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Abstract—This paper analyzes the limitations of a reduced-order
model for modular multilevel converters (MMCs) by elucidating
the relation between its accuracy, operating frequency, and con-
verter parameters. A reduced-order simplifies the analysis of the
MMC and thereby may provide additional information about the
converter behavior. However, the accuracy of such model depends
on several factors. In this paper, the effect of approximating the
converter as a continuous system by neglecting quantization issues
associated with having a finite number of modules is studied in de-
tail. The analysis is done based on Fourier-series approximations
with which it is possible to elucidate the relationship between the
resonant frequencies of the MMC and the error of the reduced-
order model. With the Fourier approximation, it is also possible
to characterize resonant frequencies of the converter, both numer-
ically and analytically, in terms of the converter parameters. The
results can serve as a tool to identify situations when the reduced-
order model produces good and also less accurate approximations
especially when a low number of modules is available.

Index Terms—DC-AC power conversion, frequency domain
analysis, modeling, power converter.

I. INTRODUCTION

ECENTLY, MMCs have become a popular power con-
R verter topology. Numerous studies have been carried out
for this converter due to its advantages in high-power and high-
voltage applications. In addition to this, its modularity, low-
distortion and high-voltage capabilities are some other char-
acteristics that make the MMC a very important topology for
industry. Some of the industrial applications of the MMC in-
clude wind energy conversion, HVdc grids, and medium-voltage
drives [1]-[3]. Due to its relevance, several studies have pro-
posed different techniques to improve performance and address
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important issues. These include modulation techniques [4]-[6],
voltage balancing techniques [7], optimal capacitor ripple reduc-
tion [8], [9], several control approaches [10]-[13], and energy
quality and reliability [14], [15]. All of these works also aim to
understand operation principles of MMCs.

MMCs are complex power converters that exhibit a highly
nonlinear behavior. In order to understand their operational prin-
ciples and analyze the converter, it is important to be able to
obtain relatively simple mathematical expressions that not only
describe the converter accurately, but also allow one to obtain
insight into the behavior of the system. This insight can be used
as a guideline for different design purposes such as selection of
references for control, injection of current harmonics for volt-
age ripple reduction, or selection of control laws for different
applications [16].

Several modeling approaches for the MMC have been pre-
sented in the literature. Some of these approaches are designed
for simulation purposes with various levels of complexity [17]-
[19]. The simpler models often neglect some of the dynamics
of the converter and do not consider power losses, opening the
path for more accurate methods to be proposed [20]. For a more
detailed analysis of the converter a more complex model is re-
quired. In [21] and [22], models that aim to obtain detailed
information about the converter losses and behavior in steady
state are proposed. However, important information about the
dynamics of the MMC cannot be obtained. In other works [23]-
[27], more detailed continuous dynamical models of the MMC
are presented. These models exhibit a reduced number of state
space and control variables while maintaining the nonlinearities
of the MMC. In [28] and [29], these kind of models have been
used to determine open-loop control strategies that use calcu-
lated steady-state values and estimated voltage ripple values to
achieve energy control with asymptotical stability. In general,
all these models are represented in the abc frame, complicating
the analysis of the converter due to the multiplication of two
time-varying signals. In [30], a more convenient representation
in the dq frame is presented. However, the analysis is carried
out for a linear case using only up to a second-order harmonic.

This paper further extends the concept in [31] and analyzes
the impact of additional harmonic components in the converter
model as well as in the control signals in more detail. This is
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particularly useful in the case where the number of modules are
low and the quantization in the control signals is neglected in
order to obtain a continuous-system representation. An inter-
esting phenomenon is that the accuracy of the model in [23]
(reduced-order model) is greatly affected when the operating
frequency of the converter matches some specific frequencies.
Following an analytical procedure, expressions for some of the
frequencies where the error of the reduced-order model is more
significant are presented, constituting one of the main contri-
butions of this paper. These frequencies are poorly damped
resonant modes that depend on the converter parameters and the
harmonic content of the inputs. In [32] and [33], it is shown
that these poorly damped modes can generate instability in a
closed-loop control strategy. The method presented in this pa-
per is a straightforward alternative to identify such frequencies
and therefore it also has potential use for stability analysis [34].
This paper focuses on analyzing and clarifying the accuracy of
the reduced-order model and its relationship with the converter
parameters.

Several approaches are used in this paper in order to estimate
the frequency response of the MMC; these include numerical
solutions and also derivation of analytical expressions based
on Fourier expansion and linearized models. The subsequent
analysis shows that the accuracy of the reduced-order model is
low close to the resonant frequencies of the converter due to the
additional frequency components introduced by quantization
effects. This produces a modulation effect that displaces
the resonant frequencies of the reduced-order model (when
continuous signals are used) in comparison with those of the
full-order MMC (with quantization). This generates differences
in where the amplitude peak related to the resonance is located,
producing inaccuracies. With sufficient knowledge about the
resonant frequencies, it is possible to determine beforehand if
the response of the reduced-order model is accurate enough.
This information can be helpful when designing an MMC based
on the reduced-order model. The verification of this analysis in
this paper is limited to a simulation environment.

This paper is organized as follows. Sections II and III
present the MMC and the reduced-order model, respectively.
Section IV discusses issues related to the application of the
reduced-order model such as use of continuous control signals,
voltage imbalances, and blocking modes. Sections V and VI
estimate the frequency response of the MMC using an approach
based on linearization and a Fourier-series expansion, respec-
tively. Finally, Section VII draws conclusions.

II. MODULAR MULTILEVEL CONVERTER

The MMC is a power-converter topology, which transforms
the waveform of an electrical variable from dc to ac or vice versa
(see Fig. 1) [1], [35].

In order to control the MMC, the switch positions of each
module shown in Fig. 1 can be chosen independently to be one
of two possible values: “Inserted” or “not-inserted.” A mod-
ule is considered “inserted” when its voltage (V") is equal to
the voltage of its respective capacitor. Conversely, a module is
considered “not-inserted” when its voltage (V;*) is equal to 0.
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Fig. 1. MMC with N modules per arm. Here, v; denotes the output voltage
of the converter, ¢; stands for the load current, and 7, for the circulating current.

S { and S; are the positions of the switches and v;“l and ViM describe the
voltage of the capacitors and the modules, respectively.

The desired waveforms of output currents and voltages of the
MMC are sinusoidal and can be defined as follows:

i1(t) = 4; cos(wt + @) 1)
v (t) = 9 cos(wt) (2)

where 7; is the amplitude of the output current and w repre-
sents the angular frequency. The phase angle ¢ and the voltage
amplitude 9; can be calculated depending on v}, R;, and L;.
Using electrical circuit analysis methods, an MMC (see
Fig. 1) with N submodules per arm can be described by the

following state-space model:
() = A (A" (t), 1 (t) 2(t) + Blvae  vi]" €)
where
w(t) £ [ic(t) in(t) vi (1) -+ i (1) o1 () - o ()] @)

is the system state. In (4), ¢. is the circulating current, whereas
vj" and vf represent the capacitor voltages of the ith module of
the upper (u) and lower (/) arms.

In (3), ji*(t) and /i’ (t) represent the control signals for the
modules in the upper and lower arms. Each individual compo-
nent of these control signals can take the value of 1 (module
inserted) or O (module not inserted)

AU () 2 [y (t) ph ] p) € {0,135

A1) 2 b (t) iy, i) e {01y, ©)

The matrix A (fi"(t), /i’ (t)) is defined as follows:
(t)

A (1), @' (1) =
Ai A (" (t), 7' (t)) @
As 1 (" (1), i (1)) 0
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with
TR
A = 0 _R+2R
L L+2L;
T B
A () = ’ .
b : L+12L1'u ()" L+12L,'ul(t)
M1 —= 1
. . o) seit (1)
Ag (A ), @) =T, ®)
L cH(t) —3ai (1)
Finally, B is given by
1 T
= 0 .0
go |2l ) )
oL 0

III. REDUCED-ORDER MODEL

The MMC is a discontinuous system with multiple switch-
able inputs, as shown in (3). These discontinuities complicate
the analysis of the converter. In order to simplify the analysis
and obtain expressions for the variables of interest, this section
investigates a model introduced and validated in [23] and [36]
that reduces the order of the state-space model and the number
of inputs. The obtained reduced-order model is also convenient
when one wishes to describe the MMC neglecting the disconti-
nuities.

One can start defining the reduced model by considering the
MMC model described in (3) and assuming that the capacitor
voltages are balanced, i.e., we have

vl (t) =0v"(t), Vie{l,2,...,N} (10)
and!
ol (t) =l (t), Vie{1,2,...,N}. an
Then, the MMC model (3) reduces to
a(t) = A (" (1), @' (1) x(t) + Bloae vpe]”  (12)
where
A (pt (), () =
S AU VOB 740
0 }L%EIL?; L+12L1 i (t) L+12L1 (1) (13)
ol (t) sy ht(t) 0 0
~No i (t) =g i (1) 0 0
i 0 0 0 !
pa |2L 5 (14)
0 T 0 0
"'Note that v (t) = v'(t) is not imposed. Thus, the model allows capacitor

voltages in the upper arm to be different from those in the lower arm.
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and the system state is now given by

2(t) 2 [io(t) i) v (t) o' ()] . (15)
In this model, the modulation functions are
Z 1 ( )e{0,...,N} (16)
and
Z P (t ) €{0,...,N}. (17)

These functions represent the number of modules inserted in the
upper and lower arms, respectively, and depend on the control
law adopted.

A detailed procedure to obtain the previous expressions can
be found in [23].

As stated before, the reduced-order model in (12) uses the
control signals in (16) and (17). Since these aggregated control
signals are the sum of the binary control signals p}“l, they rep-
resent quantized signals that only take integer values between 0
and V.

The reduced-order model facilitates the derivation of analyt-
ical solutions by reducing the number of input variables and the
size of the state vector. This can be used for a more detailed
analysis of the converter such as in [23] and [36].

It is important to note that when the reduced-order model is
used, it is implicitly assumed that the voltages in all the capaci-
tors are balanced according to (10) and (11). Note that when this
condition is fulfilled, it is possible to represent the capacitors of
all modules with one capacitor per arm and define aggregated
control signals u;’l without using any approximation. All the
information about any modulation technique used, or about the
control inputs u in general, is now contained in 1" as de-
fined in (16) and (17) Thus, if the voltages of the capacitors are
balanced [see (10) and (11)], then the full-order model and the
reduced-order model using /1! provide the same result.

IV. APPLICATION OF THE REDUCED-ORDER MODEL
A. Implications of Using Continuous Control Signals

In some cases, it may be convenient to express the aggregated
control signals in (16) and (17) as the sum of an equivalent
continuous valued signal 11 (t) and a quantization effect Q,, (t),
produced by having only a finite number of modules in the
converter, as follows:

A () = () + Qu (). (18)

It desired Q. (t) can be neglected using only the continu-
ous part u*!(t). In particular, if "+ (¢) are smooth, then only
differentiable functions need to be taken into account, easing
the analysis. Note that this step implies an approximation and
it is specially important when a low number of modules are
available (Q,, (t) comparable with p*!(t)). It is because of this
approximation that the results of the reduced-order model may
differ from the ones of the full-order MMC.
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TABLE I
PARAMETER VALUES IN PER UNIT (P.U.) AT w = 2750 FOR AN MMC

Variable R X (wL) Xc¢ (&) R Xp, WL) vae vie N

Value 0.004  0.075 0.089 0.01 0.15 219 1 8

[The p.u. values are normalized with respect to the grid voltage (3800 V) and the nominal
current (650A)].

Neglecting the quantization allows one to obtain analytical
expressions of variables such as the capacitor voltages. These
expressions can then be used for optimization and reference
design [23]. However, the quantization affects the frequency
response of the circuit, leading to inaccuracies when this is
neglected.

Due to the nonlinearity in the model, there is a modulation
effect that comes from the multiplication of the control signal
with the capacitor voltages, see (12). This effect moves the reso-
nant frequencies (i.e., peaks of amplitude in i..) of the converter
when additional frequency components are considered in the
control signals. As shown next, this accentuates the error of the
reduced-order model at some specific frequencies.

To illustrate the effect of the quantization at different frequen-
cies, let us consider numerical values of the parameters of the
converter as in Table I. Moreover, let us define the following
control inputs.

1) Smooth control inputs

1+ cos(wt)
2 )

1 — cos(wt)

p'(t) =N p(t)=N

19)
2) Quantized control inputs

A" (t) = ni <N 1+ cos(wt) C;S(Wt)> ,

fi'(t) = ni <Nl_cgs(m)>

where the operation ni(e) approximates the argument to
the nearest integer.

Fig. 2 shows the response of an open-loop MMC to the
control inputs in (19) and (20) with fundamental frequency
w = 2760. A clear difference between the two cases (with and
without quantization) can be observed. Interestingly, the situ-
ation changes when the frequency of the sinusoidal input is
changed to w = 2750, see Fig. 3. The simulation shows that
the difference between the response of the model without the
quantization and the model with the quantization is minimal for
this frequency. In Fig. 4, a simulation with the error produced
by neglecting the quantization effect for MMCs with different
number of modules is shown. The error is calculated as the root
mean square (RMS) of the difference of the simulated wave-
forms over one period in steady state. The simulation shows
that a larger error is presented for some specific frequencies.
The lower the number of levels the larger this error tends to be.
However, sufficiently far from the aforementioned frequencies,
the error for N = 4, N = 8,and N = 12 becomes low and very

(20)
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Fig. 2.  Effects of the quantization at 60 Hz (Solid lines: Without quantization,

dashed lines: With quantization).
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Fig.3. Effects of the quantization at 50 Hz (Solid lines: Without quantization,
dashed lines: With quantization).

similar. This also holds true for a higher number of levels, which
implies that the reduced-order model represents a good approx-
imation of the MMC even with a low number of levels as long as
the operation is sufficiently far from these critical frequencies.
In the following sections, the reasons behind these differences
are going to be analyzed in more detail.

In Fig. 4, several peaks in the error plots can be noticed.
In general, it is possible to group these peaks into two different
cases: the high-frequency peak (around 60 Hz) and its duplicates
due to the nonlinearities in the system (i.e., modulation due to
the multiplication of the control signal an the module voltages),
and the low-frequency peak (around 15 Hz) and its duplicates.
In Fig. 4, this grouping is shown for the case with N = 8. These
error peaks are directly related with the resonant frequencies of
the converter. We shall give special attention to the peak with the
highest frequency since it may be located close to the typical
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Fig. 4. Error produced by the quantization effect using 4, 8, and 12 modules
for different frequency values. (A) High frequency peaks. (B) Low frequency
peaks.

operating frequencies of the converter (50 Hz or 60 Hz). This
observation shows that the quality of the model is frequency
dependent and motivates our subsequent analysis.

Let us fist define what we shall refer to as the “frequency
response of the MMC.” Due to the nonlinear nature of the sys-
tem, frequencies multiples of the input frequency are likely to
appear in the converter currents and voltages. This motivates us
to define the frequency response of the MMC as the amplitude
of the second harmonic of the circulating current ¢, as a function
of the frequency in the control signals w [see (19) and (20)]. The
reason why the second harmonic of ¢, is chosen for the analysis
is mainly due to the following facts:

1) thisis the lowest order harmonic in the circulating current;

2) its amplitude is significantly higher than the amplitude of
the other harmonics;

3) as shown in Fig. 4, the resonance of this second-order
harmonic is more likely to match the operating frequency
of the converter.”

In the following sections, we are going to focus our efforts

into determining the relation of these resonant frequencies with
the converter parameters.

Note that the resonant frequencies are independent of our choice of consid-
ering the second-order harmonic of 7. as output variable for the analysis.

B. Effects of Capacitor Voltage Imbalances in the
Reduced-Order Model

The reduced-order model assumes that the capacitor voltages
in all the modules are properly balanced. If this holds true, the
prediction of the reduced-order model can closely match its full-
order counterpart, as shown in Fig. 3. However, good voltage
balancing is not always possible.

This section aims to evaluate the effects of module voltage
imbalances in the accuracy of the reduced-order model. This
analysis is done by setting a voltage balancing control algorithm
in the full-order MMC that allows an specific maximum voltage
difference between the modules of the same arm, also known as
voltage imbalance (6v! ). This result is then compared with

max
the prediction of the reduced-order model for several values of

51}%1‘!1)( *

In Fig. 5, the increment of the RMS error of the reduced-
order model as a function of the relation between the maximum
allowed voltage imbalance §v"! and the module voltage ripple
Av"!is shown. For this test, a frequency of 50 Hz is used and the
reference RMS error values are taken from Fig. 4 (N = 8). As
expected, the error presented in the module voltages is increased
significantly due to the allowed imbalance. However, for the rest
of the variables, an increment of less than 10%, with an allowed
voltage imbalance of up to 35% of the module voltage ripple,
is shown. It is worth noticing that the circulating current is
more affected by the voltage imbalances due to the low arm

impedance.

C. Inclusion of the Blocking Deblocking Modes

As protective measure, the blocking mode is commonly used
in unbalanced grid conditions. This mode consists in switching
off all the semiconductors in the modules on either of the arms
of the converter, forcing the current to flow through the parallel
diode associated to the semiconductor devices. In order to in-
clude the blocking mode in the simplified model of the MMC,
the equivalent configuration shown in Fig. 6 can be used. More
details of this configuration and blocking and deblocking modes
can be found in [37] and [38], where the configuration in Fig. 6
was originally proposed.
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Fig. 6. MMC arm including blocking and deblocking modes. In blocking
mode (3! = 1 switch open), D blocks partially the current that goes through
the modules. In this case, the current flows through D» instead. In blocking
mode %! are set to N.

The original MMC equations in (12) can be modified to in-
clude the blocking modes as follows: where u(x) represents the
step function, and 5* and /3’ represent the blocking signals of
the upper and lower arm, respectively (3% = 1 represents a
blocked arm). In this state the control signals ;"' are forced to
N and the arm voltage depends on the direction of the current
(see Fig. 6).

In the following sections, the frequency response of the MMC
will be analyzed. However, due to the mathematical complexity
that arises when the blocking mode is included [see (21)—(24)]
as shown at the top of the perious page, the method presented
in Section VI used to analyze the frequency response cannot be
applied due to the impossibility of transforming the system into
a component wise linear system as in (32). For this reason, the
frequency analysis is going to be performed without including
the blocking mode [see (12)].
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V. ESTIMATION OF THE MMC FREQUENCY RESPONSE
(LINEARIZATION APPROACH)

This section presents a preliminary approach to obtain infor-
mation about the frequency response of the MMC that uses a
linearized version of the reduced-order model around an opera-
tion point. The linearization technique is widely used in many
applications. One of them is the design of control laws for
power converters, where it is important that the information
provided by the linearized model matches as close as possible
the original model to guarantee proper performance and good
stability properties. This approach aims to derive simple ana-
lytical expressions for the resonant frequencies based on linear
differential equations that will later be used for comparison with
more elaborated approaches. This will also serve as a criteria to
determine the accuracy of the linearized model of the MMC.

The linear model (12) can be written, based in (12), as follows:

B(t) = A(p" 1) #(0) + Ba(O)we vie A0 25)
where 11! represent the control signals in the operational point
fvl(t) and Z(t) = [z. 4 ©" '] represent the incremental
variables associated with the control signals and the state-space
vector, respectively, and B(xz(0)) represent a constant matrix
that depends on the initial conditions x(0). Since the matrix
A (ﬂ“, il ) is in charge of determining the placement of the
poles and resonant frequencies of the system, we focus our
analysis in this term of the equation.

To simplify the calculations, let us assume that || R + jwL]|
< ||R; + jwL;||. Therefore, the resonant frequencies can be
analyzed by considering two different circuits of the MMC: A
circuit for the higher frequencies and an additional circuit for
the lower frequencies, as it is shown in Fig. 7.

The following analysis uses this assumption and the linearized
model in (25) to derive analytical expressions of the resonant
frequencies of the MMC. In Section VI, the results of the res-
onant frequencies obtained with the linearized model will be
compared with results obtained with more accurate methods,
which can be very useful when one wish to evaluate the accu-
racy of the linearized model specially in the case of stability of
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control loops. Moreover, it will provide more insight into the
problem explaining the results in Fig. 4.

A. High Frequencies

Under the assumptions ||R+ jwL|| < ||R; + jwi||, it is
possible to write the differential equations of the linear system
in (25), and taking into account that the operation lies in the high
frequency range, as shown in Fig. 7 (i.e., | R + jwL;|| — ocor
1; = 0), develop analytical expressions for the resonant frequen-
cies of the converter. According to (25), the following holds:

%,:_E;,_iﬂ“@“_i/jlf}l+...

¢ L 2L 2L

+ 1 - 5y 1 -

[y, s S = — gl 4 26
e+ i = o+ (26)

For the sake of simplicity, some terms are omitted in (26) since
they have no effect over the value of the resonant frequencies.

By obtaining the second derivative of EC using (26), and sub-
stituting ¢ and ', the following is obtained:

I LS Sy U SR S-SR Sy S S
te= ot \en? )t apt \ent )t

R+ 1 2 1\2
= ——t.— ——— ( (" T e 27
L 2LCN((M)+(’“))Z‘+ @7)
It is assumed that 7% + fi' = N and i = N, where 0 <
a < 1. a is a constant value that depends on the linearization
point. Using the second-order differential equation in (27), a
value for the resonant frequency can be obtained as follows:

(28)
Due to the fact that i, contains mainly second-order har-
monic, an interesting phenomenon occurs. This consists in the
resonance being produced when the input frequency is equals
to ’;—1 Due to the system nonlinearities, this input frequency
produces an i, with frequency f;, matching the resonance fre-
quency. Note that this phenomenon is not captured by the linear
model analyzed in this section. This will be corroborated and
analyzed further with the method presented in Section VI.

B. Low Frequencies

For the low-frequency case, as shown in Fig. 7, R and L are
considered as 0. Equation (25) can be used under this consider-
ation to write the following set of differential equations:

Oz—ﬂuﬁu—ﬂl@l+"‘,

(29)

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 33, NO. 7, JULY 2018

b
P
o
o N —— Cc =
_ﬁ} ”
|,
Fig. 8. Detailed model of the MMC module including the detailed model

of the semiconductor switches used in PSCAD/EMTDC. The model of the
semiconductor switch includes an ideal switch S, a snubber RLC circuit, and
two nonlinear diodes D; and D».

In an analogous procedure as for the high-frequency case, the
second derivative of 7; is obtained and ¢" and ¢' are substituted,
leading to

1 = —Ezz—i—Ll,uv
R = 1 1 ~
= = i it (30)

O ()

Considering again that i* 4+ i' = N and i* = aN, where
0 < o < 1, and using the second-order differential equation in
(30), a value for the resonant frequency can be obtained as
follows:

1 @ 1

9 0<f2 S .
\/L,c <a2+(17a)2) 4 /Lc
N a?(l-a)? N

VI. ESTIMATION OF THE FREQUENCY RESPONSE OF THE MMC
(FOURIER APPROACH)

fo=

€29

In order to address the problem of obtaining information
about the frequency response of the MMC in more detail, an
approach using Fourier-series approximation that analyzes each
frequency component separately is applied. For detailed infor-
mation of such techniques please refer to [39] and [40]. In [41]
and [42], this Fourier method is applied to an MMC under
nominal operating conditions and validated against a fully de-
tailed electromagnetic transient model in PSCAD/EMTDC (see
Fig. 8). In the previously mentioned works, each of the semi-
conductor switches used in the converter modules are modeled
using an ideal switch S, diodes Dy and D, in series and an-
tiparallel configurations, which are modeled using the classical
diode exponential function, and a snubber circuit. This model
has been used successfully in studies for large-scale implemen-
tations showing a good representation of its real-life counterpart.
More details on this model and its application can be found in
[43].

The results in [41] and [42] show good accuracy of the
Fourier-series approximation with as low as two harmonic com-
ponents. Moreover, it is also shown that by increasing the har-
monic components up to 17, the results are considerably im-
proved, obtaining a very close match between the model in
PSCAD/EMTDC and the approach using Fourier series. There-
fore, we shall consider the model presented in this section can
be considered as a good reference for the accuracy assessment
of the reduced-order model.
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Using the Fourier-series approximation, the MMC can be
described by the following equation:

M(w)z =U (32)
where (33) is shown at the bottom of this page
. —%Vin 0 0 0 '
o IR I
L+2L; *
and
z2 [ L vV (35)

are matrices constructed based on the Fourier transformation of
(12). The diagonal matrix n is defined as follows:

diag([-n—(n—1)--- 0--- n—1n]) (36)

A
n—

where n is the number of frequency components used in the
Fourier-series expansion.

The variables Vi,, Vi, I., I}, V¥, and V! are vectors that
contain each of the coefficients of the Fourier-series expansion
of the respective variable. As an example, let us assume that

i.(t) can be written as follows:

n

Qo (t) = Z ik elwnt, (37)
k=-n
With this, the variable I. can be defined as follows:
I 2 [i(g—m I O Z-s_wf (38)
where ZSJ ) represent the coefficient corresponding to the jth

multiple of the natural frequency of ..
The matrices Y; represent the Fourier decomposition of the
control inputs and are defined as follows:

[ y(0) (=2n) 7
Yj Yj
JAN
Y; 2 y© (39)
(2n) (0)
R

where Yj(k> represent the coefficient corresponding to the kth
multiple of the natural frequency of the control signals p/.
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Fig. 9. Estimation of the amplitude of i, using the Fourier-series

approximation for different values of n.

With the previous definitions, the vector z can be found using
the following expression [see (32)]:

z = (M(w)) 'U. (40)

Since the system described by (32) is linear, it is possible to
find the resonant frequencies of the system by solving w by the
following equation:

det(M(w)) = 0. (41)

In order to illustrate the results of this method, Fig. 9 shows
the frequency response of 7. for different numbers of frequency
components n. It can be seen that the resonant frequencies move
and some new ones appear when the value of n is increased. In
particular, the peaks marked as “A” correspond to the resonance
of the second harmonic of .., “B” to the resonance of the fourth
harmonic, “C” to the resonance of the sixth harmonic, and “D”
to the resonances dominated by the load impedance.

It is possible to obtain analytical expressions for some of the
resonant frequencies in terms of the converter components. This
can be done by solving (41) for a given value of n. For the sake
of simplicity, only the continuous control signals in (19) are
going to be considered for this analysis.

M(w) £
_ . ) -
—(RI + jwnL) 0 _iYu —=Y,
R+ 2R, . L 1
0 - —1I L u
<L+2Ll +iwn l) L+2L % Lt2L ! (33)
1 1
TOYu WYU —jwnC 0
1 1 .
ekt e 1 0 —jwnC |
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TABLE I
COMPARISON OF THE RESONANT FREQUENCIES f1 AND fo (SEE FIG. 9)
OBTAINED WITH DIFFERENT METHODS FOR n. = 2: ACTUAL: USING (41)
WITH n — 00 AND QUANTIZED CONTROL SIGNALS

Actual  Fourier (Num.)  Fourier (Ana.) Lin.
f 382.6 361.4 362.4 582.4-823.7
fo 50.4 29.3 28.3 0-265.5

Fourier (Num.): Using (41) with n = 2 and continuous control signals.
Fourier (Ana.): Using (42) and (43). Lin.: Using (28) and (31).

Note that the frequency response may change, if the amplitude
or characteristics of these control signals change due to the
nonlinear properties of the system.

The results of the analysis of the frequency response using
the Fourier series are shown in the sections ahead. For some
numerical comparisons, the values of Table I are used.

A. Frequency Response Analysis With n = 2

In order to begin with the analysis, matrices n, Y, Y], and
U in (14), (36), and (39), respectively, need to be defined using
n = 2 and the control signals in (19). These matrices can be
used to define M (w) [see (33)] and then to obtain the solution
z by applying (40). Consequently, the resonant frequencies can
be obtained using (41).

After some algebraic manipulations, the following simplified
expressions for the frequencies f; and f5 in Fig. 9 can be derived:

fim 28CL’R> + 80CL*RRy + 64CL* R}
" 32CL2(L2 + 4LL; + 4L7)

)

16CLL R?+16C L2 R*—SL3N—22L* [iN—12LL} N \ *
32C L2 (L2 +4LL,+4L2)
(42)

£, = Re LN — 32CR? +8,/16C*R} — CLN R?
2 64L2C

(43)

where Re(x) represents the real part of the argument. Table II
shows a comparison of the numerical values of the resonant fre-
quencies obtained with different methods. It can be seen that the
analytical expressions [see (42) and (43)] approximate the nu-
merical results with an error less than 4%. The approach based
on linearization in Section V gives a very easy method to com-
pute these values; however, the accuracy of the result is com-
promised. Note that the phenomenon mentioned in Section V
where the resonance due to f; is produced when the input is at %
can be seen clearly in this comparison. The linearized approach
fails to model this phenomenon producing values for f; that are
around twice as high as the actual value. Remember also that
f1 is of special importance since it could match the operating
frequency of the converter and thereby producing inaccuracies
in the reduced-order model.
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TABLE III
COMPARISON OF THE RESONANT FREQUENCIES f3 (SEE FIG. 9) OBTAINED
‘WITH DIFFERENT METHODS FOR 1. = 4: ((ACTUAL: USING (41) WITH n — oo
AND QUANTIZED CONTROL SIGNALS))

Actual  Fourier (Num.)  Fourier (Ana.)

f5 42 8.4 7.88

Fourier (Num.): Using (41) with n = 4 and continuous
control signals. Fourier (Ana.): Using (44).

B. Frequency Response Analysis With n > 4

The complexity of the expressions obtained by solving (40)
grows exponentially with n. For n = 4, it is possible to obtain
relatively simple analytical expressions only for f3 (see Fig. 9).
After some algebraic manipulations, the expression for f3 can
be written as follows:

93712CR? — 1271 N
3 =Re(N (5 L -
Js = Re ( ( 177200344 R C°

1
/559490048C7 Rf —6022848C L, NRI +16129L7N? \ °
177209344R} C*

(44)

As in the case with n = 2, this expression is a simplified
version of the solution. Table III shows a comparison of the
numerical values obtained with different methods.

For the remaining resonant frequencies, no simple closed
form expression could be obtained for n = 4. Therefore, the
solutions are computed numerically. This also applies to the
cases with n. > 4. Fig. 9 shows the numerical values for the most
important frequencies for different values of n. It is possible to
see that, the more terms are used in the Fourier approximation,
the more resonant frequencies appear and some others change
their position.

C. Effects of the Quantization Q, (t) of the Control Signals

Due to the nonlinear nature of the system, the inclusion of the
quantization changes the frequency response of the system. To
take this effect into account, the control signals in (20) are used
for the following analysis.

Fig. 10 shows a comparison of the frequency response of the
reduced-order model calculated with the Fourier approximation
for n = 2 with and without the quantization. It can be seen how
the resonant frequencies change their position and the ampli-
tudes of the peaks are slightly attenuated. Unfortunately, it is
not possible to obtain analytical expression for the resonant fre-
quencies when the quantization is taken into account for n > 2
due to the complexity of the expressions. However, they can be
obtained numerically by solving (41).

Fig. 11 shows the results for n = 6. For this case, the resonant
frequencies are also affected by the quantization; especially, the
amplitude corresponding to the resonance of the fourth harmonic
(frequency peak between 150 rad/s and 200 rad/s) is attenuated
significantly once the quantization is taken into account. More-
over, the resonant frequency with the highest value is displaced
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Fig. 10. Frequency response of the MMC for n =2 with and without
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Fig. 11. Frequency response of the MMC for n = 6 with and without
quantization.

around 7% due to the quantization. This displacement in fre-
quency is less pronounced for the other resonant frequencies.

The difference of the two frequency responses in Fig. 11
corresponds to the error caused by neglecting the quantization.
Since the amplitude peaks are at slightly different locations,
the difference between the two frequency responses becomes
significantly close to them. This explains the peaks obtained in
the simulation already shown in Fig. 4, where the error of the
model without quantization was illustrated.

VII. CONCLUSION

A reduced-order model can accurately represent the behavior
of the MMC in many situations. However, aspects as voltage
imbalances and quantization can affect its accuracy. This paper
analyzes the impact of both of these aspects on the accuracy of
the reduced-order model showing the relation between voltage
imbalances and the increment of its prediction error. Moreover,
the effect of the quantization in the control signals for different
operation frequencies is also addressed. The current manuscript
has extensively analyzed the inaccuracy introduced by the
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quantization effect as a function of the frequency of operation
showing that in frequency ranges close to the resonant frequen-
cies, the accuracy of the reduced-order model is reduced.

This paper has developed detailed methods to characterize
resonant frequencies of MMC'’s by using analytical expressions.
This novel analysis allows one to obtain values of the resonant
frequencies that have not been identified in the current literature,
giving additional insight on the MMC. The results obtained here
can be used to estimate beforehand if the reduced-order model
produces an accurate representation of the MMC, and the insight
gained is particularly useful when working with control tech-
niques using continuous control signals. The presented approach
based on a linearized model also serves as a good starting point
for evaluating the accuracy of the linearization of the MMC
giving insight in how to proceed when designing any control
law. The fact that the linear model fails to represent complex
behavior results in an estimation of the frequency f; that can be
twice as high as the real resonant frequency.

For the sake of accuracy, working close to any of the resonant
frequencies of the converter should be avoided. This becomes
more important the lower the number of levels used, since here
the amplitude of the quantization grows in relation with the con-
tinuous approximation of the control signals. It is also shown
that the reduced-order model produces the same results as the
full-order MMC when the quantization is taken into account.
Therefore, when using control techniques with quantized vari-
ables such as finite control set MPC [44], the accuracy problem
becomes less significant.
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