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Abstract—For dc—dc converters with pulsating output current,
such as boost and buck-boost converters, the use of leading-edge
or trailing-edge pulse width modulation (PWM) can result in dis-
tinctly different behavior. This phenomenon is not readily captured
by the usual averaged model but can be predicted with a discrete-
time model. However, the discrete-time model, which tracks the
dynamics of state variables over a switching period, is usually
more complex and less convenient to apply for the design of the
feedback control. Based on the low-pass characteristics of de—dc
converters, an approximate discrete-time model is proposed in this
paper, and upon transforming to the s-domain, the model results in
transfer functions that can be conveniently used for deriving prac-
tical closed-loop parameters. With the proposed model, the loop
gain, the input and output impedances are derived and analyzed.
The effects of applying different types of PWM on the stability
of a single dc—dc converter and a system of cascaded dc—dc con-
verters are discussed. Finally, prototypes of a buck converter, a
boost converter, and a cascaded system of buck and boost convert-
ers are constructed to verify the effectiveness of the approximate
discrete-time model.

Index Terms—Averaged model, discrete-time model, leading
edge, pulse width modulation (PWM), stability, trailing edge.

1. INTRODUCTION

ULSE width modulation (PWM) has been widely used in

dc—dc converters. According to the form of the triangu-
lar carrier used, the implementation of PWM can be leading-
edge modulation and trailing-edge modulation, as shown in
Fig. 1. For the leading-edge modulation, the switch is turned
OFF at the beginning of each switching period, and the turn-
on time instant is controlled via a feedback arrangement. For
the trailing-edge modulation, the switch is turned ON at the
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Fig. 1. Illustration of PWM showing sawtooth carrier and control signal (up-
per), and resulting pulse-width modulated signal (lower). (a) Leading-edge
modulation. (b) Trailing-edge modulation.

beginning of each switching period, and the turn-off time in-
stant is controlled. In practice, most available PWM controllers
are designed with the trailing-edge modulation. However, the
leading-edge modulation is found to have advantages in some
applications, e.g., in the nonlinear carrier controlled power fac-
tor correction [1], [2]. Besides, in a cascaded converter sys-
tem, the leading-edge modulation is often used together with
trailing-edge modulation to reduce the amount of the ripple cur-
rent in the output capacitor and improve the efficiency [3], [4].
When digital control is applied, both leading-edge and trailing-
edge modulation methods can be implemented through software
programming [5], [6].

It is well known that PWM dc—dc converters exhibit strong
nonlinearity, and modeling the converters are nontrivial. The
averaging technique has been applied for modeling the PWM
dc—dc converters [7] by taking the averaged values of the circuit
variables over a switching period resulting in a continuous-time
model that can be linearized to produce a linear small-signal
model. A few variants of the averaging technique have been
proposed and widely adopted, such as the state-space averaged
model [8], equivalent three-terminal switching model [9], [10],
current injection equivalent circuit approach [11], and canoni-
cal circuit model [12]. The average models are simple, but the
accuracy of the resulting linearized models is usually limited
below one-fifth of the switching frequency. Besides, the av-
eraged model disregards the switching sequence of the PWM
modulation, and thus cannot capture the differences between
leading-edge and trailing-edge modulation.

See http://www.ieee.org/publications_standards/publications/rights/index.html tor more intormation.
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Fig. 2.

To capture the effects of specific PWM, the discrete-average
model can be used [13], in which the expression of the output
voltage is extended from the output voltage before the inter-
section [14], [15]. To be specific, for the leading-edge modu-
lation, the expression of the output voltage is extended from
the turn-off interval, whereas for the trailing-edge modulation,
the expression of the output voltage is extended from the turn-
on interval. Thus, the discrete-average model is capable of re-
flecting the distinction between different modulations. However,
the discrete-average model is still based on the averaging tech-
nique. In fact, the PWM modulator has the characteristics of
nature-sampling systems [16], the small-signal perturbation of
the duty-cycle is an impulse sequence happening at the inter-
section instant [5]. This is the primary cause of the difference
between the leading-edge and trailing-edge modulations. More-
over, the impulse sequence contains sideband components with
the amplitudes being identical to that at the perturbation fre-
quency [17].

Thus, the sideband components would also influence the
small-signal model, and this influence is neglected by the av-
eraging technique. Consequently, the discrete-average model
predicts a higher phase margin of the loop gain, which brings
stability issues for the dc—dc converters [17]. As a result, the
discrete-average model is not accurate for deriving the transfer
function from duty cycle to output voltage, G4.

In the discrete-time model, the key variables are analyzed
by sampling them at a fixed point of every switching cycle,
which contributes to very high accuracy. However, it should be
noted that the choice of the sampling point affects the resulting
form of the discrete-time model and the information it captures.
In conventional discrete-time models [18], [19], uniform sam-
pling is often used, i.e., the sampling instant is the beginning of
each switching cycle. However, for natural sampling, the sam-
pling instants are the instants when the modulation (control)
signal intersects with the sawtooth carrier. To better describe
the characteristics of PWM dc—dc converters, sampling meth-
ods consistent with natural sampling should be used [16], [20].
However, this sampling choice would make the derivation of
control-to-output transfer function, G4, and the associated pa-
rameter expressions very complex and inconvenient to apply for
closed-loop control design. To alleviate this problem, we con-
sider in this paper the discrete-time model with the sampling
instants fixed at the intersections of the control signal and the
carrier, and propose an approximate discrete-time model based
on the inherent low-pass characteristic of dc—dc converters. The
approximate discrete-time model can readily capture the effects

Three basic dc—dc converters. (a) Buck converter. (b) Boost converter. (¢c) Buck—boost converter.

of different modulation methods on the dynamic behavior of
PWM dc—dc converters.

This paper is organized as follows. In Section II, the discrete-
time model with sampling points fixed at the intersecting in-
stants of the control signal and the carrier for both leading-edge
and trailing-edge modulation is analyzed. Then, an approximate
discrete-time model is derived in Section III. Using the approx-
imate discrete-time model, the effects of modulation on dc—dc
converters and systems of cascaded converters are analyzed in
Sections IV and V. To verify the effectiveness of the proposed
model, three prototypes, namely a buck converter, a boost con-
verter, and a cascaded system of buck and boost converters,
are experimentally studied in Section VI. Finally, Section VII
concludes this paper.

II. DISCRETE-TIME MODEL CONSISTENT WITH
NATURAL SAMPLING

A. State-Space Description of Three Basic Converters

Fig. 2 shows the three basic dc—dc converters, namely buck,
boost, and buck—boost converters, where 71, and v, are the in-
ductor current and output capacitor voltage forming the two
state variables, R, is the equivalent series resistor (ESR) of the
output capacitor C, and other components and variables are as
labeled in the diagram.

The standard form of state equation and output equation for
the three converters can be obtained as [8]

d%iw = AjX(t) —+ Bj’l]in(t) (13)
v, (t) = C;x(t) (1b)

where j = 1 for on-time interval, and 7 = 2 for off-time interval.

The state vector x(t) is [v/Liy (t), vCv.(t)]”. The expres-
sions of the system matrices are listed in Table I, where
k = R./(R. + Rrq). Note that (1) is piecewise linear in time.

As seen from Table I, for the buck converter, C; = C,, which
indicates that the output voltage is continuous. In contrast, for
the boost and buck-boost converters, C; # C,, which means
that the output voltage is discontinuous.

B. Discrete-Time Model With Sampling Instants Fixed at the
Intersection Instant

By stacking the solutions of the linear equations in (1) for all
subintervals over one switching period, a difference equation
expressing values of the state variables at ¢ = (n + 1) Ty + Ty,
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TABLE I
SYSTEM MATRICES OF BASIC DC—DC CONVERTERS WITH SUBSCRIPT 1 FOR ON-TIME AND 2 FOR OFF-TIME

Converters A, A, B By C; C,
77?‘ 1 _,RLC _ 1 1 r 17 0
vLC vLC VL R 1 Be 1
Buck k{ L L ] L v 0] R el kvl wd
LC RpqaC vLC RpqaC LV
0 0 [—& ] ML 1 ) H
. vVLC 1 c 1
Boost k|:0 1 :| k S ‘{)f |:\6f:| k[o \/ﬁ] k[ﬁ \/76]
RqC L /LC RygC L -
0 0 (R 17 L] 0
Buck Boost & { 1 } i Ik { ] [0 B] k(L L]
0 RpqaC L VLC RpqaC | L 0] 0
TABLE II

SYSTEM MATRICES OF DISCRETE-TIME MODEL

Matrices Modulations Generic expressions
[ Leading edge eA2(1=Dy)Ts oA Dy T
Trailing edge eA1DyTs gAa(1-Dy)Ts
Tq Leading edge ®[(A;—A2)X[(1 — Dy)Ts] + (By —Bo) Vi, [Ty

Trailing edge PB[(A]—A2)X(DyTy) + (By —Bo)Viy [Ty

in terms of those at t = nTy + T};,, where T}, is the time from
the start of the period to the sampling instant, can be obtained
as

X [(n + 1) TS + Ilp] = eAZ Tsp eAl (T«s _Tsp)X(nTS + Tsp)
T,-T., T,
+ AT / eAlTBlvindT—i-/ 2" Byuy, dr
0 0

Vo _dis (nTs + T’sp) = Cyx (nTs + Tsp)
(2a)
for leading-edge modulation, and

X [(n + 1) T, + T;p] = AT oA (T 7T"P>X(TLTS + Tsp)
T, —Tep Ty
+eri T / eA”BgvindT—F/ AT B vy, dr
0 0

Vo _dis (nTS + T;p) =Cix (nTs + Tsp)

(2b)
for trailing-edge modulation. In our model, the sampling
time Ty, is the instant when the modulation signal intersects
with the carrier waveform. For the leading-edge modulation,
Ty, = (1 — dyn )Ty, whereas for the trailing-edge modulation,
Tsp = dyyT5. Thus, the output voltages of leading-edge and
trailing-edge modulation at Ty, are Cox[nTy + (1 — dyy)T3]
and C,x(nT; + dy,, T), respectively.

By imposing small-signal duty-cycle perturbation on (2), and
then eliminating the quiescent values and ignoring the high order
ac terms, the duty-cycle-to-output-voltage transfer function of
the discrete-time model, G4 _gis (2), using z-transformation can
be obtained as

Gvd,dis (Z) = Cmod(ZI - q))_l]-‘d (3)

where ® and I'y are the system matrices of the discrete-time
model, as shown in Table II. For the leading-edge modulation,
Cuoqa = Cy, and for the trailing-edge modulation, C,,,,q = C;.
Since C; = C, for the buck converter, the expression of

Fig. 3. Schematic diagram of the output terminals of the converters.

Gq.ais(2) of the buck converter using either modulation is the
same.

C. Analysis of the Basic Converters

The output terminals of the buck, boost, and buck—boost con-
verters are shown in Fig. 3, where ¢, denotes the sum of the
output capacitor current and the load current, and the output
capacitor current ¢ is the ac component of 7.

For the buck converter, i, is the inductor current 7r,, which is
continuous. Therefore, both i and output voltage v, are contin-
uous. As a result, the relationship between i¢ and v, remains the
same regardless of the type of modulation. Thus, the duty-cycle-
to-output-voltage transfer function Gyq_qis(2) for the buck con-
verter is unaffected by the use of leading-edge or trailing-edge
modulation.

For the boost and buck-boost converters, 7, is the diode
current ip, which is discontinuous. Thus, ic and v, exhibit
a step change at the turn-on and turn-off instants. According
to the discrete-time model, the output voltages for the leading-
edge and trailing-edge modulated converters are Cox(Ty,) =
kve(Typ) + kR (Tsp) and Cix(Tip,) = kve(Tsp), respec-
tively. Since ir(t) leads v.(t) in phase, the output voltage
in the leading-edge modulated boost or buck—boost converter
has a leading phase angle under the same duty-cycle pertur-
bation. Thus, the duty-cycle-to-output-voltage transfer func-
tion of the leading-edge modulated boost or buck—boost con-
verter Gyq_dis_lead (2) shows a leading phase angle to that of the
trailing-edge modulated converter Gyq_dis_trail (2)-

III. APPROXIMATE DISCRETE-TIME MODEL OF
DC-DC CONVERTERS

The discrete-time model can accurately capture the natu-
ral sampling characteristics of dc—dc converters. However, the
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difference equation given in (3) is too complex to provide use-
ful intuition or insights into the effects of the different types of
PWM on the characteristics of dc—dc converters for the purpose
of closed-loop control design. In this section, an approximate
discrete-time model is proposed, taking into consideration the
inherent low-pass characteristics of dc—dc converters. Since the
dimension of ® is two, (3) can be rewritten as [21]

21— adj (D)

Guaais (2) = Conod ooy — )

L4 “

where adj(.) and det(.) represent the adjoint and determinant
of a matrix, respectively.

Taking the trailing-edge modulated boost converter as an ex-
ample, the derivation of the approximate Gq4_gis(2) is given
below. Normally, in order to maintain a small switching ripple
in the output voltage, the circuit parameters should be chosen
such that the following conditions are satisfied:

RpqC >>T,,L/R. >> T,,LC >> T?. (3)
For the boost converter, e P+ T is calculated as
Ant | " . (©)
0 efD!/T-s‘/(RLrlC)

Using Taylor series and keeping the first-order term on (6),
we have
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Substituting (8) and (9) into the expression of ® shown in
Table II, we have

P — eAlD\,/T‘Q eA2(1*D1/>Ts

R. 1-D,
1-— T (l—Dy>Ts — TCTS
- D,T,\ 1-D, D,T, 1-D,
L (1 - R[:dC) VLC TS (1 B Rll,ldc) (1 o RLdCuVTS)
r R. 1-D,
1 - L (1_Dy)TS mTS 0
~ 1-D, T 1— T (10)
L VLC ¢ Ryra

The inductor current I1, () arrives at its peak value at D, Ty,
and it is expressed as

Vi Vin

—+ —D,T.
(1-D,)’Ruq 2L

yLs-

I (D,T;) = (1)
Since the ripple voltage amplitude of the output capacitor is
much smaller than its dc value, the value of V() at Dy T can

be replaced with the dc value, i.e.,
Vo (DyTs) = Vin /(1 = Dy). 12)

With the results of (11) and (12), X (D, T;) can be approxi-
mated as

‘/il\ ‘/il]
vE (m tar DyTs)

Viy
\/517D,/

According to (10) and (13), an approximate expression of I'q
can be written as (14), shown at the bottom of this page.

X (D,T,) ~ (13)

e DyTs/(RLaC) 1 _ D,T,/(RpaC). (7) Furtherrpore, substitgtion of (10) and (14) into (4) yields
an approximate expression of the duty-cycle-to-output-voltage
- . transfer function of the trailing-edge modulated boost converter.
Substitut f (7) into (6) leads t ’
ubstitution of (7) into (6) leads to Gyd_dis_bst_trail (2), Which is given by (15), shown at the bottom
of this page.
A1D, T o 1 0 . (8) Noted that (15) is expressed in the z-domain. For convenience
0 1-D,T;/(RraC) of application in control design, it is desirable to express (15)
in the s-domain. Using Padé transformation, for the operating
Similarly, e*2(1=P»)T: can be approximated to frequepcy range bplow half of the s.w1tch1ng frequency f;, the
following approximate transformation between the z-domain
D and the s-domain can be applied:
1-50-D), 5B, 2

oAz (1-D,)T, ©) 1+ 0.58T, + (*Lv)
1D, - | _ 1D, z R VR (16)

VIO ©$ T RL.C s 1—0.5sT + ( 775 )

VL R, R.\? (1-D,)T; 1 R,
(1-Dy)*Ria [L - ( L ) (1=Dy)Ts + —& } + (1-D,)VL (1 -7 (- Dy)TS)
Lq = Vin T (14)
1 Ro(1 _ T, T,
ey [—1 + 81— DT, + Rde} +,0
‘/;nTs |:(Ts - 7L2 ) (Z — 1) + TS:|
: 1-D,)? Ry

Gvd,dis,bst,trail (Z) ~ ( ) fa (15)

LO(z — 1) + {RCC(l —D,)T. + RLT} (z—1)+[(1 - D,)T.]?
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Putting (16) in (15), and upon simplification, we get an
approximate duty-cycle-to-output-voltage transfer function for
the trailing-edge modulated boost converter in the s-domain,
Gvd_dis_bst_trail (8), as shown in (17) shown at the bottom of this
page.

Based on (5), the coefficient of s? term in the denominator of
(17) can be approximated as the following equation:

1 R, 1 1 2
12((1Dy)L+M)T*+(4+7T2)
(1-D,)7 ,
— =T ~ 1. 1
x LC 8 (18)

Letting s = jw, for the frequency range below f; /2, the coef-
ficients of the s and s* terms in the denominator of (17) satisfy
the following inequalities:

T? R, 1 (1-D,) f
= [ (1-D,)=< - YT ) W
2 <( T A e Ry yo Rkl I
2 R 1 1-D,)*
<2<(1 Dy) R“C _{ LCy) T, | (0.5w,)w?
1 : T, 1—-D,)°
:W<(1—Du)RCT +R&C ( LCy) Tg)w << w?
Ld
(19)
T (1-D,)* , T/ (1-D,)> 2 2
WTTW < FT(O&UQ) w
T2 (1 - D,)*
:?;7( LCJ) P <<’ (20)

As shown in (19) and (20), the s and s* terms are relatively
small compared with the s2 term, and thus can be omitted.
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Finally, the expression of the duty-cycle-to-output-voltage
transfer function, Gyd_qis_bst_trail (S), can be simplified as (21)
shown at the bottom of this page.

Following the same procedure, the duty-cycle-to-output-
voltage transfer function, G (s), for all basic converters using
the trailing-edge and leading-edge modulation can be derived,
as shown in (22)—(24) as shown at the bottom of this page, where
subscripts “bu”, “bst,” and “bb” denote buck, boost, and buck—
boost converter, subscript “dis” denotes discrete-time modeling,
and m is 1 for leading-edge modulated converters, and is O for
trailing-edge modulated converters.

As expected for the buck converter, which is not affected by
the type of modulation, the expression of G\ q_qis_bu($) shown
in (22) makes no distinction of leading-edge or trailing-edge
modulation.

To verify the validity of the proposed approximate modeling
method, the Bode diagrams of G4 before and after application
of the proposed approximation are shown in Fig. 4, where the cir-
cuit parameters of the three converters are given in the Appendix.
From Fig. 4, the Bode plots of the approximate transfer func-
tions match well with the original ones (without approximation)
up to half of the switching frequency, confirming the validity of
the approximate discrete-time modeling method. Meanwhile, it
is observed that for the buck converter, G4 is independent of
the modulation, whereas for the boost and buck—boost convert-
ers, the leading-edge modulation clearly causes a phase lead in
Gyq as compared to the trailing-edge modulation, as shown in
the Bode plots of Gyq_jeaq and Gyq_trail-

IV. STABILITY ANALYSIS OF DC-DC CONVERTERS WITH
LEADING-EDGE AND TRAILING-EDGE MODULATIONS

From (23), the duty-cycle-to-output-voltage transfer func-
tions of the leading-edge and trailing-edge modulated boost

Gvd,dis,bst,trail (S)

sT 2 sT, 2
- 7! (1-D,)* T2 j 1-D,)’
LC 7‘_1 ( LC) st + o ((1 _Dy)lz + oy redn ( LC) Ts) 83
R, 1-D, 2 R. 1-D, 2 1-D, 2
+[1—%((1—Dy) ! +—Rl}dc)Ts+(i+w%)7< -D,) Tf] s? + {(1—Dy) . TS} s+ D)
(17)
r b sT, \2
Vi, 2] 1+s(- +05(1-D)T.) + (L)
Gvd_disbst_trail (8) = IC 1—0.58T + <s7r( > . ; -0, ) Rra . D7 o 1)
L | s2+s {(1—Dy)f“+ yoyvelimiy ol TS} + &
i 1 ) 2
Vin T,\*| 1+s(CR.+0.5Ty) + (L
Gyd_disbu(s) = 76 1—0.55T, + (S : ) ( ) T () 1 22)
Vs s
L -82+8( +erc_LC)+ﬁ
_ _ - i ST\ 2
G ‘/in 1 T Sﬂ : 1+s ( CR(’ + D T) - (lvaL)zRLd + i D29>T>:| + (%) 23
- - + R LC s T
r 7 y Py )ls 5T, \2
V;n sT ’ 1+S{ ( Y ) (1—DD‘)€RL1+(1D?)T:|+(7{)
Craisn(8) = 75 |1 = 05T + < . > D) L (24)
L | s2+s {(1 — D)8+ e — Ie Ts] + &
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for (a) buck converter, (b) boost converter, and (c) buck—boost converter.
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Fig. 5. Bode diagrams of duty-cycle-to-output-voltage transfer function
Gyd_dis_bst (8) of boost converters at different loads.

converters differ mainly in the numerator term, i.e.,
CR,
1+s|m 3 +
1 (1 -D Yy ) Ry 2

-D,
2 2
sT, 2¢sT ST
+ ( > RGN ( ) :
™ s ™
Comparing with the standard quadratic expression, the damp-
ing ratio ¢ can be identified as

L (1-D,) T,

+DyTs> -

(25)

= fm( e n) L 1D
2 (17D?/)T9 ’ (I_Dy)QRLde 2
(26)

Note that when ¢ < 0, the zeros of (25) are on the right
half-plane, which introduces a phase lag at high frequencies,
and the smaller the (, the larger the phase lag. This phase lag
would affect the stability of the converter. As seen from (26), it
can be found that ¢ in the leading-edge modulated converter is

Bode diagrams of duty-cycle-to-output-voltage transfer function G+ q_qis (), before and after application of approximate discrete-time modeling method
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Fig. 6. Bode diagrams of loop gain Tg;s_pst (s) for boost converter using the

controllers of Floaq(s) and Fipai ().

larger than in the trailing-edge modulated converter. Thus, the
boost converter has improved stability when the leading-edge
modulation is adopted, as illustrated in Fig. 4(b).

Fig. 5 gives the Bode diagrams of Gq_gis.bst(s) for the
leading-edge and trailing-edge modulated boost converters un-
der different load conditions. As seen, ¢ decreases as the load
becomes heavier. Therefore, to guarantee a sufficient stability
margin of the boost converter, the controller should be designed
at full load.

Since the approximate discrete-time model has been trans-
lated to the s-domain, the closed-loop design can be ac-
complished using any standard control design procedure
[22]-[24], and will be omitted here. For the same cutoff fre-
quency and phase margin, the closed-loop control parameters
for the leading-edge and trailing-edge modulated converters are
different. By setting f. at 2 kHz, and the phase margin as 45°,
the controller for the leading-edge modulated converter Fie,q(s)
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is designed as

21 1004
Fiesa (s) = <4.375+ 390> 5+ 10048

27
54 15700 @7)

Likewise, the controller for the trailing-edge modulated con-
verter Fi,aii(s) is

s+ 2413
s+ 65400

(28)

2512.7
Firan(s) = (20.8 + >

S

To investigate the effect of PWM on the stability of the con-
verters, we use the same set of closed-loop parameters in our
analysis. Fig. 6 shows the loop gain of the boost converter
with different control functions. As seen from Fig. 6, when
adopting Fle.q($), the boost converter is stable under leading-
edge modulation, but becomes unstable under trailing-edge
modulation. Moreover, as seen from Fig. 6, when adopting
Firain(8), the boost converter is stable under both leading-edge
and trailing-edge modulation. Also, the boost converter under
leading-edge modulation is more stable, as evidenced by the
larger phase margin.

V. ANALYSIS OF INPUT AND OUTPUT IMPEDANCES UNDER
DIFFERENT TYPES OF PWM

A. Closed-Loop Input and Output Impedances Based on the
Approximate Discrete-Time Model

The open-loop input impedance of a dc—dc converter is de-
fined as the ratio of the small-signal input voltage to the small-
signal input current at constant duty cycle. The open-loop output
impedance is the ratio of the small-signal output voltage to the
small-signal output current at constant duty cycle. Since the duty
cycle is the same regardless of the type of PWM used, the open-
loop impedances are independent of the modulation method
and the average technique suffices in deriving the open-loop
impedances [8]. Specifically, the open-loop input impedance of
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the basic converters is of the following form:

Ryq LOS* + (RcC + RL“) s+1
M? 1+ RpaCs

where M represents the voltage transfer ratio which is equal
to Dy, 1/(1 — Dy), and Dy /(1 — Dy) for the buck, boost, and
buck—boost converters, respectively.

The open-loop output impedance of the buck converter is
expressed as

Zin (8) =

(29)

sL+ s*LCR,
L

Zo,bu (5) - (30)

LC's?

and the open-loop output impedances of the boost and buck—
boost converters share the same expression, i.e.,

Zo,bst (5) == Zo,bb (5)
s’LCR, +5L+sR2C( D,)D, + ( Dy)Dy
LOs2 + (1= D,)R.C + 7] s + )?

€19

Using the approximate discrete-time modeling method and
(29), the closed-loop input impedance can be found as [25]

1

M2 Tais(s) 1 1
Ry 14+Tqis(s) Zin (8) 1+ Tuais ()

Zine (5) =

(32)

where Tyis is the loop gain derived from the approximate
method. Furthermore, the closed-loop output impedance is ob-
tained as

Zo(8)

Zoe(s) = 1T+ Tu(s)

(33)

B. Stability of Cascaded Systems

According to the stability criterion for cascaded converter
systems [25], [26], if both the source converter and the load
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Fig.9. Experimental waveforms of buck converter with (a) leading-edge mod-
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converter are stable individually, the cascaded system is stable if
the ratio of the source converter’s output impedance Z,,..(s) and
the load converter’s input impedance Zi,.(s), Zoc(8)/Zinc(8),
satisfies the Nyquist stability criterion in the entire frequency
range. From (32) and (33), it should be clear that the differ-
ence in Gyq_qis (s) for the leading-edge and trailing-edge mod-
ulated converters will make the closed-loop input and output
impedances different for the two modulation cases. Thus, the
type of PWM used will affect the stability of the cascaded sys-
tem. For the purpose of illustration, we take a cascaded system
consisting of a boost converter and a buck converter as an exam-
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ple. The parameters of the buck and boost converters are given
in the Appendix.

Generally speaking, the load converter can be regarded as a
constant power load, and its closed-loop impedance behaves as
a negative resistor [25], which is not affected by the type of
PWM used, i.e.,

Zine (8) = —Rpq/ M*. (34)

As a result, only the effect of PWM on Z,.(s) of the source
converter is significant and should be considered. Since the peak
value of Z,. appears around the cutoff frequency [27], its value
can be expressed as

. | Z,(j2rf.)
| Zoe (527 fe)] = ‘%W?Tﬂ)

. |Zo(j27rfc)‘
|1 — cos(PM) — j sin(PM)|

— |Z0(]27Tf(‘)| (35)

/2 — 2cos(PM)

Obviously, there is a negative correlation between
| Zo.(j27 f. )| and the phase margin. Based on the analysis above,
with the same controller, the trailing-edge modulated boost con-
verter has alower phase margin than the leading-edge modulated
case. This gives a higher peak value of Z,. t,.i1, meaning that
the converter is less stable if the trailing-edge modulation is
adopted for the source converter.

Let the control function be Fy (s), which is specifically de-
signed as

s+ 7815
s+ 31570°

Fhse(s) = (12.18 + (36)

19130 >
With this controller, the boost converter is stable under both
leading-edge and trailing-edge modulations. Moreover, the buck
converter employs the trailing-edge modulation, and the control
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function is given by
352955
Fyu(s) = (59.4+ S >

Fig. 7 gives the Bode diagrams of Zi,,c 1 (s) and Zy. pst ($) at
20% load and full-load conditions, respectively. As shown here,
when the leading-edge modulation is adopted for the source
boost converter, Z,¢ bst_lead ($) and Zinc_pu ($) do not intersect at
either light load or full load. When the trailing edge is employed
for the boost converter, Zyc bst_trail ($) and Ziye by ($) intersect
at 2.5 kHz with a phase difference exceeding 180° under full-
load condition, but do not intersect at 20% load. Therefore, the
cascaded system is predicted to be stable if the leading-edge
modulation is used in the boost converter, but is unstable at full-
load condition if the trailing-edge modulation is applied, and
the system will oscillate at a frequency of 2.5 kHz. Clearly, the
type of PWM adopted will impact the stability of the cascaded
system. With the same controller, it is more beneficial for the

s+ 6447
s+ 116100°

(37)
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cascaded system to adopt the leading-edge modulation in its
source converter.

VI. EXPERIMENTAL VERIFICATION

Three prototypes, namely a buck converter, a boost converter,
and a cascaded system of buck and boost converters, are con-
structed for verification of the proposed modeling method. The
circuit parameters are shown in the Appendix, and all the con-
trollers are implemented with analog circuits.

A. Experimental Results of Buck Converter

Fig. 8 shows the Bode diagrams of the calculated (from
the model) and measured duty-cycle-to-output-voltage transfer
function Gy q_gis_bu- The close resemblance of the calculated and
measured results verifies the validity of the model. Furthermore,
the results verify that the type of PWM used does not affect the
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duty-cycle-to-output-voltage transfer function, as predicted by
the model.

Taking F,, (s) in (37) as the control function, the experimen-
tal steady-state waveforms of the leading-edge and trailing-edge
modulated buck converters are given in Fig. 9. Obviously, the
converter is stable with either modulation methods, consistent
with the analysis.

B. Experimental Results of Boost Converter

Fig. 10 shows the Bode diagrams of the calculated and mea-
sured duty-cycle-to-output-voltage transfer function Gyq_qis_pst -
Again, the close resemblance of the calculated and measured re-
sults verifies the proposed modeling method. Moreover, it can
be observed that the phase of the trailing-edge modulated con-
verter lags that of the leading-edge modulated converter’s, which
is consistent with our analysis.

Taking Fle.q(s) as the control function, the experimental
steady-state waveforms at 20% load and full load are shown
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in Figs. 11 and 12, respectively. Here, the boost converter is
stable with either PWM methods at 20% load, but oscillates at
full load when the trailing-edge modulation is adopted.

Taking F},.i(s) as the control function, moreover, the ex-
perimental steady-state waveforms at 20% load and full load
are shown in Figs. 13 and 14, respectively. As seen, the boost
converter is stable at any load regardless of the type modulation
adopted.

The experimental results shown in Figs. 11-14 are in good
agreement with the analysis, validating the proposed approxi-
mate discrete-time modeling method for predicting stability of
the boost converter.

C. Experimental Results of Cascaded System of Boost and
Buck Converters

Experimental results for a cascaded system consisting of a
boost converter and a buck converter are shown in Figs. 15 and
16. We see that the cascaded system is stable when the boost
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converter adopts the leading-edge modulation (see Fig. 15), and
it becomes unstable at full load when the boost converter adopts
the trailing-edge modulation (see Fig. 16), and the oscillation
frequency is 2.6 kHz, which is consistent with the analysis.

VII. CONCLUSION

The discrete-time model can accurately capture the effects
of PWM on the behavior of dc—dc converters, but the method
generally results in rather complex forms of transfer functions in
the z-domain, which are not convenient to apply in closed-loop
control design. In view of the low applicability of the discrete-
time model, we propose in this paper an approximate discrete-
time modeling method based on the low-pass characteristics of
dc—dc converters, and convert the relevant transfer functions to
the s-domain, which can be readily and conveniently applied in
the closed-loop control design. Using the proposed model, we
show that the buck converter is unaffected by the type of PWM
used. Moreover, for the boost and buck—boost converters, the
phase margin of the loop gain is wider when the leading-edge
PWM is used. Furthermore, the effect of the use of leading-edge
or trailing-edge PWM on the input and output impedances is
analyzed. It is found that for a cascaded system of converters, the
use of leading-edge PWM in the source or upstream converter
offers the advantage of improved stability.

APPENDIX

For the buck, boost, and buck—boost converters in this paper,
the rated output power P, = 500 W, the switching frequency
fs = 100 kHz, the amplitude of sawtooth carrier V;, = 1.75V,
and the voltage feedback coefficient H = 0.05. The other main
circuit parameters of these three converters are given in Ta-
bles A1-A3.

TABLE Al
PARAMETERS OF THE BUCK CONVERTER

Parameter Symbol  Value Parameter Symbol Value
Input votlage Vin 80V Output capacitor C 220 uF
Output voltage Vo 54V Capacitor ESR R, 10 mQ2
Inductor L 95 uH

TABLE A2

PARAMETERS OF THE BOOST CONVERTER

Parameter Symbol  Value Parameter Symbol Value
Input votlage Vi 36 V. Output capacitor C 300 uF
Output voltage Vo 80V Capacitor ESR R, 0.1Q
Inductor L 95 uH

TABLE A3

PARAMETERS OF THE BUCK-BOOST CONVERTER

Parameter Symbol  Value Parameter Symbol  Value
Input votlage Vi 36 V. Output capacitor C 470 puF
Output voltage Vo 80V Capacitor ESR R, 68 m$2
Inductor L 60 uH
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