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Abstract—This paper presents a third harmonic current injec-
tion method for a five-phase permanent-magnet (PM) motor with
trapezoidal back electromotive force (EMF) under postfault field
oriented control (FOC). The key of the proposed method is the third
harmonic current online calculation and injection under postfault
FOC. The postfault FOC lies in the fundamental decoupled model
based on the concept of maintaining spatial circular rotation of fun-
damental PM flux linkage vector and magnetic motive force under
open-circuit fault. Based on the mathematical model of torque pul-
sations caused by third harmonics of air-gap flux, the injected third
harmonic current can be calculated by the radio of the amplitude of
third harmonic EMF and fundamental EMF easily. The presented
fault-tolerant control strategy can achieve the real time optimal
current reference generation and third harmonic current injection
under postfault FOC while reducing the torque pulsations. The
effectiveness of the proposed method is verified by experimental
results under various operation conditions.

Index Terms—Decoupled fault model, five-phase permanent-
magnet (PM) motor, harmonic current injection, postfault field
oriented control (FOC), torque.

I. INTRODUCTION

COMPARED to conventional three-phase machines, mul-
tiphase machines offer additional degrees of freedom

and can achieve the fault-tolerant operation without any ad-
ditional hardware [1], [2]. Three-phase machines need using
zero-sequence current to maintain the rotating magnetic motive
force (MMF), so a neutral line is needed to connect the motor
neutral and dc-link midpoint [3], [4]. Multiphase machines can
preserve the value of MMF equal to the healthy condition by
the existing control technique [5].
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Open-circuit faults of stator windings and power converter
are the most common fault type, which occurs in electrical
motors [6]. Many techniques of fault detection and fault toler-
ant control have been reported. In [7] and [8], an open switch
fault detection scheme in voltage–source inverter supplying a
permanent-magnet (PM) machine was presented, which was
based on the model identification of the motor phase currents. A
novel centroid-based diagnostic method of the power switches
in five-leg voltage source inverter was presented in [9].

During fault-tolerant operation of multiphase machines, the
remaining phase currents have to be rearranged and adapted for
open-circuit conditions [5], [10]–[14]. The common criterion
of the postfault current reconfiguration is to keep the funda-
mental MMF same as in the healthy case. Also, by applying
additional constraints such as minimum cooper losses, equal
cooper losses, and minimum torque ripples, more optimal so-
lutions can be found [5], [10], [11]. Based on the mathemat-
ical model of postfault five-phase PM machine, Zhou et al.
[12] presented a new orthogonal reduced order transformation
matrix derived from the fault-tolerant current references and a
new zero-sequence current related to torque ripple to achieve
postfault field oriented control (FOC) under single phase open-
circuit fault. However, the previously discussed solutions can
be applied to five-phase machines with sinusoidal stator MMF
distribution. They are not applicable to the five-phase PM ma-
chine with a trapezoidal back electromotive force (EMF) [13].
The interaction between the high-order harmonic of MMF and
fundamental fault-tolerant currents calculated by above meth-
ods will produce torque pulsations under open-circuit fault. Tian
et al. [14] and [15] presented the decoupled models of a five-
phase PM machine under single-phase and double-phase open
fault, which were used to achieve postfault FOC. The fundamen-
tal decoupled models can keep the fundamental torque at d–q
frame as the same as the healthy case; however, the third har-
monic of winding density distribution results in torque ripple.
The sliding mode control was employed to reduce the torque
ripples, which can reduce dependency on mathematical model
of torque ripples. However, it will cause system chattering and
is more difficult to design than PI controller.

Harmonic current injection is the common solution to reduce
the torque pulsations produced by the high-order harmonic of
MMF [16]–[20], [22]. In [16], the second-order harmonic cur-
rents were injected to compensate for nonideal sinusoidal back
EMF of tolerant flux-switching PM brushless motor, which can
achieve the torque ripple minimization under open-circuit fault.
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In order to reduce the torque pulsations caused by the third
air-gap flux of five-phase PM motor, the third harmonic current
injection techniques were presented in [17]–[20] and [22]. In
[17], the fundamental and third harmonic currents were injected
in healthy stator phases to increase the average output torque
while reducing the torque pulsations, and the healthy currents
should present mirror symmetry with respect to the location of
the faulty phases. Mohammadpour et al. [18]–[20] extended the
approach, as mentioned in [17], to different winding configura-
tions under open-circuit and short-circuit faults. In this method,
the offline Lagrange algorithms were used to generate optimal
reference currents. Lagrange algorithms are part of determinis-
tic algorithms that are based on the gradient computation and
it may fail on a local minimum. In optimal current calculation
methods based on Lagrange algorithm, the partial derivative of
the function f (containing all the objectives to minimize and all
constraints) is performed. There is no guarantee that the solution
is a global minimum of the problem [21]. In [22], an online op-
timal current reference generation technique based on vectorial
approach was presented for phase open-circuit fault.

Tracking the current reference generation techniques are quite
challenging in fault tolerant control. Hysteresis current con-
trol is typically employed for current controls [16]–[22]. How-
ever, it results in variable switching, which increases switching
loss and electromagnetic interference emission [23]. Propor-
tional resonant controller is another solution to tracking time-
varying signals [7], [8], which is suitable for operation around a
fixed fundamental frequency. In variable-speed drives, however,
the fundamental frequency of motor currents is speed depen-
dent. Analysis of transient response of resonant controller for
variable-speed drive application was performed in [24] only for
a narrow range of frequency (30–50 Hz). However, fundamen-
tal frequency varies over a wide range especially in multipole
PM machine. In addition, the standard proportional resonant
controllers are not suitable for operation near the inverter mod-
ulation limit due to their inherently high open loop gain, which
may cause stability problem under voltage saturation [25].

In this paper, a fundamental decoupled model of five-phase
PM motors under open-circuit faults will be proposed. By main-
taining spatial circular rotation of fundamental PM flux linkage
vector and MMF, the reduced order Clarke and Park transfor-
mations under fundamental rotating space for fault conditions
are derived. Thus, FOC and carrier-based PWM can be per-
formed in postfault operation. The fundamental fault-tolerant
currents can be calculated with coordinate transformation under
id = 0 control. The torque produced by the fundamental tol-
erant currents and fundamental PM flux linkages is kept equal
to the torque in normal operation. However, the second-order
and fourth-order torque pulsations will be produced due to the
interaction of the third space air-gap flux linkages and the fun-
damental fault-tolerant currents. To reduce torque pulsations, a
third harmonic current injection method is developed. By this
method, the injected third harmonic current can be calculated
by the ratio of the amplitude of the third harmonic EMF and
fundamental EMF easily based on the mathematical model of
torque pulsations. Hence, the real time optimal current reference

generation and third harmonic current injection can be achieved
under the postfault FOC while reducing the torque pulsations.

The organization of this paper is as follows. The fundamental
decoupled modeling and third harmonic current injection under
single-phase open-circuit fault is detailed in Section II, and
under double-phase open-circuit fault is detailed in Section III.
Finally experimental results are provided as confirmation of the
effectiveness of the proposed postfault control.

II. SINGLE-PHASE OPEN-CIRCUIT FAULT-TOLERANT CONTROL

The studied five-phase PM motor with trapezoidal back EMF
is fed by a five-phase half-bridge power inverter. In the following
discussion, it is assumed that an open-circuit fault has occurred
in phase A, and that PM flux density is not affected by the
temperature, cogging, and magnetic saturation effects.

A. Decoupled Modeling Under Fundamental Space

In the presence of open fault, the symmetry property of syn-
chronous frame motor model is vanished. For the implementa-
tion of FOC under faulty conditions, a new set of Clarke and
Park transformations should be developed [14]. The decoupled
modeling is based on maintaining spatial circular rotation of fun-
damental PM flux linkage vector and MMF, and it is described
as follows.

Since fundamental MMF is preserved equal to normal mode,
for disturbance-free operation the postfault currents can be re-
configured by

5
2
NIme

j
(
θe +π/2

)
= N

(
iA + αiB + α2iC + α3iD + α4iE

)

iA ≡ 0 (1)

where N is winding turns number, Im is the magnitude of
fundamental excitation current, α = ejδ , δ is the spatial shifting
angle between adjacent phases, δ = 2π/5, θe denotes the rotor
electrical position, and iA , iB , iC , iD , iE are phase currents.

Since the open-circuit fault has occurred in phase A, the
elements about phase A in Clarke transformation matrix should
be removed. Since the third row vector is not orthogonal with
other row vectors, by removing the third line and correcting the
first row vector with zero-sequence current, it can be obtained as

2
5

⎡
⎢⎢⎢⎣

cos δ + x cos 2δ + x cos 3δ + x cos 4δ + x

sin δ sin 2δ sin 3δ sin 4δ
sin 3δ sin 6δ sin 9δ sin 12δ

1 1 1 1

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

iB

iC

iD

iE

⎤
⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎣

iα1

iβ1

i31

i01

⎤
⎥⎥⎥⎦ (2)

where iα1 , iβ1 are the fundamental space currents at α− β
plane, respectively, i31 represents the third space current, i01 is
the zero-sequence current, which is constrained to zero because
of stator winding star connections, and x is the correction
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factor. It should be noted that equality of the first row still holds
because of no zero-sequence current.

For postfault operation, the trajectory of fundamental MMFs
of healthy phases should also form a circle, and the correction
factor x in (2) is selected for above purpose. Thus, a reduced
order Clarke transformation is defined as

TAClarke1 =
2
5

×

⎡
⎢⎢⎣

cos δ + x cos 2δ + x cos 3δ + x cos 4δ + x
sin δ sin 2δ sin 3δ sin 4δ
sin 3δ sin 6δ sin 9δ sin 12δ

1 1 1 1

⎤
⎥⎥⎦ (3)

where TAclark1 represents the fundamental reduced order Clarke
transformation suitable for fault of phase A open-circuit.

Projecting fundamental MMFs of remaining phases to α–β
plane with this new reduced order Clarke transformation as

ψα1 = cos δψB 1 + cos 2δψC 1 + cos 3δψD1 + cos 4δψE 1

− x (ψB 1 + ψC 1 + ψD1 + ψE 1)

= xψA1 + cos δψB 1 + cos 2δψC 1 + cos 3δψD1

+ cos 4δψE 1 (4)

ψβ1 = sin δψB 1 + sin 2δψC 1 + sin 3δψD1 + sin 4δψE 1 (5)

where ψα1 , ψβ1 are fundamental MMFs of α–β frame, respec-
tively, and ψA1 , ψB 1 , ψC 1 , ψD1 , ψE 1 are fundamental MMFs
at natural reference frame.

Since ψA1 + ψB 1 + ψC 1 + ψD1 + ψE 1 = 0, the trajectory
of ψα1 and ψβ1 under faulty conditions can form a circle by
letting x = −1.

The fundamental reduced order Park transformation matrix
under single phase open fault can be defined as

T 1
P a rk 1

=

⎡
⎢⎢⎢⎣

cos θe sin θe 0 0
− sin θe cos θe 0 0

0 0 1 0
0 0 0 1

⎤
⎥⎥⎥⎦ . (6)

Then, with the fundamental reduced order Clarke and Park
transformation, as expressed in (3) and (6), the faulty motor
model can be transformed into fundamental synchronous frame
(d–q–3–0 frame) as

[
id1 iq1 i31 i01

]T = T 1
P a rk 1

TA
C la r k e 1

[
iB iC iD iE

]T
. (7)

By taking a derivative of magnetic coenergy with respect to
rotor mechanical position (θm ), torque equation can be obtained
as

Te =
∂Wco

∂θm
= P

(
1
2
IT
s

∂Ls
∂θe

Is + ITs
∂ψm−s
∂θe

)
(8)

where Wco indicates magnetic coenergy, P is number of pole
pairs, Is represents the phase current vector, Ls indicates phase
inductance matrix, ψm−s represents the vector of PM flux link-
ages.

In a five-phase motor, the windings are usually wound in a
trapezoidal function and give a trapezoidal-shape back EMF.

To simplify the postfault modeling, only the first and third har-
monics are considered. Since the back-EMFs are produced by
the magnetic flux linkages, the PM flux linkages under phase A
open-circuit condition are given by

ψAm−s = ψm1

⎡
⎢⎢⎢⎣

cos (θe − δ)
cos (θe − 2δ)
cos (θe − 3δ)
cos (θe − 4δ)

⎤
⎥⎥⎥⎦ + ψm3

⎡
⎢⎢⎢⎣

cos 3 (θe − δ)
cos 3 (θe − 2δ)
cos 3 (θe − 3δ)
cos 3 (θe − 4δ)

⎤
⎥⎥⎥⎦ (9)

where ψm1 and ψm3 denote, respectively, amplitudes of first
and third harmonics of PM flux linkage.

Substitute (3), (6), and (9) into (8), the electromagnetic torque
is obtained as follows:

Te1st = Te1 + Te3 (10)

Te1 =
5
2
P [iq1ψm1 + id1iq1 (Ld − Lq )] (11)

Te3 =
5
2
Pψm3

[
3i31 cos 3θe +

3id1 (sin 2θe + sin 4θe)
2

+
3iq1 (− cos 2θe + cos 4θe)

2

]
(12)

whereTe1st denotes overall electromagnetic torque produced by
fundamental currents, Te1 is the fundamental torque, and Te3
stands for ripples in the torque, produced by the fundamental
currents and third air-gap flux linkages.

B. Postfault FOC Under Fundamental Space

According to (10), the average value of postfault torque is de-
termined by the fundamental torque (Te1). Clearly, with id = 0
control the average torque can be determine by iq1 . The third
space current value (i31) can be acquired by imposing addi-
tional constraints: fundamental phase current reconfiguration is
calculated by lowest joule losses (LJL) or equal joule losses
(EJL) control criteria.

1) LJL Control Criterion: Since the joule loss can be ex-
pressed byRs(i2d1 + i2q1 + i231), where iq1 is constant, it is clear
that minimal loss is achieved by adopting id1 = 0 and i31 = 0
control. The current references of d–q–3 frame can be presented
as

id1 = 0 iq1 = iqr , i31 = 0. (13)

2) EJL Control Criterion: When the EJL criterion is
adopted, the current amplitude of each healthy phase is re-
quired to be kept equal. In this case, the healthy currents can
be reconfigured by imposing extra constraint of iB = −iD and
iC = −iE . Substitute this constraint into (2), the following re-
lationship can be obtained as:

iβ1 = sin δiB + sin 2δiC + sin 3δiD + sin 4δiE

= (iB + iC ) (sin δ + sin 2δ) (14)

i31 = sin 3δiB + sin 6δiC + sin 9δiD + sin 12δiE

=
sin δ − sin 2δ
sin δ + sin 2δ

iβ1 = 0.236iq1 cos θe . (15)
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The reference current of d–q–3 frame for the purpose of EJL
control can be presented as

id1 = 0 iq1 = iqr i31 = 0.236iq1 cos θe . (16)

Substitute (13) and (16) into (10), the torque (Te1) produced
by fundamental current can be kept equal to the prefault rated
torque. The torque ripples (Te3) concentrates mainly on the
frequency that is twice and four times synchronous speed. To
reduce the second-order and fourth-order torque pulsations, the
third harmonic current can be injected strategically.

C. Third Harmonic Current Injection

In third harmonic space, the same method can be used to
get the third harmonic decoupled modeling. The principle is
to maintain the third harmonic MMF and back-EMF the same
as in normal operation. Duplicating the method in fundamental
space, the reduced order Clarke and Park transformations matrix
under third harmonic space can be defined as

TA
C la r k e 3

=
2
5

×

⎡
⎢⎢⎢⎣

sin δ sin 2δ sin 3δ sin 4δ
cos 3δ + x cos 6δ + x cos 9δ + x cos 12δ + x

sin 3δ sin 6δ sin 9δ sin 12δ
1 1 1 1

⎤
⎥⎥⎥⎦

(17)

T 1
P a rk 3

=

⎡
⎢⎢⎢⎣

1 0 0 0
0 cos 3θe sin 3θe 0
0 − sin 3θe cos 3θe 0
0 0 0 1

⎤
⎥⎥⎥⎦ (18)

where TAclark3 represents the third harmonic reduced order
Clarke transformation under phase A open-circuit. T 1

Park3 rep-
resents the third harmonic reduced order Park transformation
under single-phase open-circuit fault.

Then, with the reduced order Clarke and Park transformation
under third harmonic space, as expressed in (17) and (18), the
faulty motor model can be transformed into third harmonic
synchronous frame (3–d–q–0 frame) as

[
i33 id3 iq3 i03

]T = T 1
P a rk 3

TA
C la r k e 3

[
iB iC iD iE

]T
(19)

where id3 , iq3 are third harmonic space currents at d–q plane,
respectively; i33 is the generalized zero-sequence current; and
i03 is the zero-sequence current, which is constrained to zero.

Substitute (17), (18), and (9) into (8), the electromagnetic
torque produced by third harmonic current is obtained as

Te3rd =
5P
2

{
3ψm3iq3 + ψm1

[
id3(sin 4θe − sin 2θe)

2

+
iq3 (cos 4θe − cos 2θe)

2

]
+ i33 cos θe

}
. (20)

According to the superposition principle, the electromagnetic
torque produced by fundamental and third harmonic currents can
obtain as Te = Te1st + Te3rd . The components of Te at different

frequency can be presented as
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

τ0 = 5P
2 (ψm1iq1 + 3ψm3iq3)

τ1 = 5P
2 ψm1i33 cos θe

τ2 = 5P
4 [3ψm3 (id1 sin 2θe − iq1 cos 2θe)

−ψm1 (id3 sin 2θe + iq3 cos 2θe)]

τ3 = 5P
2 3ψm3i31 cos 3θe

τ4 = 5P
4 [3ψm3 (id1 sin 4θe + iq1 cos 4θe)

+ψm1 (id3 sin 4θe + iq3 cos 4θe)]

(21)

where τ0 is the average torque component, τ1 , τ2 , τ3 , and τ4 rep-
resent the fundamental, second-order, third-order, and fourth-
order torque pulsation, respectively.

When the current quantities of d–q axis satisfy the following
relationship represented as (22), the second-order and fourth-
order torque pulsations can be eliminated

⎧
⎨
⎩
id1 = id3 = 0

iq3 = −3ψm3

ψm1
iq1 = −kpsiiq1 kpsi =

3ψm3

ψm1
= E3

E1

(22)

where kpsi is the ratio of the amplitude of the third harmonic
EMF, (E3), and fundamental EMF, (E1).

The i31 and i33 can be acquired by imposing additional con-
straints.

1) LJL Control Criterion: Since the joule losses produced
by third harmonic current can be expressed by Rs(i2d3 + i2q3 +
i233), it is clear that total minimal losses value Rs(i2q1 + i2q3) is
achieved by the following relationship:

i31 = 0, i33 = 0. (23)

Since the i31 = 0 and i33 = 0, the torque pulsations at differ-
ent frequency in (21) can be constrained to zero.

2) EJL Control Criterion: When the EJL criterion (i31 =
0.236iq1cos θe) is adopted, the torque pulsation τ1 is not zero.
However, the τ1 + τ3 can be constrained to zero by choosing the
appropriate value of i33 . i31 and i33 should satisfy the following
relationship:

i31 = 0.236iq1 cos θe , i33 = 0.236iq3 cos 3θe . (24)

Adopting third harmonic current injection, torque pulsation
free operation under single-phase open fault condition can be
achieved.

III. DOUBLE-PHASE OPEN-CIRCUIT FAULT-TOLERANT

CONTROL

In a five-phase machine, two different types of double-phase
fault may occur, i.e., open fault of two adjacent or nonadjacent
phases. The principle for decoupled modeling under above two
fault conditions is similar, and the derivation method is similar
to that of single-phase open-circuit.

A. Fundamental Decoupled Model

Assume that double-phase open-circuit fault happens in a
five-phase motor, healthy phase currents should be reconfigured
to maintain equal MMF before and after fault operation. On the
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other hand, the trajectory of MMFs of healthy phases should
also form a circle. Based on above two principles, the Clarke
and Park transformations under double-phase open-circuit can
be redefined [15].

The fundamental reduced order Clarke transformation ma-
trix under two adjacent phases (phase A and B open-circuit) is
redefined as (25) shown at the bottom of this page.

The fundamental reduced order Park transformation matrix
under double-phase open-circuit can be redefined as

T 2
Park1 =

⎡
⎢⎣

cos θe sin θe 0
− sin θe cos θe 0

0 0 1

⎤
⎥⎦ . (26)

With the Clarke and Park transformation under phase A and
B open-circuit, the faulty motor model can be transformed into
fundamental synchronous frame (d–q–0 frame), and the motor
fundamental phase current can be expressed as

[
id1 iq1 i01

]T = T 2
P a rk 1

TABClarke1
[
iC iD iE

]T
(27)

where id1 , iq1 are the fundamental currents at d–q plane, respec-
tively; i01 is the zero-sequence current, which is constrained to
zero because of stator winding star connections.

Under open-circuit of phase A and B, the PM flux linkages
are presented as

ψABm−s = ψm1

⎡
⎢⎣

cos(θe − 2δ)
cos(θe − 3δ)
cos(θe − 4δ)

⎤
⎥⎦ + ψm3

⎡
⎢⎣

cos 3(θe − 2δ)
cos 3(θe − 3δ)
cos 3(θe − 4δ)

⎤
⎥⎦ .

(28)

With proposed coordinate transformation, the fundamental
phase current solutions for id = 0 control under open-circuit of
phase A and B are shown by

⎡
⎢⎣
iC 1

iD1

iE 1

⎤
⎥⎦ =

[
TABClarke1

]−1[
T 2

Park1
]−1

⎡
⎢⎣
id1

iq1

0

⎤
⎥⎦

=

⎡
⎢⎣
−2.236iq1 sin(θe − 2π

5 )
3.618iq1 sin(θe − π

5 )
−2.236iq1 sin θe

⎤
⎥⎦ , id1 ≡ 0. (29)

Substitute (28) and (29) to (8), the electromagnetic torque pro-
duced by fundamental fault-tolerant current under open-circuit

of phase A and B is obtained as

TABe1st =
5Piq1ψm1

2

[
1 +

3ψm3

ψm1
cos(2θe − δ)

+
4.845ψm3

ψm1
cos(4θe +

δ

2
)
]
. (30)

Similarly, the fundamental reduced order Clarke transforma-
tion matrix under two nonadjacent phases (phase A and C open-
circuit) can be redefined as (31) shown at the bottom of this
page.

The motor fundamental phase current under phase A and C
open-circuit at d–q–0 frame can be expressed by

[
id1 iq1 i01

]T = T 2
Park1T

AC
Clarke1

[
iB iD iE

]T
. (32)

Under open-circuit of phase A and C, the PM flux linkages
are presented as

ψACm−s = ψm1

⎡
⎢⎣

cos(θe − δ)
cos(θe − 3δ)
cos(θe − 4δ)

⎤
⎥⎦ + ψm3

⎡
⎢⎣

cos 3(θe − δ)
cos 3(θe − 3δ)
cos 3(θe − 4δ)

⎤
⎥⎦ .

(33)

With proposed coordinate transformation, fundamental phase
current solutions for id = 0 control under open-circuit of phase
A and C are shown by

⎡
⎢⎣
iB 1

iD1

iE 1

⎤
⎥⎦ =

[
TAC

Clarke1
]−1[

T 2
Park1

]−1

⎡
⎢⎣
id1

iq1

0

⎤
⎥⎦

=

⎡
⎢⎣
−1.382iq1 sin(θe − 2π

5 )
2.236iq1 sin θe

−2.236iq1 sin(θe + π
5 )

⎤
⎥⎦ , id1 ≡ 0. (34)

Substitute (33) and (34) to (8), the electromagnetic torque pro-
duced by fundamental fault-tolerant current under open-circuit
of phase A and C is obtained as

TAC
e1st =

5Piq1ψm1

2

[
1 +

3ψm3

ψm1
cos(2θe − 2δ)

+
1.854ψm3

ψm1
cos(4θe + δ)

]
, id1 ≡ 0. (35)

As can been seen from expressions (30) and (35), the average
electromagnetic torque produced by fundamental fault-tolerant
current can remain the same as normal operation. However,

TABClarke1 =
2
5

⎡
⎣

cos 2δ − cos δ cos 3δ − cos δ cos 4δ − cos δ
sin 2δ − tan δ

2 cos δ sin 3δ − tan δ
2 cos δ sin 4δ − tan δ

2 cos δ
1 1 1

⎤
⎦ (25)

TAC
Clarke1 =

2
5

⎡
⎢⎣

cos δ − cos 2δ cos 3δ − cos 2δ cos 4δ − cos 2δ
sin δ − tan δ cos 2δ sin 3δ − tan δ cos 2δ sin 4δ − tan δ cos 2δ

1 1 1

⎤
⎥⎦ (31)
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due to the third harmonics of air-gap flux, the torque pulsations
concentrate mainly on the frequency that is twice and four times
synchronous speed. To reduce the second-order and fourth-order
torque pulsations, the third-harmonic currents can be injected
strategically.

B. Third Harmonic Current Injection

The third harmonic of PM flux linkages interact with fun-
damental excitation currents, generating the second-order and
fourth-order torque pulsations. While the injected third har-
monic currents can interact with fundamental PM flux linkages
to generate the opposite second-order and fourth-order torque
pulsations, in this way, the originally existing torque pulsations
can be eliminated.

1) Under Open-Circuit of Phase A and B: Under this fault
condition, the injected third harmonic currents can be defined
as

⎧
⎪⎨
⎪⎩

iC 3 = k1iq1 sin(3θe + ϕ1)
iD3 = k2iq1 sin(3θe + ϕ2)
iE 3 = k3iq1 sin(3θe + ϕ3)

(36)

where k1 , k2 , k3 are proportional coefficient of phase currents
amplitude, respectively, and ϕ1 , ϕ2 , ϕ3 are current phases.

Substitute (28) and (36) to (8), the electromagnetic torque
produced by third harmonic current can be obtained. The
second-order and fourth-order torque pulsations produced by
third harmonic current and fundamental PM flux linkage can be
factorized as

TABe3rd(C2) = − iq1ψm1 cos (2θe)
2

[k1 cos (ϕ1 + 0.8π)

+k2 cos (ϕ2 − 0.8π) + k3 cos (ϕ3 − 0.4π)]

TABe3rd(S2) =
iq1ψm1 sin (2θe)

2
[k1 sin (ϕ1 + 0.8π)

+k2 sin (ϕ2 − 0.8π) + k3 sin (ϕ3 − 0.4π)]

TABe3rd(C4) =
iq1ψm1 cos (4θe)

2
[k1 cos (ϕ1 − 0.8π)

+k2 cos (ϕ2 + 0.8π) + k3 cos (ϕ3 + 0.4π)]

TABe3rd(S4) = − iq1ψm1 sin (4θe)
2

[k1 sin (ϕ1 − 0.8π)

+k2 sin (ϕ2 + 0.8π) + k3 sin (ϕ3 + 0.4π)] (37)

where TABe3rd(C2) , T
AB
e3rd(S2) , T

AB
e3rd(C4) T

AB
e3rd(S4) represent the

cosine and sine component of second-order and fourth-order
torque pulsation produced by the third harmonic currents under
phase A and B open-circuit fault, respectively.

The torque pulsation of electromagnetic torque (31) can be
factorized as

TABe1st(C2) =
5Piq1

2
3ψm3 cos (0.4π) cos (2θe)

TABe1st(S2) =
5Piq1

2
3ψm3 sin (0.4π) sin (2θe)

TABLE I
MOTOR PARAMETERS

Symbol Description Quantity

ψm 1 Fundamental PM flux linkage 0.0411 Wb
ψm 3 third harmonic PM flux linkage 0.0033 Wb
Ld d-axis inductance 0.9323 mH
Lq q-axis inductance 1.2614 mH
P Pole pairs 9
Ns Slot number 20

TABe1st(C4) =
5Piq1

2
3ψm31.615 cos (0.2π) cos (4θe)

TABe1st(S4) = −5Piq1
2

3ψm31.615 sin (0.2π) sin (4θe) (38)

where TABe1st(C2) , T
AB
e1st(S2) , T

AB
e1st(C4) , T

AB
e1st(S4) represent the

cosine and sine component of second-order and fourth-order
torque pulsation produced by the fundamental currents under
phase A and B open-circuit fault, respectively.

In order to eliminate the second-order and fourth-order torque
pulsations, the above mentioned torque components of (37) and
(38) should be constrained to zero. So the following relation-
ships can be obtained as

TABe1st(C2) + TABe3rd(C2) = 0 ; TABe1st(S2) + TABe3rd(S2) = 0

TABe1st(C4) + TABe3rd(C4) = 0 ; TABe1st(S4) + TABe3rd(S4) = 0. (39)

Due to the star connections of stator winding, the summation
of the third harmonic phase currents should be constrained to
zero. The following relationships are established as follows:

iq1 cos 3θe (k1 sinϕ1 + k2 sinϕ2 + k3 sinϕ3) = 0

iq1 sin 3θe (k1 cosϕ1 + k2 cosϕ2 + k3 cosϕ3) = 0. (40)

It can be seen that there are six equations (39), (40) to find
the solution for the six unknown variables of the third harmonic
currents (36). Thus, the unique solution can be found as

⎧
⎪⎨
⎪⎩

iC 3 = 4.799kpsiiq1 sin (3θe + 4.566)
iD3 = 9.461kpsiiq1 sin (3θe + 1.257)
iE 3 = 4.799kpsiiq1 sin (3θe + 4.229) .

(41)

The interaction of the third harmonic current and the funda-
mental MMF can eliminate the second-order and fourth-order
torque pulsations. But the above mentioned third harmonic cur-
rent and the third harmonic MMF also can produce a torque
component expressed by

TAB
′

e3rd = −3Pkpsiiq1ψm3 [9.03 + 8.08 sin (6θe + 0.9436)] .
(42)

It can be observed that the electromagnetic torque (42) pro-
duced by third harmonic currents and the third harmonic MMF
consists of an average torque component and a sixth-order torque
pulsation. The peak to peak torque ripple in (30) accounts for
103.3% (i.e., values of ψm1 and ψm3 are referred to Table I)
under just fundamental current injected. After the injection of
third harmonic current, the peak to peak torque ripple is reduced
to 47.6%.
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Fig. 1. Overall control scheme under single-phase open-circuit fault.

2) Under Open-Circuit of Phase A and C: The principle
introduced above is also applied to fault condition of phase A
and C open-circuit, and the injected third harmonic currents
under this fault condition are given by

⎧
⎪⎨
⎪⎩

iB 3 = 0.528kpsiiq1 sin (3θe + 2.513)
iD3 = 3.451kpsiiq1 sin (3θe + 0.866)
iE 3 = 3.451kpsiiq1 sin (3θe + 4.161) .

(43)

Similarly, the interaction of the third harmonic current and
the fundamental MMF can eliminate the second-order and
fourth-order torque pulsations under open-circuit of phase A
and C. But the above mentioned third harmonic current and
the third harmonic MMF also can produce a torque component
expressed by

TAC ′
e3rd = −3Pkpsiiq1ψm3 [3.46 + 3.09 sin (6θe + 0.314)] .

(44)

The electromagnetic torque (44) also consists of an average
torque component and a sixth-order torque pulsation. The peak
to peak torque ripple in (35) accounts for 58.8% under just fun-
damental current injected. After the injection of third harmonic
current, the peak to peak torque ripple is reduced to 14.4%.

IV. EXPERIMENTAL VERIFICATION

A. Control System Configuration

Fig. 1 shows the overall control scheme under single-phase
open-circuit fault. The diagram of the optimum reference cur-
rents in Fig. 1 is given in Fig. 2, and it is constructed according
to the theory introduced above.

The control scheme under double-phase open-circuit fault
is similar to single-phase open-circuit fault. In the case of
double-phase open-circuit, the d–q–0 frame is used instead of
d–q–3–0 frame, so the control variables of third space i3ref , U3
in Fig. 1 can be removed. Fig. 3 shows the schematic of
the optimum reference currents under open fault of phases A
and B.

Fig. 2. Schematic of the optimum reference currents under single-phase open-
circuit.

Fig. 3. Schematic of the optimum reference currents under open fault of
adjacent phases.

Fig. 4. Experimental test platform.

B. Experimental Measurements

In order to verify the suitability of proposed model and pro-
posed algorithm, a test platform has been set up as shown in
Fig. 4. The experiment set is composed of an in-wheel five-
phase PM motor, a five-phase half-bridge inverter, and a dc
generator as the load. The dSPACE1005 controller is utilized
for the implementation of overall control algorithm. Motor pa-
rameters are listed in Table I. The motor torque is measured by
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Fig. 5. Back-EMFs of healthy phases; EMFs are scaled to 10 V/div.

Fig. 6. Torque and currents waveforms before and after third harmonic current
injection under open-circuit of phase A using: (a) LJL criterion and (b) EJL
criterion. Te is scaled to 2 N·m/div, and phase currents are scaled to 5 A/div.

a high precision torque transducer (HBM T20WN/20NM). The
frequency of IGBTs is fixed at 10 kHz, the sample rate of the
current sensor is 10 kHz, and the dc-link voltage is 50 V.

Since the oscilloscope used during the experiment has only
four input channels, there are only four back-EMF curves shown
in Fig. 5. The fast Fourier transform of the measured back-EMF
data is carried out to obtain its frequency components. It is found
that the machine back-EMF contains 20% of third harmonic. So
the value of kpsi used in experiment is 20%.

Fig. 6 shows the torque and phase current waveforms before
and after the injection of third harmonic current under respec-
tively LJL and EJL control criteria when phase A is open-circuit.
The motor is operated at a constant speed of 120 r/min, and the
torque ripple is 53.6% in healthy condition at this speed. LJL

Fig. 7. Waveforms of d–q–3 frame reference and feedback currents after third
harmonic current injection under open-circuit of phase A using: (a) LJL criterion
and (b) EJL criterion.

control is performed in Fig. 6(a). The torque ripple is 75.9%
under the fundamental current and 58.9% under third harmonic
current injection. The torque and phase currents under funda-
mental current and third-harmonic current injection using LJL
criterion has been magnified and shown in Zoom1 and Zoom2.
In Zoom1, the amplitude of phase B is higher than phase C and
D. Fig. 6(b) shows the torque and phase currents, respectively,
under fundamental current and third harmonic current injection
using EJL criteria. The torque ripple is, respectively, 83.1% and
64.6% before and after third harmonic current injection. The
current amplitudes of remaining phases are equal in the Zoom1.
From Fig. 6, it can be seen that the torque ripple can be reduced
successfully by the presented third harmonic currents injection
method under single-phase open-circuit fault.

Fig. 7 shows the reference and feedback d–q–3 currents in an
electrical periodic under phase A open-circuit. It should be noted
the third harmonic current will be transformed to second and
fourth harmonic components by the fundamental reduced order
Park transformation, which is the reason why the d–q–3 frame
currents in Fig. 7 are not a constant quantity but containing
the second and fourth harmonic components. With the same
load, the waveforms of the d-axis and q-axis currents under LJL
control criteria are the same as the currents under EJL control
criteria. The waveforms of i3 under two control criteria are
different. As can be seen from Fig. 7, the d–q–3 frame feedback
currents can track the reference currents accurately.

Fig. 8 refers to the torque and healthy phase currents be-
fore and after third harmonic currents injection under, respec-
tively, open fault of adjacent and nonadjacent phases. The motor
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Fig. 8. Torque and currents waveforms before and after third harmonic current
injection under: (a) open-circuit of phase A and B and (b) open-circuit of phase
A and C. Te is scaled to 1 N·m/div, and phase currents are scaled to 10 A/div in
(a) and 5 A/div in (b).

Fig. 9. Waveforms of d–q frame reference and feedback currents after third
harmonic current injection under: (a) open-circuit of phases A and B and (b)
open-circuit of phases A and C.

operates at a constant speed of 150 r/min. At this speed, the
torque ripple is 35.3% under healthy condition. The torque rip-
ple is 65.3% under fundamental current and 43.2% under third
harmonic current injection, as shown in Fig. 8(a). In Fig. 8(b), it
can be noted that after third harmonic current injection, torque
ripples are reduced to 40.6% whereas approximately 58.4%
under fundamental current. The magnified torque and healthy
currents before and after third harmonic current injection, re-
spectively, are shown in Zoom1 and Zoom2. The amplitude and
phase of the measured currents match the theoretical value.

Fig. 9 shows the reference and feedback d–q frame currents
after third harmonic current injection under, respectively, open
fault of adjacent and nonadjacent phases. The second and fourth
harmonic components of the d–q frame currents are used to
reduce the second-order and fourth-order torque pulsations. As
can be seen from the Fig. 9, the d–q frame feedback currents
can track the reference currents successfully.

From above analysis, it can be noted that the torque rip-
ples cancellation is actually accomplished with the presented
third harmonic current injection. The proposed control scheme
can achieve the third harmonic current injection under postfault
FOC.

V. CONCLUSION

This paper has investigated general postfault control method
for a five-phase PM motor with trapezoidal back EMF under
open-circuit fault. Decoupled motor models at fundamental syn-
chronous rotating coordinate have been derived under, respec-
tively, single-phase open-circuit and double-phase open-circuit.
Based on above models, FOC and carrier-based PWM can be
utilized to operate a faulty motor. The fundamental current cal-
culated by the decoupled motor models under fundamental syn-
chronous rotating coordinate can keep the average torque equal
to that of healthy condition. Due to the third harmonic PM flux
linkages, the second-order and fourth-order torque pulsations
emerge, so the online third harmonic current injection methods
have been proposed to reduce the second-order and fourth-order
torque pulsations. The proposed postfault control method has
been experimentally verified, both results demonstrate that the
proposed postfault control method can achieve the third har-
monic current injection under postfault FOC and torque ripples
cancellation successfully.
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