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Letter

Small-Signal Modeling of Three-Phase Synchronous Reference
Frame Phase-Locked Loops

Florian Hans , Walter Schumacher, and Lennart Harnefors , Fellow, IEEE

Abstract—Synchronous reference frame (SRF) phase-locked
loops (PLLs) represent a commonly used technique for grid syn-
chronization in distributed generation (DG) systems. Since PLLs
affect transient dynamics, they are a crucial component for stabil-
ity studies. In this letter, it is shown that a commonly used small-
signal SRF-PLL model can be used for stability analysis in some
preconditioned scenarios with a single grid-connected DG unit, but
does necessarily require perturbation quantities that are offset free.
Otherwise, an incorrect usage may result in unacceptable errors.
To overcome this restriction, an improved small-signal PLL model
is proposed, which enables to analyze the effects of grid frequency
and phase angle changes as well as variations of the input voltage
magnitude. Finally, the model accuracy is validated by means of
computer simulations.

Index Terms—Distributed generation (DG), phase-locked loop
(PLL), small-signal modeling, synchronization, voltage source con-
verter (VSC).

I. INTRODUCTION

IN RECENT years, renewable energy sources have become
important in many countries enabling a growing sustain-

able energy production. Many distributed generation (DG) units
use voltage source converters (VSCs) as a grid-connecting in-
terface [1]. While present VSCs that operate as current sources
typically apply phase-locked loop (PLL) techniques for grid
synchronization [1], [2], PLLs can also be implemented by any
other DG unit to offer ancillary services like the provision of
frequency response [3].

Since PLLs represent a key component in many DG systems,
an adequate modeling is crucial for stability analysis as well as
for controller design. Even though there exist a large variety of
PLL techniques (see, e.g., [2]), the basic model of a synchronous
reference frame (SRF)-PLL is sufficiently accurate to represent
the fundamental phase angle tracking process in many research
works [3]–[10].
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For design purposes, most authors use a linearization with
instantaneous voltage phase angle as input and estimated phase
angle as output [2], [5]. This phase-error model shows the dy-
namical behavior of a classical linear second-order system al-
lowing a simple controller design, e.g., referring to a desired
closed-loop system bandwidth or settling time. Nevertheless,
since (as for the nonlinear structure) a three-phase voltage serves
as PLL input, this model is not applicable in most transient stud-
ies. Thus, a simplified representation in space vector notation is
preferable, especially thinking about simulation studies involv-
ing a high number of DG units.

Harnefors et al. [6] and Wen et al. [7] derive a small-signal
SRF-PLL model that relates a voltage input perturbation to the
phase angle error between estimated and actual phase angle.
Meanwhile, this model has been acquired in many proceeding
works, e.g., [8] and [9] and is applied by other authors [4], [10],
showing that the model is well accepted among researchers.

However, requiring that there exists a steady-state input volt-
age, which is known beforehand and that the voltage perturba-
tion is free of an offset, the applicability is restricted to some
preconditioned scenarios that are not given in general. An incor-
rect usage as linearization around an arbitrary operating point
may result in quantities that are not free of offsets and thus in
unacceptable errors. Moreover, it is demonstrated that the model
is suitable in analyses concerning a single grid-connected VSC,
but not readily applicable in studies involving multiple DG units.
Hence, in order to remove the revealed drawbacks of the model-
ing approach in [6] and [7], a new small-signal SRF-PLL model
is proposed and validated by means of computer simulations.

II. PLL MODELING BASED ON VOLTAGE PERTURBATION

In this section, the basic modeling idea of [6] and [7] is
reviewed. For convenience, the derivation of [6] is adopted ex-
emplary, but is slightly changed in notation to increase compre-
hensibility. Hereby, each three-phase quantity can equivalently
be expressed as complex space vector in stationary (α, β)-
coordinates, which are denoted as vs = vα + jvβ , or with re-
spect to any rotating (d, q)-reference frame by v = e−jνvs =
vd + jvq , where ν is the rotation angle.

Regarding the control of grid-connected VSCs, each con-
verter implements a synchronization loop to estimate the volt-
age phase angle θi and angular frequency ωi = dθi

dt at the point
of common coupling (PCC). To do so, the standard three-phase
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Fig. 1. Principle structure of a three-phase SRF-PLL.

Fig. 2. Voltage space vector, converter, and grid reference frames with
associated phase angles.

SRF-PLL structure shown in Fig. 1 can be used. Given a mea-
sured PCC input voltage vsi , the control objective is to rotate
a (di, qi)-reference frame, such that the di-axis will be aligned
with the voltage space vector vsi and the estimated phase angle
θ̂i will be equal to the voltage phase angle θi .

For grid stability studies, it is convenient to relate all quantities
to a common grid (dg , qg )-reference frame, which is defined
by the instantaneous phase angle θg and a constant angular
frequency ωg = d

dt θg = const. As illustrated in Fig. 2, the PCC
input voltage vsi can be expressed in terms of grid coordinates as
vi = e−jθg vsi . On the other hand, vsi can also be related to the
converters (di, qi)-reference frame, i.e., v̂i = e−j θ̂i vsi , where
the -̂symbol denotes quantities in local converter coordinates
that are associated with the estimated phase angle θ̂i provided
by the ith PLL. Now, following the reasoning of [6], vsi can be
eliminated by

v̂i = e−j θ̂i vsi = e−j θ̂i ejθg vi = e−jΔθi vi , Δθi = θ̂i − θg
(1)

where Δθi is the error angle between the ith converter and grid
frame. Then, assuming only small error angles and supposing
that the input voltage vector can be decomposed as vi = v∗d,i +
Δvi , where v∗d,i represents the steady-state value and Δvi a
small voltage perturbation, that is free of any offset, (1) can be
approximated by

v̂i = e−jΔθi vi ≈ (1 − jΔθi)(v∗d,i + Δvi)

≈ v∗d,i + Δvi − jv∗d,iΔθi. (2)

Reviewing the control scheme in Fig. 1, where a proportional-
integral (PI) controller is used to regulate the v̂q ,i-component to
zero, the PLL dynamics are given by

d

dt
θ̂i = ωff +

(
KP,i Im {v̂i} +KI,i

∫ t

0
Im {v̂i} dτ

)
(3)

whereKP,i,KI ,i are the controller PI gain, respectively, and ωff
is a constant feed-forward action, e.g., 2π50 rad

s or 2π60 rad
s .

Substituting (2) into (3), the dynamics of Δθi = θ̂i − θg in the
Laplace domain become

sΔθi(s) = GPI,i(s)
[
Im {Δvi(s)} − v∗d,iΔθi(s)

]
(4)

where it is assumed thatωff compensates for the constant angular
frequency d

dt θg = ωg andGPI,i(s) is the transfer function of the
PI controller, i.e.,

GPI,i(s) = KP,i +
KI,i

s
= KP,i

TI ,is+ 1
TI ,is

(5)

with TI ,i = KP , i

KI , i
as integral time. Finally, rearranging (4) yields

the existing small-signal SRF-PLL model GPLL,i(s) that is
given by

Δθi(s) =

GP L L , i (s)︷ ︸︸ ︷
GPI,i(s)

s+ v∗d,iGPI,i(s)
Im {Δvi(s)}

=
KP,is+KI,i

s2 + v∗d,iKP,i s+ v∗d,iKI ,i
Im {Δvi(s)} . (6)

III. PROBLEM STATEMENT

Reviewing the basic objective of a synchronization loop, the
PLL structure forces the error between estimated phase angle θ̂i
and actual angle θi asymptotically to zero. Since the error angle
Δθi = θ̂i − θg involves the grid angle θg , the PLL model output
Δθi will only become zero if the imaginary part of the input
voltage perturbation Im {Δvi} does not contain any offset, i.e.,
limt→∞ vi = v∗d,i . Hence, the applicability of the existing SRF-
PLL model (6) is restricted to stability analysis, where the PCC
voltage perturbation Δvi serves as system input and the exact
steady-state values are known beforehand.

In contrast, if the DG unit is connected to the grid over a grid
impedance and outer control loops are considered, the PCC volt-
age cannot be used as system input, but rather as a system state,
which is influenced by the injected current. Especially if the
analysis involves multiple grid-connected DG units, an exact an-
alytical calculation of the steady-state values is often impossible
due to implicit nonlinear equations and a numerical approxima-
tion has to be considered, probably violating limt→∞ vi = v∗d,i .
Then, the existing PLL model can formally not be used for
stability analysis.

This is due to the fact that (6) represents a linearization that
depends on the chosen grid reference frame. If the grid (dg , qg )-
reference frame is not aligned with the PCC voltage in the steady
state, the tracking error θ̂i − θi of the small-signal model does
not vanish and (6) is not a valid PLL model. It is to be emphasized
that the usage of (6) as a linearized PLL model may lead to
unreasonable results for any operating point vd,i,0 , which does
not represent the steady-state PCC voltage v∗d,i . Particularly, this
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Fig. 3. Definition of absolute and relative phase angles.

might be the case in (simulative) transient studies, where a stiff
grid is considered as a reference.

Therefore, a generally valid linearization of the nonlinear
SRF-PLL structure in Fig. 1 is motivated, that does not impose
a restriction on the chosen grid reference frame. In fact, the
discussed difficulties can be overcome by the definition of a dif-
ferent error angle utilizing relative phase angles that are related
to any common rotating grid (dg , qg )-reference frame instead of
the stationary (α, β)-frame.

IV. PROPOSED SMALL-SIGNAL PLL MODEL

In order to define a new error angle, absolute and relative
phase angles are introduced first. As shown in Fig. 3, the def-
initions of θi and θ̂i remain the same as for the existing PLL
model (6). In addition, the relative phase angles ϑi = θi − θg
and ϑ̂i = θ̂i − θg (which is equal to Δθi) are considered to
describe the rotation of the voltage space vector vi and the
converter (di, qi)-frame to the grid (dg , qg )-reference frame, re-
spectively. Hence, each voltage space vector vi can be expressed
in converter coordinates as

v̂i = e−j ϑ̂ i vi = e−j ϑ̂ i ejϑi |vi | = e−j ϑ̃ i |vi | , ϑ̃i = ϑ̂i − ϑi
(7)

where ϑ̃i defines the new error angle between the estimated and
actual relative phase angle and |vi | is the (measured) magnitude
of the voltage vector vi . At this point, it should be noted that
ϑ̃i = ϑ̂i − ϑi = θ̂i − θi will become zero in the steady state,
and thus, v̂d,i seen by the converter will be equal to the voltage
magnitude |vi |. Using the PLL dynamics (3), which can be
decomposed as

d

dt
θ̂i =

d

dt
ϑ̂i+ωg =ωff +

(
KP,i Im {v̂i}+KI,i

∫ t

0
Im {v̂i} dτ

)

(8)

and substituting (7) into (8), after rearranging, the dynamics of
the estimated relative phase angle ϑ̂i are determined by

d

dt
ϑ̂i =ωff − ωg−

(
KP,i |vi | sin (ϑ̃i)+KI,i

∫ t

0
|vi | sin (ϑ̃i)dτ

)
.

(9)

Then, observing that ϑi = arctan ( vq , ivd , i
) with time derivative

d

dt
ϑi = − vq,i

|vi |2
d

dt
vd,i +

vd,i

|vi |2
d

dt
vq,i (10)

the nonlinear residual dynamics of the error angle ϑ̃i , i.e.,
d
dt ϑ̃i = fi(ϑ̃i , ωg ,vi , v̇i) = d

dt ϑ̂i − d
dt ϑi , are specified by (9)

and (10). Hereby, ϑ̃i represents the state variable and ωg , vi ,
and v̇i = d

dt vi are the system’s inputs.
Now, considering small changes of the state variable ϑ̃i and

the input ui = [ωg ,vi , v̇i ]T around an operating point ϑ̃i,0 ,ui,0 ,
a small-signal linearization of the form

Δ ˙̃
ϑi =

∂fi

∂ϑ̃i

∣∣∣∣
ϑ̃ i , 0 ,ui , 0

Δϑ̃i +
∂fi
∂ui

∣∣∣∣
ϑ̃ i , 0 ,ui , 0

Δui (11)

where Δϑ̃i = ϑ̃i − ϑ̃i,0 and Δui = ui − ui,0 can be de-
veloped. Given (9), (10) and taking ϑ̃i,0 = 0, ui,0 =
[ωg,0 ,vi,0 ,0]T as operating point, andωff = ωg,0 , the linearized
PLL dynamics in the Laplace domain are given by

sΔϑ̃i(s) = −Δωg (s) − |vi,0 |GPI,i(s)Δϑ̃i(s)

+ kq,i sΔvd,i(s) − kd,i sΔvq,i(s) (12)

where

kq,i =
vq,i,0

|vi,0 |2
, kd,i =

vd,i,0

|vi,0 |2
. (13)

Finally, rearranging (12), the resulting small-signal SRF-PLL
dynamics are given by

Δϑ̃i(s) = − 1
s+ |vi,0 |GPI,i(s)

Δωg (s)

+
kq,is

s+ |vi,0 |GPI,i(s)
Re {Δvi(s)}

− kd,is

s+ |vi,0 |GPI,i(s)
Im {Δvi(s)} . (14)

Here, |vi,0 | may be the steady-state value v∗d,i , but also any
other operating point. Comparing the existing PLL model (6)
with (14), it can be observed that GPI,i(s) in the numerator
of GPLL,i(s) introduces a proportional-derivative action that
is not present in (14), where GPI,i(s) does only appear in the
denominator. Given the slightly different model (14), Δϑ̃i will
become zero and the PLL will track the phase angle θi in the
steady-state for any step change of the grid frequency Δωg due
to the integral part of the PI controller and ramp changes of
Δvd,i ,Δvq,i . Hence, (14) represents an extension of (6), where
grid frequency and phase angle changes as well as variations of
the PCC voltage magnitude can be analyzed.

Moreover, since the relative phase angle Δϑ̃i is independent
of the grid (dg , qg )-reference frame, i.e., θg , the proposed model
does not impose any restriction on the chosen grid reference.
The reference frame does no longer have to be close to the PCC
voltage vector, and thus, (14) can readily be used in studies
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Fig. 4. Exemplary system of two grid-connected DG units.

concerning multiple DG units without defining an associated
steady-state grid reference frame at each PCC.

V. SIMULATION RESULTS

To demonstrate the discussed problems that are related to the
existing PLL model of Section II and to validate the proposed
model, the phase tracking process has been tested by means of
computer simulations. Therefore, an exemplary system consist-
ing of two DG units that are modeled as ideal current sources,
which are connected to the power grid over a common grid
impedance at the same PCC, as depicted in Fig. 4, is consid-
ered. Supposing that both units are initially connected to the grid
injecting a constant current, the disconnection of the second unit
(e.g., due to a line fault or an emergency shutdown) will result
in a sudden phase change as well as in a decrease of the PCC
voltage magnitude.

In the tested scenarios, both DG units are equipped with the
same standard three-phase PLL in Fig. 1, where the PI con-
troller design has been adopted from [5], i.e., KP,1 = 2ζc lω c l

|v1 , 0 | ,

KI,1 = ω 2
c l

|v1 , 0 | , with ζcl, ωcl as damping ratio and closed-loop
PLL bandwidth, respectively. The PCC voltage magnitude be-
fore the fault is |v1,0 | = 311 V, while the grid frequency is
assumed to be constant at ωg = ωff = 2π50 rad

s .
If the (dg , qg )-reference frame is defined to be aligned with

the PCC voltage vector in the steady-state, i.e., v∗d,1=̂ vd,1,0 ,
vq,1,0 = 0, the existing as well as the proposed model track the
fault equally accurately and match with the nonlinear system,
but is not shown here due to space limitations. However, if the
gird (dg , qg )-reference frame is initially aligned with v1 , a fault
will result in a voltage perturbation showing an offset of the form
Δv1 = ejδ |v1 | − vd,1,0 , where δ in rad is the amount of the
phase change. Defining v∗d,1=̂ |v1,0 | = vd,1,0 = 311 V, vq,1,0 =
0 V as operating point and supposing that the disconnection of
the second DG unit at toff = 3 ms yields a sudden phase change
of δ = −10◦ with a 2% decrease of the PCC voltage magnitude
to |v1 | = 305 V, Fig. 5 shows a detailed section of the resulting
phase angle difference θ̂1 − θg for two different PLL parameter
settings.

A higher PLL bandwidth results in a faster settling behavior
with lower undershoot, but is more susceptible to harmonics [5].
As can be observed from Fig. 5, the existing model (6) shows
an offset resulting in a steady-state error if it is used as a lin-
earization. Contrarily, the proposed model does not show any
steady-state error and represents an accurate approximation of
the nonlinear system for both parameter settings.

Fig. 5. Comparison of SRF-PLL models as a result of a fault, parameterized
with (a) ζcl = 0.707, ωcl = 2π50 rad

s and (b) ζcl = 0.8, ωcl = 2π100 rad
s .

Here, it should be noted that the model accuracy of the
existing model does directly depend on the input step size.
Therefore, (6) can represent a valid approximation in single
converter scenarios, where small phase angle changes are
preconditioned and the resulting steady-state error is permis-
sible. However, subsequently, it should be highlighted that the
application of the existing model (6) could lead to unreasonable
results in studies similar to Fig. 4, where the grid reference
frame is specified to be aligned with an ideal grid voltage
source vg . The grid impedance Zg = |Zg | ejψg introduces
an additional phase angle between the grid frame and v1
inherently, and thus, the underlying assumption of (2) would
no longer be satisfied, since θ̂1 � θg (e.g., think about weak-
or low-voltage grids showing extreme grid impedances). As
a consequence, (6) is a worse approximation of the transient
nonlinear behavior and will also show a constant offset of ψg .

VI. CONCLUSION

In this letter, the limitations of an existing SRF-PLL model
were discussed. The model only approximates the nonlinear
PLL behavior in special cases, where the grid reference frame is
defined to be always close to the PCC voltage vector. By defin-
ing a relative phase error angle, a slightly different small-signal
SRF-PLL model was proposed. A simulation study demon-
strated the model applicability and accuracy. The new model
overcomes the necessity to specify a scenario-dependent grid
reference, and thus, is applicable to research involving single as
well as multiple grid-connected DG units.
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