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Abstract—In this paper, a new mathematical modeling for a six-
phase interior permanent magnet synchronous motor (IPMSM) is
presented. The proposed model utilizes two synchronous reference
frames. First, the flux model in the abcxyz frame is mapped into
the stationary dq frames and then to two synchronous rotating
frames. Then, differentiating the flux models, voltage equations
are derived in rotating frames. Through this analysis, the interac-
tion between the abc and xyz subsystems is properly described
by a coupling matrix. The torque equation is also derived using the
two reference current variables. Flux model was verified through
FEM analysis. Experiments were done using a 100 kW six-phase
IPMSM in a dynamo system. The validity of the torque equation
was checked with some experimental results under a shorted con-
dition on an xyz subsystem.

Index Terms—Coordinate transformation, interior permanent
magnet synchronous motor (IPMSM), rotor saliency, six-phase
motor, two reference frames.

I. INTRODUCTION

MULTIPHASE, higher than three, machines received a
great attention in electric drive applications recently [1].

Based on the selection of motor types, permanent magnet syn-
chronous motors (PMSMs) were generally preferred than induc-
tion motors from the point of view of efficiency, better power
factor, and higher torque density [2], [3]. Multiphase PMSMs
are preferred for their fault-tolerant nature, less torque pulsation,
and little zero sequence harmonics [1], [4].

The modeling concept of multiphase motors was first intro-
duced during the early development stage of inverter-fed ac
drives [5]. Since then, various application research works were
carried out in the areas such as ship propulsion, aircraft appli-
cation, locomotive traction, and electric vehicles [5], [6]. Zhao
and Lipo [7] demonstrated a modeling technique of six-phase
induction machine in three two-dimensional (2-D) orthogonal
subspaces and called it vector space decomposition (VSD). They
claimed that the dynamics of the electromechanical energy
conversion related machine variables were totally decoupled.

Manuscript received December 12, 2016; revised March 20, 2017 and Au-
gust 20, 2017; accepted December 4, 2017. Date of publication December 13,
2017; date of current version July 15, 2018. Recommended for publication by
Associate Editor E. Lomonova. (Corresponding author: Kwanghee Nam.)

The authors are with the Department of Electrical Engineering, Pohang Uni-
versity of Science and Technology, Pohang 790784, South Korea (e-mail:
mulunehlemma@postech.ac.kr; draco@postech.ac.kr; won@postech.ac.kr;
kwnam@postech.ac.kr).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TPEL.2017.2782804

Among the topologies of six-phase machines, asymmetrical
thirty-degree phase shift winding configuration was preferred
because of its minimal harmonic and torque pulsation [8]–[10].

The same VSD approach was applied to six-phase PMSM
modeling [11]. Although the model included the coupling be-
tween the two sets of three-phase windings, it lacked analysis
of saliency in the interior PMSM (IPMSM). Other modeling
scheme [12], [13] treated the six-phase PMSM as two three-
phase independent motors. Thus, the cross-coupling effects were
ignored totally in the model. It was also reported that by increas-
ing the number of poles and number of phases, efficiency and
torque density could be improved [14].

In the control, six-phase PMSMs were regarded as two
independent three-phase motors having two isolated neutral
points [16]–[19]. The VSD was utilized often for vector control
of six-phase PMSMs [16], [17]. Although VSD was a useful
technique mostly adopted, it did not guarantee balanced cur-
rent sharing between winding sets. Karttunen et al. [16] pro-
posed a vector control scheme that offered improved dynamic
performance and showed balanced current sharing. Additional
improvement of the VSD scheme that adopted a proportional
integral and resonant (second) controller for elimination of cur-
rent unbalance in the αβ subplane was presented in [17]. In
the occurrence of open circuit, VSD became an incomplete de-
coupling mathematical model and a model predictive control
technique was applied [19].

Usage of a split-phase motor such as dual three-phase motors
lowered the back electromotive force (EMF), and as a result
required less d-axis current for a flux weakening scheme in
high-speed operation [20]. Use of additional degree of free-
dom of multiphase machines was presented in the area of grid-
connected wind energy conversion systems and stand-alone
applications [21]. Duran and Barrero [22] also presented the
merits of multiphase machines in the faulty mode of opera-
tion. Moreover, open winding multiphase surface mounted per-
manent magnet synchronous motor (SPMSM) topology em-
phasizing on wide speed range and fault-tolerant operation in
an electric vehicle propulsion system were presented in [23]
and [24], respectively. However, such applications were real-
ized at a cost of increased component counts and more expensive
control.

For healthy operating condition of six-phase machines, VSD
was preferred due to the effectiveness of modeling and con-
trol [16], [17]. However, in case of fault occurrence, VSD did
not guarantee fault-tolerant and minimum torque pulsation re-
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quirement [16], [17]. Additionally, analysis of motor saliency
was not included in the mathematical model of six-phase ma-
chine adopted in [11]–[13], [16], and [17].

The purpose of this paper is to deduce a detailed and accurate
mathematical model of the six-phase IPMSM. More emphasis is
given on the proper analysis and inclusion of motor saliency in
the IPMSM that was ignored in the existing VSD-based model-
ing. Furthermore, two-reference frame based model is pursued
so that a simplified and accurate dynamic model is obtained.
This paper is structured as follows. Sections II and III present
mathematical modeling of six-phase PMSMs, FEM-based in-
ductance calculation procedure, and flux and torque model ver-
ification. Section IV presents the IPMSM dynamic equation in
a synchronous reference frame. Simulation by using FEM anal-
ysis and experimental results are shown in Section V. Finally,
the general conclusion is presented in Section VI.

II. MATHEMATICAL MODELING OF THE IPMSM

Note that IPMSMs are characterized by the rotor saliency.
It is illustrated by the flux path change caused by PM cavities
when the rotor rotates. Therefore, the inductance appears as a
function of rotor angle θ.

A. Review of a Three-Phase Machine

Before describing the whole flux linkage, we will review
briefly how the rotor saliency is modeled in a three-phase
IPMSM. First, it should be reminded that the relative perme-
ability of PM is close to 1, so that the cavities for PM are seen
as additional air gaps to the stator d-axis winding. Therefore,
the d-axis inductance is smaller than the q-axis inductance. For
mathematical treatment, the effective air gap of the IPMSM to a
fixed direction, e.g., horizontal direction, is modeled simply by a
function of the rotational angle θ such that g(θ) = 1

γ0 −γ1 cos(2θ) ,
where γ0 and γ1 are positive constants [25], [26]. For example,
the inductance of a-phase winding will change as the rotor ro-
tates. When the number of turns per phase is equal toN and the
effective gap area A, the inductance appears as

L=
μ0AN

2

2g(θ)
=
μ0AN

2

2
(
γ0−γ1 cos(2θ)

)
=Lms−Lδ cos(2θ)

(1)
where Lms ≡ μ0AN

2

2 γ0 , Lδ ≡ μ0AN
2

2 γ1 , and μ0 is the perme-
ability of free space. Note thatLms is a static component, which
corresponds to the average gap length, and Lδ determines the
saliency. Note again that magnetization of PM is irrelevant in
characterizing the saliency, since the PM relative permeability
close to one and the superposition law are applied.

On the other hand, the PM flux linking toabc coils is described
by ψ(θ) = ψpm[cos θ, cos(θ − 2π

3 ), cos(θ + 2π
3 )]T since the

coils are shifted 120◦ from each other. Let the flux linkage
and current of the abc coil be denoted by λabc = [λa , λb , λc ]T

and iabc = [ia , ib , ic ]T , respectively. Then, the flux linkage of
the abc coil is described by

λabc = [L − LδA(θ)] iabc +ψ(θ) (2)

where

L =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

Lm + Lls −Lm
2

−Lm
2

−Lm
2

Lm + Lls −Lm
2

−Lm
2

−Lm
2

Lm + Lls

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

A(θ) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

cos 2θ cos
(
2θ − 2π

3

)
cos
(
2θ +

2π
3

)

cos
(
2θ − 2π

3

)
cos
(
2θ +

2π
3

)
cos 2θ

cos
(
2θ +

2π
3

)
cos(2θ) cos

(
2θ − 2π

3

)

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Lm + Lls is the self-inductance, and Lls is the leakage induc-
tance.

Define by

T =
2
3

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 −1
2

−1
2

0
√

3
2

−
√

3
2

1
2

1
2

1
2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(3)

a transformation matrix from the abc frame into a station-
ary αβ0 frame. Let iαβ0 = [iα , iβ , 0]T = Tiabc and λαβ0 =
[λα , λβ , 0]T = T[λa , λb , λc ]T . Then, it follows from (2) that

λαβ0 =
[
TLT−1 − LδTA(θ)T−1] iαβ0 + Tψ(θ). (4)

Let 2-D variables be defined by λαβ = [λα , λβ ]T and iαβ =
[iα , iβ ]T using the first two components. Rewriting (4), we
obtain

λαβ = Lg (θ)iαβ +ψ′
2(θ) (5)

where

Lg (θ) =

⎡

⎢
⎣
LM − 3

2
Lδ cos 2θ −3

2
Lδ sin 2θ

−3
2
Lδ sin 2θ LM +

3
2
Lδ cos 2θ

⎤

⎥
⎦

= LM I − 3
2
LδG(θ), (6)

G(θ) =

[
cos 2θ sin 2θ

sin 2θ − cos 2θ

]

, (7)

ψ′
2(θ) = ψpm

[
cos θ

sin θ

]

(8)

and I is a 2 × 2 identity matrix and LM = 3
2Lm + Lls . Note

that G(θ) is the matrix describing the reluctance depending on
the rotor angle. Furthermore, λαβ transforms the synchronous
dq frame via

F(θ) =

[
cos θ sin θ

− sin θ cos θ

]

(9)
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Fig. 1. Six-phase IPMSM: (a) coil layout and (b) direction of current vectors:
Rotor angle θ refers to the angle between the direct axis of the rotor and the
magnetic axis of phase a.

such that

λedq =

⎡

⎢
⎣
LM − 3

2
Lδ 0

0 LM +
3
2
Lδ

⎤

⎥
⎦ iedq + ψpm

[
1
0

]

(10)

where λeTdq = F(θ)[λα , λβ ]T and ieTdq = F(θ)[iα , iβ ]T . These
are well-established equations and appear in textbooks, for ex-
ample, in [25] and [26].

B. Flux Linkage of the Six-Phase IPMSM

The six-phase motors considered in this paper have two sets of
three-phase windings, which are separated by π/6 in electrical
angle. The first group is named abc and the second group is
xyz. Fig. 1 shows schematic diagram of a two-pole six-phase
IPMSM.

The same modeling approach is applied here as in the three-
phase case. In the following developments, we look at the wind-
ings of the six-phase IPMSM as two sets of three-phase wind-
ings. The reason is to take the advantage of similarities in the
system matrices of the abc and xyz dynamics as much as pos-
sible. Otherwise, most equations will contain 6 × 6 matrices,
thereby analysis turns out to be very difficult and lose the phys-
ical insights.

However, in the mathematical modeling, the six-phase ma-
chine is not a simple sum of two three-phase machines. There is
a flux linking between the two sets of coils. Furthermore, a big
difficulty lies on the fact that the rotor saliency is seen differently
all the time for the two coil sets due to the phase difference.

The abc coil has two flux linking other than self-induction:
one from the rotor PM and the other from the xyz coil. Let the
current of the xyz coil be denoted by ixyz = [ix , iy , iz ]T . Then,
the flux linkage of the abc coil is described by

λabc = Liabc + Mixyz − LδA(θ)iabc − LδA
(
θ − π

12

)
ixyz

+ψ(θ) (11)

where

M =
√

3Lm
2

⎡

⎢
⎣

1 −1 0
0 1 −1
−1 0 1

⎤

⎥
⎦ . (12)

Note that M is a static contribution to λabc made by the xyz
coil shifted by π/6, and that the matrices [Labc : M] already
appeared in six-phase SPMSMs [27], [28]. The PM contribution

Fig. 2. Flux linking between a–a′ and x–x′ coils: (a) maximum when θ =
π
2 + π

12 , and (b) minimum when θ = π
12 .

ψ(θ) is also the same as that of the SPMSM. The reluctance part
of the self-inductance −LδA(θ) is the same as in the case of
the three-phase IPMSM.

However, we have the other reluctance component from the
xyz coil, and it is described by −LδA(θ − π

12 ). Fig. 2 illus-
trates two extremes: The flux linking from x− x′ to a− a′ is
maximized when the PM center is aligned to the middle point
of a and x coils, since the PM location gives a minimum hin-
drance to the flux, as shown in Fig. 2(a). The rotor angle is
θ = π

2 + π
12 , thereby A(θ − π

12 )
∣
∣
θ= π

2 + π
1 2

= A(π2 ). Note that

−LδA(π2 )(1,1) = −Lδ cosπ = Lδ yields the maximum value.
The other case is shown in Fig. 2(b) in which the PM loca-

tion gives a maximum hindrance to the flux. Specifically, the
flux linking from x− x′ to a− a′ is minimized when θ = π

12 .
Then, A(θ − π

12 )
∣
∣
θ= π

1 2
= A(0). Note that −LδA(0)(1,1) =

−Lδ cos 0 = −Lδ yields the minimum value. Therefore, the
mutual inductance matrix between abc and xyz coils is mod-
eled by A(θ − π

12 ) for arbitrary angle θ.
Let the flux linkage of the xyz coil denoted by λxyz =

[λx , λy , λz ]T . Following the similar reasoning, it follows that

λxyz = Lixyz + MT iabc − LδA
(
θ − π

12

)
iabc

− LδA
(
θ − π

6

)
ixyz +ψ

(
θ − π

6

)
. (13)

It should be emphasized here that (13) is written with respect to
the xyz frame. The rotor is π/6 behind in the xyz frame when
the PM flux is aligned with the horizontal axis. Therefore, we
have ψ(θ − π

6 ) for PM flux linkage. The reluctance part of the
self-inductance of the xyz coil appears as −LδA(θ − π

6 ) due to
the rotor shifting from the reference position. On the other hand,
the mutual flux from the abc coil is the same as the previous
case (11).

Summing all together, we obtain a six-phase IPMSM flux
model as
[

λabc

λxyz

]

=

[
L M

MT L

][
iabc
ixyz

]

− Lδ

×

⎡

⎢
⎣

A(θ) A
(
θ − π

12

)

A
(
θ − π

12

)
A
(
θ − π

6

)

⎤

⎥
⎦

⎡

⎣
iabc

ixyz

⎤

⎦+

⎡

⎢
⎣

ψ(θ)

ψ
(
θ − π

6

)

⎤

⎥
⎦.

(14)
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III. COORDINATE TRANSFORMATIONS

Flux linkage of six-phase of the IPMSM (14) is different from
that of the SPMSM due to the reluctance part. Dual coordinates
are also used for d–q stationary and d–q synchronous frames,
in the same way, we have used abc and xyz frames previously.
Otherwise, we ought to use two different coordinate transfor-
mations in order to map abc and xyz variables into a single d–q
coordinate frame. It makes the whole equations very complex,
breaks up symmetries and similarities among many terms, and
causes us to loose physical insights.

A. Flux Model in the Stationary Frame

Since we have two coil sets, the corresponding flux vectors
are named differently in the stationary frame: We denote the
variables with subscripts, (α, β) for the abc frame, whereas
(γ, σ) for the xyz frame. Here, the same transformation matrix
T is utilized for both abc and xyz variables, and let λγσ0 ≡
[λγ , λσ , 0]T ≡ Tλxyz and iγσ0 ≡ [iγ , iσ , 0]T = Tixyz . Then,
two flux equations are obtained in the stationary frame from
(14) such that

λαβ0 = TLT−1 iαβ0 + TMT−1 iγσ0 − LδTA(θ)T−1 iαβ0

− LδTA
(
θ − π

12

)
T−1 iγσ0 + Tψ(θ), (15)

λγσ0 = TLT−1 iγσ0 +TMT T−1 iαβ0−LδTA
(
θ − π

6

)
T−1

× iγσ0 − LδTA
(
θ− π

12

)
T−1 iαβ0 + Tψ

(
θ− π

6

)
.

(16)

Here, it is assumed that iabc and ixyz are balanced, so that
zero was put into the third component. Disregarding the zero
component, we let λγσ ≡ [λγ , λσ ]T and iγσ ≡ [iγ , iσ ]T . Then,
(15) and (16) can be rewritten as

λαβ = Lg (θ)iαβ + Mg (θ)iγσ +ψ′
2(θ), (17)

λγσ = Lg

(
θ − π

6

)
iγσ + MT

g (θ)iαβ +ψ′
2

(
θ − π

6

)
(18)

where

Mg (θ) =
⎡

⎢
⎢
⎣

3
√

3Lm
4

− 3
2
Lδ cos

(
2θ− π

6

)
−3Lm

4
− 3

2
Lδ sin

(
2θ− π

6

)

3Lm
4

− 3
2
Lδ sin

(
2θ− π

6

) 3
√

3Lm
4

+
3
2
Lδ cos

(
2θ− π

6

)

⎤

⎥
⎥
⎦

=
[
Ms− 3

2
LδG

(
θ− π

12

)]
, (19)

Ms =
3
4
Lm

[√
3 −1

1
√

3

]
. (20)

Note that the flux linkages are expressed neatly with two types
of functions: Lg (θ) states the self-inductance, whereas Mg (θ)
the mutual inductance between the coil groups. Note also that
Lg (θ), G(θ), and ψ′

2(θ) were already defined in (6), (7), and

Fig. 3. Six-phase IPMSM in two stationary and two synchronous frames.

(8), respectively. Equations (17) and (18) show a great symmetry
between the two coil sets shifted by π

6 .

B. Flux Model in Synchronous Reference Frames

The two flux vectors λαβ and λγσ have π/6 phase difference.
We apply the same map F(θ) in order to map them into the syn-
chronous reference frame. Voltage, current, and flux variables
are mapped from the stationary rectangular frames via F(θ). To
distinguish two vectors, we let λedq1 = [λed1 , λeq1 ]

T = F(θ)λαβ ,
λedq2 = [λed2 , λeq2 ]

T = F(θ)λγσ , iedq1 = [ied1 , i
e
q1 ]

T = F(θ)iαβ ,
and iedq2 = [ied2 , i

e
q2 ]

T = F(θ)iγσ . Fig. 3 shows the two ref-
erence axes for stationary and synchronous coordinate frames.
(d1 , q1) are the reference axes for the abc coil, whereas (d2 , q2)
are the other reference axes for the xyz coil. It follows from (17)
and (18) that

λedq1 = Ldq1 iedq1 + Mf iedq2 +ψe
dq1 , (21)

λedq2 = Ldq2 iedq2 + MT
f iedq1 +ψe

dq2 (22)

where ψe
dq1 ≡ F(θ)ψ′(θ) = ψpm[1, 0]T , ψe

dq2 ≡ F(θ)ψ′(θ −
π
6 ) = ψpm[

√
3

2 , − 1
2 ]T ,

F(θ)Lg (θ)F−1(θ) =

⎡

⎢
⎢
⎣

LM − 3
2
Lδ 0

0 LM +
3
2
Lδ

⎤

⎥
⎥
⎦ ≡ Ldq1 ,

(23)

F(θ)Lg

(
θ − π

6

)
F−1(θ)=

⎡

⎢
⎢
⎣

LM − 3
4
Lδ

3
√

3
4
Lδ

3
√

3
4
Lδ LM +

3
4
Lδ

⎤

⎥
⎥
⎦≡Ldq2 ,

(24)

F(θ)Mg (θ)F−1(θ)=
3
4

[√
3(Lm−Lδ ) −(Lm−Lδ )
(Lm +Lδ )

√
3(Lm +Lδ )

]

≡Mf ,

(25)

F(θ)MT
g (θ)F−1(θ) = MT

f . (26)

It must be reminded that LM = 3
2Lm + Lls . It is also remark-

able from (19) and (25) that the similarity transformation of
MT

g (θ) by F(θ) yields the constant matrix Mf . Specifically,
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Fig. 4. 2-D mesh model of an eight-pole six-phase IPMSM.

TABLE I
FLUX LINKAGES FOR A SPECIFIC POSITION θ = π

6

Excitation current ia bcxy z (A) λ′a (mWb) λ′b (mWb) λ′c (mWb)

[50, 0, 0, 0, 0, 0]T 6.76 −2.92 1.14
[100, 0, 0, 0, 0, 0]T 13.35 −5.80 2.24
[150, 0, 0, 0, 0, 0]T 19.86 −8.68 3.35
[200, 0, 0, 0, 0, 0]T 26.31 −11.60 4.45
[250, 0, 0, 0, 0, 0]T 32.06 −14.27 5.42
[300, 0, 0, 0, 0, 0]T 36.89 −16.73 6.21

the θ-dependence disappeared completely. Note further that
Ld1 , Lq1 and Ld2 , Lq2 are the inductances in the synchronous
reference frame. They are different, though a single rotor is
shared. The reason is that the rotor axis is seen differently by
the two coil sets. It is worthwhile to note thatLq1 − Ld1 = 3Lδ ,
whereas Lq2 − Ld2 = 3

2Lδ . In other words, Ld1 < Ld2 and
Lq1 > Lq2 . Therefore, Lq1/Ld1 > Lq2/Ld2 , i.e., the saliency
is larger with respect to the abc coil than to the xyz coil.

C. Inductance Determination Through FEM Analysis

It is possible to compute the flux linkage of a coil via FEM
analysis. Fig. 4 shows a 2-D mesh model of an eight-pole six-
phase IPMSM in which magnets are arranged in a V-shape in
each pole. The outer diameter of the stator and rotor is 278 and
171 mm, respectively. The stack length is 120 mm and air gap
height is 0.8 mm.

For the purpose of obtaining the inductances, special cases
are considered when only ia flows. FEM calculations were done
for different ia s and a specific standstill rotor position θ = π

6 .
Table I shows the computed results. Since the current to flux
relation is given by

⎡

⎢
⎣

λ′
a

λ′
b

λ′
c

⎤

⎥
⎦ =

⎡

⎢
⎣

λa

λb

λc

⎤

⎥
⎦− ψpm

⎡

⎢
⎢
⎢
⎢
⎢
⎣

cos θ

cos
(
θ − 2π

3

)

cos
(
θ +

2π
3

)

⎤

⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎢
⎣

Lm + Lls

−0.5Lm
−0.5Lm

⎤

⎥
⎦ ia − Lδ

⎡

⎢
⎣

0.5
0.5
−1

⎤

⎥
⎦ ia (27)

Fig. 5. FEM-based inductance calculations.

we can find Lm , Lls , and Lδ easily from the above-mentioned
three equations. Further utilizing (23) and (24), Ld1 , Lq1 , Ld2 ,
andLq2 were also obtained, and the results are depicted in Fig. 5.
Note that Lq ’s are saturated more at high currents.

To prove the validity of the flux model, analytic computa-
tions are compared with the FEM data for different currents
and different rotor angles. Table II shows analytic results based
on (14), as well as the FEM results. Note that they show good
agreements at arbitrary angles although the analytic model was
developed with a simplified air gap function (1).

IV. IPMSM DYNAMIC EQUATION IN A SYNCHRONOUS

REFERENCE FRAME

It is necessary to develop a dynamic equation in the syn-
chronous frame for flux-oriented current control. The reference
frame is rotating in synchronism with θ = ωt. It is assumed here
that the rotor flux is aligned with the d1-axis. Then, the d2-axis
is π

6 -ahead of the d1-axis.

A. Voltage Equation

The voltage equations are derived directly by differentiating
(21) and (22):

vedq1 ≡ rs iedq1 + F(θ)
d

dt
(F−1(θ)λedq1) = rs iedq1

+ ωF(θ)
∂F−1(θ)
∂θ

λedq1 +
d

dt
λedq1 , (28)

vedq2 ≡ rs iedq2 + F(θ)
d

dt
(F−1(θ)λedq2) = rs iedq2

+ ωF(θ)
∂F−1(θ)
∂θ

λedq2 +
d

dt
λedq2 (29)

where vedq1 = [ved1 , v
e
q1 ]

T , vedq2 = [ved2 , v
e
q2 ]

T, and rs is the coil
resistance per phase. Note that

F(θ)
∂F−1(θ)
∂θ

=

[
0 −1
1 0

]

≡ J, ψ′e
dq1 ≡ Jψe

dq1

= ψpm

[
0
1

]
, and ψ′e

dq2 ≡ Jψe
dq2 = ψpm

⎡

⎢
⎢
⎣

1
2√
3

2

⎤

⎥
⎥
⎦ .
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TABLE II
VERIFICATION OF FLUX MODEL FOR DIFFERENT CURRENTS AND ANGLES

Current ia bcxy z (A) θ Method λa (mWb) λb (mWb) λc (mWb) λx (mWb) λy (mWb) λz (mWb)

[5, 5,−10, 5, 5,−10]T 160π
180 FEM 1.49 3.17 −4.31 3.04 1.49 −4.32

Analytical 1.40 2.90 −4.20 2.90 1.30 −4.20

[0, 5, 0, 0, 5, 0]T 77π
180 FEM −0.80 1.59 −0.24 −0.27 1.59 −0.89

Analytical −0.82 1.50 −0.22 −0.35 1.50 −0.73

The back EMFs ψ′e
dq1 and ωψ′e

dq2 are different since the rotor
PM flux angle is seen differently in the two coordinates. On the
other hand, it follows from (21) and (22) that

d

dt
λedq1

= Ldq1
d

dt
iedq1 + Mf

d

dt
iedq2 , (30)

d

dt
λedq2

= Ldq2
d

dt
iedq2 + MT

f

d

dt
iedq1 . (31)

Thus, (28) and (29) are rewritten as

vedq1 = rs iedq1 +Ldq1
d

dt
iedq1 + ωJLdq1 iedq1 + ωψ

′e
dq1

+ Mf
d

dt
iedq2 + ωJMf iedq2 , (32)

vedq2 = rs iedq2 +Ldq2
d

dt
iedq2 + ωJLdq2 iedq2 + ωψ

′e
dq2

+ MT
f

d

dt
iedq1 + ωJMT

f iedq1 (33)

where

JMf =
3
4

[ −(Lm + Lδ ) −√
3(Lm + Lδ )

√
3(Lm − Lδ ) −(Lm − Lδ )

]

,

JMT
f =

3
4

[
(Lm − Lδ ) −√

3(Lm + Lδ )
√

3(Lm − Lδ ) (Lm + Lδ )

]

.

Note that (32) and (33) are the voltage equations on differ-
ent synchronous frames (d1e , q1e) and (d2e , q2e). The voltages
ωJLdq1 iedq1 and ωJLdq2 iedq2 are the conventional couplings be-
tween d and q axes in their own frames. However, ωJMT

f iedq1
and ωJMf iedq2 are the coupling voltages between the two coil

sets. Furthermore, there are other couplings Mf
d
dt i

e
dq2 and

MT
f
d
dt i

e
dq1 that depend on the current derivatives. This dynamic

model is different from the past model such as VSD [16], [17],
since the mutual interaction between the coil sets is properly
introduced with reluctance.

B. Torque Model

Electromagnetic torque equation Te is obtained by the cross
product of stator flux and stator current, i.e., in general, torque
is equal to 3P

4 λedq × iedq [26]. The cross product can be replaced
by a complex number operation such that Im{iedq · λe∗dq}, where
Im{·} denotes the imaginary part and ∗ implies the complex
conjugate.

In the six-phase IPMSM, we have two current vectors in the
air gap; iedq1 and iedq2 . But the latter is π

6 advanced from the

former. Therefore, the air gap current vector is iedq1 + ej
π
6 iedq2 ,

as shown in Fig. 6(a). Similarly, it is necessary to consider the
flux sum λg in the air gap [see Fig. 6(b)] as

λg = (Ldq1 iedq1 +ψe
dq1) + ej

π
6 (Ldq2 iedq2). (34)

Therefore, the torque of the P -pole six-phase IPMSM is
equal to

Te =
3P
4

Im
{(

iedq1 + ej
π
6 iedq2

) · ((Ldq1 iedq1 +ψe
dq1)

+ [ej
π
6 (Ldq2 iedq2)]

)∗} = Te1 + Te2 + Te12 (35)

where

Te1 =
3P
4

Im
{
iedq1 · (Ldq1 iedq1 +ψe

dq1)
∗}

=
3P
4
(
ψpmi

e
q1 + (Ld1 − Lq1)ied1i

e
q1
)
, (36)

Te2 =
3P
4

Im
{
ej

π
6 iedq2 · (ej

π
6 Ldq2 iedq2 +ψe

dq1)
∗}

=
3P
4

(

ψpm

(√
3

2
ieq2 +

ied2

2

)

+ (Ld2 − Lq2)ied2i
e
q2

+
3
√

3
4
Lδ (ie2q2 − ie2d2)

)

, Te12 =
3P
4

Im
{
iedq1

· e−j π6 (Ldq2 iedq2)
∗}+

3P
4

Im
{
ej

π
6 iedq2 · (Ldq1 iedq1)

∗}

=
3P
4

(
1
2
(Ld1 − Ld2 − 9

4
Lδ )ied1i

e
d2

+
1
2

(
Lq1 − Lq2 +

9
4
Lδ

)
ieq1i

e
q2

+
√

3
2

(
Ld1 − Lq2 − 3

4
Lδ

)
ied1i

e
q2

+
√

3
2

(
Ld2 − Lq1 − 3

4
Lδ

)
ieq1i

e
d2

)

. (37)

Note that Te1 represents a torque component by the abc coil,
and Te2 by the xyz coil. Te1 has the normal expression of the
three-phase IPMSM. In case of Te2 , it is necessary to consider
that the PM flux is not aligned with the d2-axis. When ied2 = 0,

Te2 has a reduced magnetic torque component ψpm

√
3

2 i
e
q2 along

with reluctance component 3
√

3
4 Lδ i

e2
q2 . Note also that Te12 is the
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Fig. 6. Vector sum in the air gap of a six-phase IPMSM: (a) current sum and (b) flux sum.

TABLE III
FEM VERSUS ANALYTIC TORQUE COMPARISON

Cases Excitation current (A) Flux (Wb) Torque (N·m) %
Error

ied1 ieq 1 ied2 ieq 2 ψpm FEM Analytic

Case I 0 33 0 0 0.051 10.09 10.1 0.08
Case II 0 0 0 66 0.051 19.3 19.33 0.1
Case III 0 132 0 132 0.051 83.83 91.04 8.6

Fig. 7. FEM versus analytic torque for case III (ieq 1 = 132 A ieq 2 = 132 A).

remaining reluctance torque components caused by the saliency
of the rotor.

Fig. 8 depicts the proposed six-phase IPMSM dynamics (32),
(33), and torque model (35). Two subdynamics of abc and xyz
are interlinked by the dotted line. During steady-state opera-
tion, the coupling terms induced by the current differentials
Mf

d
dt i

e
dq2 and MT

f
d
dt i

e
dq1 can be ignored. In the steady state,

ωJMf iedq2 and ωJMT
f iedq1 link two subsystems, which is a

characteristic feature of the six-phase IPMSM.
Table III shows torque calculation results obtained by FEM

and the above-mentioned analytic equation under various cur-
rent conditions. In calculating the analytic torque, inductance
data shown in Fig. 5 were used. A small difference in case III
seem to be caused by core saturation. Note that the two results
are quite close, showing the validity of the equation. Fig. 7
shows torque plot versus electrical angle for case III.

TABLE IV
SIX-PHASE IPMSM PARAMETERS

Parameters Value Parameters Value

Number of poles (P ) 8 Rated speed 3000 r/min
Max. power 100 kW Max. torque 320 N·m
Max. current (rms) 320 A rs at 100 ◦C 11.2 mΩ
PM flux linkage 0.05 Wb DC-link voltage (Vdc) 360 V

V. EXPERIMENTAL VERIFICATION OF THE PROPOSED MODEL

Experiments were performed using a six-phase IPMSM de-
veloped with the parameters shown in Table IV. Fig. 9 shows
the dynamometer, which governs the shaft speed and loading
conditions, six-phase IPMSM, and two inverters.

Fig. 10(a) and (b) shows FEM results of line-to-line back
EMF at 3000 r/min. A phase difference of 30◦ can be checked
from abc and xyz EMFs. Fig. 10(c) shows the corresponding
experimental result that matches well with the simulation result.

Fig. 11(a) and (c) shows the current responses when the cur-
rent command was set (i∗eq1 , i

∗e
q2) = (32.5, 32.5) A at 1000 r/min.

Currents ia and ix are equally shared with 30◦ phases difference.
At this time, 20 N·m shaft torque was produced. According to
the torque equation (39), torque was calculated as 19.52 N·m.
Fig. 11(b) and (d) shows another case when producing the same
torque at 1000 r/min with (i∗ed1 , i

∗e
q1) = (−58, 58) A, (i∗ed2 , i

∗e
q2) =

(0, 0) A.
To verify the correctness of motor parameters, an experiment

was performed under a shorted condition on xyz coils. The abc
coils were connected to a three-phase inverter, but the xyz coils
were shorted. The shaft was run at a fixed speed 100 r/min by
the dynamometer motor. The inverter current commands were
set to zero initially, but the q-axis current command i∗eq1 was
changed to 100 A in a step manner after 500 ms. Fig. 12(a) and
(b) shows ied1 and ieq1 , respectively. Fig. 12(d)–(f) shows the
corresponding iedq2 and x-phase current ix . Finally, Fig. 12(c)
shows the shaft torque. Since the shaft was rotating, thexyz coils
were in a generation state. It is also to be noted that the speed
was set at 100 r/min to avoid excessively large xyz currents.
Note that (ied1 , i

e
q1) showed a well-regulated behavior, whereas

(ied2 , i
e
q2) ripple currents since xyz coils were shorted without an

inverter.
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Fig. 8. Block diagram representing six-phase IPMSM dynamics.

Fig. 9. Experimental environment: dynamometer, six-phase IPMSM, and two
inverters.

A. Inductance Calculation

Inductances can be estimated experimentally from the above-
mentioned shorted condition on xyz coils. Since xyz coils are
shorted, vedq2 = 0. Further assuming the steady-state condition,
we obtain from (33) that

iedq2 =
[
rsI + ωeJLdq2

]−1 [−ωeJMT
f iedq1 − ωeψ

′e
dq2

]
.

(38)

Substituting (24) into (38), LM and Lδ can be obtained when
(ied1 , i

e
q1) = (0, 0) A. Inserting ωe = 41.9 rad/s, rs = 11.2 mΩ,

(ied2 , i
e
q2) = (−185,−51) A, and ψpm = 0.051 Wb, we obtain

[
LM

Lδ

]

=

⎡

⎢
⎢
⎣

−ωeieq2 −3
4
(
ωei

e
q2 +

√
3ωeied2

)

ωei
e
d2 −3

4
(
ωei

e
d2 −

√
3ωeieq2

)

⎤

⎥
⎥
⎦

−1

× (−rs iedq2 − ωeψ
′e
dq2

)
=

[
185
52

]

μH.

TABLE V
INDUCTANCES DATA COMPARISON

FEM analysis (ia = 250 A) Experiments (xyz coil shorted)

Lm Lls Lδ Lm Lls Lδ

61.6μH 92.7μH 52μH 59.5μH 95.6μH 52μH

Therefore, Ld2 = 146μH and Lq2 = 224μH.
Now, we consider the second-phase experiment where

(ied1 , i
e
q1) = (0, 100) A. Let

Δiedq2 ≡ iedq2
∣
∣
∣
ied q 1 =(0,100)

− iedq2
∣
∣
∣
ied q 1 =(0,0)

=

[
30
−38

]

A.

It follows from (38) that

MT
f iedq1 = −J−1

[
rs
ωe

I + JLdq2

]
Δiedq2 =

[
0.0083
0.0145

]

. (39)

Since (ied1 , i
e
q1) = (0, 100) A, we obtain from (39) Lm =

59.5μH. The inductance data obtained from experimental re-
sults are compared with those from FEM analysis in Table V.
Note that when xyz phases are shorted, very high current flows
in xyz phases [see Fig. 12(e)]. Therefore, ia = 250 A is used for
FEM-based inductance calculation so that equivalent condition
could be achieved for inductance comparison.

B. Verification Via Torque Comparison

Based on the inductance estimates shown in Table V, we
obtain Ld1 , Lq1 , Ld2 , and Lq2 , as shown in Table VI.

With the inductances in Table VI, torque can be com-
puted componentwise: Te1 , Te2 , and Te12 . For the anal-
ysis of torque when xyz phases are shorted, it is rea-
sonable to exclude 3P

4 Im{iedq1 · (ej
π
6 MT

f iedq1)
∗}, 3P

4 Im{ej π6 ·
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Fig. 10. Line-to-line back EMF of the six-phase IPMSM at 3000 r/min: (a) FEM result of abc phases, (b) FEM result of xyz phases, and (c) experimental results.

Fig. 11. Phase and dq currents when producing 20 N·m shaft torque at 1000 r/min: (a), (c) (ie∗d1 , i
e∗
q 1 ) = (0, 32.5) A, (ie∗d2 , i

e∗
q 2 ) = (0, 32.5) A, and

(b), (d) (ie∗d1 , i
e∗
q 1 ) = (−58, 58) A, (ie∗d2 , i

e∗
q 2 ) = (0, 0) A.

Fig. 12. Responses to a current step change when a three-phase inverter is connected to abc coils and xyz coils are shorted: (a) ied1 , (b) ieq 1 , (c) shaft torque Te ,
(d) ied2 , (e) ieq 2 , and (f) x-phase current ix .
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TABLE VI
INDUCTANCE ESTIMATES

FEM analysis (ia = 250 A) Experiments (xyz coil shorted)

Ld1 Lq 1 Ld2 Lq 2 Ld1 Lq 1 Ld2 Lq 2

106.3μH 263.8μH 145.8μH 224.5μH 107μH 263μH 146μH 224μH

TABLE VII
COMPARISON BETWEEN ANALYTIC RESULTS AND TORQUE MEASUREMENTS

Test conditions Analytic Exp.

Shorted Regulated Te1 Te2 Te12 Te Te

xyz (i∗ed1 , i
∗e
q 1 ) =

(0, 0) A
0 N·m −59.1 N·m 0 N·m −59.1 N·m −58 N·m

xyz (i∗ed1 , i
∗e
q 1 ) =

(0, 100) A
30.6 N·m −60.3 N·m 8.4 N·m −21.3 N·m −21 N·m

(Mf iedq2)
∗}, and 3P

4 Im{iedq1 · (Mf iedq2)
∗} + 3P

4 Im{ej π6 iedq2 ·
(ej

π
6 MT

f iedq1)
∗} terms from Te1 , Te2 , and Te12 , respectively.

The reason is that the specified terms, which are a function
of mutual components, establish themselves well in the sys-
tem when both abc and xyz systems are functioning under
the normal operating condition. It is obvious Te1 = Te12 = 0
and Te2 = −59.1 N·m for Ld2 = 146μH, Lq2 = 224μH, and
(ied2 , i

e
q2) = (−185,−51) A. Te2 is negative since braking

torque was developed by the xyz coil. Note that the analytic
data are quite close to the measured data (−58 N·m) of shaft
torque. The same calculation procedure was applied to the case
where (ied1 , i

e
q1) = (0, 100) A. In this case, positive torque was

developed by the abc coil, and Te12 �= 0. Also in this case, the
analytic torque is almost the same as the torque reading. Ta-
ble VII shows a comparison between analytic calculations and
the torque measurements.

VI. CONCLUSION

This work can be differentiated from the past study since it
describe properly the dynamics of the six-phase IPMSM. The
rotor saliency was taken into consideration by the abc and xyz
coils differently reflecting the angle difference. The abc and xyz
coils constitute two subsystems, but affecting each other. Two
reference frames were involved to describe the dynamics of the
six-phase IPMSM. Coupling between the two subsystems was
handled by a coupling matrix Mf . Also, a torque equation was
derived completely using the two reference current variables.
Three torque components were derived: one from solely by the
abc coil, the second from solely by the xyz coil, and the third
resulted from both.

Model verification was done in many steps throughout the
paper. FEM flux results were compared with the flux model cal-
culations. FEM torque and analytic torque were also compared.
Finally, the model-based calculations were compared with the
experimental data. Using the experimental data resulted from

a shorted condition on xyz coils, all the necessary inductances
were calculated, and they were used to predict the shaft torque.
The computed torque was compared with the actual torque mea-
surement, and it was observed that the two results agreed well
remarkably. The vector control method suggested here provides
a reference for the control of the IPMSM.
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