7148

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 33, NO. 8, AUGUST 2018
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Abstract—This paper introduces a new analysis approach to
modeling resonant converters that can be used to determine closed-
form expressions for the exact resonant network waveforms. This
approach, based on superposition of step responses to inverter and
rectifier imposed steps, can easily be applied to resonant converters
with high-order resonant networks, multiple inverters, and/or rec-
tifiers. The usefulness of the proposed analysis approach is demon-
strated first by applying it to a series-resonant converter, wherein
it is used to determine accurate closed-form expressions for its
tank current in different operating modes. These expressions are
utilized to draw insights that help identify the converter’s oper-
ating mode, and determine associated expressions for its output
voltage and the switching frequency required to achieve a desired
output power. The proposed approach is also applied to the multi-
inverter multi-element impedance control network (ICN) resonant
converter, wherein it is used to derive closed-form expressions for
the converter’s currents. These expressions are utilized to evaluate
the behavior and optimize the design of an ICN resonant converter.
A prototype 200-W 500-kHz ICN resonant converter optimized us-
ing the proposed approach is used to validate the modeling results.
It is shown that there is an excellent agreement between the exper-
imental and modeled waveforms during steady-state operation as
well as during startup transients.

Index Terms—High-order resonant network, impedance control
network (ICN), resonant converter, startup transient modeling,
steady-state modeling, step superposition (S2).

I. INTRODUCTION

ESONANT converters are typically analyzed and de-
R signed using fundamental-frequency analysis [1]-[3],
wherein network waveforms are approximated by their fun-
damental components and switching frequency harmonics are
neglected. This modeling method simplifies the design of reso-
nant converters as it converts the nonlinear power converter into
an approximately equivalent linear circuit. However, this ap-
proach becomes inaccurate when the converter tank waveforms
are significantly nonsinusoidal, as is often the case when the
quality factor (Q) of the resonant network is low. More accurate
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modeling approaches that consider higher order harmonics in
the resonant network waveforms have also been proposed [4];
however, these approaches are limited in their accuracy by the
number of harmonics considered, and become analytically in-
tractable and computationally intensive when a large number
of harmonics are included. There are two related general ap-
proaches for exact analysis of resonant converters: state-space
analysis and state-plane analysis. State-space analysis identifies
the operating modes of a resonant converter over one switching
cycle, and solves the state vectors recursively from one mode
to the next [5]-[12]. State-space analysis is an accurate and
general approach to the analysis of resonant converters, but it
requires complicated and time-consuming matrix computations.
On the other hand, state-plane analysis converts the time-domain
analysis of resonant converters to geometrical analysis, where
tank waveforms are described using segments of circles, lines,
or ellipses [13]-[22]. Through such graphical representations,
state-plane analysis simplifies the exact analysis of complicated
resonant tank behavior. However, its application is practically
limited to simple resonant converters (e.g., with up to two or
three tank elements). To analyze high-order resonant convert-
ers with multiple tank elements, this method needs to employ
complicated higher dimensional or multiple 2-D state planes
[20], and becomes difficult to use. Furthermore, both of the
aforementioned exact modeling approaches require finding all
the operating modes of the resonant converter, which is not
straightforward particularly for high-order resonant converter
topologies with multiple inverters and/or rectifiers [23]-[38].
Therefore, there is a need for an exact yet general and easily
applicable method for modeling topologically advanced high-
order resonant converters.

This paper introduces a new analysis approach to modeling
resonant converters that can be used to determine closed-form
expressions for the exact resonant network waveforms. This ap-
proach, based on superposition of step responses to inverter and
rectifier imposed steps, can easily be applied to resonant convert-
ers with high-order resonant networks, multiple inverters, and/or
rectifiers. The usefulness of the proposed analysis approach is
demonstrated first by applying it to a series-resonant converter
(SRC), wherein it is used to determine accurate closed-form ex-
pressions for its tank current in different operating modes. These
expressions are utilized to draw insights that help identify the
converter’s operating mode, and determine associated expres-
sions for its output voltage and the switching frequency required
to achieve a desired output power. The proposed approach is also
applied to the multi-inverter multi-element impedance control
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Fig. 1. Voltage-fed voltage-loaded dc—dc resonant converter: (a) General ar-
chitecture and (b) proposed analysis method using a S2 model. In the proposed
approach, the inverter output voltages and rectifier input voltages are modeled
as rectangular-wave sources, which are further modeled as series of time-shifted
positive and negative steps.

network (ICN) resonant converter [31]-[38], wherein it is used
to derive closed-form expressions for the converter’s currents.
These expressions are utilized to evaluate the behavior and op-
timize the design of an ICN resonant converter. The modeling
results are validated using a 200-W 500-kHz ICN resonant con-
verter optimized using the proposed approach. It is shown that
there is an excellent agreement between the experimental and
modeled waveforms during steady-state operation and during
startup transients. This study expands on an earlier paper [39]
through additional modeling results, analysis, and discussion.

The remainder of this paper is organized as follows: Section II
describes the proposed step-superposition (S2) analysis ap-
proach. Section III applies the S2 analysis to an SRC. The class
of converters to which S2 analysis is applicable is identified in
Section IV. Section V applies S2 analysis to an ICN resonant
converter. Finally, the conclusions of the paper are summarized
in Section VL.

II. STEP-SUPERPOSITION (S2) ANALYSIS

The general architecture of a voltage-fed voltage-loaded dc—
dc resonant converter is shown in Fig. 1(a). This architecture
comprises an inversion stage with one or more inverters, a trans-
formation stage with a resonant network, and a rectification stage
with one or more rectifiers. In the proposed analysis approach,
the inverter output voltages and rectifier input voltages are mod-
eled as rectangular-wave sources, as shown in Fig. 1(b). The
response of the resonant network is obtained for each source,
with the other sources set to zero. To compute this single-source
response, the rectangular-wave source is further decomposed
into a sum of time-shifted positive and negative steps. The tank
response to each step is obtained and summed to get the full
single-source response. Finally, all the single-source responses
are superposed to obtain the complete response of the reso-
nant network in the presence of all inverter and rectifier sources.
Note that the summation of steps and superposition of responses
are performed under the implicit assumption that the resonant
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Fig. 3. (a) Equivalent model of the full-bridge SRC of Fig. 2 and (b) wave-

forms of the inverter output voltage v and rectifier input voltage v, when the
converter operates in the k = 0 CCM mode.

network is linear time invariant (LTI). In view of the salient fea-
tures of this approach as described above, it is termed as step-
superposition (S2) analysis. While explained here in the context
of a voltage-fed voltage-loaded resonant converter architecture,
S2 analysis is applicable to a broader range of converter archi-
tectures, including current-fed and/or current-loaded converters.

III. APPLICATION TO SRC

To better understand the S2 analysis approach, the simple ex-
ample of a full-bridge SRC is considered. The converter topol-
ogy is shown in Fig. 2. The SRC can operate in different modes:
an above-resonance mode and several below-resonance modes.
In this section, S2 analysis is applied to two example modes of
the SRC to demonstrate its usefulness.

A. SRC Operating in Above-Resonance Mode

In this section, the SRC of Fig. 2 is assumed to be switching
at a frequency higher than the resonant frequency of the series-
resonant tank (that is, according to the terminology defined in
[40], the k = 0 continuous-conduction mode (CCM)), with the
inverter transistors operating at 50% duty ratio. Fig. 3(a) shows
the equivalent model for the converter of Fig. 2 with the two
voltages imposed on the resonant network—the inverter output
voltage v; and the rectifier input voltage v, of Fig. 2—modeled
by square-wave sources. The resistor R in Fig. 3(a) models the
losses associated with the inverter and rectifier transistors, the
inductor, and the capacitor. The inverter output and rectifier
input voltages (v; and v;) of the SRC are plotted in Fig. 3(b).
As can be seen, the rectifier input voltage v, lags the inverter
output voltage v; by time 7}. This time lag arises when the SRC
operates in the above-resonance mode, in which the resonant
tank current i lags the inverter output voltage v;. Since the
rectifier switches commutate at the zero crossings of the tank
current, the rectifier input voltage v, also lags the inverter output
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voltage v; by the same amount. The inverter input and rectifier
output voltages can be decomposed into a sum of time-shifted
positive and negative steps, as given in (1) and (2) shown at the
bottom of this page. Here, V| i, is the voltage at the output of
the inverter and V; i is the voltage at the input of the rectifier
before the converter is turned on, time ¢ is taken to be zero
when the converter is turned on, 7§ is the switching period of
the converter, K(=1,2,3...) is the number of the switching
cycle of interest (the Kth switching cycle), and 7} is the time
elapsed within the switching cycle of interest. The relationship
between ¢, ., and K is given by

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 33, NO. 8, AUGUST 2018

inverter output voltage, and 2Voyr when the step is in the recti-
fier input voltage. Each step in the inverter output voltage v; and
rectifier input voltage v, givenin (1) and (2) excites a response in
the tank current of the form given in (4). The components i; and
i of the tank current i generated by the two voltage sources v
and vy, respectively, can be obtained by adding these individual
step responses, as given in (5) and (6) shown at the bottom of this
page. The summations in (5) and (6) can be simplified using Eu-
ler’s identity, trigonometric identities, and geometric series anal-
ysis, as described in Appendix A, to yield a closed-form expres-
sion for the steady-state tank current i () = i,(¢) + i>(¢), where

t}( =1— (K - 1) T.v~ (3) msin(u)dz;( 1zudTS) 0<t. < T
w0 VS lk
Under the condition that the resonant tank of the SRC is i (t) = b dcos( 247 ) ? 7)
lightly damped, that is, R < 2\/% , which is typically true for ﬁmg«“”(T—(ﬂ“’Sfﬁ, L<tp <y
cos( 4%
a highly efficient converter, the response of the resonant tank !
current to a step in the inverter output or rectifier input voltage ir(t) =
C o
is given by § _% sin( wdzlios(w:TT +wdT,0)’ 0< th T
istep(t) = —¢ ™ sin wyt “) _ Vour sin(waty — 1 0a Ty —wa Tro) T <1 T T,
de wqL 2cos "’d’f > Ar0 = z‘K < T+ 2 . (8)
where o = £, w; =/ % — (%)2, and V, is the magnitude t’EULT sin(— “’d;ﬁ w:TT J””"T’”), To+L <ty <T,
of the voltage step, which equals 2Viy when the step is in the cos(242 )
Vl,ini_(VIN+V1 1n1)u(t)+zm ()ZVINM( +mT) 0<t. < T
o —Z 2V1Nu (tK — —+mT) ok 2 0
V1 =
Vi — (Vin+ Vi lnl) u(t)+ Y K2 2Viu (ty +mTy) Lo o7
’ — 'K s
—Zm 02V[NM(IK —‘+mT) 2
Vaini — (Vour + Vaimi) u (t — Tr0) + > 2Vouru (tk = Too+ mTy) 0<i <T
, 0= 0
_Zr’rf—ll 2Vouru (l‘}( — T — L + mT) K '
Voini — (V4 + Vi u(t —T,) + 2Voutu (ty — Trg + mT;
v (t) _ 2,ini ( ouT 21nl) ( 0) Zm =0 ouT (K 0 )’ T < t;( < T+ % (2)
— >R 2Vouru (ty — Tro — L +mT)
Vaini — (Vour + V2 ini) u(t —Tro) + Yk —5 2Vouru (tk = Tro+ mTy) To+ L% <t <T,
—Zm —o 2Vouru (IK T — % +me) s 2ok '
Vi Viini) -« —1 .
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Fig. 4. S2-modeled tank current waveform of the SRC i(7) and its two com-
ponents i1 (¢) and i»(¢), with the converter operating in steady state in the above-
resonance mode (k = 0 CCM) at 100-V input voltage and 50-V output voltage.
The values of the tank components are L = 100 uH and C = 1.0132 nF. The
tank resonant frequency is 500 kHz and the switching frequency is 505 kHz.

Since the initial step responses at the beginning of the con-
verter’s operation die out in steady state, (7) and (8) are inde-
pendent of initial voltages.

The time lag of the rectifier (7,¢) can be obtained using the
fact that at the time instant 7, = T}, the rectifier switches com-
mutate and the tank current is zero. Solving (7) and (8) under
the condition that the tank current i(t) = i;(¢) + i»(t) = 0, the
rectifier time lag 7, can be expressed as

in [ — Your oin (@dlc Ty
arcsm( . sin (24 )>+

To = 9)

Wq

The above application of S2 analysis pertains to the steady-
state operation of the SRC. However, S2 analysis is a general
method that can be used to compute the startup transients of a
converter as well, as will be shown in Section V.

The SRC of Fig. 2 is evaluated using S2 analysis for an in-
put voltage of 100 V, an output voltage of 50 V, an inductance
L =100 uH, and a capacitance C = 1.0132 nF, resulting in
a resonant frequency of 500 kHz. The inverter transistors are
switched at a frequency slightly higher than the resonant fre-
quency, at 505 kHz. The S2-modeled steady-state tank current i
in this above-resonance mode and its two components i and i,
as given by (7) and (8) are shown in Fig. 4. As can be seen, the
component i; of the tank current lags the inverter output voltage
vy by approximately 90°. This is because i; is determined by set-
ting the rectifier input voltage v, to zero. Under this condition,
the inverter is loaded only by the series-resonant tank, whose
impedance when operating above resonance is almost purely
inductive (with a small resistive component due to losses). A
similar analysis can be used to show that the component i, of
the tank current leads the rectifier input voltage v, by nearly
90° in the above-resonance mode, as also evident in Fig. 4. The
S2-modeled tank current i is also compared with simulations
performed in LTSpice. The modeled and simulated tank current
waveforms are shown in Fig. 5. As can be seen, the modeled
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Fig. 5. Comparison of S2-modeled and LTSpice-simulated steady-state tank
current waveforms of the SRC operating in the above-resonance mode (k = 0
CCM) with the same input and output voltages, component values, and switching
frequency as in Fig. 4.
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Fig. 6. Waveforms of the inverter output voltage v; and rectifier input voltage
vy of the SRC of Fig. 2 when the converter operates in the k = 1 CCM mode.

tank current matches its simulated counterpart to a high degree
of accuracy.

B. SRC Operating in Below-Resonance Mode

In this section, S2 analysis is applied to the SRC of Fig. 2
operating in a below-resonance mode. Without loss of gener-
ality, we consider the most commonly used below-resonance
mode: the k = 1 CCM mode, where the switching frequency f
is lower than the resonant frequency fy, but higher than fy/2
[40]. The inverter output voltage v; and rectifier input voltage v,
in this below-resonance mode of the SRC are plotted in Fig. 6.
In this mode, the resonant tank current leads the inverter out-
put voltage; therefore, the rectifier input voltage also leads the
inverter output voltage, which is equivalently represented by a
time lag 7, larger than half the switching period 7;/2 in Fig. 6.
The inverter output voltage v; in this below-resonance mode is
the same as that in the above-resonance mode, and is given by
(1). The rectifier input voltage v, in the below-resonance mode
now has a time shift of 7,; with respect to the inverter output
voltage, and is given by (10) shown at the bottom of the next
page. The component i; of the tank current resulting from the
inverter output voltage v; in the below-resonance mode also
remains the same as in the above-resonance mode, and is given
by (5) and (7). The component i, of the tank current resulting
from the rectifier input voltage v, in the below-resonance mode
is given by (11) shown at the bottom of the next page. Using the



7152

simplification approach given in Appendix A, the component i,
of the tank current in steady state can be expressed as

ir (1) =

; /.3
Vour sm(wdtK-&-‘ wyTs a)dT,l) , T,
T wgL wogTs ’()Stl(<Tr1_7v
d 2cos( )
_ Vour sin(—wqty — 104 Ti+waTr1) I /
gL 2 cos( 245 s Tny 2 Slg < T . (12)
S\T4

. |
Vour sm(a)dt}( — i Ts—wq T,l)
wqL 2cos(w"r‘)

P Trlft;(<Ts

Again, the complete tank current is given by i(z) = i;(¢) +
i»(1). Since the tank current is zero at the rectifier commutation
instant (¢t = 7,1), the time lag 7}, of the rectifier input voltage
in the below-resonance mode can be found using (7) and (12)
by applying the condition that i(¢) = i,(¢) + i»(f) = 0, and is
given by

: Vour oin ((@aTs 3waTy
arcsin (_V[N sin (22 )) + 2l
Wq

The S2-modeled steady-state tank current of the SRC of
Fig.2,i(t), and its two components i1 (¢) and i>(¢) as given by (7)
and (12), when operating in the below-resonance mode with the
same input voltage, output voltage, and tank component values
as those considered in the above-resonance mode, but with the
switching frequency now reduced below resonance to 490 kHz,
are shown in Fig. 7. As can be seen, in this below-resonance
mode, the component i; of the tank current leads the inverter
output voltage v; by nearly 90°. Similar to the discussion for
the above-resonance mode, this phase relationship between i;
and v in the below-resonance mode arises because, with v, set
to zero, the inverter is loaded only by the series-resonant tank,
whose impedance when operating below resonance is almost
purely capacitive. A similar analysis shows that the component
i» of the tank current lags the rectifier input voltage v, by ap-
proximately 90° in the below-resonance mode, as also shown in
Fig. 7. The S2-modeled tank current waveform is also compared

T = 13)

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 33, NO. 8, AUGUST 2018

20§

100

Current [A]

Voltage [V]

=20t A . —-100
Time [ps]

Fig. 7. S2-modeled steady-state tank current waveform of the SRC i(¢) and
its two components 71 (¢) and i»(¢), while operating in a below-resonance mode
(k = 1 CCM) with 100-V input voltage and 50-V output voltage. The values of
the tank components are L = 100 uH and C = 1.0132 nF. The tank resonant
frequency is 500 kHz and the switching frequency is 490 kHz.

with its LTSpice-simulated counterpart, as shown in Fig. 8. It can
be seen that the S2-modeled waveform matches the simulated
waveform to a high degree of accuracy in this below-resonance
mode as well.

C. Identification of the Operating Mode of the SRC

S2 analysis can also be used to easily identify the operating
mode of the SRC. To do so, the tank current expressions ob-
tained from S2 analysis are used to derive the output power of
the converter. Assuming lossless power conversion, the output
power can be obtained by averaging the instantaneous output
power of the inverter over one switching period, as

(s 2 7
Pour = —/ v (1) i(t) dt = —V[N/ i(t) dt. (14)
Ts Jo T; 0
Here, the first integral over the switching period T is
converted to the second integral over half the switching period
T, /2, using the fact that both the inverter output voltage and the

=Y 21 2Vouru (1 —

Vaini — (Vour + Vayini) u (t = T,1) + Z,’;;ll 2Vourtu (1 — Tr1 + mTy)
Trl + % + mTS)
Vaini — (Vour + Vaimi) u (t — T,1) + >Rl 2Vouru (tx = Tr1 + mTy)

/ T
> OStK<Trl_7

vy (1) = i B Beh < "
~Y o 2Vouru (tg — T + L +mT)
Vaini — (Vour + V2 ini) w(t —To) + YN0 2Vouru (ty — Ty +mT,) /
T ) Trl =< tK < TS
Zm =0 2VOUTM (tK r] + 73 + ng)
Vour+Va,ini) . K—1.
(O;Tv—(m)lstep t—Tn)— Z - lsteTp (t}< — T4 +me)7 0< t;{ o %
+ Yt st (tx =T+ 5 +mTy)
(VourtVaini) ;
RO Yo sen (t = T +mls) L<ty<T,. (11)
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+ 30020 e (1 —
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Fig.8. Comparison of S2-modeled and LT Spice-simulated tank current wave-

forms of the SRC operating in steady state in a below-resonance mode (k = 1
CCM) with the same input and output voltages, tank component values, and
switching frequency as in Fig. 7.

resonant tank current of the SRC are half-period symmetric.
For the SRC operating in the above-resonance mode (k = 0
CCM), the integral in (14) can be evaluated using the expression
for the tank current i (¢) obtained by adding (7) and (8), resulting
in the following closed-form expression for output power in the
k = 0 CCM mode:

4VinVour | cos (245 — w4 T0)
. : —1|. s
wy LT cos 4=

Pout,o =

For the SRC operating in the below-resonance mode (k = 1
CCM), the integral in (14) can be evaluated using the expres-
sion for i(¢) obtained by adding (7) and (12), resulting in the
following expression for output power in the k = 1 CCM mode:

4Vin Vi cosa)T,—M
I 0‘”[1— (@ - 4)]. (16)

Pour,1 = a)ﬁLTS cos @L-

Given the tank component values, dc input and output volt-
ages, and the switching frequency of the SRC, the output power
expressions in (15) and (16) can be used to directly identify
the operating mode of the converter. First, the damped natu-
ral frequency of the resonant tank w, is computed using the
inductance, capacitance, and resistance values of the tank, as
defined in (4). The time lag of the rectifier input voltage in the
two operating modes (7). in the kK = 0 CCM mode and 7;; in
the k = 1 CCM mode) is then computed using (9) and (13). Fi-
nally, the predicted output power of the SRC in the two modes
is evaluated using (15) and (16). Depending on the switching
frequency f; (and hence the switching period 7y = 1/ f;), the
predicted output power given by one of these equations comes
out to be positive, while the other is negative. Since the SRC
of Fig. 2 has a diode rectifier, its output power must be posi-
tive. Therefore, the equation ((15) or (16)) that predicts positive
output power corresponds to the correct operating mode. As an
example, the output power of the SRC of Fig. 2 is evaluated
using both (15) and (16) for the same input and output voltage
specifications and tank component values as those considered in
the previous two sections, at two switching frequencies: 490 and
505 kHz. For the 490-kHz case, (15) predicts an output power
of Pour.o = —278.2 W, while (16) predicts an output power of
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Fig. 9. S2-predicted output voltage of the SRC of Fig. 2 as a function of
its switching frequency for various values of the output current /oy, when
operating with an input voltage of ViN of 100 V and tank component val-
ues of L = 100 uH and C = 1.0132 nF (resulting in a resonant frequency of
500 kHz).

Pourt,1 = 278.2 W. Therefore, at this switching frequency, the
SRC operates in the below-resonance k = 1 CCM mode, and
the tank current expressions of (7) and (12) apply. When operat-
ing at 505 kHz, the output power predicted by (15) is Pout,0 =
560 W, while that predicted by (16) is Poyr,1 = —560 W. There-
fore, the SRC operates in the above-resonance k = 0 CCM mode
at this switching frequency, and the tank current expressions of
(7) and (8) can be utilized to predict its behavior.

D. Determination of the Output Voltage of the SRC

The expressions for the output power of the SRC, given in
(15) and (16), can also be utilized, in conjunction with the cor-
responding rectifier time lag expressions of (9) and (13), to
express the output voltage of the SRC Vpyr in terms of its
output current Iout (= Pour/Vour), input voltage Vi, switch-
ing frequency f5, and tank parameters (inductance value L and
damped natural frequency wy), as

5 N2
VI%\I_<VIN+7IO(?}?‘JL> coszf—f‘{_
PR ink =0CCM
4fs
Vour = | ) 2 (17)
I 2L
V[%\[_(VIN_ OUJ,;U” ) cos? :}i )
— 7 ink =1 CCM.
\ sin? 74

The output voltage of the SRC of Fig. 2, as predicted by (17)
for the same input voltage and tank design as described earlier,
is shown as a function of switching frequency, for various values
of output current, in Fig. 9. As can be seen, when the switching
frequency equals the tank resonant frequency (500 kHz), the
output voltage equals the input voltage (100 V) for all values
of the output current. As the switching frequency is increased
above, or decreased below, the resonant frequency, the output
voltage decreases. The larger the output current, the sharper the
decrease in the output voltage. This is because a larger output
current corresponds to a higher loaded quality factor of the
series-resonant tank, which makes the voltage gain provided by
the tank, and, hence, the output voltage of the converter, more
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Fig. 10.  S2-predicted switching frequency of the SRC of Fig. 2 as a function
of output power. Here, the SRC is operating with an input voltage Viy of
100V and tank component values of L = 100 uH and C = 1.0132 nF (resulting
in a resonant frequency of 500 kHz).

sensitive to frequency variations. These trends in output voltage
are similar to those predicted by simplified modeling approaches
such as fundamental-frequency analysis; however, S2 analysis
predicts the value of the output voltage much more accurately,
particularly when the resonant tank of the SRC has a low quality
factor and its currents are highly nonsinusoidal.

E. Determination of the Switching Frequency of the SRC

S2 analysis can also be utilized to determine the switching
frequency f; that the SRC needs to operate at to achieve a
desired output power Poyr. Due to the transcendental nature
of the equations involved, it is difficult to obtain closed-form
expressions for the switching frequency. However, the output
power expressions in (15) and (16), together with the rectifier
time lag expressions in (9) and (13), can be used to obtain the
following implicit relationships:

Vour |2 Pourw?L \’
(—OUT> sin® @d + (1 + _Lour®q™ ) cos? @d =1
ViN 4 fs 4VinVour fs 4 f;

ink =0CCM
2
(VOUT) sin® @d + (1
Vin 4fs

The above equations can be solved numerically to obtain the
switching frequency required to attain a certain power level, as
shown in Fig. 10 for the SRC of Fig. 2 operating with the input
and output voltages and tank design described earlier, for both
the above-resonance k = 0 CCM and below-resonance k£ = 1
CCM operating modes. As can be seen, for any desired output
power level, the SRC can operate at two frequencies—a higher
frequency in the k = 0 CCM mode, and a lower frequency in the
k = 1 CCM mode. The choice between these two frequencies is
governed by efficiency considerations. In the higher frequency
k = 0 CCM mode, the inverter output current of the SRC lags
the inverter output voltage (see Fig. 5). This enables the inverter

POUTa)(ZiL ) ) W4
————— 47 ) cos =1
4VinVour fs 4f5
ink =1CCM. (18)
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Fig. 11. Example class-E inverter with: (a) dc voltage source ViN and large
inductor Ly at its input and (b) dc input current source /1y modeling the dc
input voltage source and inductor.

transistors to operate with zero-voltage switching (ZVS), result-
ing in relatively low switching losses. However, the higher oper-
ating frequency can also lead to relatively large inductor losses.
For the same inductor design, the inductor losses are smaller
in the lower frequency k = 1 CCM mode; however, since the
inverter output current leads the inverter output voltage in this
mode (see Fig. 8), ZVS cannot be achieved and switching losses
are higher. The S2-predicted inverter output current waveforms
can be utilized, in conjunction with an accurate loss model, to
inform the choice of the switching frequency in the presence of
these tradeoffs.

IV. APPLICABILITY OF S2 ANALYSIS

S2 analysis is applicable to all resonant converters that satisfy
two requirements. First, it should be possible to model the reso-
nant converter as a network which is LTI driven by a collection
of independent voltage and/or current sources, so that superposi-
tion applies. Second, the voltage and/or current sources driving
the network must be rectangular-wave sources so that they can
be modeled as a series of time-shifted steps whose individual
responses can be summed together. Resonant converters driven
by class-D inverters and loaded by class-D rectifiers, including
the SRC discussed above, satisfy these two requirements in most
cases (with the one exception discussed later in this section), and
can be modeled using S2 analysis. However, resonant converters
containing inverters or rectifiers belonging to class-E, class-F,
and other related types [40]-[44], typically do not satisfy one or
both of the requirements of S2 analysis. For instance, consider
the class-E inverter shown in Fig. 11(a). The input of this inverter
comprises a voltage source followed by a large inductor, and can
be modeled as a current source, as shown in Fig. 11(b). The cur-
rent that feeds the resonant network (shown as i, in Fig. 11(b))
equals the dc input current /iy when the transistor Q is off,
and zero when the transistor is on. Therefore, the resonant net-
work of the class-E inverter is fed by a rectangular-wave current
source, satisfying one of the requirements of S2 analysis. How-
ever, the resonant network itself changes during the converter’s
operation, as shown in Fig. 12: the capacitor C; is a part of the
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Fig. 12.  Equivalent circuit of the class-E inverter of Fig. 7 with: (a) Transistor
turned off and (b) Transistor turned on.
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resonant network when the transistor is off, but is shorted out
when the transistor is on. Therefore, the resonant network of the
class-E inverter is not LTI, and S2 analysis is not applicable.

S2 analysis is also not applicable when the class-D in-
verter and/or rectifier of a resonant converter operates in a
discontinuous-conduction mode (DCM). This is because the
voltage/current at the output port of a class-D inverter (or at the
input port of a class-D rectifier) operating in DCM is not well
modeled by a rectangular-wave source. For example, consider
an LLC resonant converter with a passive (diode) rectifier oper-
ating below resonance. In this operating mode, the rectifier of
the LLC converter goes into DCM [10]. During the rectifier’s
nonconducting period, the voltage at its input port is not pre-
specified. Hence, the rectifier input voltage in an LLC converter
operating below resonance cannot be modeled as a rectangular-
wave source, which makes S2 analysis non-applicable. Further-
more, if the parasitic output capacitances of the rectifier diodes
are also considered, then these capacitances become a part of
the converter’s resonant tank during the rectifier’s nonconduct-
ing period; hence, the LTI requirement of S2 analysis is also
violated.

The LTI requirement of S2 analysis also implies that the
effect of dead times on the resonant network waveforms should
be negligible. This is because during the dead time, the output
capacitances of the inverter and rectifier transistors and diodes
become a part of the resonant network. However, if the dead
times in a resonant converter are short, they do not substantially
impact the converter waveforms, and S2 analysis can be
utilized. Furthermore, short dead times allow the voltage and/or
current sources driving the resonant network to be accurately
modeled as rectangular-wave sources, also fulfilling the second
requirement of S2 analysis. This is discussed in more detail in
the next section.

Therefore, in summary, S2 analysis can be utilized to analyze
resonant converters with LTI networks, and class-D inverters and
rectifiers operating in CCM with short dead times. Note that the
class-D inverters can be either voltage or current driven, and
the class-D rectifiers can be either voltage or current loaded.
Under these conditions, S2 analysis can provide closed-form
expressions for resonant network waveforms even for converters
containing high-order resonant networks and multiple inverters
and/or rectifiers, as described in the next section.
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Fig. 13.  One example ICN resonant converter [31], appropriate for voltage
step up: (a) Converter topology and (b) switch gating signals.

V. APPLICATION TO ICN RESONANT CONVERTER

As stated above, S2 analysis can be readily applied to high-
order resonant converters with advanced topologies. In this
section, this approach is applied to a recently proposed multi-
inverter multi-element resonant converter—the ICN resonant
converter [31]-[38]. The ICN converter is capable of main-
taining ZVS and near-zero-current switching (near-ZCS) across
wide operating ranges. The ICN converter introduced in [31] is
shown in Fig. 13. This converter is operated at a fixed switch-
ing frequency and each inverter is operated at a fixed duty ratio
(~50%). A combination of phase-shift control (for inverters)
and burst-mode control (in which the converter is modulated on
and off at a frequency much lower than its switching frequency)
is used to regulate the output voltage and power of the ICN
converter.

The equivalent model for the ICN converter of Fig. 13 is
shown in Fig. 14, where the three voltage sources imposed
on the resonant network are modeled by square-wave voltage
sources: the output voltages of the top and bottom inverters are
modeled by the sources v; and v, respectively, and the input
voltage of the rectifier is modeled by the source vs. As can be
seen from Fig. 14(b), the output voltages of the two inverters are
phase shifted with respect to one another by 2A (and hence time
shifted by %—ﬁTs, where 7 is the converter’s switching period),
and the rectifier input voltage lags the top inverter output voltage
by time 7,. Given these time shifts, the three square-wave volt-
age sources of the ICN converter can be modeled by series of
positive and negative steps, as given by (19)—(21) at the bottom
of the next page. Here, V| i, and V5 iy are the voltages at the out-
puts of the two inverters, and V3 jy; is the voltage at the input of
the rectifier before the converter is turned on, ¢ is taken to be zero
when the converter is turned on, K (=1, 2, 3, .. .) is the number
of the switching cycles that have passed since the converter was
turned on, including the current switching cycle (the K th switch-
ing cycle), and 7 is the time elapsed within the current switch-
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Fig. 14.  Equivalent circuit model for the ICN converter of Fig. 9. (a) Resistors
model converter losses. (b) Waveforms of voltage sources.

ing cycle. The relationship between 7, t, and K is the same as
described for the SRC in the previous section, and given in (3).

Assuming that the resonant tanks of the ICN converter are
lightly damped, each of the steps in the inverter and rectifier
imposed voltages in (19)—(21) shown at the bottom of this page,
produces a response in the inverter output currents of the ICN
converter of the following form:

o (83

ixystep (1) = Liyre ™" sinwt + Iyne ™ sinw;t. (22)
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Here, iyy sep(?) is the response of the inverter output current
i, to a step in the inverter/rectifier imposed voltage v,. The mag-
nitude of the voltage step equals the converter’s input voltage
Vin when the step is in one of the inverter output voltages (see
(19) and (20)), and the converter’s output voltage Vour when
the step is in the rectifier input voltage (see (21)). For instance,
i11,sep(?) is the response of the top inverter output current to
a step in the top inverter output voltage, of the form Vinu(z).
The parameters Iy, Iy, @, 02, w1, and w; in (22) depend
on the ICN converter’s input voltage, output voltage, reactive
component values, transformer turns ratio, and converter losses.
Expressions for these parameters, along with their derivations,
are provided in Appendix B.

The inverter output currents of the ICN converter (i and i, in
Fig. 14) are obtained by summing all the step responses given by
(22). This is done systematically by splitting the inverter output
currents into three components, two generated as a response to
the steps imposed by the two inverters (given in (19) and (20)),
and the third generated by the steps imposed by the rectifier
(given in (21)), as under

(23)
(24)

@) =in@)+in@)+in@)
ir (1) =iy (1) +in (1) + i3 (2)

Here, i,,(?) is the component of i, generated by v, (where x
signifies the two inverters and equals 1 or 2, and y signifies the
two inverters and the rectifier and equals 1, 2 or 3, as shown in
Fig. 14). The three components of the inverter output currents are
individually expressed by (25)—(27) shown at the bottom of the
next page. The expressions for the three components of the top
and bottom inverter output currents of the ICN converter given
in (25)—(27) can be simplified using the approach presented in

Viini = Vinitt (8) + 3 om o Vinu (ty +mTy)

0<tp <%
N-1 , . » USTg <3
v (1) = = X Vi (1 = 5+ ) (19)
Viini — Vimitt (1) + SN0 Vinu (ty +mTy) Loy o7
_ , y 5 Sl < Iy
— ZZ:(; Vinu (tK — % =+ st) 2
Vaini — Va,initt (t —2A,) + Zn[\q/;f Vinu (ty — 20, + mTy) 0 <1 <2A
— ’ = t
— YN Vi (1) — 20, — &+ mTy) «
Vaini — Vanitt (1 = 28,) 4+ SN2 Vinu (1), — 24, + mT,
n =1 o 0 D Vi (1 = 28 ),2A,5f <2A 4+ L (20)
N—1 , T K 2
=Y si Vinu (1 =24, — & +mTy)
Vaini — Vainitt (t — 2A;) + Zﬁ;& Vinu (1 — 24, +mTy) AT <p =T
_ ’ t 5 = s
— N Vi (1) — 28, — L 4+ mTy) 2ok
Vini — Vamitt (¢ — T,) + Y| Vouru (tk — T, +mTy) 0<i. <T
_ ,0<1p, <T,
— YN Vouru (ty — T, — & +mTy)
1| Vaini = Vamitt (¢ — Tp) + SN0 Vouru (1) — T, +mT,
nn=—-1 " 3’“N(71 )+ Lo OUTT(K ),Trft}(<T,+%. @1)
N =Y et Vouru (1 — T, — % +mTy)
Vaini — Vanitt (1 — T,) + SN0 Vouru (ty = T, +mTy) LAl g -7
_ ) s A 2 =tk s
— N5 Vouru (ty = T, — & + mTy)




LU et al.: STEP-SUPERPOSITION-BASED ANALY SIS APPROACH TO MODELING RESONANT CONVERTERS

Appendix A to yield closed-form expressions that describe the
inverter output currents both during steady-state operation and
during the startup transients of the burst-mode operation. For
ease of analysis, these closed-form expressions can be split into
their steady-state and transient components, shown as
ixy (t) = ix_vs (t) + ix_vl (t) . (28)
Here, i,,,(¢) and i,,,(¢) represent the steady-state and tran-
sient components of i,,(t), respectively. As an example, the
component of the top inverter current i; generated by the top
inverter output voltage v;, denoted by 7, can be expressed in
a closed form as the sum of its steady-state component i, and
transient component i1;,, which are given by
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The first two terms on the right-hand side of (28) are the
startup transients generated in the top inverter current i; by
the initial value V), of the top inverter output voltage v,
and the remaining two terms describe the transients generated
by the continuously imposed steps in v;. It can be seen that all
the terms in (30) contain decaying exponentials; therefore, the
startup transients given in (30) die out in steady state, leaving
behind the steady-state component given in (29). Closed-form
expressions similar to (29) and (30) for all the components of
the two inverter output currents of the ICN converter are derived
in Appendix B.

It can be seen from Fig. 13 that the input current of the rectifier
of the ICN converter is given by the sum of the two inverter
output currents #; and iy, scaled by the transformer’s turns ratio
N. Since the rectifier switches commutate when the rectifier
input current is zero, the time lag 7; of the rectifier’s input

ins (1) = ) )
’ voltage can be found by solving the closed-form expressions
Iysin(oir =) iz sin(war— 2 ) 0<t T, for i and 7, for the condition that their scaled sum, (i} + i)/ N,
2cos( 44 ) 2co5( 2 ) -k "2 equals zero at the instant t}, = 7,..
(29) The closed-form expressions for the inverter output currents
I sin(sw' L 7w1t,’<) I sin(3 @ tk) Ly T i1 and i, of the ICN converter obtained using S2 analysis have
2cos( 24 ) N e ’ several useful applications. For instance, these expressions can
be utilized to optimize the ICN converter’s design over a wide
i (0) = 1,ini Liye~™" sinwy + 1,ini I pe=" sinwot range of operating condl.nons..To demonstrate this, a 2QO W
Vin IN 500-kHz ICN converter is designed to operate over an input
I 3o T voltage range of 25-40 V and output voltage range of 250-
LT e~ K=DaTigin (_ a)lf}( — Ko T, + ! S) 400 V. The first step in designing this converter is to select the
w - . . .
2cos ( i ) 4 transformer turns ratio N and the ICN differential reactance X
(see Fig. 13). These are selected to ensure that the converter can
Lz —(K=DerT, / 3w T : i .
2—(w,T)€ sin |~wyty — K Ts + 1) deliver the required rated power (200 W), and that the delivered
cos™a power has a flat profile, over the converter’s entire operating
(30) range [31]. Given values for N and X (= 5.3 and 2 2 for the
Viini » N—1 . /
- ‘]/IN m=0 Lx1.step (tK +mTS) 0<t <L
N—-1. ’ T, T ’ — 'K 2
i) = e s (1 = 5+ mTy) (25)
* - Viini - N-1.
_ﬁlxl,step (t) + Zm:O Ix1,step (t}( + mTY) I <t T
N—1 . T, 2 Sl < s
o bxtsep (5 — 5 +mTy)
Vs ini » N-—1 .
_‘;_lx2,step (t - 2Az) + Zm:l Lx2,step (t;( - 2At + mTv) ,
. Nl , L 0<1) <2A,
1. , .
_Zmzl Lx2,step (tK - ZAI - + mTv)
Vaini » N—1 . /
— i sep (E — 2A) + —o Lxastep (Fxr — 20, +mT,
o= VT Z o ”PT( e ) ,2A <ty <2A+ L (26)
=Y e bxzsep (1 = 28 — 5 +mTy)
Va.ini N—1 .
_ﬁlxlstep (t—2A1)+ Zm:o Lx2,step (t;( —2A; + mTA)
N-1. / T 20+ Y stg<T
=Y o ixzsep (1 = 28 — 5 +mTy)
N—1. /
VOUT lﬂ step (t—=T)+ Zm:l Lx3,step (IK -1+ me) 0<t, <T
N—1 . R 9 — 'K r
Yonti i (th = Tr = 5 +mTy)
. - “// [y3, step t—-T)+ ZZ;(I) ix3,slep (t}( =T + st) T
1x3 (t) = out N_1. , T , T, < t;( <T + 2 (27)
_Zm*l Lx3,step (tK - ” - _A + mT)
Vo lx3 step t—-T)+ Zm —0 i3, step ( =T, + mT) T ,
o N1 . s T+ 5 <t <T;
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S2-modeled inverter output current waveforms of the ICN converter operating in steady state with 40-V input voltage and 250-V output voltage for

three different values of the inductance Lx»: (a) Top inverter and (b) bottom inverter.

above specifications, respectively), the next step is to select the
inductance and capacitance values for the three resonant tanks
of the ICN converter. These inductance and capacitance values
must satisfy the following relationships:

1
sLx1 — =X 31
ws Ly o Col 31
1
wgLxy — =-X (32)
w;Cx»
1
L, = ——. 33
w e 33)

Here, w; is the angular switching frequency of the converter.
Each of the above design relationships can be satisfied by various
combinations of inductance and capacitance values. To select
the combinations that result in the highest converter efficiency,
an iterative procedure based on S2 analysis is employed, as
described below.

The three inductance values (Lx, Lx», and L,) are swept
over wide ranges, with the corresponding capacitance values
(Cx1, Cx2, and C,) selected to satisfy (31)—(33). For each
inductance—capacitance combination, waveforms for the out-
put currents of the two inverters i; and i, are obtained us-
ing the S2-modeled closed-form expressions. As an example,
consider Fig. 15, which shows the S2-modeled inverter out-
put current waveforms at a particular operating point (Vin =
40 V, Vour = 250 V) for three different values of the induc-
tance L x,, with the corresponding value of the capacitance Cx,
chosen to satisfy (32), and the other inductance and capacitance
values held constant. It can be seen from Fig. 15(a) and (b)
that for a very low value of Ly, (100 nH), the inverter output
currents are highly nonsinusoidal and unbalanced—the bottom
inverter (see Fig. 15(b)) has a much higher current than the
top inverter (see Fig. 15(a)). This unbalanced distribution of
currents, and hence, losses between the two inverters typically
translates to a poor overall converter efficiency. As the value of
Ly, is increased, the currents assume more sinusoidal shapes
and become better balanced, with potential efficiency benefits.
However, higher inductance values also typically translate to
larger magnetic losses, offsetting this advantage. Furthermore,

as can be seen from Fig. 15, the improvement in the current
waveforms reaches a point of diminishing returns beyond a
value of Ly, around 1 pH. This analysis is quantified using
an accurate loss model [31] and repeated over the entire oper-
ating range of the ICN converter. The resultant value of Ly,
that yields the highest efficiency over the converter’s operat-
ing range comes out to be 0.84 uH, and the capacitance Cx,
is selected to be 68 nF in accordance with (32). The optimal
inductance and capacitance values of the other two resonant
tanks are similarly selected as Ly; = 1.38 uH, Cx; = 141 nF,
L, =20.8 uH, and C, = 4.9 nF. The closed-form expressions
provided by S2 analysis allow this comprehensive design opti-
mization to be performed in an automated fashion with very low
computation time and minimal effort on the part of the circuit
designer.

An ICN converter having the above optimized design is sim-
ulated in LTSpice, and the simulated waveforms of the top and
bottom inverter currents are compared to those predicted by
S2 analysis, as shown for two corner operating points of the
converter—40-V input and 250-V output, and 25-V input and
400-V output—in Fig. 16. As can be seen, the S2-modeled wave-
forms very closely match the LTSpice-simulated waveforms.

To further validate the accuracy and demonstrate the utility
of S2 analysis, a prototype ICN converter is designed, built, and
tested. The inductance and capacitance values of the prototype
converter are close to the aforementioned optimized values, with
one difference being that the capacitor C, is selected to have a
slightly smaller value of 4.66 nF to resonate out the leakage in-
ductance of the prototype transformer. The prototype converter
is designed for a switching frequency of 500 kHz, and it is oper-
ated at a slightly higher frequency of 505 kHz in order to achieve
ZVS of the inverter transistors. This switching frequency corre-
sponds to a switching period of 1980 ns; in comparison, the dead
times employed in the prototype ICN converter are of the order
of only 50 ns (approximately 2.5% of the switching period),
as shown in Fig. 17. These relatively short dead times have a
negligible impact on the ICN converter’s waveforms, and allow
the inverter output voltages of the converter to be accurately
modeled as rectangular-wave sources (see Fig. 17), as required
by S2 analysis. The S2-modeled steady-state waveforms of the
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Fig. 17.  Comparison of modeled and experimental output voltage of the top
inverter of the ICN converter operating at 40-V input voltage and 250-V output
voltage, demonstrating that owing to the relatively short dead time, the inverter
output voltage can be accurately modeled as a rectangular-wave voltage source.

top and bottom inverter currents of the ICN converter are com-
pared with the measured waveforms of the prototype converter
operating at 40-V input voltage and 250-V output voltage, and
at 25-V input voltage and 400-V output voltage in Fig. 18. As
can be seen in Fig. 18, while the shapes of the S2-modeled
waveforms are similar to those of the experimental waveforms,
there is a significant difference in magnitude between the two.
Closer examination revealed that this difference is due to the
parasitic capacitances of the rectifier diodes used in the proto-
type converter. The charging and discharging of these parasitic
capacitances during the rectifier commutations introduces extra

delay into the rectifier switching time 7,. The delay A7, can
be approximated by the time required to discharge the parasitic
capacitances of the rectifier diodes to half of the output voltage,
and can be obtained from

T,+AT, : | :
e P S ) 1
/ dt = 2Cgioge Vour X 3
T,

N (34)

r

where Cgioge 18 the parasitic capacitance of the rectifier diode.
This equation neglects the slight change in the rectifier input
current during the delay (A7) and calculates the charge needed
to bring the rectifier input voltage to half the output voltage. The
actual time lag of the rectifier input voltage with respect to the
top inverter output voltage is given by 7, + AT,. After incorpo-
rating this new time lag into the S2 analysis of the ICN converter,
the modeled waveforms of the converter are again compared to
their experimental counterparts, as shown in Fig. 19. As can
be seen, the modeled waveforms now match the experimental
waveforms highly accurately.

The experimental and modeled burst-mode startup wave-
forms of the ICN converter are also compared, as shown for
the ICN converter operating at two of its corner operating
points—25-V input and 400-V output, and 40-V input and
400-V output—in Fig. 20. Again, it is apparent that excellent
agreement exists between the modeled and experimental wave-
forms. This ability of S2 analysis to accurately predict converter
waveforms makes it highly suitable for optimizing the design of
resonant converters.
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Fig. 18. Comparison of modeled and experimental steady-state waveforms of the ICN converter operating at: (a) and (b) 40-V input and 250-V output, and
(c) and (d) 25-V input and 400-V output. Here, the S2 model assumes that the rectifier of the ICN converter has ideal diodes.
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Fig. 19. Comparison of modeled and experimental steady-state waveforms of the ICN converter operating at: (a) and (b) 40-V input and 250-V output, and
(c) and (d) 25-V input and 400-V output. Here, the S2 model incorporates the effective delay in rectifier switching caused by the charging and discharging of the
parasitic capacitances of the rectifier diodes.
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output, and (b) 40-V input and 400-V output.
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VI. CONCLUSION

This paper introduces a new analysis approach to modeling
resonant converters that can be used to determine closed-form
expressions for the exact resonant network waveforms. This ap-
proach, based on the superposition of step responses to inverter
and rectifier imposed steps, can easily be applied to resonant
converters with high-order resonant networks, multiple invert-
ers, and/or rectifiers. The proposed analysis approach is applied
to an SRC, wherein it is used to determine accurate closed-form
expressions for its tank current in different operating modes.
These expressions are utilized to draw insights that help iden-
tify the converter’s operating mode, and determine associated
expressions for its output voltage and the switching frequency
required to achieve a desired output power. The proposed ap-
proach is also applied to the multi-inverter multi-element ICN
resonant converter, wherein it is used to derive closed-form ex-
pressions for the converter’s currents. These expressions are
utilized to evaluate the behavior and optimize the design of an
ICN resonant converter. A prototype 200-W 500-kHz ICN reso-
nant converter optimized using the proposed approach is used to
validate the modeling results. It is shown that there is excellent
agreement between the experimental and modeled waveforms
during steady-state operation and during startup.

APPENDIX A
CLOSED-FORM EXPRESSION FOR THE SUMMATION OF
TIME-SHIFTED DECAYING SINUSOIDS

This appendix presents a procedure to simplify the summation
of a series of decaying sinusoidal functions into a closed-form
expression. Consider a summation of a series of time-shifted
decaying sinusoidal functions, given as

K—1
Ysum ) = Z eia(f’,ﬁLmTv) sin wy (t;( + ng) .

m=0

(35)

Using Euler’s formula (e/? = cos@ + jsin@), (35) can be
expressed as
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Rearranging (36) yields
(—atjonr; K1
e K :
— (—a+jwg)mT
o (1) = — De
m=0
(—a—joty
e K
Ze( a—jogmTy (37)

Under the light damping condition (¢ < wq), (37) can be
simplified to

plvity | — p—a(K=DT _ ,joa(K=T,
Ysum (t) = 2] 1 — gjoils
e ety 1 — p~(K=DT; | ,—jos(K=DT;
Y 1 — e—Jodl; (38)

which can be alternatively expressed as (39) shown at the bottom
of this page.

Letting A = [elouk ][] — e~ @K =DL . gioaK=DT[]
e~/®aT5], (39) can be more concisely written as
) == L 40
Ysum - 2] [] — ej‘“dTJ] [1 _ e—jwde] .

Using the double angle trigonometric identity cos20 =1 —
2sin6, (40) can be further simplified into

1 A—A*

e 41
87 " sine (L) “

Ysum (1) =

By expanding A and using Euler’s formula, A — A* can be

expressed as
@ale) o (9415 _ gmatk-vr;
2 2

waTs\ . (T
sin .
2 2

(42)

A—A*=4j [cos(a)dt}( —

X COS (wdt}( —wyTy + wy KTy —

Substituting (42) into (41) yields (43), shown at the bottom
of this page.

When K approaches infinity, that is, as the converter reaches
steady state, (43) can be further simplified into

LSl S joalt+mT) _ ,—joi(tx+mT,) cos (waty — L)
Ysum () = Ze_a(lK+mR) ‘ - Zje ’ (36) Ysum (1) = 2 sin IzwdzT )2 (44)
m=0
Ysum (1)
_ i [ejwdt}(] [1 — e~ ¥(K=DT; .ejwd(K_l)Ts] [1 _ e—jw'aTs] _ [e—jwat'}(] [1 — e~ ¥(K=DT; .e—jwd(K—l)T:] [1 _ ejwaTs] 39)
2j [1 _ ejwde] [1 — e—mﬂ]
o ()= cos (a)dt}( _ %ﬂ) — o @K=DTy oo (wdt}( +w KTy — w4 Ty — %T’) 43)

2sin ("’”T )
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APPENDIX B
DERIVATIONS OF EXPRESSIONS FOR INVERTER OUTPUT
CURRENTS OF THE ICN CONVERTER

This appendix derives closed-form expressions for the two
inverter output currents of the ICN converter i} and i», as shown
in Fig. 14. The derivation begins by analyzing the ICN converter
model of Fig. 14 in the frequency domain to obtain the various
parameters in (22). The inverter output currents can be expressed
in the frequency domain as

Vi ($)[Z2(s) +Z3(s)]  wa(s) Z3(s)
Z(s) Z(s)
~u3(8) Zs(s)
Z (s)
v ($)[Z1 () +Z3 ()] vi(s) Z3(s)
Z(s) Z(s)
13 () Z1 ()
Z(s)

Here, Z,(s), Z>(s), and Z3(s) are the impedances of the three
resonant tanks, given by

i1 (s) =

(45)

ir(s) =

(46)

Zy(s) = Lxi1s + Rx1 + 47)

sCx1
Zy(s) = Lxas + Rx2 + (48)

sCx»

L, R 1
ZS(S)ZWS—FW-FW (49)
and Z(s) is given by

Z(s)=2Z1(5)Z2(s)+ Z1(s) Z3(s) + Z2(s) Z3(s) . (50)

Rearranging (45) and (46), the inverter output currents can be
expressed as

() = —— (L2 () + f3 ()] v () — f3(5) 2 (5)

f ()
— f2()v3(s)) (€29)
2 (5) = —— (LA () + f1 (102 (8) = f5() vy (5)
fGs)
— f1(s)v3(s)) (52)
where f1(s), f2(s), and f3(s) are given by
£i(5) = Lys® + Ryrs + —— (53)
Cxi
F2(5) = Lyas® + Ryas + —— (54)
Cx2
L, R 1
f3(s) = ~z° + V2° + N2 (55)
and f(s) is given by
=66+ 16) 6+ L6)f/06).  (56)

The parameters in (22) can now be systematically obtained by
applying a step to one of the inverter/rectifier switch-node volt-
ages, while the other two voltages are set to zero. For instance,
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consider a step of magnitude Viy in the top inverter switch-node
voltage, that is, v (s) = %, while vy(s) = 0 and v3(s) = 0. Ap-
plying these conditions to (51) and (52), the responses of the

two inverter output currents to the step in v;(s) are given by

S2()+ f3(s)

i11sep (§) = VN ) (57)
) —f3(s)
i21.5ep () = Vin fis) : (58)

It can be seen from (57) and (58) that the poles of i1y sep(s)
and iy gep(s) are given by the two pairs of complex-conjugate
roots of the fourth-order polynomial f(s). The absolute value
of the real parts of these poles correspond to the exponential co-
efficients («; and «,), while the absolute value of the imaginary
parts correspond to the damped frequencies (w; and w,) in (22).
Values for the parameters o, «y, w;, and w, can be obtained
by numerically solving f(s) = 0. This procedure is repeated by
applying steps to the bottom inverter and rectifier switch-node
voltages. It can be observed that the poles of the step responses
in each case are given by the roots of the same polynomial f(s).
Therefore, «y, as, w;, and w, are the same for all combinations
of the inverter/rectifier switch-node voltages (indexed by y) and
inverter output currents (indexed by x). The magnitude parame-
ters I,y and I, in (22) are obtained by evaluating the zeroes of
the step responses of the inverter currents, as obtained by apply-
ing the above procedure. These parameters have different values
depending on the combination of inverter/rectifier voltage and
inverter output current being evaluated.

It is evident from (22)—(27) that the inverter output currents
of the ICN converter can be expressed as a summation of time-
shifted decaying sinusoidal functions. Utilizing the procedure
described in Appendix A, the inverter output currents can be
expressed in a closed form. For clarity, these expressions are
split into steady-state and startup transient components. The
expressions for the inverter output currents, as a response to the
top and bottom inverter output voltages and the rectifier input
voltage, i, (1), i,2(t), and i,3(¢), respectively, are given by

ix] (t) = iy (t)+ix1r (t) (59)
iy2 (1) = ixos (1) + ix2: (1) (60)
ix3 (t) = ix3s (t) + ix3l (t) (61)

where the steady-state and startup transient components of the
two inverter output currents in response to the two inverter output
voltages are given by (62)—(65) shown at the bottom of the next
page. Here, V| i and Vi, are the initial voltages at the two
inverter switch nodes at time ¢ = O (i.e., at the start of each
burst cycle). For the inverter output currents in response to the
rectifier input voltage, i,3(¢) as expressed in (61), (xis 1 or 2),
closed-form expressions for steady-state operation are given by
(66) shown at the bottom of the next page. Here, T, is the time
lag of the rectifier, which is defined as the time instant t;, = 7,
when the rectifier switches commutate, including the charging
times of the parasitic capacitances, as discussed in Section V.
For startup transients, closed-form expressions for ij3(t)
and ip3(r) are difficult to obtain, as an expression for the
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commutation time of the diode rectifier at the very beginning of
the startup transient is difficult to determine. Hence, the actual
. . . . . . _ VOUT 1 2
commutation time is determined numerically by searching I3 = Bi\ =— —wiLx2 71
across the entire switching period, and utilizing the condition Cx2
that the rectifier current is near zero at the commutation instant, VOUT )
taking into account that the actual commutation happens when ha = — P © — Ly (72)
the parasitic capacitances of the rectifier diodes are fully
charged or discharged. It is worth mentioning that for an ICN bi = —Vinpi <% — %L_’z) (73)
converter utilizing an active rectifier (with transistors), the CN N
closed-form expressions for the transient components of i3(¢) , L,
and i»3(¢) can also be obtained, and the resultant expressions b, = =Vinp2 <m —w; m) (74)
are similar to those in (63) and (65). !
Expressions for.all the p?rameters used in (62)—(66) shown Lot = Vinfi [( 1 - 1 B a)f < L_,2 N Lx1)] 75)
at the bottom of this page, listed as C,N*  Cxi N
Iy = Vinp2 ! + L w3 L + Ly (76)
| L C, N2 ' Cx 2\ N2
L = VIN,81|: + —) — o} <—r + Lx> (67) V. 1
Cx> N2 Doy = — [ 22UT — — WL 77
231 N Bi Crl 1Lx (77)
1 1 L
I = VinB2 [< 5 —) — ) <—r2 + sz)] (63) VOUT 1 2
C.N* C N b3 = — B2 o w5 Lxy (78)
X1
1 L, 1
I121 = —VinBi < 5 — w%—2> (69) B = (79)
| =
CN N w (03 —o}) (Lx1Lx> + Ly % 4 L2 %)
Iy = —Vinpa ( : 5 — LZ) (70) By = ! (80)
C:N N wr (0} — @3) (Lx1Lx> + Lx1 % ¥+ Lx2 Nz)
I Sin(WIt;(TM) I Sin(w‘)l;(l*wz:vs)’ O S t}( - %
) 2003(”‘ Y) 2005(”2 S)
ivis (1) = o T, (62)
L sm( 1 Ts —a).t}() Lis sin(‘wi s —a)zt}() T ,
1 Ty ) T ’ TA S tK < Té
2c0s( ! S) 2c0s( 2 S)
V1 ini Viini I 3w T
i () = Lini lele_a't sinw;t + Lini lege_azt sin wyt — 21l T —(K—l)oz]T: sin (—wlt}( l A)
IN IN 2cos (24%) 4
Ix12 —(K=DasT, < 3(1)2T
- ¢ ssin | —waty — Kawn Ty + (63)
2cos (21) K
I : Ty A I : o Ty A A
m sin (—o1ty — 25 + 0 2T;) + 2005(2321‘ sin (—waty — ZE + 2 T,), 0<tp < 2T,
I, T, A Lo Ts A A Ty
ist (t) = 2COS(2“11—4T) sin (C!)lt}( - wlT - (1)1;7}) + ZCOS(_"ZTT*) sin (wztk ZT —wy= T) s ;Ts < l‘}( < ;T; + 5 , (64)
I, . 30, T, A I, . 3T, A A T,
reo (SN (Ot R+ L) & oy sin (—eati £ HR Heaf L) ST St < T
V2. ini V2. ini I 3w, T,
ix2t (t) = 2 ini Ileeia]t sin w1t + 2 ini Ix22870¢2t sin wrt — X—ZITei(Kil)alT" sin <—a)1t}< - leTx + #>
VIN VIN 2cos (25) 4
L (K1), ( / 3602Ts>
- . ogin | —awptly — Kan T, + (65)
2 cos () K ’ 4
I : Ty I : o Ty
2cos(3‘“11“) sin (ot — 2L + oy T,) + ﬁ sin (ot — 25 + o T,), 0<1p <T,
I T 113 1 Ty Ty
i3 (1) = m sin (a)lt}{ — wlT — a)|Tr) + m Sin (C()2t}< — sz — a)zT,) , I < l‘}( <T, + 5 (66)
L3 3o Ty I : 3T I
m sin (—wy7g + 4% + o T,) + @ sin (—waty + 225 + wnT,), T, 4+ %5 <ty <T,
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