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Abstract—Application of pulse width modulation (PWM) is
known to produce sideband effects. The accuracy of the models
of dc—dc converters can be improved if essential information of
the sideband effects of PWM can be incorporated. In this paper,
the aliasing effect of the sideband components on the closed-loop
control is analyzed, and an effective representation of the transfer
function of the pulse-width modulator is derived. Applying this
transfer function to the dc—dc converter, an extended-frequency-
range small-signal model is obtained, which can be conveniently
used for deriving the loop gain of a PWM-controlled dc—dc con-
verter. Furthermore, for wideband control applications, the large
switching ripple in the modulation signal necessitates adjustment
of the representation of the gain of the pulse-width modulator,
which is dependent on the controller. Despite being highly accu-
rate for stability assessment, the extended-frequency-range model
is relatively complex after incorporating the effects of the sideband
components and the large switching ripple. An approximate ap-
proach is introduced to simplify the loop gain expression and to
provide physical insights into the effects of the sideband compo-
nents and large modulation ripple amplitude. Experimental veri-
fication of the extended-frequency-range model is provided for a
buck converter and a boost converter.

Index Terms—Extended-frequency-range model, large modula-
tion signal, pulse width modulation (PWM), sideband component.

I. INTRODUCTION

ULSE width modulation (PWM) is widely adopted in the
P control of dec—dc converters. However, the strong nonlin-
earity of the PWM-controlled dc—dc converters invalidates the
direct application of the linear system theory for modeling and
analysis of the dynamic performance of such converter systems
[1]. The most widely used method for modeling dc—dc con-
verters is the averaging technique [2]-[5], which removes the
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switching details and permits linear system theory to be used to
analyze the characteristics of the converters. However, the va-
lidity of the averaged models is subject to the satisfaction of two
basic conditions [5]. First, the frequency of the perturbation sig-
nal should be much lower than the switching frequency so that
the multiple harmonic frequency components and the resulting
sideband frequency components can be neglected. Second, the
switching ripple amplitude is relatively small, i.e., the ripple am-
plitudes of the state variables and the modulation signal of the
pulse-width modulator are much smaller than their dc respective
components. Thus, the bandwidth of the control loop designed
using the averaged model is usually limited to one-fifth of the
switching frequency. For wide bandwidth applications, the two
conditions are not satisfied and the averaged model fails to pro-
vide accurate stability information of the closed-loop converter,
and the phase margin is usually over-estimated, posing a poten-
tial stability issue of the closed-loop system [6].

To improve the accuracy of the models, the multiple har-
monic frequency components should be incorporated in mod-
eling, based on which, harmonic balance approaches [7]-[10],
and the multiharmonic small-signal modeling method [11], [12]
have been proposed. These methods focus on the accurate mod-
eling of the power stage to capture the high-order harmonics of
the converters. Besides the power stage, the pulse-width modu-
lator is also nonlinear and will also produce harmonic compo-
nents [13], [14]. Specifically, upon injecting a small perturba-
tion at frequency w into the modulation signal, the small-signal
response of the output voltage would contain not only the per-
turbation frequency component, but also sideband components
at frequencies w + kw; (k = £1, £2,...), where w; is the an-
gular frequency of the carrier wave. In closed-loop control, the
sideband components in the output voltage would cause alias-
ing effects, which further relegate the accuracy of the averaged
model. To improve the accuracy of the model, some attempts
have been made to incorporate the aliasing effect of one side-
band component at frequency @ — wy, giving a multifrequency
small-signal model [15], [16], which is more accurate than the
plain-averaged model derived by applying averaging around the
switching frequency. Since only w and @ — w; components are
taken into consideration, the multifrequency small-signal model
[15] is also called two-frequency model [17]. By incorporating
the switching frequency w, and another sideband component
o + ws into the two-frequency model, a new multifrequency
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small-signal model, called the four-frequency model, can be
obtained [17]. Although the four-frequency model eliminates
the phase deviation in low-frequency range that is normally
observed in the two-frequency model, it is still inadequate for
providing accurate stability information about the converter. In
this paper, an extended-frequency-range model, which takes into
consideration the effects of all the sideband components, will
be proposed to provide accurate stability information. When
incorporating all the sideband components, coupling between
any two sideband components will occur [18]. For this purpose,
a decoupling method is presented in this paper to simplify the
model and provide clear physical insight.

In both the basic-averaged model and the two-frequency
model, the small ripple is assumed in modeling the pulse-width
modulator, and the switching ripple in the modulation signal is
neglected. However, the characteristic of the pulse-width mod-
ulator varies significantly with the amplitude of the switching
ripple [19], [20]. In [17], the impact of the switching ripple on
the model was derived by taking only the first-order harmonic
component of it into consideration. However, high-order har-
monic components also have a significant effect on the model.
In this paper, the transfer function of the pulse-width modulator
under a large-ripple condition will be investigated by taking all
the components into account and an explicit expression will be
obtained.

This paper is organized as follows. In Section II, consider-
ing all the sideband components, an extended-frequency-range
model of the pulse-width modulator is derived, and then an
extended-frequency-range small-signal model of the PWM-
controlled dc—dc converter is proposed. In Section III, the gain
of the pulse-width modulator when the modulation signal has a
large-ripple amplitude is derived for improving the accuracy of
the model. Since the proposed model results in rather complex
transfer functions, an approximation is applied in Section IV
to simplify the loop gain expression, allowing convenient phys-
ical interpretation of the effects of the sideband components
and the large modulation ripple amplitude. Moreover, a sim-
ple and practical compensation transfer function design method
based on the extended-frequency-range model is proposed for
the closed-loop control design. To verify the effectiveness of
the proposed model, experimental measurements of a buck con-
verter and a boost converter are presented in Section V. Finally,
Section VI concludes this paper.

II. EXTENDED-FREQUENCY-RANGE SMALL-SIGNAL MODEL OF
PWM DC-DC CONVERTERS

A. Extended-Frequency-Range Small-Signal Model of
Pulse-Width Modulator

In general, the modulation signal, denoted as veq(?), is com-
posed of a steady-state part and a small-signal signal

Vmod (1) = Vinod () + Dimoa (1) (1

where Viyoa(?) is the steady-state modulation signal, and Opoq(%)
is the small-signal perturbation signal. Moreover, Vi,,q4(?) con-
tains a dc component and a switching ripple component. The
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Fig. 1. Key waveforms of the pulse-width modulator with perturbation.

small-signal perturbation 9y,,4(f) can be expressed as
Binod (1) = Vinoae” " +") )

where Vm(,d, w, and 0 represent the amplitude, frequency, and
initial phase of Dy,,4(?), respectively. Fig. 1 shows the key wave-
forms of a pulse-width modulator, where vy,,, is the carrier signal
with an amplitude of V), and period of Ty, vy, is the modulator
output or the duty-cycle signal, and d,, is the duty cycle at the
nth switching period. If the steady-state duty cycle is D,, and
the duty-cycle perturbation at the nth cycle is C?yn, we have

dy, = Dy +d,,. 3)

In each period, the modulation signal is expected to intersect
with the carrier signal once, and at the intersecting instant, vmoqg
is equal to vg,y

vsaw[(” - I)Ts + dyn Ts] = Umod[(n - l)Ts + dyn Ts] (4)

where (n — 1)T; + d,, T, is the interaction instant in the nth
cycle. Substituting (1) and (3) into (4) yields

Vsawl(n — DTy + (Dy + dy)T]
= Vimodl(n — DT, + (Dy + d,,)T:]
+ Dmoal(n — DTy + (Dy + dy)T,]. Q)

By taking the Taylor series expansion of (5) at (n — )T +
D, T; and ignoring high-order terms, we have

Vi o~
Vsaw[(n — 1 + Dy)Ts] + Tmes

= Viodl(n — 1+ D)Ti] + Vyoa(Dy T)dy T,
+ Omoa[(n — 1+ D)) T}] (6)
where V. ,(D,Ty) is the gradient of Vi0q(7) at the instant right

before t = (n — 1 + D,)T; and V,04(¢) can be discontinuous at
t=m—1+ Dy)T;.
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Eliminating the quiescent values from both sides of (6), the
transfer function of the PWM is obtained as

~

dyn B 1 A

ﬁmod[(n -1 + Dy)Ts] Vm - Ts V,-;Od(DyTs)
As shown in Fig. 1, 94y(?) is a series of pulses, and the pulse-
widthinthe nthcycleisd,, T;. Based on the equal-area principle,

gy (¢) can be approximated as a string of impulse functions, and
the area of y4,(¢) in the nth cycle is d,, T;. Thus, we have

Fp. (7)

+00

Day(t) = Y dyTS[t — (n — 1 + Dy)T;] ®)

n=—00

where 48(¢) is the unit impulse function. Then, substituting (7)
into (8) gives

+00
Day(t) = Y Fubmoal(n — 1+ DYT]- Ty
- 8[t —(n— 1+ Dy)T;]. )

Since §[t — (n — 1 + Dy)T] is zero except at t = (n — 1 +
D,)T;, (9) can be rewritten as

+00
Day(1) = Z Fnmoa(t) - Ty - 8t — (n — 1 4+ Dy)Ti]

n=—00

+00
= FuTibmoa(t) Y 8[t —(n— 1+ D)T].  (10)

n=—oo

Furthermore, taking the Fourier transform of (10), we obtain
[21]

)
~ ~ jkews
vd)‘(t) = F, T 0imoa(?) Z cre’ @t

k=—00

(11)

where w; = 27/ Ty, and ¢ is the Fourier coefficient of the kw;
component

1= !
o= /O S 8(t—nT, — D) odr. (12)

n=—00

During the interval of [0, 7;], we have

+00
> 8(t—nT,—DyT,)=5(t— D,T,).  (13)
n=—0o0
Substituting (13) into (12), ¢x can be rewritten as
1 (5 ,
cp = —/ ) ([ — D\’Ts) e_‘]kwsrdlt
Tv 0 ’
U min, [ L ioxkn
=—e/ y ) (l — DyTX)dt =—e’/ v (14)
Ts 0 Ts
Putting (2) and (14) into (11) yields
oo
ﬁdy(t) — Fm Z Vmodej[(a)-kka)x)t—27!kDy+9]‘ (15)

k=—00

From (15), we clearly see that in the presence of sinusoidal
modulation disturbance ioq(?) at frequency w, 04,(t) has side-
band components at frequencies w + kw, (k = £1, £2,...).
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Fig. 2. Extended-frequency-range small-signal model of pulse-width modu-

lator.

This is commonly understood as the sideband effect. Denot-
ing the component at frequency w + kwg as 04y, (1), we can
write

ﬁd\'J((t) — Fm "}modej[(a)+kwx)t72nkDy+6]

= FonOmoa(t)e/ " 727D, (16)

Writing the Fourier coefficients of moq(f) and 4y 4(¢) as
Dmod(jw) and gy [ j(w + kwy)], respectively, we have

" . ~ i0
Dmoa(jw) = Vinoae’ and

Daylj(@ + kwy)] = Fyy Vipoae! T2 P+, (17)

Then, using (17), the transfer function from Uy0q(jw) to
Day[j (@ + kws)] can be obtained as

ﬁdy [](CL) + kws)]
ﬁmod(ja))
Thus, the amplitude of d4y[j(w + kwy)] is amplified by F,,,
and the initial phase of 04,[j(w + kwy)] lags Dmea(jw) by an
angle of 2k D,. Based on this, the extended-frequency-range
small-signal model of PWM can be represented by the block
diagram shown in Fig. 2.

— F',ne_ﬂﬂkD-". (18)

B. Aliasing Effect of PWM

As mentioned above, 94,(¢) contains both the perturbation-
frequency component and the sideband components, and the
generated output voltage 0,(¢), thus, contains sideband compo-
nents in addition to the perturbation-frequency component. In
closed-loop control, all frequency components in 0,(¢) are fed
back to the pulse-width modulator, contributing to additional
perturbation-frequency and sideband components in Dpeq().
When taking all the sideband components into account, the
spectral width of 0y,04(?) is much higher than Nyquist frequency
(w5 /2). According to Shannon sampling theorem, after 0,0q(?)
being sampled by the PWM modulator, the spectra of the duty
cycle produced by the high-frequency components (>w;s /2)
and the low-frequency component (< @y /2) in Dpyeq(f) will
overlap. This is the aliasing effect of PWM modulator. Similar
to (18), the transfer function from any frequency component in
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Fig. 3. Generation of 04y [j(w + kw;)] via feedback.

the modulation signal to any frequency component in the duty
cycle can be obtained as

ﬁdy[j(w + kawy)] —F
0mod [.] (a) + naw; )] "

(n==41,42, .. 1k=+1,+2,..)).

e—j2:rr(k—n)Dy

19)

According to (19), the combined effect of the perturbation-
frequency component and sideband components on 4,[j (@ +
kwy)] can be illustrated by the block diagram shown in Fig. 3.
Direct inspection of Fig. 3 gives the expression of 94,[j(w +
kw;g)] as

o0
Daylj(@ + ko)l = Y Bmoa Lj(@ + nwy)] Fe /2 *Ps

n=—oo

o0
= ¢S Ggalj(@ + neoy)| Fye 2T
n=—00

(20)

As a special case, when k = 0, ¥y, (jw) is

[e.¢]
Dy (jo) = Y Dmoalj (@ + newy) Fe/> P (21)
n=-—00
Comparing (20) with (21), we see that 94,[j(w + kw;)] has
the same magnitude as 94, (jw) but aninitial phase lag of 2k D,

e—jZﬂkDy' (22)

ﬁdy [](a) + kawyg)] = ﬁdy(jw)

From Fig. 3 and (22), the final control block diagram of the

pulse-width modulator is given in Fig. 4, where the aliasing

effect of all the sideband frequencies is included to provide

a fuller and more accurate description of the characteristic of
PWM.

C. Extended-Frequency-Range Small-Signal Model of
DC-DC Converters

Using the block diagram of Fig. 4, the extended-frequency-
range small-signal model of the closed-loop dc—dc converter
can be represented as shown in Fig. 5, where H, is the output
voltage sense gain, G ,4(jw) is the duty-cycle-to-output -voltage
transfer function (the general expression can be found in [22]),
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Fig. 4. Control block diagram of PWM incorporating the aliasing effect.

and G,(jw) is the compensation transfer function. Obviously,
each frequency component forms an independent loop of its
own at the node of ¥y, (jw).

From Fig. 5, the transfer function from Dmeq(j) to 04y (jw)
is obtained as

ﬁdy(jw) — Fm
Imod(j@) 14312 o Tolj(w + kay)]

k0
(23)
where TO[](w+ka)s)] = Gu [](a) + ka)s)] Fm Gvd [](a) + kws)] Hv
represents the loop gain of the sideband component at @ + kws.
Obviously, Gpwwm (jw) is no longer constant, but is related to
Tolj(w + kawy)].
Using (23), the block diagram of Fig. 5 can be simplified to
Fig. 6, and the complete loop gain expression is given as

To(jw)

1+ 02 o Tolj(o + kay)]

k0

Gpwm(jow) =

T(jw) = . (24)

As a special case, if only the sideband component at w — w;

is considered, i.e., k = —1, the expression of the loop gain is
identical to the two-frequency model in [15]
) To(jw)
Thui2(jw) = (25)

1+ Tolj(@ — )]’

If only the sideband component at @ — w; and w + wy is con-
sidered, i.e., k = %1, the expression of the loop gain is identical
to the four-frequency model in [17]

To(jw)

- - . (26)
1+ Tyl j(w — wg)] + Tolj(@ + w,)]

Thaia(jo) =

III. DERIVATION OF MODULATOR GAIN UNDER LARGE-RIPPLE
CONDITION

As pointed out in Section II, the modulator gain F,, is re-
lated to the gradient of the modulation signal V, _.(D,Ty),
as given in (7). Under the small-ripple assumption, we have
Vi oa(DyTy) =~ 0, giving F,, ~ 1/V,,, which is consistent with
the averaged model. However, for applications requiring a wide
control bandwidth, the small-ripple assumption is no longer
valid. In fact, when the modulator ripple V, _,(¢) is relatively
large, referred to as the large-ripple condition, the expression of
F,, should be revised.
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Fig. 5. Control block diagram of the extended-frequency-range model of dc—dc converter.
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H, =
Fig. 6. Simplified control block diagram of the extended-frequency-range small-signal model of closed-loop dc—dc converter.
- Upon differentiating the modulation signal, we have
Ic I, +
/ /
T Rusw Viad®) = AVy(5)
RC . =sA Vmod(s )
1
= —Ic() &z +5Re ) HiGy (). (29)
Fig. 7. Schematic diagram of the converter output terminal for basic convert-

€rs.

Fig. 7 shows the output circuit of any basic dc—dc converter,
in which, C is the output filter capacitor, R, is the equivalent
series resistor (ESR) of the output filter, and R, is the load
resistor. In the steady state, the output voltage ripple AV, is
expressed as

where /.(s) is the capacitor current expression in the s domain.
According to the block diagram of Fig. 6, the switching ripple
of the modulation signal can be written as

1
— + R

C 27)

AVy(s) = Ic(s) (

AVied(s) = —AV,(s)H, G, (s)
— + R

1
= —Ic(s) (

C (28)

) H,G, (s).

Obviously, since V, ,(s) is closely related to the compensa-
tion transfer function G +(8), so is F,,. Here, the buck converter
with proportional-integral (PI) feedback control is taken as an
example to illustrate the derivation of Fj,, under large-ripple
condition. The transfer function of the PI controller can be ex-
pressed as

K;
Gy(s) =K, + " (30)
where K, and K; are the proportional and integral gains, re-
spectively.

To achieve an adequate phase margin, the corner frequency of
Gy(jw), denoted as f; = K; /(2w K ), should be far below the
cutoff frequency f, of the system. Thus, for frequencies above
the switching frequency, (30) can be approximated to

G,(s) =K, (31)
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Fig. 8. Waveform of the output capacitor current of the buck converter.
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Fig.9. Waveform of the output capacitor current of the boost and buck—boost
converters.

Substituting (31) into (29) leads to
1
Viod($) = —Ic(s) (E + sRc> H,K,. (32)

Taking the inverse Laplace transformation of (32), we have

/ , Le(t)
Vo) = —K,H, | RI'c(t) + . (33)
Letting t = D, Ty, V(D) Ty) is calculated as
i / IC(DyTs)
V! o(DyTy) = =K, Hy | RAIL(D,T,) + =221 (34)

For the buck converter, Fig. 8 shows the steady-state wave-
form of the output capacitor current ripple I¢_,(f). As seen,
I¢ pu(t) within (0, D, 7] can be expressed as
(1=Dy)Viu Dy (1= Dy) ViuTy

- t— — - .
L 2L

Icpu(t) = 35)

Substituting (35) into (34) yields

(1 - D)‘)KpHuVin
LC

Vinod bu(DyTy) = — (R.C +0.5D,Ty).

(36)
Putting (36) into (7), the expression of F), for the buck con-
verter is obtained as
1

(1 - Dy)KpHvVinTv
Te (R.C +0.5D,T,)

For the boost and buck-boost converters, the steady-state
waveforms of the output capacitor currents are the same, as
depicted in Fig. 9, from which the expressions of I¢ py(?) and
I¢ p(t) within (0, D, Ty) are obtained as

Fm,bu = . 37

VI’H +

Icps(t) = =1, = — (38)

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 33, NO. 9, SEPTEMBER 2018

Dyvin

Icwp(t) = =1, = T A= DR
— Uy)RRL4d

(39)

Substituting (38) and (39) into (34), the expressions of
V! a(DyTy) for the boost and buck-boost converters can be
obtained. Putting them into (7), and F,, s and F,, p, are finally
derived as

1

Fp b = o K, H,V,T, (40)
" (1= Dy)RLC

Fop oy = ! ) 1)
- Vo4 DK, H,V;,T;
(1= D,)R14C

IV. EFFECT OF CONTROLLER ON THE
EXTENDED-FREQUENCY-RANGE SMALL-SIGNAL MODEL

As seen in (24), the complete loop gain contains an infinite
series which is dependent on the controller, making it rather
inconvenient to apply in practical control design. Here, we pro-
pose to use an approximate expression of the loop gain. A buck
converter with PI control will be used as an example to illustrate
the approximation.

A. Approximation of the Extended-Frequency-Range Model

Comparing (23) with (24), the infinite series in T(jw) is
originated from Gpwwm(jw). Thus, we first find an approximation
for Gpwm(jw). Since the corner frequency of G,(jw) is far
below than the cutoff frequency, G,(jw) can be approximated
as a proportional gain at the sideband frequencies. Hence, (23)
is rewritten as

Fin

1+ 312 0 HyFWGualj(o + kog)lK ),
k#0

(42)

Gpwm(jw) =

The infinite series in (42) can thus be expressed as [21]

+o0
Z HvaGvd[j(a) + kws)]Kp

k=—00

k0

+00

- HvaKp ( Z Gud[j(a) +kwv)] - Gvd(.]a))>
k=—00

= H FuK,T; [Gy(jo) — Gua(jo)] (43)

where G} ,(jw) represents the sampled function of G,4(jw),
which has a standard form given by Middlebrook [2]

Vin(l + joR.C)
(jo)’LC + jw (RL + RCC) +1

Gu(jow) = (44)

for the buck converter. Upon sampling G ,4(j w) and rearranging,
we have [21]

2c —b
ot03h)T, _ |
(45)

G* . _ Vch 1 a—2c¢
vd(]w) - L a— b e(jw-‘rO.Su)ﬂ 1 +
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where

Re ! + Re + Ly (46a)
a = — _— —_— a

L RpC L  R;C LC

R. 1 R. 1\ 4
[ — — = - (46b)

L Rp,C L R;..C LC
_ ! (46c)
CcC = RCC C

Although the result in (45) is accurate, the existence of
eUoF030Ts and o(@+0-30Ts iy (45) makes it hard to appreciate
the physical meaning of the proposed model. For this purpose,
an approximation should be made on (45).

In practice, the output voltage ripple of the dc—dc converters
can be effectively attenuated by a low-pass filter inserted in the
power stage. Thus, the following relationships are satisfied:

R14C >> T,/ (@2n),L/ R, >> T,/ 27), LC >> T} [ (47%).
47)

Therefore
aT; << 1, bT, << 1. (48)

Using (48) and applying Padé transformation on (45) [23],
[24], we have

(o +0.50)T, T
1 4050w+ 0.5a)T, + | L2 0T
LUOH0SOT, L T i
[(jo+ 0.5a)T, 1*
1 —0.5(jw+05a)T, + | LT 950Ts
- jT -
(49a)

(o + 0.5b)T, 1*

1 405G+ 0.55)T, + | L2007
pUOT0SHT, o L U i
[(jo + 0.5b)T; ]

[

1—0.5(jw + 0.5b)T, +
T

(49b)

The above approximation holds true below half of the switch-
ing frequency.

Putting (46) and (49) into (45) and upon rearrangement, we
have

1
G (jw) = ?Gvd(jw)

+V RIL ( +RC+ ! ! 0.5
in— | = | jo+ — — —-0.5].
L |=2\'"T T TR, RC

(50)

Substitution of (50) into (43), we obtain

+o00

Z HvaGvd[j(a)+kws)]Kp =

k=—o00

k0

H,F, KTV e | T '+R“+ ! ! 0.5

vim B 2 T L TRy T RC) T
(51)
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Using (47), (50) can be approximated as

+00

Y HFuGulj@+ko)lK,

k=—00
k#0

R NTs (. 1

Substituting (52) and (37) into (42), a simplified expression
for Gpwm(jw) is derived as

Gpwm(jw) =
1
H, KT Vin
Vi + ———
+ LC
. Ts Dy(l - Dv) 1
joR.C— + R.C(0.5— D))+ |—— — = | I,|.
2 2 72

(53)

Putting (53) into (24), a simplified loop gain expression is
finally obtained as

T(jw) =
, Ki
H,G(jw) (Kp + —>
Jw
vy BTV,
" LC
: T D,(1-D,) 1
joR.C—= + R.C(0.5— D)) + +—2 — =) 7.
T 2 T

(54)

B. Controller Design Method

The loop gain after compensation is not equal to the product
of the compensation transfer function and the uncompensated
loop gain, as clearly shown in (54). This differs from the usual
control loop design based on the averaged model. Thus, a new
control design method has to be developed for the extended-
frequency-range model.

Suppose f, is the cutoff frequency and PM is the phase margin

of the system. Then, we may write
T(j2n f.) = —cos(PM) — j sin(PM). (55)

According to (54), the expression of the loop gain at cutoff
frequency T'(j2r f.) can be represented as

i

KM+ — 7
. J<T Jc
T(j2n f.) = 56
(/27 fe) Vi + K,N eo
where
M = Hvad(jZTrfC) (578.)
H,TVin |, T
= =0 ]wRCCF + R.C(0.5—-D,)
D,(1—-D 1
n (% _ _2) Ts} _ (57b)
T
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TABLE I
PARAMETERS OF THE BUCK CONVERTER

Parameter Symbol Value Parameter Symbol Value
Input Vi 80V Output C 240 uF
votlage capacitor
Output Vo 54V Capacitor R, 0.14 Q
voltage ESR
Output P, 500 W Peak to Vin 1.75V
power peak value
Switching s 100 kHz Voltage H, 0.05
frequency feedback

factor
Inductor L 95 uH

From (55) and (56), we obtain K, and K; as
—cos(PM — arg M)

K,=V,
p |M| + |N|cos(PM) cos(PM — arg M + arg N)
(58)
27TfCVm |M|SIH(PM—argM)_ |leln(argN)

|M|? + |[MN|cos(PM) cos(PM — arg M + arg N)
(59)

where |.| and arg(.) represent the amplitude and angle of a com-
plex number, respectively.

Taking the buck converter as an example, the main circuit
parameters are given in Table I. Here, two controllers with a
low ( f.; = 10 kHz) and a high ( f,» = 40 kHz) cutoff frequency,
respectively, are taken as examples to validate the controller
design method. Setting PM = 45°, and putting it to (58) and
(59), the controllers are calculated as

330000

Gv,bul(ja)) =15 + N (60)
700000

Goon(jo) =62+ o (61)

The Bode diagrams of the loop gain of the extended-
frequency-range model before and after approximation as well
as the simulated responses by simulation tool to verify the
proposed model are given in Fig. 10. Here, we observe that
both controllers meet the design targets and the proposed model
produces response curves closely resembling the simulated re-
sponse curves. Besides, from Fig. 10, the approximation model
exhibits good consistency with the accurate one up to half of the
switching frequency, proving the validity of the approximation.

C. Effect of Controller on Loop Gain

In the averaged model, the transfer function of the pulse-width
modulator is a constant and is expressed as

Grwmav(jw) =1/ Vy,

where V), is the magnitude of the triangular carrier signal.
Comparing (53) and (62), it can be found that the sideband
components and the large switching ripple of the modulation

(62)

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 33, NO. 9, SEPTEMBER 2018

80
= 40
Q
3 20
ED 0
S 20
—40
0
Qo _
é 150 \//j
~ 970 —Simulation Result
----- Before Approximation
36 -+ = After Approximation
?OO 1k 10k 100k
Frequency (Hz)
(a)
80
2 60 \_’-
= 40
Q
E 20
5 0 S
s 20
—40
0
=90 ——'—_\
\0.-;7 V ) \]
@ 180
= 5 ——Simulation Result
—270]..... Before Approximation
360 == After Approximation
100 1k 10k 100k
Frequency (Hz)
(W]

Fig. 10. Bode diagrams of loop gains from the extended-frequency-range
model of the buck converter and the simulated results with (a) G, _py1(s) and (b)
Gy_pu2(s) as the controller.

signal on Gpwwm(jw) effectively introduce a first-order low-pass
filter to the loop. Therefore, (53) can be rewritten as

1

(Voo + K ) <1+ @ )
@1, PWM

Gpwm(jow) = (63)

where

2
wr pwM =TT

VuLC + Vi H,T?K, [’%C(o.s — D)+ 20 #]
' R.CVi,H,T2K,

(64a)
K;=

Vi H,T? R.C D,(1 — D, 1
vy Kp|: c (OS_Dv)+ <¥_ _2):|
- T

LC T,
(64b)
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Bode diagrams of the PWM transfer function with different con-

Moreover, for the low-frequency range, i.e., frequencies
much lower than the corner frequency w; pwm, Gpwm(jw) is a
constant and is expressed as

Grwm(jw) =1/ (Vi + Ky).

According to (65), when K > 0, the PWM gain is smaller
than 1/V,,; otherwise, it is larger than 1/V,,. Besides, when w
increases, the magnitude of Gpwy(jw) decreases and the phase
ofitlags due to the equivalent first-order low-pass filter. This rule
differs from the one in the averaged model. According to (64),
K ¢ is proportional to K, and w; pwm decreases with the in-
creasing value of K ,. As the control loop bandwidth gets wider,
the value of K, should be larger. Therefore, as the bandwidth
gets wider, the value of K is larger and the value of w; pwm
becomes smaller, and eventually the resultant phase lag will be
larger. Thus, we may conclude that for wide loop bandwidth ap-
plications, the sideband components and the switching ripple of
the modulation signal are not well attenuated, and consequently,
the first-order low-pass filter effect will dominate in the loop.

For the purpose of illustration, Fig. 11 shows the Bode di-
agrams of Gpwm(jw) with compensation transfer functions
Gypu1(Jw) and G, o (jw). Here, we observe that when the cut-
off frequency is low, Gpwnay resembles Gpwy, revealing that
the loop gain derived from the averaged model is basically the
same as the extended-frequency-range model for low-frequency
applications, as illustrated in Fig. 12(a). In contrast, when the
cutoff frequency is high, Gpwwm_ay differs significantly from
Gpwwm and predicts a larger phase shift in the high-frequency
range compared to Gpwy. Hence, the averaged model tends to
over-estimate the phase margin, as shown in Fig. 12(b), and
hence offers inaccurate stability information.

(65)

D. Comparison With Two-Frequency Model and
Four-Frequency Model

Comparing the loop gain expressions (24)—(26), it is ob-
viously that the two-frequency model and the four-frequency
model are special cases of the extended-frequency-range model.
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The condition that the two-frequency model and the four-
frequency model hold is that the higher frequency components,
i.e., nwg, w £ nwy (n > 2), can be well attenuated. However, in
wide bandwidth occasions, this condition is not always satisfied.
Taking the aforementioned buck converter with G, py as an ex-
ample, Fig. 13 shows the spectra of the sideband components in
Vdy, Umod and v, after imposinglmV, 40 kHz sinusoidal pertur-
bation into vmeq. As seen in Fig. 13, all the sideband components
in vy, share the same magnitude, the sideband components in
Umod and v, decrease as the frequency increases. The magnitude
of the w — 2w, (160 kHz) component in vy,q is nearly the same
as that of w + w, (140 kHz), hence cannot be neglected. For
other higher sideband components, though each of their magni-
tudes is relevantly small, their combined action still cannot be
ignored because of the infinity in numbers.

Besides, the expressions of F,, for the two-frequency model
and the four-frequency model also differ from our proposed
model. In the two-frequency model, the slope of V;,0q4 is omitted,
while in the four-frequency model, the slope of Vj,0q4 is approx-
imated obtained by considering only the @, component in Vi,0q,
namely, V 04 0. There is a deviation between Vioq and V od o
in wide bandwidth occasions. Fig. 14 gives the waveforms of
Vinoa and V 04 o of the buck converter with G y,. From Fig.
14, the slope of Vo4 and V04 o at the interaction instant is
8.9 x 10* V/sand —1.25 x 10° V/s, respectively. Therefore, the
calculated F;,, by Vinoq and V04 o are 1.12 and 0.33, respec-
tively, which introduces 10.6 dB deviation. Thus, the nw; (n>2)
components have to be taken into account in modeling process.

Using the analysis above, the loop gain Bode plots of different
models are presented in Fig. 15. As can be seen, the phase
of the two-frequency model at low frequencies deviates from
other models as analyzed in [17]. The phase curve accuracy
of the four-frequency model is improved, however, there exists
an obvious deviation in magnitude. This is due to the error in
calculating F,,.

It should be noted that in the four-frequency model, if the error
in calculating F}, is so significant that the result is negative, then
both the magnitude and phase curves will show great deviations,
and the phase of the four-frequency model loop gain will start
from —270° instead of —90° at low frequencies, as indicated in
the case in Section V-A where the compensation transfer func-
tion is (66), and the corresponding F;,, is —0.69 and 0.16 for the
four-frequency model and the proposed model, respectively.

Another contribution of the proposed model compared to the
two-frequency model and the four-frequency model lies in the
simple control block diagram. In the control block diagrams of
the two-frequency and the four-frequency models given in [15]
and [17], any two sideband components are coupled together,
which leads to many additional loops and is therefore hard to be
extended to cover more frequencies. If n sideband components
are incorporated besides the perturbation frequency, the total
number of loops will be (n + 1)(n + 2)/2. The numerous loops
make it less ready to see the physical meaning. However, in
the extended-frequency-range model, the sideband components
are decoupled based on (22). When considering n sideband
components, the total number of loops willbe n + 1, as shown in
Fig. 5, which is much simpler and offers clearer physical insight.
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V. EXPERIMENTAL VERIFICATION

To verify the effectiveness of the proposed extended-
frequency-range small-signal model, experimental measure-
ments are taken for a buck converter and a boost converter.

Fig. 15. Bode diagrams of the loop gains calculated by different models with
compensation transfer function G, _py2(s).

A. Experimental Results of the Buck Converter

Fig. 16 gives the experimental steady-state waveforms of the
buck converter with compensation transfer functions G, py1(j®)
and G, pua(jw). The switching ripple of the modulation sig-
nal in the wideband control case is much larger than the nar-
rowband control case. The calculated (from the model) and
measured Bode diagrams of 7'(jw) with controllers G, pu1(j)
and G, pyy(jw) are given in Fig. 17. The close resemblance of
the calculated and measured results verifies the validity of the
extended-frequency model.

To compare the stability information provided by different
models, the loop gains, under the same compensation transfer
function as given in the following equation, are compared for the
averaged model, the two-frequency model, the four-frequency
model, and our extended-frequency model:

2210000

Gv,bu3(ja)) =220 + (66)
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Gypu3(s). whereas the four-frequency model and the extended-frequency

The Bode diagrams of the loop gains found from the dif-
ferent models are plotted in Fig. 18. As seen, the phase mar-
gins provided by the averaged model, the two-frequency model,
the four-frequency model, and the extended-frequency model

model predict unstable operation. However, the phase of the
four-frequency model starts from —270° in low frequencies due
to the error in calculating F,,, and is distinct from other models.
In Fig. 19, the experimental waveforms of the converter with
Gy pu3(jw) are presented, which show unstable operation, veri-
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TABLE II
PARAMETERS OF THE BOOST CONVERTER

Parameter Symbol Value Parameter Symbol Value
Input Vin 36 V Output C 300 uF
voltage capacitor
Output Vo 80V Capacitor R, 0.1 2
voltage ESR
Output P, 500 W Peak to Vin 1.75V
power peak value
Switching s 100 kHz Voltage H, 0.05
frequency feedback
factor
Inductor L 95 uH
Vinod: [1V/div]
" MVt [1V/div]
Y T R Y Ve W o W

Av,: [10V/div]

I R, e S S|

iv: [10A/div]
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Fig. 20. Experimental waveforms of the boost converter with G, pgt(s).
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Fig.21. Bode diagrams from extended-frequency model and measured results

of the boost converter.

fying the credibility of the extended-frequency model in offering
stability information.

B. Experimental Results of the Boost Converter

Table II gives the main circuit parameters of the boost con-
verters.
The compensation transfer function of the boost converter is

100
Gyopsi(s) = T +0.05. 67)

Fig. 20 gives the experimental results of the boost converter
with compensation transfer function G, _ps(jw). The calculated
and measured Bode diagrams of loop gain 7'(jw) are given in
Fig. 21. The close resemblance of the calculated and measured
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results verifies the validity of the model. In Fig. 20, since the
cutoff frequency of the boost converter is constrained by the
inherent right-half-zero in the duty-cycle-to-output-voltage
transfer function, the ripple modulation signal is not as large
as buck converter’s. However, the sideband effect and the
aliasing effect can still be seen from the shape change around
the switching frequency in Fig. 21.

VI. CONCLUSION

When sideband and aliasing effects of PWM are taken
into consideration in modeling closed-loop dc—dc converters,
a small-signal model with extended frequency range can be
obtained. This model gives precise loop gain expressions and
modulator gain expressions under large-ripple conditions, and
hence offers accurate stability information under practical con-
ditions. These precise expressions are, however, inconvenient to
use in practical closed-loop controller design. Appropriate sim-
plification results in an approximate expression of the loop gain,
which also permits convenient and more intuitive interpretations
of the sideband components and large modulation signal. More-
over, based on the extended- frequency-range model, a simple
design method can be derived for effective closed-loop design
of controllers for dc—dc converters.
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