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Abstract—This paper comprehensively analyzes the stability of
a grid-interfacing inverter with the LCL-filter in the discrete do-
main, where the LCL-filter, along with the controller, is modeled
in a polar coordinate. System open-loop and closed-loop poles are
analytically studied and expressed in the z-domain. Through the
poles movement and distribution analysis, the relationship between
system stability and the ratio of resonance frequency over sampling
frequency is mathematically revealed and calculated as well as the
system control gain limit. Moreover, this paper demonstrates that
a grid-voltage feedforward regulator would significantly alter the
inverter stability in a weak power system. By means of Jury sta-
bility criterion, the stability status under different filter resonance
frequency is given. The selection of resonance frequency and filter
parameters makes a considerable difference on system behavior.
Finally, to improve the robustness against grid inductance varia-
tion, a conservative design recommendation of filter parameters
and control gain is given. Through the tests on a laboratory-scale
prototype, the theoretical analysis is validated by experimental
results.

Index Terms—Grid-connected converters, LCL-filter, robust
assessment, stability analysis.

I. INTRODUCTION

W ITH the development of highly penetrated renewable en-
ergy generation systems, grid-connected inverters have

been extensively employed as flexible and efficient grid inter-
faces in the modern power system [1]. These converters are able
to realize efficient power conversion between renewables and
grid, but they also bring the resonance and instability problems
at the same time [2]. Hence, many innovative schemes have

Manuscript received August 10, 2017; revised October 25, 2017; accepted
November 27, 2017. Date of publication December 18, 2017; date of current
version July 15, 2018. Recommended for publication by Associate Editor Y.-M.
Chen. (Corresponding author: Minghui Lu.)

M. Lu and F. Blaabjerg are with the Department of Energy Technol-
ogy, Aalborg University, Aalborg DK-9220, Denmark (e-mail: mil@et.aau.dk;
fbl@et.aau.dk).

A. Al-Durra and S. Leng are with the Department of Electrical Engineering,
The Petroleum Institute, Abu Dhabi, UAE (e-mail: aaldurra@pi.ac.ae; sleng@
pi.ac.ae).

S. M. Muyeen is with the School of Electrical Engineering and Comput-
ing, Curtin University, Perth, WA 6845, Australia (e-mail: sm.muyeen@curtin.
edu.au).

P. C. Loh is with the Department of Electronic Engineering, The Chinese
University of Hong Kong, Hong Kong (e-mail: epcloh@gmail.com).

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TPEL.2017.2784685

been developed to attenuate the undesirable resonances and to
avoid the system instability [3], [4]. It is still a big challenge
for researchers and engineers to how to maintain high perfor-
mance of power converters in the complex grid conditions, for
instance the power grid is weak or contains background voltage
harmonics.

To properly filter out switching frequency harmonics, LCL-
filters are usually placed between the inverter and the grid to
obtain high-quality grid current [5], [6]. However, the con-
trol of a grid-connected inverter with the LCL-filter remains
to be quite a challenging task, since the LCL network causes
a resonance near to the control boundary [7]. Either the grid-
side or inverter-side current can be controlled, each alternative
has its own advantages and shortcomings depending on spe-
cific applications [6]. Xin et al. [8] and Pan et al. [9] demon-
strate the interrelationships between grid-side current control
and inverter-side current control through graphic block diagram
derivation. In recent literatures [4], [10]–[15], stable operation
of an LCL-filtered inverter without any additional damping has
been proved to be possible. The simple and effective single-
loop control with typical linear proportional integral (PI) or
proportional resonant (PR) controllers are promising options
for industrial applications. Tang et al. [10] explore the inher-
ent damping characteristic of LCL-filters when the inverter-side
current is controlled. In [11], Yin et al. reveal that the grid-side
current feedback control attenuates the resonance introduced by
LCL-filters due to the inherent damping feature embedded in
the control loop. It has been found that the essential reasoning
for stable operation is the critical role of time delays in stabiliz-
ing the grid-connected inverters, which have been discussed
a lot in LCL-filtered grid-connected applications [12]–[15].
The critical frequency concept is first proposed in [13] to
identify the stable region and unstable region. It has been
demonstrated that one sixth of the sampling frequency ( fs/6)
is the critical resonance frequency when one sample delay is
considered.

Besides the stable operation, for the grid-connected invert-
ers, the quality of the grid-injected current is another matter
of concern. How to keep high performance of grid-interfacing
inverters attracts much research attention, especially when the
power grid is weak and contains background harmonics. To ob-
tain high robustness against grid inductance variation, Pan et al.
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[16] propose an optimized controller design for grid-interfacing
inverters, a specific gain for capacitor-current-feedback active
damping is selected to achieve the goal. The similar conclusion
is illustrated through passivity-theory for the inverter-side cur-
rent control [17]. Moreover, Xin et al. [8], Li et al. [18], and
Lu et al. [19] demonstrate that a reduced time delay in the dig-
ital controller would improve system robustness and enhance
system stability for the grid-current feedback control. To better
adapt to high grid impedance power grid, Yang et al. [20] shape
the output impedance of the grid-connected inverter through the
comparison of parallel impedance and series impedance.

On the other hand, to suppress the injected grid current dis-
tortion caused by the grid voltage harmonics, two methods are
commonly adopted: 1) Current regulator plus selective harmon-
ics compensation with multiple PR regulators [21], [22]; and
2) A feedforward scheme of grid voltage [24]–[31]. Compared
to the former, the grid voltage feedforward regulator (GVFR)
demonstrates the advantages of simplicity, wider bandwidth, and
better dynamic performance. In [24], the concept of harmonic
impedance is proposed to discuss the issues of the output current
distortion, and a capacitor-current feedforward controller is de-
signed to dispense the output admittance. Basically, the reason
for the grid current distortion is that the output admittance pro-
vides a path to the grid voltage harmonics. A full-feedforward
concept is proposed in [25] and [26] to fully eliminate the output
admittance. However, multiple- and high-order derivative ele-
ments are introduced, which are sensitive to noises, making it
difficult for practical implementation. In industrial applications,
especially for the high-power cases, the proportional GVFR
is still widely used. In [27]–[29], it is reported that the feed-
forward control improves system stability for the LCL-filtered
inverter when the inverter-side current is controlled. The grid
voltage feedforward control can bring an inherent damping char-
acteristic under the approximation that the digital delay block
is replaced by first-order Taylor series [27]. On the contrary,
Wang et al. [30] claim that the feedforward voltage will result
in a positive grid current feedback, which essentially degrades
the system stability and control performance. In view of the
above-mentioned issues, a comprehensive analysis for GVFR
remains undeveloped yet. Therefore, it is necessary to have a
more comprehensive discussion on the impacts of the grid volt-
age feedforward control on the system stability with weak grid
situations taken into consideration.

This paper investigates the stability of a grid-interfacing
inverter with the LCL-filter in the discrete domain, where
the LCL-filter, along with the controller, are modeled in a
polar coordinate. To improve the system robustness against
grid-impedance variation, a robust design of the LCL-filter and
controller is presented. This paper starts with a pole distribution
analysis for current loop in Section II. In Section III, by using
the similar poles distribution analysis, the impacts of the GVFR
on system stability are revealed; Section IV analyzes the
system robustness against grid inductance variation. Section V
recommends a conservative LCL-filter design method to
improve adaptability to the weak grid condition. A robust
design area for filter capacitance selection is calculated and

Fig. 1. Topology and current control architecture of a LCL-filtered grid-
connected inverter.

Fig. 2. Implementation of digital controller in an LCL-filtered converter.

graphically illustrated; Section VI then finalizes the paper by
showing the verified experiment results.

II. MODELING AND STABILITY ANALYSIS OF LCL-FILTERED

GRID-CONNECTED INVERTER

In this study, current control implementation in stationary
coordinates (the α-β frame) is assumed here. Therefore, the
conclusions investigated are applicable not only to single-phase
systems, but also to per-phase control of multiphase systems.

A. Modeling

Fig. 1 shows a voltage source converter (VSC) connected to
the grid through an LCL-filter. L1 is the inverter-side inductor,
C is the filter capacitor, L2 is the grid-side inductor, and Lg

is the grid inductor. The inner resistance of L1, L2, and Lg

are neglected to emulate the worst case. The grid current i
is sampled and controlled through a linear controller with the
transfer function Gc(s).

Digital control implementation is assumed here, where the
sampling is carried out synchronously with the converter switch-
ing. The PWM process is assumed always to operate within the
linear range limited by the dc-link voltage [6]. The nonlinear ef-
fects are out of the scope and will not be discussed in this paper.
To illustrate, the control block diagram is represented in Fig. 2,
where the LCL-filter has been modeled in the s-domain, and the
digital controller has been notated in the z-domain. Between the
LCL-filter and digital controller are the sampler and pulse-width
modulator, which together with the nonzero computational time,
will introduce a total delay of 1.5 times the sampling period Ts

[17]. A pure time delay suffices as a converter model as

v = e−sTd vref, Td = 1.5 Ts . (1)
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Fig. 3. Circuit and control block diagram in the z-domain.

The system plant can be obtained where the function Gi (s)
for relating the converter output voltage v to the grid current i ,
as shown in Fig. 1, can be derived as

Gi (s) = i (s)

v (s)
= 1

sL1Lt C

1

s2 + ω2
r

, Lt = L2 + Lg (2)

where ωr is the filter resonance frequency expressed as

ωr =
√

L1 + Lt

L1Lt C
. (3)

Compared to L-filtered system, a resonant part is undesirably
introduced in the LCL-filtered system, as shown in (2), which
may make the system oscillatory, or even unstable. The study
in this paper is executed in the z-domain. The s-domain transfer
function Gi (s) can next be transformed to z-domain by apply-
ing zero-order-hold (ZOH) discretization method. The resulting
function, shown in Fig. 3 as Gi (z), is given as (4), where Ts

represents the sampling period of the digital control system

Gi (z) = ωr Ts
[
z2 − 2z cos (ωr Ts) + 1

]− sin (ωr Ts) (z − 1)2

ωr
(
L1 + L2 + Lg

)
(z − 1)

[
z2 − 2z cos (ωr Ts) + 1

] .
(4)

Besides, the current controller Gc(s) should also be dis-
cretized. The PR controller [23] is widely adopted in grid-
connected application, whose transfer functions before and after
prewarped Tustin transformation [32] are written in (5) and (6),
respectively. In both expressions, Kp is the proportional gain,
whereas Ki is the resonant gain. Also included is the fundamen-
tal angular frequency ωb, where the final steady-state tracking
error will be zero. The knowledge and design methods of the
PR controller are currently well known, and will not be further
elaborated

Gc (s) = K p + Ki s

s2 + ω2
b

(5)

Gc (z) = K p + Ki sin (ωbTs)

2ωb

z2 − 1

z2 − 2z cos (ωbTs) + 1
. (6)

As Fig. 3, the open-loop transfer function Ti 1(z) can eventu-
ally be obtained through merging forward path, including the PR
controller Gc(z), digital delay z−1, and the system plant Gi (z).
The open-loop transfer function Ti 1(z) is written as

Ti 1 (z) = Gc (z) z−1Gi (z)

= Gc (z)

ωr (L1+L2+Lg)

ωr Ts
[
z2−2z cos (ωr Ts)+1

]−sin (ωr Ts) (z−1)2

z (z−1)
[
z2−2z cos (ωr Ts)+1

] .

(7)

Fig. 4. Poles location in a polar coordinate of a VSC with LCL-filter.

B. Poles Distribution

The system poles can be analyzed through the denominator
of (7). Apart from two poles introduced by the PR controller,
another four open-loop poles z1, z2, z3, and z4 can be identified,
which includes two fixed poles at original points z1 = 0 and
z2 = 1, together with two resonant poles z3 and z4, respectively,
shown as

z1 = 0, z2 = 1 (8)

z3,4 = cos (ωr Ts) ± j sin (ωr Ts) = e± jωr Ts . (9)

To be emphatically pointed out, the resonant poles z3 and z4

are the conjugate roots of equation z2 − 2z ·cos (ωr Ts) + 1 =
0, and can be expressed using exponential function with unity
magnitude and phase changing with ωr Ts . The location and
locus of these resonant poles can be plotted in a polar coordinate
as shown in Fig. 4, where the resonant poles z3 and z4 track along
the edge of unit circle.

Although system stability is determined by the location of
closed-loop poles instead of the open-loop ones, open-loop poles
are starting points of closed-loop ones when the control gain Kp

is equal to zero. Meanwhile, the open-loop poles z3,4 are floating
with ωr Ts . It indicates that system stability indirectly depends
on the term ωr Ts (ωr Ts = 2π ·ωr/ωs). Therefore, the ratio γ

between the resonance frequency ωr and sampling frequency ωs ,
as expressed in (10), has significant impact on system stability.

γ = ωr

ωs
. (10)

To verify the analysis mentioned above, Fig. 5 shows the
root loci with three ratios γ sets (γ1 = 0.15, γ2 = 0.24, and
γ3 = 0.36) for recognizing the role of the ratio γ playing on
the poles distribution. Obviously, the three plots have totally
distinct poles distribution, hence, also different system stability.

Plot (a) with γ1 = 0.15 presents an unstable system regard-
less of the proportional gain Kp, while plots (b) and (c) present a
conditionally stable system if Kp is properly selected. Obvious
differences exit for these three cases. To analyze these differ-
ences, the closed-loop transfer function H (z) is derived from
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Fig. 5. System root loci with different ratio γ : (a) γ1 = 0.15; (b) γ2 = 0.24; (c) γ3 = 0.36 of a LCL-filtered VSC.

Ti 1(z) as

H (z) = Ti 1 (z)

1 + Ti 1 (z)
. (11)

The denominator polynomial P(z) of the closed-loop transfer
function H (z) is expressed in (12). Then, the system poles are
those roots of equation P(z) = 0. It is worth to note that all
the root loci plots track through the unit circle at the same
point as they become unstable, which can be identified as
zc = 1/2 ± j

√
3/2. This recognition can be confirmed using

simple geometry and can then be used to develop a fundamental
gain limitation for controller design [13]. Substituting zc into
P(z) = 0, the proportional gain limitation K p lim for the con-
troller design, as written in (13), can be calculated

P (z) = ωr (L1 + Lt )z (z − 1)
[
z2 − 2z cos (ωr Ts) + 1

]
+ K p

{
ωr Ts

[
z2−2z cos (ωr Ts)+1

]−sin (ωr Ts) (z − 1)2
}

.

(12)

The limit value for the control gain can be derived from (12).
From its expression, it is known that the K p lim value is a function
of term ωr Ts

K p lim = ωr (L1 + Lt )
1 − 2 cos (ωr Ts)

sin (ωr Ts) + ωr Ts(1 − 2 cos (ωr Ts))
.

(13)

C. Critical Frequency and Control Limit

According to control gain limit in (13), the relationship be-
tween the gain limit K p lim and the ratio γ is obtained and plotted
in Fig. 6, where the K p lim value changes sign from negative to
positive at ωr = ωs/6 ≈ 0.167 ωs , which is defined as critical
frequency. To be precise, the curve crosses over zero at the right
point where the numerator term 1 − 2 cos (ωr Ts) equalizes to
zero.

From the curve in Fig. 6, for ωr/ωs < 1/6 region, a negative
control gain is required to stabilize the system. Obviously, it
is not practical because the control gain in a control system is
always selected above 0. Therefore, for ωr/ωs < 1/6 region,
the system is unstable. The grid-connected system will be, on
the other hand, conditionally stable only if the control gain is
selected within the control gain limit.

Fig. 6. Relationship between K p lim and ratio γ for the VSCs with LCL-filter.

Fig. 7. Circuit and block diagram with grid-voltage feedforward regulator.

III. STABILITY IDENTIFICATION OF THE SITUATION

WITH GVFR

GVFR is widely used to improve grid-connected system dy-
namic performance and mitigate the grid voltage background
harmonics. To evaluate the potential impact of GVFR on the
system stability, continued analysis following the previous sec-
tion on poles distribution will be executed next.

A. Modeling

Compared with Fig. 1, an additional feedforward regulator
F(s) is inserted in Fig. 7. For the selection of F(s), Wang
et al. [25] proposed a full-feedforward controller for LCL-
filtered inverters, it improves the high-order harmonics
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Fig. 8. Control block diagram in z-domain with GVFR.

mitigation performance compared to the traditional solution of
applying a unity feedforward gain. However, a high-order con-
troller is necessary, including a second-order derivative term,
which is quite sensitive to noise. It might lead to difficulties in
practical applications. In this study, a traditional solution with
unity feedforward gain is considered F(s) = 1.

The function for relating the converter output voltage v to the
PCC voltage can be derived as

Gpcc (s) = vpcc (s)

v (s)
= Lg

L1(L2 + Lg)C

1

s2 + ω2
r

(14)

where Lg is the series grid impedance in the grid.
Similarly, the continuous-domain transfer function can be

transformed to the discrete-domain by applying ZOH discretiza-
tion. The resulting function, notated in Fig. 8 as Gpcc(z), is given
as follows:

Gpcc (z) = Lg

L1 + L2 + Lg

(z + 1)(1 − cos (ωr Ts))

z2 − 2z cos (ωr Ts) + 1
. (15)

The blocks in Fig. 8 can eventually be merged to give open-
loop transfer function Ti 2(z) as

Ti 2 (z) = Gc (z)

ωr (L1 + L2 + Lg)

· ωr Ts
[
z2−2z cos (ωr Ts)+1

]−sin (ωr Ts) (z−1)2

(z−1)·{ z ·[z2−2z cos (ωr Ts)+1
]−ka(z+1)(1−cos (ωr Ts))

}
(16)

where ka is a coefficient related to F(z) with the expression as

ka = Lg

L2 + Lg

F(z)

L1Cω2
r

. (17)

Compared to the transfer function in (7) without GVFR, (16)
has the same form except the additional term. Therefore, it can
be observed that an additional GVFR F(z) will definitely mod-
ify the system characteristic polynomial, which also certainly
results in the system stability alteration.

According to the expression, in case that the grid inductance
Lg is equal to 0, then ka = 0, indicating that the GVFR would
have no impact on the inverter system stability under a stiff
grid condition. On the contrary, if the grid inductance Lg is a
nonzero value, i.e., the power system is weak, in some cases,
varying within a large range of possible grid conditions in terms
of stiffness [33]. The situation is particularly critical in rural
areas where the distributed generation plants are connected due
to many good natural resources, like solar or wind [33]. Then,

TABLE I
JURY TABLE FOR VSC

Row z0 z1 z2 z3

1 a3 a2 a1 a0
2 a0 a1 a2 a3
3 b2 b1 b0 –

the system stability is altered if the GVFR is added, and then do
need more investigation.

B. Open-Loop Poles Analysis Through Jury’s Criterion

Fundamentally, the characteristic polynomial of (16), which
is expressed D(z) as (18), plays a crucial role in the poles
distribution. Because the roots of D(z) are exactly the system
poles, including a fixed one z1 = 1 determined by term (z − 1)
and other three poles are determined by the rest part of D(z),
written as D1(z) in (19)

D(z)

= (z−1)
{
z
[
z2−2z cos (ωr Ts)+1

]−ka(z+1)(1−cos (ωr Ts))
}
.

(18)

To calculate the roots of D1(z) and analyze the distribution
of the poles, the Jury’s criterion [34], [35] is adopted, D1(z) is
rewritten as the descending power series

D1(z)

= z
[
z2 − 2z cos (ωr Ts) + 1

]− ka(z + 1)(1 − cos (ωr Ts))

= a0z3 + a1z2 + a2z + a3 (19)

where the coefficients can be written as⎧⎪⎪⎨
⎪⎪⎩

a0 = 1
a1 = −2 cos (ωr Ts)
a2 = 1 − ka + ka cos (ωr Ts)
a3 = ka cos (ωr Ts) − ka .

(20)

Then, the Jury table is constructed as follows. That is, the first
row is constructed of the polynomial coefficients in order, and
the second row is the first row in reverse order and conjugated.

The third row of Table I is calculated as

b2 =
∣∣∣∣a3 a0

a0 a3

∣∣∣∣ , b1 =
∣∣∣∣a3 a1

a0 a2

∣∣∣∣ , b0 =
∣∣∣∣a3 a2

a0 a1

∣∣∣∣ . (21)

The expansion of the table is continued in this manner until
a row containing only one nonzero element is reached. In short,
the polynomial D1(z) has all three roots inside of the unit circle
if and only if the following requirements are met:

1) |a3| < a0;

2) D1 (z) |z=1 > 0;

3) D1 (z) |z=−1 < 0;

4) |b2| > |b0| . (22)
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Fig. 9. Three possible value ranges for Fb .

From (20) and (21), the elements a0 . . . a3 and b0 . . . b2 are
the functions of ka and ωr , both of which are dependent on the
feedforward gain F(z) and the LCL-filter parameters. Conse-
quently, the selection of the feedforward F(z) and filter param-
eters would make a difference on the system stability.

As mentioned earlier, the traditional feedforward solution ap-
plies a unity feedforward gain F(z) = 1, hence, different sets of
filter parameters and resonance frequencies have totally differ-
ent system performance and stability characteristics. The robust
design for the LCL-filter against the grid impedance variation is
discussed in the following section.

C. Boundary Values for Feedforward Gain

It has been pointed out that different F values will result in
different system characteristics. Although F = 1 is a fixed gain
for traditional solution, the range that F = 1 belongs to can
be identified through obtaining the boundaries. Two boundary
values Fa and Fb can be derived by solving the inequalities in
(22) to divide the whole stability region into three parts, which
will be discussed in the following paragraph. The expressions
of Fa and Fb are given as

Fa = L1 + L2 + Lg

Lg
(23)

Fb = L1 + L2 + Lg

Lg

2 cos (ωr Ts) + 1

1 − cos (ωr Ts)
. (24)

From the expressions mentioned above, Fa is a constant value
whereas Fb is related to the filter resonance frequency ωr . The
Fb value has three possible options: 1) Fb is equal to or greater
than Fa; 2) Fb is greater than 0, but smaller than Fa ; and 3) Fb is
less than 0. These three possibilities are shown in Fig. 9, where
two special Fb boundary values need more attention: 1) Fa : If
ωr = ωs/4, the term ωr Ts is equal to π/2, Fb = Fa; 2) 0: If
ωr = ωs/3, the term 2 cos (ωr Ts) + 1 = 0, Fb = 0. Therefore,
the whole resonance frequency range can also be artificially
divided into three regions according to which range in Fig. 9
Fb is located: 1) ωr ∈ (0, ωs/4); 2) ωr ∈ (ωs/4, ωs/3); and 3)
ωr ∈ (ωs/3, ωs/2).

IV. ROBUSTNESS ANALYSIS FOR DIFFERENT RESONANCE

FREQUENCIES RANGES

This part will present that different selection of resonance
frequency will make a considerable difference on the system
stability status. System robustness against the grid inductance
variation within different resonance frequency ranges is also
discussed. Following previous analysis, Tables II–IV give a
comprehensive picture on how the ωr and the gain F decide
the open-loop unstable poles.

TABLE II
POLES DISTRIBUTION FOR DIFFERENT F SELECTIONS

0< ωr< ωs/4

F (−�, 0) [0, Fa] (Fa , Fb] (Fb , +�)
P 2 0 1 3
Status – no unstable open loop poles unstable unstable

TABLE III
POLES DISTRIBUTION FOR DIFFERENT F SELECTIONS

ωs/4< ωr< ωs/3

F (−�, 0) [0, Fb] (Fb , Fa] (Fa , +�)
P 2 0 2 3
Status – no unstable open loop poles – unstable

TABLE IV
POLES DISTRIBUTION FOR DIFFERENT F SELECTIONS

ωs/3< ωr< ωs/2

F (−�,Fb) [Fb , 0] (0, Fa] (Fa , +�)
P 2 0 2 3
Status – – – unstable

TABLE V
EXPERIMENTAL PARAMETERS

Parameters of Filter I

Converter inductor L1 3.2 mH
Filter capacitor C 3 uF
Grid-side inductor L2 0.8 mH
Grid inductance Lg 1.5 mH
Resonance frequency fr 2.51 kHz

Parameters of Filter II

Converter inductor L1 1.5 mH
Filter capacitor C 6 uF
Grid-side inductor L2 0.8 mH
Grid inductance Lg 0.8 mH
Resonance frequency fr 2.34 kHz

Parameters of Filter III

Converter inductor L1 0.8 mH
Filter capacitor C 3 uF
Grid-side inductor L2 0.8 mH
Grid inductance Lg 0.8 mH
Resonance frequency fr 3.98 kHz

A. ωr ∈ (0, ωs/4)

In this range, 0 < Fa < Fb. Fig. 10 plots the Fa and Fb value
varying with the grid inductance Lg according to (23) and (24),
where both Fa and Fb have individual limit values. With the
increasing Lg value, Fa is approaching to 1, whereas Fb is
approaching to Fb Lim, as given in (25), because the LCL-filter
resonance frequency ωr is approaching to ωL1C when the grid
inductance is large enough

Fa Lim = 1, Fb Lim = 2 cos
(
ωL1C Ts

)+ 1

1 − cos
(
ωL1C Ts

) (25)

where ωL1C = √
1/L1C .
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Fig. 10. Fa and Fb value under ωr � (0, ωs/4).

Applying the Jury’s criterion, Table II gives the open-loop
poles number outside of unit circle in the complex plane.
For F = 1, F belongs to the range [0, Fa]. The number of
open-loop unstable poles P is zero, which means, originally,
these open-loop poles are located inside the unit circle.

The system stability can be preliminarily assessed by the
Nyquist stability criterion (NSC), whose definition is formu-
lated from the open-loop Bode diagram. Referring first to the
phase response, clockwise crossing of any ± (2k + 1) × 180◦

line with a magnitude larger than unity or 0 dB is referred to
as a positive crossing (k is an integer). Its total occurrences or
number can then be denoted as N+. In contrast, counterclock-
wise crossing of the same phase line with a magnitude larger
than unity is referred to as a negative crossing with its total
occurrences or number notated as N−. The NSC then states that
the number of open-loop unstable poles P should be equal to
2(N+−N−) to ensure system stability. This criterion indicates
that if P is an odd number, the system will certainly be unstable.
For instance, P = 1 or 3, the system is unstable.

According to the criterion mentioned above, the system is
definitely unstable if F is selected within the ranges (Fa, Fb]
and (Fa, +∞) regardless of the control gain. For the range
[0, Fa], all the open-loop poles are located inside the unit
circle, no unstable open-loop poles in this range. However,
the stable operation cannot be guaranteed due to the limit of
control gain, whose design will be discussed in the following
section.

To verify the analysis above of F = 1 ∈ [0, Fa], Fig. 11
plots the open-loop and closed-loop poles distribution varying
with the grid inductance Lg , respectively, where the closed-loop
poles are marked with crosses, whereas the open-loop poles
are marked with the crosses inside the circle. For the open-
loop poles, the GVFR ensures no open-loop poles outside of
the unit circle: a pole (z = 1) is fixed; besides, two resonant
open-loop poles are pulled inside of the unit circle. This is in
good agreement with the number P = 0 given in Table II.
Furthermore, according to the locus of these poles, it reveals

Fig. 11. Open-loop and closed-loop poles maps under ωr � (0, ωs/4).

Fig. 12. Fa and Fb value under ωr � (ωs/4, ωs/3).

that the GVFR offers a damping contribution to the resonance.
The same conclusion is presented in [28] as well.

B. ωr ∈ (ωs/4, ωs/3)

Table III presents the number of unstable open-loop poles in
this frequency range. Within this range, F = 1 belongs to the
range [0, Fb], thus the number of open-loop unstable poles is
zero, these open-loop poles are located inside the unit circle.

Fig. 12 plots the Fa and Fb values varying with the grid in-
ductance Lg, where the whole plane is divided into two parts
by ωr = ωs/4, where the curve Fa intersects with the curve
Fb (Fa = Fb): 1) Left plane with Fa > Fb; 2) Right plane
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Fig. 13. Open-loop and closed-loop poles maps under ωr � (ωs/4, ωs/3).

with Fa < Fb, which has been discussed in previous frequency
range, ωr ∈ (0, ωs/4).

C. Robustness Against Grid Inductance Variation

As anticipated, Fig. 13 shows that there is no open-loop pole
outside of the unit circle in this range. Different from the poles
movement in Fig. 11, here, the closed-loop poles track directly
inside the unit circle, and the increasing grid inductance value
does not push the poles outside the unit circle. It means the
GVFR improves the system robustness to the grid inductance
variation.

From the figure mentioned above, it is still a question whether
the poles would escape beyond the circle boundary in the case
of considerably large grid inductance. To figure out this query,
an infinite grid inductance is assumed here

Lg = +∞. (26)

Back to (17) and (19), the LCL resonance frequency ωr is
approaching to ωL1C , ka is equal to 1. The D1(z) = 0 is re-
expressed as

z
[
z2 − 2z cos

(
ωL1C Ts

)+ 1
]− (z + 1)

(
1 − cos

(
ωL1C Ts

))=0
(27)

(z − 1)
[
z2 + (

1 − 2 cos
(
ωL1C Ts

))
z + 1 − cos

(
ωL1C Ts

)]=0.

(28)

With further derivation, the final locations of three poles are
determined through solving (28). If infinite grid inductance, the

limits of these poles are written as

za = 1,

zb,c =
2 cos

(
ωL1C Ts

)− 1 ± j
√

3 − 4 cos 2
(
ωL1C Ts

)
2

,

× 3 − 4 cos2
(
ωL1C Ts

)
> 0 (29)

where the term under radical sign should be larger than zero.
za is a pole tracking along the real axis. It is approaching to
z = 1 as the grid inductance increases. As for another limit
poles, whether they escape beyond the circle can be judged by
calculating the distance to the origin

d2 =
(

2 cos
(
ωL1C Ts

)− 1

2

)2

+
⎛
⎝
√

3 − 4 cos 2
(
ωL1C Ts

)
2

⎞
⎠

2

(30)

d2 = ∣∣1 − cos
(
ωL1C Ts

)∣∣ . (31)

The expression of distance d is calculated as (30) and (31).
In addition, the requirement that the value inside the radical in
(26) should be above zero, then the sufficient condition of the
distance d < 1 is

ωL1C Ts <
π

2
⇒ ωL1C <

1

4
ωs and 3 − 4 cos2

(
ωL1C Ts

)
> 0

⇒ 1

12
ωs < ωL1C <

5

12
ωs . (32)

To conclude, the system robustness will be improved if the
resonance frequency of inductor L1 and capacitor C is designed
below one fourth of the sampling frequency. The open-loop
poles are located inside the unit circle even with infinite grid
impedance. It means the current loop is adaptive to the adverse
grid condition with the selected design.

D. ωr � (ωs/3, ωs/2)

In this range, Fb < 0 < Fa . As shown in Fig. 14, Fa and Fb

approach their limit values from positive and negative infinity,
respectively. Accordingly, Table IV gives the number of the
open-loop poles outside the unit circle. If F = 1, regrettably,
two unstable poles appear. In other words, the system is more
likely to be unstable if the resonance frequency ωr is higher than
ωs/3.

Fig. 15 demonstrates the stability status with varying grid
inductor, where Fig. 15(a) has only the current loop without
GVFR, whereas Fig. 15(b) equips the traditional feedforward
F = 1.

In Fig. 15(a), although the resonance frequency ωr decreases
according to (3) with the grid inductance increasing, the poles
are still located inside the unit circle because ωr is beyond the
critical frequency. In contrast, the additional GVFR pushes these
poles outside the unit circle in this frequency range, including
open-loop poles and closed-loop poles. The poles distributions
reveal that GVFR will destabilize the system if the resonance
frequency is beyond ωs /3.
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Fig. 14. Fa and Fb value under ωr � (ωs/3, ωs/2).

E. Crossing of Resonance Frequency From Above
to Below ωs/3

Uncertain grid inductance leads to varying resonance fre-
quency of the LCL-filter in a grid-interfacing inverter. There-
fore, it is possible that LCL resonance frequency ωr would vary
from above to below ωs/3, resulting in the variation of sta-
bility status. Fig. 16 presented the poles movement in such a
scenario. The prerequisite for this figure is that resonance fre-
quency L1 and C ωL1C meet the requirement in (32). If the
ωr is above ωs/3, the open poles are located outside of stable
boundary. During the crossing, the poles are pulled into the unit
circle. The phenomenon demonstrates the analysis in previous
sections.

V. ROBUST DESIGN GUIDELINES FOR

GRID-INTERFACING SYSTEM

As studied in previous sections, different filter parameters
will significantly alter the system stability. Therefore, the selec-
tion of these parameters makes a considerable difference on the
system stable operation. On the other hand, the robust region of
resonance frequency cannot always guarantee the stable opera-
tion because system stability also depends on the control gain
and how close the actual resonance frequency has been set to
the frequency boundary. In this part, a conservative but robust
design recommendation for control gain and LCL resonance
frequency is given and discussed.

A. Robust Selection of Filter Resonance Frequency

In a weak power system, the uncertain grid inductor Lg

leads to varying LCL resonance frequencies for the voltage
source inverters. According to (3), the minimum and maximum

Fig. 15. Open-loop and closed-loop poles maps under ωr � (ωs/3, ωs/2):
(a) without GVFR; (b) with GVFR.

resonance frequencies can be calculated as

ωr min = ωr |Lg→∞ =
√

1

L1C
(33)

ωr max = ωr |Lg=0 =
√

L1 + L2

L1L2C
. (34)

Already concluded in the previous section, for the inves-
tigated system, resonance frequency over the boundary ωs/3
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Fig. 16. Variation of resonance frequency from above to below ωs/3.

would cause undesirable instability due to two unstable poles
outside the unit circle. Although the increasing grid inductance
making the frequency cross the ωs/3 may stabilize the system,
it cannot guarantee stability for all possible grid inductance
value. Hence, for a solid stable operation, a conservative design
recommendation for resonance frequency ωr is to ensure the
maximum below the boundary ωs/3. Then, the resonance fre-
quency will never go beyond the ωs/3 despite variation of grid
inductor. Thus, all the open-loop poles are guaranteed inside the
stable boundary

ωr max <
ωs

3
. (35)

Besides, the damping effect of the GVFR has already been
demonstrated in the range (0, ωs/4). Therefore, if ωr is selected
above ωs/6 (the critical frequency), then the system is of course
stable with certain control gain. The minimal ωr is designed
ωs/6 above to ensure that all the ωr is above the critical fre-
quency. On the other hand, as demonstrated in (32), to guarantee
system robustness to grid inductance variation, ωr min < ωs/4
is recommended. In summary, the filter resonance frequency
can be selected as

ωs

6
< ωr min <

ωs

4
. (36)

Thus, to sum up the conditions mentioned in (32), (35),
and (36), Fig. 17 presents the graphical representation of these
frequency selections. The final resonance frequency can be de-
cided according to this polar-coordinates plot.

B. Controller and Gain Determination

As stated previously, although the robust frequency regions
are determined, the system stability also depends on the con-
trol gain. For instance, in Fig. 11, in spite of damping effect,

Fig. 17. Selectable area of filter resonance frequency.

Fig. 18. Control gain limit for range (ωs/6, ωs/3).

the closed-loop poles still track outside of the unit circle due
to an inappropriate gain. As (13), the limit of control gain has
been calculated for the individual current control loop. With the
inherent damping of feedforward regulator, the control gains
can be chosen directly as (13) to avoid complicated calculation.
Fig. 18 shows the value range for the control gain within the se-
lected frequency range. With such selection, the system stability
is guaranteed.

C. Determination of Filter Inductance L1 and L2

For the ripple in the filter inductor, the larger the inductance
is, the smaller ripple exists, and the lower limit is determined
by the current ripple requirement. However, a large inductance
will slow the system dynamic response, increase volume and
cost, and also lead to a greater voltage drop on the inductor as
well. Therefore, the total value of inductance (LT = L1 + L2)
should be less than 0.1 p.u. to limit the ac voltage drop during
the operation [36]. Otherwise a higher dc-link voltage will be
required to guarantee current controllability, which will result
in higher switching losses. The maximum value for the total
inductance LT can be written as

LT max ≤ 10%
(vg/

√
3)

2

ω0S0/3
. (37)
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For a two-level voltage source inverter, the maximum current
ripple at the output of dc/ac inverter is [37]

�IL max = 2VDC

3L1
(1 − m) mTs = VDC

6 fsw L1
, when m = 0.5.

(38)
Calculate the minimum limitations of inductance L1

L1 ≥ VDC

6 fsw�IL max
. (39)

A 30% ripple of the rated current for the design parameters
is assumed here, as expressed in

�IL max = 0.3Irated = 0.3

√
2S0√
3vg

. (40)

Substituting (40) into (39), the minimum value of inverter-
side inductance L1 can be obtained as

L1 ≥ 5VDCvg

3
√

6 fswS0

. (41)

For grid-side inductance L2, an index N is defined as the
magnitude ratio of the inverter-side current ripple to the grid-
side current ripple at the switching frequency:

N =
∣∣∣∣ ii

ig

∣∣∣∣ = Hi

Hg
= ∣∣L2Cω2

sw − 1
∣∣ (42)

where Hi and Hg are expressed as (43). The greater the N
value is, the less harmonics exist in the grid-side current. N
is determined by the switching frequency ωsw, the inductance
L2, and filter capacitance C, L2 can be selected once the filter
capacitance C is fixed according to (42). Usually, N is greater
than 20 [38]

Hi =
∣∣∣∣ L2Cs2 + 1

L1L2Cs3 + LT s

∣∣∣∣
s= jωsw

, Hg =
∣∣∣∣ 1

L1L2Cs3 + LT s

∣∣∣∣
s= jωsw

(43)

L2 = N + 1

C ·ω2
sw

. (44)

Moreover, it is necessary to check if the sum of L1 and L2 is
lower than the limit value in (37).

D. Selection of Filter Capacitance

The maximum limitation of filter capacitance C can be esti-
mated by the maximum fundamental reactive power [36]

Cmax ≤ β · S0/3

ω0 ·(vg/
√

3)
2 (45)

where S0 is the rated power capacity of the grid-connected in-
verter, β is device fundamental reactive power index, expressed
as the ratio of the acceptable maximum device fundamental
reactive power to the rated power capacity, and usually set to
5% in the design. The capacitor voltage is substituted by vg for
numerical approximations.

Fig. 19 plots the selectable area of filter capacitance C , which
is restricted by (35), (36), and maximum capacitance (45).

Fig. 19. Selectable area of filter capacitance C.

Fig. 20. Laboratory-scale experimental prototype.

VI. EXPERIMENTAL RESULTS

For verification, a laboratory-scale prototype inverter with the
LCL-filter of Fig. 1 is built to verify the analysis. Its physical
layout and parameters used are given in Fig. 20 and Table IV,
respectively. The controller is implemented in a dSPACE sys-
tem. A 15-kW programmable grid emulator is used to offer
selectable grid voltage, and the grid impedance is replaced by
an external inductor. Three different sets of LCL-filter param-
eters are used and given in Table V to verify the analysis of
different frequency regions in Section IV, namely region 1 (0,
ωs/4), region 2 (ωs/4, ωs/3), and region 3 (ωs/3, ωs/2).

At first, the parameters of Filter I are chosen, which is actu-
ally outside the robust area set in Fig. 19, because its resonance
frequency is close to the critical frequency. Here, the sampling
frequency is selected as 20 kHz, whose critical frequency equal-
izes to 3.33 kHz. Fig. 21(a) shows the experimental waveforms,
where the system is originally stable in a stiff grid. Obviously,
such a system is not robust to grid inductance variation. As



9044 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 33, NO. 10, OCTOBER 2018

Fig. 21. Measured grid current and PCC voltage waveforms for frequency
region 1: (a) full time scale, (b) grid impedance makes the system unstable,
(c) the GVFR scheme is added.

TABLE VI
EXPERIMENTAL PARAMETERS

Nominal System Parameters

Rated capacity S0 10 kVA
Grid frequency f0 50 Hz
DC-link voltage Vdc 700 V
Switch frequency fsw 10 kHz
Grid voltage (p-p) vg 300 Vrms

shown in Fig. 21(b), the system becomes undesirably oscil-
latory when the grid impedance is inserted. An external grid
inductance Lg is added to emulate the weak power system.
Fig. 21(c) shows the result that the system returns to stable if
the GVFR is enabled. It demonstrates the damping effects of the
feedforward scheme on the LCL-filter resonance for the region
1 case, which has been concluded in previous section.

Following the above case, Fig. 22 shows the experimental
waveforms with the Filter II parameters given in Table VI,
located right inside the robust area in Fig. 19. Such a system

Fig. 22. Measured grid current and PCC voltage waveforms for frequency
region 2: (a) grid current step change from 2.5 to 5 A without GVFR; (b) grid
current step change from 2.5 to 5 A with GVFF.

Fig. 23. Measured grid current and PCC voltage waveforms for frequency
region 3 with unit proportional GVFR scheme.

should be more robust to different grid conditions. All reso-
nance frequencies in this range are above the critical frequency,
hence the system can work stable without damping. The sam-
pling frequency is selected as 10 kHz, whose critical frequency
equalizes to 1.67 kHz. To verify the damping effect, the dy-
namic responses are compared. A step change in the reference
from 2.5 to 5 A is set to demonstrate the dynamic performance
and potentially excite any resonance that may occur. Fig. 22(a)
shows the experimental response for the case without GVFR.
The system is clearly still quite stable, but has insufficient damp-
ing, as displayed by the slight oscillatory response just after the
transient step. Comparatively, Fig. 22(b) shows the result for
the case with GVFR. It is clear that almost no oscillations can
be observed during the transient, which confirms the theoretical
analysis.
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Similar experiments are carried out for the Filter III pa-
rameters, which is also outside the robust area. Note that the
system will be stable without additional damping for this fre-
quency range. Fig. 23 shows the experimental waveforms when
the GVFR scheme is employed in this situation. This is in
agreement with the poles map shown in Fig. 15, where the
resonant poles are located just outside the unit circle and, thus,
describe a system that is underdamped and unstable.

VII. CONCLUSION

This paper comprehensively analyzes the stability and ro-
bustness of a grid-interfacing inverter with the LCL-filter in
the discrete domain, where the LCL-filter, along with the con-
troller, are modeled in a polar coordinate. System open-loop and
closed-loop poles are analytically studied and expressed in the
z-domain. The critical frequency of the LCL-filter is mathemati-
cally identified through the system control gain expression. In a
weak grid, two more boundary frequencies are revealed through
the Jury stability criterion. The robustness analysis suggests a
frequency range for the resonance frequency of inductor L1 and
capacitor C. Finally, to improve the robustness against grid in-
ductance variation, a conservative design recommendation of
filter parameters and control gain is given. Through the tests on
a laboratory-scale prototype, the theoretical analysis is validated
by experimental results.
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