first separately established for each
SOC and temperature. Fig. 4(a) and (b) shows the fitting RMSE
and MAPE at different temperatures and SOC values, respec-
tively. It is found that the maximal fitting RMSE and MAPE are
less than 0.1 m§2 and 2.5%, respectively, and the average fitting
RMSE and MAPE for all 52 impedance spectra are 0.04 m¢)
and 1.04%, respectively. These small fitting errors indicate that
the equivalent circuit in Fig. 2 is complex enough to capture the
nonlinear behavior of the impedance spectra.

C. Effects of SOC and Temperature on Circuit Parameters

The impacts of temperature and SOC on the circuit param-
eters are thoroughly investigated. Figs. 5, 6, and 7 show the
effects of temperature and SOC on the ohmic resistance, charge
transfer resistance, and Warburg resistance, respectively. It is
found from Fig. 5 that the ohmic resistance decreases with the
increase in temperature, i.e., the average ohmic resistances for
all SOC values are 0.89, 0.83, 0.77, and 0.69 m{2 at temperatures
of 273, 283, 293, and 303 K, respectively. This is in accordance
with the phenomenon that the intercept on the real axis at high
frequencies decreases as the temperature increases, as shown in
Fig. 3(a). It is clearly observed that the ohmic resistance shows
less significant dependence on SOC than on temperature. The
ohmic resistance remains almost constant with small fluctua-
tions in the SOC range of [0%, 95%] at temperatures of 273 and
283 K, while at the temperatures of 293 and 303 K, the ohmic
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resistance first increases as SOC increases from 0% to 20%, and
then keeps almost constant in the SOC range of [20%, 95%].
Meanwhile, the ohmic resistance shows a small decrease trend
at all temperatures, when SOC increases from 95% to 100%.

From Fig. 6, it can be seen that the charge transfer resistance
displays a significant decrease, as the temperature increases,
namely, the average charge transfer resistance significantly de-
creases from 32.7 to 1.66 m(2, as the temperature increases from
273 to 303 K. Compared to Fig. 5, it is noted that the impact
of temperature on the charge transfer resistance is more signif-
icant than on ohmic resistance. The charge transfer resistance
fluctuates in a small range in the whole SOC range at each tem-
perature, i.e., 32.1-34.4 m{) at 273 K, 11.0-11.8 m{2 at 283 K,
3.9-5.5 mQ2 at 293 K, and 1.5-2.2 mS2 at 303 K. Therefore, it
implies that similar to the ohmic resistance, the charge transfer
resistance also shows less significant dependence on SOC than
on temperature.

Fig. 7 illustrates the Warburg resistance variations with SOC
at different temperatures. In the SOC range of [10%, 95%], the
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Warburg resistance usually decreases with the increase in tem-
perature. In the lowest SOC range of [0%, 5%], the Warburg re-
sistance shows a sudden increase trend at relatively high temper-
atures of 293 and 303 K, and in the highest SOC range of [95%,
100%], a sudden increase trend is observed at all temperatures.
The possible reason is that the accumulation of lithium ions
in the positive/negative electrodes during the discharge/charge
processes would significantly decrease the solid-state lithium-
ion diffusion rate, especially in the situations with extremely
low and high SOC, and consequently lead to the increase of the
Warburg resistance. It is reasonable to conclude from Figs. 5,
6, and 7 that both charge transfer and Warburg resistances show
a comparable order of magnitude at each temperature and are
much larger than the ohmic resistance. In addition, SOC plays
a larger impact on the Warburg resistance than on both ohmic
and charge transfer resistances.

D. Fitting Performance Evaluation of Polynomial ECM

The proposed polynomial ECM is used to model impedance
spectra for all SOC values at each temperature. The effect of
polynomial order, varying from 1 to 8, on fitting performance is
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Fig. 9. Fitted impedance data using traditional ECM at different SOC and temperatures: (a) 273 K, (b) 283 K, (c¢) 293 K, and (d) 303 K.
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thoroughly investigated. Note that the computational cost of of-
fline parameter estimation generally increases with the increase
of polynomial order. For example, the parameters estimation for
the first-order polynomial ECM can be completed in 5 h, while
the computational time would increase to 12 h for the eighth-
order polynomial ECM. However, it should be also noted that
the computational cost could be significantly reduced, given
relatively proper initial guesses of parameters. Fig. 8(a) and (b)
shows AFRMSE and AFMAPE variations with polynomial or-
der at different temperatures, respectively. It is clear that both
AFRMSE and AFMAPE usually decrease with the increasing
of the polynomial order. After increasing the polynomial order
above 5, both AFRMSE and AFMAPE are kept almost con-
stant. It implies that the polynomial order of 5 is sufficiently
high enough to capture the nonlinear relationship between SOC
and circuit parameters of this commercial 20-A-h LIB, from
the viewpoint of fitting performance evaluation. However, it
is worth noting that since the relationships between SOC and
different circuit parameters might show different complexities,
separately selecting the optimal polynomial order for each pa-
rameter could be an interesting research direction.

From Fig. 8(a) and (b), it is discerned that: 1) the AFRMSE
values of the eighth-order polynomial ECM are 0.08, 0.05, 0.06,
and 0.04 m2 at the temperatures of 273, 283, 293, and 303 K,
respectively; and 2) the AFMAPE values of the eighth-order
polynomial ECM are 0.86%, 1.09%, 1.63%, and 2.03% at the
temperatures of 273, 283, 293, and 303 K, respectively. More-
over, the average AFRAMSE and AFMAPE are calculated to be
0.06 m$2 and 1.40% for all 52 impedance spectra, respectively,
which are almost the same as the average RMSE and MAPE
of 0.04 m(2 and 1.04% for the separately established ECM. It
underlines that a polynomial function can be effectively applied
to capture the nonlinear relationship between SOC and circuit
parameters, which would improve the flexibility of ECM, when
it is used to predict other impedance spectra, as well as circuit
parameters at different SOC values.

To illustrate whether the established ECMs could finely fit the
experimental impedance spectra, Figs. 9 and 10 show the fitted
impedance data using the traditional ECM and the seventh-order
polynomial ECM at different SOC values and temperatures, re-
spectively. It is observed that both models show good agreement
with the experimental impedance spectra over a wide range of
frequencies, SOC, and temperatures. Moreover, as compared to
the traditional ECM, the polynomial ECM almost shows a com-
parable fitting performance. It further validates the effectiveness
of the proposed polynomial ECM, which is ready for predicting
the impedance spectra and circuit parameters at other unseen
SOC. However, it is worth noting that the selection of polyno-
mial order should be dependent not only on fitting performance
but also on prediction performance, and we will use LOOCV
prediction performance criteria to determine the polynomial or-
der in the following section.

E. LOOCYV Prediction Performance Evaluation of
Polynomial ECM

To evaluate the prediction performance of the proposed poly-
nomial ECM and guide the selection of polynomial order, the
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Fig. 11.  Leave-one-out prediction performance criteria profiles with respect
to polynomial order: (a) APRMSE and (b) APMAPE.

LOOCYV prediction APRMSE and APMAPE variations with a
range of polynomial orders are shown in Fig. 11(a) and (b),
respectively. It is obvious that: 1) both APRMSE and APMAPE
values mostly decrease, as the polynomial order increases at
relatively low temperatures of 273 and 283 K; 2) both of them
show significant fluctuations at the temperatures of 293 K; and
3) atrelatively high temperature of 303 K, the prediction perfor-
mance criteria first show a slight deterioration, as the polynomial
order increases from 1 to 4, and then decrease, as the polynomial
order increases from 4 to 8.

Note that the fitting performance often improves, as the model
complexity increases, while the prediction performance usu-
ally first improves with the increasing of the model complexity
and then becomes degraded as the model complexity further
increases. Since the model complexity is represented by the
polynomial order in this study, a proper selection of the poly-
nomial order should simultaneously consider the fitting and
prediction performance. It is found that the minimal values of
APRMSE are 0.11, 0.06, 0.10, and 0.06 mS2 at temperatures of
273, 283, 293, and 303 K, respectively, which are correspond-
ing to the seventh-, seventh-, sixth-, and seventh-order polyno-
mial ECMs, respectively. The minimal values of APMAPE are
1.00%, 1.23%, 2.88%, and 3.01% at temperatures of 273, 283,
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Fig. 12.
(b) 283 K, (c) 293 K, and (d) 303 K.

293, and 303 K, respectively. Similarly, the polynomial order
corresponding to the minimal APMAPE value is the same as
that of APRMSE at each temperature. Moreover, it is found
from Fig. 11 that the average values of APRMSE and APMAPE
for all temperatures have the minimal values of 0.09 m{2 and
2.24% using the seventh-order polynomial ECMs. In addition,
as illustrated in Fig. 7, a polynomial order of 5 is high enough
to give a good fitting performance. Hence, it is reasonable to
determine the optimal polynomial order to be 7, in terms of
both fitting and LOOCYV prediction performance.

F. Prediction Performance Comparison

To further demonstrate the effectiveness of the proposed
polynomial ECM, the LOOCYV prediction performance of the
seventh-order polynomial ECM is compared with that of an
interpolation-based ECM method, in which a cubic spline
method is used to predict the circuit parameters in a LOOCV
manner. Fig. 12(a), (b), (¢), and (d) shows the LOOCV predic-
tion RMSE and MAPE variations with SOC using the polyno-
mial ECM and interpolation ECM at the temperatures of 273,
283, 293, and 303 K, respectively.

As shown in Fig. 12(a)—(d), it is found that for the polyno-
mial ECM, the maximal values of RMSE are less than 0.20,
0.10, 0.32, and 0.09 m{2 for all SOC values at temperatures

0
100

SOC/%

Leave-one-out prediction performance comparisons between polynomial ECM and interpolation ECM at different SOC and temperatures: (a) 273 K,

of 273, 283, 293, and 303 K, respectively, while the maximal
RMSE values of the interpolation ECM can reach 3.17, 0.21,
1.26, and 0.71 m{2 at temperatures of 273, 283, 293, and 303 K,
respectively. Likewise, the maximal MAPE values of the poly-
nomial ECM are less than 1.65%, 1.46%, 7.54%, and 4.17% at
temperatures of 273, 283, 293, and 303 K, respectively, while for
the interpolation ECM, the maximal MAPE values are 26.54%,
3.76%, 35.67%, and 39.87% at temperatures of 273, 283, 293,
and 303 K, respectively. Moreover, it can be easily observed
that the interpolation ECM shows large prediction errors in the
relatively high SOC range of [80%, 95%] at 273 K, in the high
SOC range of [80%, 95%] at 283 K, in the low SOC range of
[10%, 40%] at 293 K, and in both low SOC range of [5%, 40%]
and high SOC range of [80%, 95%] at 303 K. It implies that
the interpolation method would fail to predict proper circuit pa-
rameters in some SOC ranges at different temperatures. On the
other hand, the polynomial ECM shows small prediction errors
with narrow fluctuations in terms of RMSE and MAPE over a
wide range of SOC and temperature. It is reasonable to conclude
that the proposed polynomial ECM can effectively capture the
nonlinear relationship between SOC and circuit parameters and
is suitable to perform reliable and accurate predictions of circuit
parameters with unseen SOC values. In addition, compared with
the interpolation ECM, the superiority of the polynomial ECM
is again validated.
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Fig. 13.  Predicted impedance spectra with 10% SOC using the polynomial
ECM and interpolation ECM at different temperatures.

Figs. 13, 14, and 15 shows the predicted impedance spec-
tra using the polynomial ECM and interpolation ECM at 10%,
50%, and 90% SOC, respectively. From Fig. 13, it is found that:
1) at relatively low temperatures of 273 and 283 K, the predicted
impedance spectra of both polynomial ECM and interpolation
ECM almost coincide with the experimental impedance spectra
over the whole range of frequencies; and 2) at relatively high
temperatures of 293 and 303 K, the interpolation ECM shows
relatively large underestimation of the spectral values in the fre-
quency range of 10-0.01 Hz, while the polynomial ECM only
show a small overestimation of the spectral values in the low fre-
quency range of 0.03—0.01 Hz. From Fig. 14, it can be found that:
1) the predicted impedance spectra of both polynomial ECM and
interpolation ECM match well with the experimental impedance
spectra over the whole range of frequencies at 273 and 283 K;
2) both polynomial ECM and interpolation ECM show a lit-
tle overestimation of the spectral values in the low-frequency
range at 303 K; and 3) at the temperature of 293 K, although the
polynomial ECM shows a little deviation in both medium- and
low-frequency ranges, the MAPE of the proposed polynomial
ECM of only 5% is acceptable for practical requirement. It is
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Fig. 14.  Predicted impedance spectra with 50% SOC using the polynomial
ECM and interpolation ECM at different temperatures.

observed from Fig. 15 that: 1) the predicted impedance spectra
of the polynomial ECM are almost in line with the experimental
impedance spectra over the whole frequency range at differ-
ent temperatures; and 2) the interpolation ECM fails to predict
the true impedance spectra at temperatures of 273, 293, and
303 K. Moreover, based on a thorough analysis of all LOOCV
prediction results, it is found that both polynomial ECM and
interpolation ECM could provide almost accurate impedance
spectra prediction at the high-frequency range, and relatively
large deviations between predicted and experimental impedance
spectra are mostly observed at the medium- and low-frequency
range. It might imply that the charge transfer and solid-state
lithium-ion diffusion processes-related impedance spectrum is
more difficult to be modeled. The possible reason is that the
charge resistance, Warburg resistance, and CPE element are dif-
ficult to be accurately predicted at unseen SOC values. Hence,
based on the foregoing prediction performance comparison, it is
reasonable to conclude that the proposed polynomial ECM pro-
vides an easy, reliable, and accurate way to depict the nonlinear
relationship between SOC and circuit parameters, whereas the
traditional interpolation method might fail to predict the true
circuit parameters with unseen SOC at some frequency ranges.
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Fig. 15. Predicted impedance spectra with 90% SOC using the polynomial

ECM and interpolation ECM at different temperatures.

Note that although the effectiveness of the proposed polyno-
mial ECM approach has only been validated by a commercial
pouch-type LiFePO, battery, the ECM structure shown in
Fig. 2 might be different for other battery technologies.
However, the proposed polynomial-based modeling approach
provides a universal modeling strategy for embedding the
SOC effect on the circuit parameters. In addition, the LOOCV
method could provide a potential effective way for selecting
suitable polynomial order.

V. CONCLUSION

In this paper, a polynomial ECM conscious of SOC effect,
consisting of inductance, ohmic resistance, charge resistance,
Warburg element, and CPE element, is proposed to model
impedance spectra. A commercial 20-A-h LiFePO, battery is
used to experimentally investigate the impacts of SOC and
temperature on impedance spectra and circuit parameters.
The proposed ECM with SOC-dependent circuit parameters
modeled by polynomial functions is used to fit EIS data at
different SOC, and the effect of polynomial function order is
thoroughly investigated. The fitting results of the polynomial
ECM demonstrate that the analytical polynomial function can
effectively capture the nonlinear relationship between SOC
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and circuit parameters. Moreover, the most suitable polyno-
mial function order for modeling the SOC effect on circuit
parameters is determined by the LOOCV method. The LOOCV
prediction results demonstrate that the polynomial ECM is
able to finely fit the experimental impedance spectra and is far
superior to the common interpolation-based counterpart.
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