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Abstract—The triple phase shift (TPS) modulation scheme,
which provides three control freedoms, is of great importance for
the optimized operation of a dual active bridge (DAB) isolated
bidirectional dc/dc converter. First of all, this paper introduces an
accurate, universal model to describe the analytic expressions of
the DAB converter under TPS control. Based on this, six operating
modes of the DAB converter are further discussed. Afterwards, the
concept of global optimal condition (GOC) equations is proposed
to derive the closed form of analytic expressions of an optimal
modulation scheme that makes the DAB converter operate with
minimized root-mean-square (rms) current during whole power
range with different operating modes. According to the GOC equa-
tions, the physical explanation of the proposed modulation scheme
is further given in details, and the complex interaction among the
control variables, the transferred power, and rms current is re-
vealed. The real-time optimization process of the proposed method
is also specified. Finally, the proposed methods are applied to a
laboratory prototype. The experimental results confirm the theo-
retical analysis and practical feasibility of the proposed strategies.

Index Terms—Dual-active-bridge-isolated bidirectional dc/dc
converter, minimum current operation, optimal modulation
scheme, triple phase shift (TPS), zero current switching.

I. INTRODUCTION

THE dual active bridge (DAB) isolated bidirectional dc-dc
converters [1], particularly which are of single phase
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voltage-fed full bridges with a high-frequency transformer, are
popular for various applications (e.g., battery management sys-
tems, interfaces of dc distribution systems, electric vehicles, and
solid state transformer) due to the advantage of galvanic isola-
tion, soft switching characteristic without using any auxiliary
element, high power density, and the ability to handle bidirec-
tional power flow [2]–[11].

To improve the performance of DAB converters, numer-
ous modulation schemes have been developed. The modulation
schemes of DAB converters can be mainly classified into four
kinds according to the control variables or the degrees of control
freedom. The simplest method with only one control freedom
to control the output power of DAB converters is single phase
shift (SPS) modulation that controls the phase shift ratio be-
tween the primary side full bridge and the secondary side full
bridge [5], [12]. For the extended phase shift (EPS) modulation
scheme [13]–[16], the duty ratio of one full bridge can be ad-
justed additionally. Similarly, by modifying the SPS control, the
dual phase shift (DPS) modulation scheme can regulate the duty
ratios of both full bridges for the DAB converter with the same
value [17]–[19]. Both EPS and DPS modulation schemes have
two control variables. The triple phase shift (TPS) modulation
scheme [5], [14], [20], [21], which controls the duty ratios of
two full bridges and the phase shift ratio between them indi-
vidually, facilitates the most degrees of control freedom with
the constant switching frequency. Hence, the SPS control, EPS
control, and the DPS control can be considered as the special
cases of TPS control.

Due to the increase of control variables, the transferred power
and root-mean-square (rms) value of the inductor current gener-
ated by TPS control strategy are considerably difficult to calcu-
late. For the traditional method, researchers have to integrate the
complicated current waveform piece by piece in order to obtain
the analytic formulae of transferred power and rms current [14],
[22], [23]. However, by that method, the physical insight of the
TPS modulation scheme is not clear, and the model lacks univer-
sality. To overcome this issue and obtain a general steady-state
model, the method based on the Fourier analysis is developed
[24], [25]. The main disadvantage of this method is that the
expressions to depict DAB converters are the sum of infinite
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series. Thus, the computational effort is greatly increased due
to the difficulty of dealing with the infinite series. The approx-
imating method that only employs the fundamental component
of the voltage and current is presented in [25]. However, this
approximating method lacks accuracy.

In addition, since the SPS control not only results in high rms
current, especially at low power level, but also prevents the con-
verter achieving zero-voltage switching (ZVS) operation during
wide power range, many research works focus on the improve-
ment of modulation schemes which facilitate to increase the
converter efficiency, to decrease the current stress, and to extend
soft switching range. With the constraints of ZVS, [13] intro-
duced a new modulation strategy based on EPS control to make
DAB converters operate under soft switching in the whole oper-
ating range; however, with this strategy, the relatively large rms
current, especially at lower power level, is generated. Further-
more, the strategies of DPS control to improve the efficiency of
DAB converters were proposed in [18]. However, the optimized
modulation schemes based on EPS control and DPS control are
the local optimal solutions, which should be improved further.
Since the TPS control is the unified form of these phase shift
modulation schemes (i.e., SPS, DPS, EPS), the global optimal
solution for all operating conditions with different power levels
can be obtained by TPS control.

Due to the additional control degree of TPS control, it is con-
siderably complex to determine the optimal modulation scheme
with respect to a certain optimization objective (i.e., minimum
rms current or minimum current stress). In order to solve this
optimal problem, [27] and [28] employed the Lagrange mul-
tiplier method (LMM) to calculate the control variables with
minimum current stress. Due to the nonconvex feasible region
of this optimal problem, LMM lacks sufficiency [29]. Moreover,
based on numerical solver, [21], [30], and [31] developed the
modulation schemes to achieve the maximum efficiency. How-
ever, the numerical method cannot be implemented in real time
for the embedded controller, and a numeric table was required
by offline calculation in advance. When the parameters of DAB
converter are changed, the whole numeric table has to be cal-
culated again. Then, the difficulties are arisen for the practical
application. Besides, the previous work of the optimal modula-
tion scheme for DAB converters mainly focuses on the condi-
tion that the voltage conversion ratio M = (n × V2/V1) ≤ 1.
Additionally, for the case of M > 1, so far no closed form of
optimal modulation scheme has been proposed.

To overcome the drawback of extant methods, an analytic
method to derivate the optimal modulation scheme is proposed
in this paper. By analyzing the voltage waveforms of both
full bridges of DAB converters and the complicated current
waveform of inductor, a precise and universal model, which can
be used to compute the analytic expressions to describe the con-
verter under TPS control, is deduced. It is shown that this model
can not only reduce the complexity of calculation, but also
present the physical essence of the TPS modulation scheme.
Therefore, six operating modes can be compartmentalized
directly.

Based on this model, an optimization procedure is developed
to deduce the analytic expressions of control input with the
condition of minimized rms current at the given operating

Fig. 1. Circuit schematic of the DAB converter.

point. By analyzing the variation of transferred power and rms
current caused by a small displacement of control coordinate,
the indexes that describe the performance of each control
variable are introduced. On this basis, the equations, which
describe the physical properties of optimal modulation scheme,
are constructed, which are referred as global optimal condition
(GOC) equations in this paper. By solving the GOC equations,
the analytic expressions of the optimal modulation scheme can
be obtained for both M > 1 and M ≤ 1 during the whole
operating range. This scheme generates the minimum ohmic
losses and allows a substantial improvement of the system
efficiency. Comparing with the LMM and numerical method,
the GOC equations facilitate in-depth physical insight of that
optimal problem. Moreover, the idea of GOC equations allows
researcher to freely define the objective function. The only
hypothesis of this idea is that the objective function should be
continuous and piecewise smooth.

This paper is further organized as follows. In Section II, the
general model of the DAB converter is presented. The deriva-
tion of this model and the concise expressions of transferred
power and rms current are given in detail. With the formulae de-
duced in Section II, the six operating modes are investigated in
Section III. Subsequently, the comprehensive procedure to con-
struct the GOC equations is shown in Section IV. The solution
of GOC equations during full power range is derived to be the
proposed optimized modulation scheme with respect to the min-
imum rms current for both cases of M ≤ 1 and M > 1, and the
physical explanation of this modulation scheme is demonstrated.
Furthermore, the real-time optimization algorithm, which can
be embedded in digital controller directly, is also detailed in this
section. In Section V, the theoretic analysis and the proposed
modulation schemes are verified by the experimental results ob-
tained from a DAB converter prototype in the laboratory. Finally,
Section VI presents conclusion.

II. DERIVATION AND ANALYSIS OF THE GENERAL MODEL OF

THE DAB CONVERTER

Fig. 1 shows the circuit configuration of the DAB converter
that is constructed by two single-phase full bridges. These full
bridge circuits (i.e., H1 and H2), which generate ac voltages
vp(t) and vs(t), are connected by a magnetic tank that includes
an inductor L and a high-frequency transformer with the turn
ratio n:1. The inductance of L can be the leakage inductance
of the transformer or an individual auxiliary inductor. For the
convenience of analysis, PORT 1 is considered as the input,
and PORT 2 is considered as the output in this paper. Hence,
the power transferred from PORT 1 to PORT 2 is regarded as
positive power. V1 and V2 denote the dc voltages of PORT 1
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Fig. 2. Waveforms of gate driving signals and ac voltage of H1 and H2 for
the DAB converter controlled by TPS modulation scheme.

and PORT 2, respectively. And the voltage conversion ratio M
is defined as M = (n × V2/V1).

The typical waveforms and gate driving signals of the DAB
converter controlled by the TPS modulation scheme are depicted
in Fig. 2. Note that T is a half of the switching period, and
the switching frequency fs can be expressed as fs = 1/(2T ).
According to Fig. 2, D1 (i.e., the phase shift ratio between S1
and S4) is the inner phase shift ratio of H1 , D2 (i.e., the phase
shift ratio between Q1 and Q4) is the inner phase shift ratio of
H2 , and D0 (i.e., the phase shift ratio between S1 and Q1) is
the outer phase shift ratio between H1 and H2 . All of D0 , D1 ,
and D2 have the same limitation, where D0 ∈ [0, 1] ∧ D1 ∈
[0, 1] ∧ D2 ∈ [0, 1]. It is assumed that the time for S1 turned
ON is set as the beginning of the switching cycle. Then, D1T is
the time for turning ON of S4 ; D0T is the time for turning ON

of Q1 , and (D0 + D2)T is the time for turning ON of Q4 . For
the TPS modulation scheme, D0 , D1 , and D2 can be controlled
independently to adjust the power Pt transferred from the input
port to the output port and shape the inductor current iL (t).
Then, there are three control degrees of freedom for the TPS
control.

According to the gate driving signals illustrated in Fig. 2, it
can be found that both vp(t) and vs(t) are three-level symmetric
square waves that are generated by adjusting D1T and D2T .
And the duty ratio of vp(t) and vs(t) is 1 − D1 and 1 − D2 , re-
spectively. Fig. 3 illustrates that this kind of three-level symmet-
ric square waves can be composed by two two-level symmetric
square waves. In Fig. 3, S(t) denotes the normal two-level sym-
metric square wave with the period 2T. Note that the amplitude
of S(t) is 0.5, and S(t − DT ) represents the function that is S(t)
with a time delay DT. Then, the sum of S(t) and S(t − DT )
depicted in Fig. 3 is a three-level symmetric square wave with
the duty ratio 1 − D, and the amplitude of S(t) + S(t − DT )
is equal to 1. With a few modifications, the same results can be
used to decompose vp(t) and vs(t) that are expressed as{

vp(t) = V1 × [S(t) + S(t − D1T )]
vs(t) = V2 × [S(t − D0T ) + S(t − D2T − D0T )] . (1)

Fig. 3. Waveforms of S(t), S(t − DT ), and S(t) + S(t − DT ).

Fig. 4. Equivalent circuit of the DAB converter with TPS modulation scheme.

On the assumption of lossless component and negligible mag-
netizing current, the equivalent circuit of the DAB converter
can be illustrated in Fig. 4 with reference to (1). As shown in
Fig. 4, the primary full bridge H1 is replaced by voltage source
vp(t), and the high-frequency transformer and the secondary
full bridge H2 are replaced by the voltage source nvs(t). Based
on that equivalent circuit in Fig. 4 [32], the differential equation
to illustrate the dynamics of inductor current iL (t) is

L
diL
dt

= (vp(t) − nvs(t)) = [V1(S(t) + S(t − D1T ))

− nV2(S(t − D0T ) + S(t − D0T − D2T ))]. (2)

At the steady state, it can be deduced that iL (t) = −iL (t +
T ). By applying the principle of inductor volt-second balance
and the linearity of integration, iL (t) is expressed as

iL (t) =
1
L

[V1(Tr(t) + Tr(t − D1T ))]

− 1
L

[nV2(Tr(t − D0T ) + Tr(t − (D0 + D2)T ))]

(3)

where Tr(t) is the symmetric triangle waveform that is the in-
tegration of S(t) (i.e., Tr(t) =

∫
S(t)dt). Fig. 5 depicts the
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Fig. 5. Waveform of the symmetry triangle wave Tr(t).

waveform of Tr(t). Note that the amplitude of Tr(t) is 0.25T.
Since the dc component of the inductor current iL (t) is zero at
steady states, the integration of a normal two-level symmetric
square wave S(t) is a bipolar triangle wave without dc compo-
nent as shown in Fig. 5.

As a result, according to (3), the complicated waveform of
iL (t) can be divided into four similar functions with differ-
ent time delays [i.e., Tr(t), T r(t − D1T ), T r(t − D0T ), and
Tr(t − (D0 + D2)T )]. Comparing with the method that ex-
presses iL (t) based on Fourier series [24], which needs to com-
pute the infinite series, (3) describes iL (t) completely by using
only four terms. Thus, the complexity of computation is reduced.
Moreover, the proposed method shows more accuracy than the
method of fundamental component approximation [26]. For in-
stance, Fig. 6 illustrates the procedure of composing iL (t) by
four triangle waves while the control variables are as follows:
D0 = 0.2, D1 = 0.3, and D2 = 0.4.

In consequence, the average transferred power Pt over one
switching cycle 2T is calculated as (4), and the average rms value
of inductor current Irms is given by (5). The expanded form of
(5) is composed by the term

∫
Tr(t − yT ) × Tr(t − xT )dt

that has the uniform expression as (6). By substituting (6) into
(5), Irms can be obtained directly. Neither using the detailed
information of iL (t), especially the inflection point of iL (t),

Fig. 6. Procedure of composing inductor current iL (t).

nor integrating iL (t) piece by piece, Irms can be calculated.
Thus, the calculation effort can be saved significantly without
losing accuracy. Consequently, (4) and (5) can be the universal
expressions of Pt and Irms . Therefore, the general model of the
DAB converter is derived.

III. ANALYSIS OF OPERATING MODES FOR

THE DAB CONVERTER

Due to the piecewise linearity of Tr(t), six operating modes
can be compartmentalized for the whole operating range (i.e.,
D0 ∈ [0, 1] ∧ D1 ∈ [0, 1] ∧ D2 ∈ [0, 1]). Pt and Irms have spe-
cific polynomials for each operating mode. To derivate the
boundary of each mode, substitute (6) into (5), Irms can be
calculated as (7).

According to (7), IA, IB and IC are influenced by the value
of control variables (i.e., D0 , D1 , and D2). For instance, when
D1 ≤ D0 , IA can be written as (8). When D0 ≤ D1 , IA has
another form of (9): eq. (4, 5, 6, 7, 8, 9) shown at the bottom of
the page.

Pt =
1
T

∫ T

0
[vp(t)iL (t)dt =

1
T

∫ T

0
[nvs(t)iL (t)dt = −nV1V2

TL

∫ T

D1 T

[Tr(t − D0T ) + Tr(t − (D0 + D2)T )] dt (4)

I2
rms =

1
T

∫ T

0
i2(t)dt =

1
TL2

∫ T

0
[V1(Tr(t) + Tr(t − D1T )) − nV2(Tr(t − D0T ) + Tr(t − (D0 + D2)T ))]2dt (5)

⎧⎨
⎩

∫ T

0 Tr(t − xT )Tr(t − yT )dt = 1
12

[
0.25 − 1.5|x − y|2 + |x − y|3

]
T 3 for |x − y| ≤ 1∫ T

0 Tr(t − xT )Tr(t − yT )dt = 1
12

[
0.25 − 1.5|2 − |x − y||2 + |2 − |x − y||3

]
T 3 for 1 ≤ |x − y| ≤ 2

(6)

I2
rms =

T 2

6L2

(
1
4
V1

2 +
1
4
V2

2 +
(

1
4

− 1.5D1
2 + D1

3
)

V1
2 −

(
1
4
− 1.5D0

2 + D0
3
)

V1V2 +
(

1
4
− 1.5D2

2 + D2
3
)

V2
2
)

− V1V2

TL2

⎛
⎜⎜⎝
∫ T

0
Tr(t−D1T )Tr(t−D0T )dt

︸ ︷︷ ︸
IA

+
∫ T

0
Tr(t)Tr(t−(D0 +D2)T )dt

︸ ︷︷ ︸
IB

+
∫ T

0
Tr(t−D1T )Tr(t−(D0 +D2)T )dt

︸ ︷︷ ︸
IC

⎞
⎟⎟⎠
(7)

IA =
1
12

×
(
0.25 − 1.5(D0 − D1)

2 + (D0 − D1)
3
)

T 3V1V2 (∀D1 ≤ D0) (8)

IA =
1
12

×
(
0.25 − 1.5(D1 − D0)

2 + (D1 − D0)
3
)

T 3V1V2 (∀D0 ≤ D1) (9)
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TABLE I
EXPRESSIONS OF IA, IB, IC AT DIFFERENT CONDITIONS

Mark of term Constraint Expression

IA D1 ≤ D0 IA = (0.25 − 1.5(D0 − D1 )2 + (D0 − D1 )3 )T 3 V1 V2 /12
IA D0 ≤ D1 IA = (0.25 − 1.5(D1 − D0 )2 + (D1 − D0 )3 )T 3 V1 V2 /12
IB D2 + D0 ≤ 1 IB = (0.25 − 1.5(D0 + D2 )2 + (D0 + D2 )3 )T 3 V1 V2 /12
IB 1 ≤ D2 + D0 ≤ 2 IB = (0.25 − 1.5(2 − D0 − D2 )2 + (2 − D0 − D2 )3 )T 3 V1 V2 /12
IC D2 + D0 ≤ D1 IC = (0.25 − 1.5(D1 − D0 − D2 )2 + (D1 − D0 − D2 )3 )T 3 V1 V2 /12
IC D1 ≤ D2 + D0 ≤ 1 + D1 IC = (0.25 − 1.5(D0 + D2 − D1 )2 + (D0 + D2 − D1 )3 )T 3 V1 V2 /12
IC 1 + D1 ≤ D2 + D0 ≤ 2 IC = (0.25 − 1.5(2 − D0 − D2 + D1 )2 + (2 − D0 − D2 + D1 )3 )T 3 V1 V2 /12

Fig. 7. Waveforms of vp (t), vs (t), and iL (t) for all operation modes and the corresponding definition domain.

The expressions of IA, IB, and IC at different conditions are
listed in Table I. By combining the conditions of IA, IB, and IC
terms, 12 cases can be generated. However, there are six cases
with the contradictory conditions as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

D1 ≤ D0∧0 ≤ D0 + D2 ≤ 1∧0 ≤ D0 + D2 ≤ D1

D1 ≤ D0∧1 ≤ D0 + D2 ≤ 2∧0 ≤ D0 + D2 ≤ D1

D1 ≤ D0∧0 ≤ D0 + D2 ≤ 1∧1 + D1 ≤ D0 + D2 ≤ 2
D0 ≤ D1∧0 ≤ D0 + D2 ≤ 1∧1 + D1 ≤ D0 + D2 ≤ 2
D0 ≤ D1∧1 ≤ D0 + D2 ≤ 2∧1 + D1 ≤ D0 + D2 ≤ 2
D0 ≤ D1∧1 ≤ D0 + D2 ≤ 2∧0 ≤ D0 + D2 ≤ D1

.

(10)

Due to the contradictory conditions, these cases in (10) are
not effective. Therefore, the remaining six operating modes,

which can be generated by the DAB converter under TPS
control, are effective and need to be further studied. Because
D0 , D1 , and D2 are the independent control variables, the def-
inition domain of every operating mode can be depicted by
a polyhedron in the three-dimensional Euclidean space. For
convenience, the control input array D0 , D1 , and D2 is rep-
resented by D = (D0 , D1 , D2) that is the coordinate in the
three-dimensional Euclidean space. And D = (D0 , D1 , D2)
is referred as the control coordinate. Fig. 7 depicts the typi-
cal operating waveforms for all six operating modes and its
definition domain. It can be concluded that the location of
D = (D0 , D1 , D2) in the space determines the sequence of
the rising and falling edges of vp(t) and vs(t). For each mode,
the corresponding formulae of Pt and Irms are presented in [32].

For the reason of simplicity, normalization of Pt and Irms can
be used. Since Irms influence the ohmic losses of the converter
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TABLE II
RANGE OF Pn ,t AT EACH OPERATING MODE

Operating Mode Lower bound of Pn , t Upper bound of Pn , t

1 0 1
2 0 2/3
3 –0.5 0.5
4 –0.5 0.5
5 0 2/3
6 0 0.5

in the form of R × I2
rms and I2

rms can be chosen as the objective
function directly. And the normalization of Pt and I2

rms is

Pn,t = Pt

/
nV1 V2
8fs L

, I2n,rms = I2
n,rms = I2

rms

/
V 2

1
24f 2

s L2
(11)

where Pn,t is the normalized value of Pt , and I2n,rms is the
normalized value of I2

rms . It is easy to find that Pn,t is a function
of control coordinate D, and I2n,rms is a function of D and the
voltage ratio M = nV2/V1 . For each operating mode, the range
of Pn,t is provided in Table II.

According to Table II, the control coordinate of maximum
transferred power is located in the definition domain of operating
mode 1. And, Pn,t can also be negative, which means the power
is transferred from PORT 2 to PORT 1, when the DAB converter
operates in mode 3 and mode 4. For mode 2, mode 3, and mode
6, 1 ≤ D0 + D2 is met. As a result, in these three modes,
when both Q1 and Q4 are turned ON, S1 has been turned OFF.
Therefore, the time interval satisfying vp(t) × vs(t) > 0 does
not exist, which means that the power cannot be transferred
from H1 to H2 directly. As a consequence, the reactive power
of mode 2, mode 3, and mode 6 is extremely large, which causes
the significant increment of I2n,rms . For instance, Fig. 8(a) plots
the key simulating waveforms of the DAB converter when it
operates in mode 4 with Pn,t = 0.24 and M = 0.5, and as
comparison, Fig. 8(b) plots the key waveforms of the DAB
converter operated in mode 6 with the same conditions.

As can be observed in Fig. 8, comparing with mode 4, I2n,rms
of mode 6 is much larger for the same transferred power. For
mode 2, mode 3, and mode 6, the range of Pn,t is not extended;
however, I2n,rms is increased. Hence, these modes are not con-
sidered for the investigations to deduce the optimal modulation
scheme with minimized I2n,rms .

To obtain the optimal control coordinate Dopt = (D0,opt ,
D1,opt , D2,opt) with minimized I2n,rms at given Pn,t , LMM
lacks completeness. Due to the LMM’s basic assumption, in
which the convexity of the feasible region is needed, the solution
of LMM is only of necessary conditions, but lacks of sufficiency.
Fig. 9(a) depicts the set of D for Pn,t = 0.2 at mode 4, and
Fig. 9(b) depicts the set of D for Pn,t = 0.5 at mode 1.

It can be seen that both of the two sets are curved surfaces
that are not convex. Reference [27] presents that the optimal
problem with the constrain 0 ≤ D0 ≤ D0 + D2 ≤ D1 (i.e.,
operating mode 4) for minimizing current stress at given Pn,t is
unsolvable by using LMM. And in [28], the solution of LMM
is only for local minimal current stress. So far for the case of

Fig. 8. Key waveforms of the DAB converter. (a) Operating in mode 4.
(b) Operating in mode 6.

Fig. 9. Curve surface of control coordinate set. (a) Control coordinate set for
Pn ,t = 0.2 at mode 4. (b) Control coordinate set for Pn ,t = 0.5 at mode 1.

M > 1, no analytic results have been proposed. To overcome
the drawback of LMM and the numeric method, an analytic form
of global optimized modulation scheme needs to be derived.

IV. GOC EQUATION AND THE OPTIMAL MODULATION SCHEME

A. Derivation of GOC Equations

In order to obtain the optimal control coordinate Dopt =
(D0,opt , D1,opt , D2,opt) with minimized I2n,rms at the steady
state, for the given operating point defined by the transferred
power Pn,t , the GOC equations are employed [33]. For both
M ≤ 1 and M > 1, the optimized control coordinate Dopt =
(D0,opt , D1,opt , D2,opt) is determined by GOC equations. For
the reason of clarity, the below-mentioned analysis is presented
mainly for the voltage ratio M ≤ 1. And for M > 1, the ana-
lytic expressions of Dopt is given as well.
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First, the complete differentiations of Pt and I2n,rms about D
are considered

ΔPn,t ≈ ∇Pn,t • (Δd)T =
(

∂Pn,t

∂D0

∂Pn,t

∂D1

∂Pn,t

∂D2

)⎛
⎝Δd0

Δd1
Δd2

⎞
⎠

ΔI2n,rms ≈ ∇I2n,rms • (Δd)T

=
(

∂I2n,rms

∂D0

∂I2n,rms

∂D0

∂I2n,rms

∂D0

)⎛
⎝Δd0

Δd1
Δd2

⎞
⎠ (12)

where D = (D0 ,D1 ,D2) and Δd = (Δd0 ,Δd1 ,Δd2).
According to (12), a dimensionless parameter ξ to evaluate

the performance of each control variables can be employed

ξ(k) =
∂I2n,rmsj

∂Dk
:

∂Pn,tj

∂Dk
(13)

where the suffix j represents the mark of operating modes. As
mode 2, mode 3, and mode 6 are ignored, j can be 1, 4, and 5.
k can be 0, 1, 2 to represent D0 , D1 , and D2 , respectively. For
the given D = (D0 , D1 , D2), ξ depicts the ratio of the cost
(i.e., the increment of I2n,rms) to the gain (i.e., the increment
of the Pn,t) caused by a small perturbation of control variables.
At an arbitrary control coordinate D = (D0 , D1 , D2) with the
given voltage ratio M, if ξ of three control variables are not
equal, for instance, 0 < ξ(1) < ξ(2), the following inequality
can be obtained:

(
∂I2n,rms

∂D2
:

∂Pn,t

∂D2

)
>

(
∂I2n,rms

∂D1
:

∂Pn,t

∂D1

)
> 0. (14)

From (14), it is suggested that, for a given increment of Pn,t ,
the concomitant increment of I2n,rms caused by adjusting D2 is
larger than that caused by adjusting D1 . It is assumed that ξ is
continuous at the neighborhood of D, another control coordinate
D′ = (D0 ,D1 + Δd1 ,D2 − Δd2) at the small neighborhood
of D can be investigated, Pn,t and I2n,rms of D′ are

Pn,t(D′) ≈ Pn,t(D) − ∂Pn,t

∂D2
× Δd2 +

∂Pn,t

∂D1
× Δd1

I2n,rms(D′) ≈ I2n,rms(D) − ∂I2n,rms

∂D2
× Δd2

+
∂I2n,rms

∂D1
× Δd1 . (15)

And D′ can be chosen as

D′ =
(

D0 ,D1 +
∂Pn,t

∂D2
× Δd,D2 − ∂Pn,t

∂D1
× Δd

)
. (16)

Then, by applying (14), we can deduce

Pn,t(D′) ≈ Pn,t(D) − ∂Pn,t

∂D2

∂Pn,t

∂D1
Δd +

∂Pn,t

∂D1

∂Pn,t

∂D2
Δd

= Pn,t(D) (17)

I2n,rms(D′) ≈ I2n,rms(D)− ∂I2n,rms

∂D2

∂Pn,t

∂D1
Δd

+
∂I2n,rms

∂D1

∂Pn,t

∂D2
Δd

⇒ I2n,rms(D) > I2n,rms(D′). (18)

This inequality (18) suggests that I2n,rms of D′ is less than
I2n,rms of D with the same transferred power. In terms of the
optimization of loss, D′ is “better” than D. By repeating
the above-mentioned procedure to study ξ(0), ξ(1), and ξ(2),
the equations to determine the optimal control coordinate
Dopt = (D0,opt , D1,opt , D2,opt) can be obtained

ξ(0) = ξ(1) = ξ(2). (19)

Because (19) characterizes the optimal control coordi-
nate Dopt = (D0,opt , D1,opt , D2,opt), then (19) is termed
as GOC equations. Combining (19) with the equality
constrains of Pn,t = p, a unique solution of Dopt =
(D0,opt , D1,opt , D2,opt) can be obtained directly [33]. Since
only one weak assumption, which is the continuity of ξ, is
needed, the procedure to derive the GOC (19) is effective for all
the control coordinates even at the boundary of the definition
domain. For the reason that the trajectory of Dopt is piecewise,
the following discussion of Dopt is divided into three parts ac-
cording to the power level.

B. Solution of GOC Equation at Low Power Level

According to the above-mentioned analysis, the analytic
expression of Dopt = (D0,opt , D1,opt , D2,opt) can be deter-
mined by solving (19). It can be seen that the polynomials of
Pn,t of each operating mode are not the same. Then, the specific
form of GOC equations will be different for each mode. At the
definition domain of mode 4, the GOC equations are expressed
in the Appendix [cf., (A-1)]. With the assumption M ≤ 1, the
solution of GOC equations at mode 4 is

D0,opt =
(1 − M)(1 − D1,opt)

M
∧ D2,opt = 1 − 1 − D1,opt

M
(20)

where D1,opt is determined by Pn,t . The definition domain of
mode 4 is as follows:

D0 ∈ [0,D1 ] ∧ D1 ∈ [0, 1] ∧ D2 ∈ [0,D1 − D0 ]. (21)

To meet the limitation in (21), the range of Pn,t and D1,opt
is

Pn,t ∈ [0, 2M(1 − M)] ∧ D1,opt ∈ [1 − M, 1]. (22)

As a consequence, (20) defines the trajectory of Dopt at a
relatively low power level, and the control coordinates that are
shown in (20) can be referred as low power solution (Dopt,LPS).
As an example, when Pn,t = 0.32, M = 0.8, V1 = 200 V,
and V2 = 160 V, Fig. 10 illustrates the typical waveforms of
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Fig. 10. Simulating waveforms of the DAB converter by control coordinate
Dopt ,LPS with Pn ,t = 0.32 and M = 0.8.

vp(t), vs(t), and iL (t) of the DAB converter under the control
of Dopt,LPS .

As illustrated in Fig. 10, the shape of the inductor current
iL (t) is triangular. Combining with Fig. 2, it is easy to find
that iL (t) is zero at the time D0T, D1T , and (D0 + D2)T ,
with Dopt,LPS as the control input. Then, the switching devices
S3 , S4 , Q1 , Q2 , Q3 , and Q4 can achieve zero-current switch-
ing, and the switching losses can be reduced. In consequence,
a remarkable improvement of efficiency for DAB converter can
be accomplished.

As can be seen, since D0,opt + D2,opt = D1,opt , Dopt,LPS
is located at the boundary between the definition domains for
mode 4 and mode 5. Then, Dopt,LPS should be the solution of
GOC equations for both mode 4 and mode 5. For mode 5, by
substitution of the corresponding Pn,t and I2n,rms into the GOC
equations [as expressed in the Appendix (A-2)], the solution is
also in the form of (20). Therefore, the self-consistency of GOC
equations is confirmed.

Moreover, for Dopt,LPS , the instantaneous powers pi1 and pi2
generated by the full bridge H1 and H2 satisfy

{
pi1(t) = vp(t) × iL (t) ≥ 0
pi2(t) = nvs(t) × iL (t) ≥ 0 . (23)

However, Dopt,LPS is not the only loci of the control coordi-
nate that meets (23). In mode 5, if the control variables D1 and
D2 satisfy the following equation [i.e., the second equation of
(20)]:

1 − D2

1 − D1
=

1
M

. (24)

Then, (23) can also be held. In other words, (24) is the con-
dition for control variables to eliminate negative instantaneous
power. Fig. 11 plots the typical waveforms of the DAB converter,
with the same condition as Fig. 10 (i.e., Pn,t = 0.32, M =
0.8, V1 = 200 V, and V2 = 160 V), controlled by another co-
ordinates met (24). As in Fig. 11, the negative instantaneous
power is also avoided; however, the rms current is relatively
larger compared with Fig. 10. Fig. 12 shows the curves of
I2n,rms versus Pn,t , for different locus of control coordinates
that meet the requirement of zero negative instantaneous power
as (23) and (24) with M = 0.8.

From Fig. 12, we can conclude that the minimum I2n,rms
of a fixed Pn,t is generated by Dopt,LPS , because Dopt,LPS is

Fig. 11. Simulating waveforms of the DAB converter without negative instan-
taneous power.

Fig. 12. I2n ,rm s versus Pn ,t with different trajectories of control coordinate
that avoid negative power at M = 0.8.

Fig. 13. Simulating waveforms of the DAB converter by control coordinate
Dopt ,M PS with Pn ,t = 0.5 and M = 0.8.

the unique solution to meet the requirement of zero negative
instantaneous power and D0 + D2 = D1 simultaneously.

C. Solution of GOC Equation at Medium Power Level

For the case that the transferred power exceeded the limitation
of Dopt,LPS (22), the GOC equations can be solved by using
the formulae of Pn,t and I2n,rms in mode 1. For M ≤ 1, the
expressions of Dopt at medium power level are as follows:

D0,opt =
D1,opt − 1 + M + D1,optM

2M

+

√
(D1,opt − 1)2 + M 2(D2

1,opt − 1)

2M

D2,opt = 0. (25)
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Fig. 14. Curve surface of ξ(2) − ξ(0) at mode 1.

Due to the constrains of the definition domain of mode 1 (i.e.,
D1 ≤ D0), the limitations of Pn,t and D1 are

Pn,t ∈
[
2M(1−M),

2(M 2−1+
√

1−M 2)
M 2

]
∧D1 ∈ [0, 1−M ] .

(26)
Then, the solution of (25) is effective at the medium power

level. For this reason, (25) can be named as medium power so-
lution (Dopt,MPS). So far the concise expressions of Dopt,MPS
and the corresponding Pn,t has not been clearly dealt with in
extant research works. As an example, Fig. 13 illustrates the typ-
ical waveforms of the DAB converter controlled by Dopt,MPS ,
at Pn,t = 0.5, M = 0.8, V1 = 200 V, and V2 = 160 V.

Comparing with the typical waveforms of DAB controlled by
Dopt,LPS illustrated in Fig. 10, the negative instantaneous power
is unavoidable. In Fig. 13, the time interval for vp(t) × iL (t) <
0 shows that the amount of negative instantaneous power is
relatively small. According to (25), the control variable D2 is
equal to zero in the case of medium power level. This is caused
by the following inequality in mode 1:

ξ(2) > ξ(1) ∧ ξ(2) > ξ(0) ∀D2 �= 0 . (27)

For instance, Fig. 14 plots ξ(2) − ξ(0) at mode 1 when D1 =
0.1 and M = 0.8. As can be seen, ξ(2) − ξ(0) is larger than
zero when D2 �= 0. Therefore, to reduce I2n,rms , D2 should
be zero at mode 1 with M ≤ 1. When D2 equals to zero, the
curves of I2n,rms versus D1 are depicted in Fig. 15. With the
given Pn,t , Fig. 15 shows that I2n,rms can achieve the minimum
value when the control coordinate D meets (25).

D. Solution of GOC Equation at High Power Level

When the transferred power Pn,t is even higher than the upper
limitation of Dopt,MPS as (26), the solution of GOC equations
is also located in mode 1. However, the expressions of GOC
equations at mode 1 for the high power level are

D1,opt = 0 ∧ D2,opt = 0. (28)

Correspondingly, Pn,t and D0 should satisfy (29). Hence, the
control coordinate determined by (28) is termed as high power
solution (Dopt,HPS). As mentioned before, D2 should be equal
to zero at mode 1. And Fig. 16 illustrates the curves of I2n,rms

Fig. 15. I2n ,rm s versus D1 with different Pn ,t at medium power level.

Fig. 16. I2n ,rm s versus D1 with different Pn ,t at high power level.

versus D1 with D2 = 0 and M = 0.8 at high power level

Pn,t ∈
[

2(M 2 − 1 +
√

1 − M 2)
M 2 , 1

]

D0 ∈
[
−1 + M +

√
1 − M 2

2M
,
1
2

]
. (29)

Fig. 16 demonstrates that I2n,rms can achieve the minimum
value at D1 = 0 for high power level. In conclusion, at high
power level, the minimum current of I2n,rms for the given Pn,t

is generated by the SPS modulation scheme.
From Sections IV-B to IV-D, combining with (20), (25), and

(28), the closed form of the control coordinate Dopt , which
is used to minimize I2n,rms at given Pn,t and M during the
whole operating range, can be obtained. It can be verified that
the numeric results obtained by offline computation precisely
meet the results calculated by Dopt . Therefore, the theoretical
analysis of Dopt is proved. The trajectories of the optimal control
variables Dopt versus Pn,t are depicted in Fig. 17 at M = 0.8.

From Fig. 17, it is revealed that the control variables trans-
fer from the low power level to the medium power level, then
to the high power level, seamlessly. Moreover, the respective
ranges of Pn,t for Dopt,LPS , Dopt,MPS , and Dopt,HPS cover
the whole power range (i.e., Pn,t ∈ [0, 1]) of the DAB converter
without overlapping or vacancy. The respective range of Pn,t for
Dopt,LPS , Dopt,MPS , and Dopt,HPS is changed with the voltage
transfer ratio M, which is depicted in Fig. 18.
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Fig. 17. Control variables (i.e., D0 , D1 , D2 ) versus Pn ,t with M = 0.8.

Fig. 18. Range of low power level, medium power level, and high power level
for M < 1.

Fig. 19. Simulating waveforms of the DAB converter by control coordinate
Dopt ,LPS with Pn ,t = 0.2 and M = 1.2.

Fig. 20. Simulating waveforms of the DAB converter by control coordinate
Dopt ,M PS with Pn ,t = 0.5 and M = 1.2.

Fig. 21. Control variables (i.e., D0 , D1 , D2 ) versus Pn ,t with M = 1.2.

Fig. 22. Range of low power level, medium power level, and high power level
for M > 1.

E. Solution of GOC Equation for M > 1

For the extant publications on DAB optimal modulation
scheme, the case of M > 1 is not considered [21], [27],
[28], [34]. However, the limitation of Pn,t of Dopt [i.e.,
(22), (26), and (29)] includes the terms of (1 − M) and√

1 − M that are not effective for M > 1. Note that the
inverse power flow that is transferred from PORT 2 to
PORT 1 with M � 1 is equal to the positive power flow
from PORT 1 to PORT 2 with M > 1. Therefore, the op-
timized modulation scheme for M > 1 should be discussed
further.

In terms of the derivation of GOC equations, it can be con-
cluded that the optimized control coordinate with respect to the
minimum I2n,rms with M > 1 meets the constraints of GOC
equations as well. As a result, the closed form of optimized con-
trol coordinate with M > 1 can be obtained by solving GOC
equation [cf., (A-1)–(A-3)].

As can be found, (A-1) does not have effective solution with
M > 1. In consequence, the optimal control coordinate does
not locate in the definition domain of mode 4. By solving (A-2)
for the case of M > 1, the expressions of Dopt at low power
level are

D0,opt = 0 ∧ D1,opt = 1 + MD2,opt − M (30)
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Fig. 23. Control structure of close loop for the DAB converter with the online optimization algorithm.

Fig. 24. Experimental waveforms at V2 = 230 V (M = 1.15). (a) Pt =
540 W. (b) Pt = 1080 W.

Fig. 25. Experimental waveforms at V2 = 160 V (M = 0.8). (a) Pt =
400 W. (b) Pt = 900 W.

where D2,opt is determined by Pn,t . To meet the constrains of
the definition domain of mode 5 (i.e., 0 ≤ D1 ≤ D2 + D0
≤ 1), the limitations of Pn,t and D2 are

Pn,t ∈
[
0,

2
M 2 (M − 1)

]
∧ D2 ∈

[
M − 1

M
, 1

]
. (31)

Similarly, Dopt determined by (30) is termed as Dopt,LPS .
As an example, Fig. 19 illustrates the typical waveforms of
vp(t), vs(t), and iL (t) of the DAB converter controlled by
Dopt,LPS as (30) with Pn,t = 0.2, M = 1.2, V1 = 200 V,

and V2 = 240 V. As in Fig. 20, Dopt,LPS derived from (30)
also eliminate the negative instantaneous power with M > 1
as well. For the medium power level, the solution of GOC
equation [i.e., (A-3)] is

D0,opt =
1 − D2,opt − M + MD2,opt

2

+

√
D2

2,opt − 1 + M 2(1 − D2,opt)
2

2

D1,opt = 0. (32)

The corresponding Pn,t and D2 for (32) are

Pn,t ∈
[

2
M 2 (M − 1), 2

(
1 − M 2 + M

√
M 2 − 1

)]

D2 ∈
[
0,

M − 1
M

]
. (33)

Condition (32) can be referred as Dopt,MPS . For instance,
Fig. 20 plots the key waveforms of the DAB converter controlled
by Dopt,MPS with Pn,t = 0.5, M = 1.2, V1 = 200 V, and
V2 = 240 V.

Furthermore, for the transferred power higher than the upper
limit of (33), the effective solution of GOC equation is

D1,opt = 0 ∧ D2,opt = 0. (34)

According to (34), the SPS modulation scheme can gener-
ate the minimum I2n,rms even with M > 1 at high power
level. And the corresponding ranges of Pn,t and D0 are ex-
pressed in (35). As a conclusion, the trajectories of the con-
trol variables (i.e., D0 , D1 , and D2) versus Pn,t are depicted
in Fig. 21 at M = 1.2. The respective range of Pn,t for
Dopt,LPS , Dopt,MPS , and Dopt,HPS with M > 1 versus M is
depicted in Fig. 22

Pn,t ∈
[
2
(
1 − M 2 + M

√
M 2 − 1

)
, 1

]

D0 ∈
[

1 − M +
√

M 2 − 1
2

,
1
2

]
. (35)
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Fig. 26. Experimental curves with V2 = 230 V (M = 1.15) at different transferred powers. (a) Efficiency. (b) RMS current. (c) Peak–peak current.

Fig. 27. Experimental curves with V2 = 160 V (M = 0.8) at different transferred powers. (a) Efficiency. (b) RMS current. (c) Peak–peak current.

Fig. 28. Experimental waveforms of closed loop implementation: start-up response.

F. Close Loop Control Structure for the Proposed Controller
and Real-Time Optimization

Fig. 23 illustrates the control structure for an online optimiza-
tion algorithm when the DAB converter operates at M ≤ 1 with
the close loop system. The proposed algorithm can be employed
in embedded processor (e.g., DSP) without numeric table.

As an example, a single close loop voltage controller is em-
ployed to regulate the output voltage, and x denotes the output
of the voltage controller. In Fig. 23, the proposed optimal modu-
lation strategy is embedded in the modulator that transforms the
output of controller x into the optimal control coordinate Dopt .
Note the voltage conversion ratio M, for online implementation,
is calculated by M = (nVref/V1) [27].

In addition, it should be pointed that the functions
g1(·), g2(·), h1(·), h2(·) can be constructed according to (20)
and (25) at M ≤ 1. f1(·), f2(·), f3(·) are utilized to determine

the function between x and Dopt , these functions can be con-
structed as follows:

f1 (x) = 1 − x

f2 (x) = 1 − x

f3 (x) =
1

2M
×

[
(2x − 3) ×

(
1 −

√
1 − M 2

)
+ M

]
.

(36)

In accordance with (36), the output of controller x is limited
to x ∈ [0, 1.5]. By modifying the parameters and functions of
the modulator according to (30) and (32), the control diagram
can be used for the case of M > 1. According to Fig. 23, the
proposed optimization controller is easy to be implemented in
a real-time controller.
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TABLE III
CIRCUIT PARAMETERS OF THE PROTOTYPE

Items Descriptions Specifications

V1 Input Voltage 200 V
V2 Output Voltage 230 V, 160 V
fs Switching Frequency 20 kHz
L Auxiliary Inductor 105.2 μH

Magnetic Material Sendust Alloy
n Turn Ratio 1:1

Magnetic Material Ferrite

V. EXPERIMENTAL RESULTS

A prototype of the DAB converter, with the specifications
listed in Table III, was built in the laboratory. And the theoretic
analysis of the previous sections has been verified in experiment.
The converter is built by SiC MOSFET (i.e., C3M0065090D),
and individual antiparallel diodes, in particular SiC Schottky
diode (i.e., C3D08060A), are used. The proposed control
strategy is implemented in a digital signal processor (i.e.,
TMS320F28335) that is employed to generate the gate driving
signals. The input voltage V1 is fixed at 200 V. In order to test the
proposed modulation schemes at different voltage conversion
ratio conditions for both M > 1 and M ≤ 1, V2 are set at dif-
ferent values. For instance, the experimental waveforms with the
output voltage V2 = 230 and 160 V are given to demonstrate
the theoretical analysis. For V2 = 230V, Fig. 24(a) illustrates
the operating waveforms for low power level with Pt = 540 W,
and Fig. 24(b) illustrates the operating waveforms for medium
power level with Pt = 1080 W. For V2 = 160 V, Fig. 25(a)
illustrates the operating waveforms for low power level
with Pt = 400 W, and Fig. 25(b) illustrates the operating
waveforms for medium power level with Pt = 900 W.

As a comparison, both the waveforms controlled by the op-
timal modulation scheme (i.e., the left subplot) and the SPS
modulation scheme (i.e., the right subplot) are shown in each
subplot of Figs. 24 and 25.

As observed, the rms value and the peak–peak value of
inductor current are reduced significantly by the optimal mod-
ulation scheme. From the experimental results, for instance, at
V2 = 160 V [cf., Fig. 25(a)] and the transferred power 400 W,
the measured rms current decreases from 3.42 A by SPS control
to 3.09 A by the proposed optimal control; the peak–peak
current decreases from 14.2 A by SPS control to 13.2 A by the
optimal control; and the efficiency increases from 96.7% by
SPS control to 98.2% by the optimal control. The peak–peak
current, rms current, and efficiency curves for different selected
operating points, which are defined by the transferred power
Pt and output voltage V2 , are depicted in Figs. 26, and 27. The
blue lines mark the optimal modulation scheme, and the red
lines mark the SPS modulations scheme. Since the performance
improvement offered by the optimal modulation scheme is
more significant at low power level and medium power level,
the related results till 50% of maximum transferred power (i.e.,
Pn,t = 0.5) are compared for both M > 1 and M ≤ 1.

As can be seen, a remarkable performance improvement of the
DAB converter can be accomplished by the proposed optimized
modulation scheme (Dopt) especially at low power level. Since

the parasitic capacitor of the SiC MOSFET (C3M0065090D) is
relatively small, the ohmic losses caused by the rms current
are the dominant component of whole losses, the efficiency of
the DAB converter is of significant improvement by using the
optimal modulation scheme.

The experimental results for online optimization are depicted
in Fig. 28 with the control algorithm shown in Fig. 19 and (36).
The input and output voltages are 200 V and 140 V, respectively.
And the load resistance is 46.2 Ω. In order to reduce the current
overshoot, the controller output x is limited in the range [0,1] for
start-up. As can be observed, the optimized control is achieved
by the proposed control algorithm at the steady state.

VI. CONCLUSION

This paper has detailed a novel model with high accuracy and
good universality to depict the DAB converter controller by the
TPS modulation scheme. The complicated inductor current can
be separated into four similar triangle waves on the assumption
of lossless components and negligible magnetizing current as
the steady state. Thereby, the general expressions of transferred
power and rms current can be obtained. Based on the formula of
rms current, the six operating modes can be compartmentalized
directly. And the performance of each operating mode is also
evaluated in this paper.

After that, to overcome the drawback of LMM and numerical
method, a general procedure, which is effective for the whole op-
erating range with both M ≤ 1 and M > 1, for the derivation
of the optimized modulation scheme is presented. By consider-
ing the variation of transferred power and rms current with small
displacement of control coordinate, the indexes to assess each
control variable are obtained. Hence, the equations, named GOC
equations, to derive the optimized modulation scheme with re-
spect to the minimum rms current can be constructed by these
indexes. Therefore, the analytic expressions of the optimal con-
trol coordinate are obtained. As a consequence, the minimum
ohmic losses can be achieved. Based on the optimized modu-
lation scheme, the real-time optimization algorithm that can be
embedded in a digital controller directly is given.

Finally, the theoretical analysis and proposed control strate-
gies are verified by a laboratory prototype with several M (i.e.,
M = 0.8 and 1.15). The proposed control strategies are suc-
cessfully implemented on the prototype converter, yielding sig-
nificant improvement of efficiency (peak efficiency is higher
than 98%).

As can be seen, a remarkable performance improvement
of the DAB converter can be accomplished by the pro-
posed optimized modulation scheme (Dopt) especially at low
power level. Since the parasitic capacitor of the SiC MOS-
FET (C3M0065090D) is relatively small, the ohmic losses
caused by the rms current are the dominant component of
whole losses, the efficiency of the DAB converter is of
significant improvement by using the optimal modulation
scheme.

APPENDIX

The GOC equations of mode 4, mode 5, and mode 1 are,
respectively, eq. (A-1, A-2, A-3) shown at top of the next page.
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(−1.5D2
1 − 3D0(1 − D1) − 1.5D2 + 1.5D1(1 + D2)

)× M

D1 − 1

=

(
3D2

0 + (1.5 + 1.5D2)D2 + D0(3 + 3D2)
)× M + D2

1 (−1.5 + 3M) + (1.5 + (−3 − 6D0 − 3D2)) D1M

2 × (0.5 + D0 − D1 + 0.5D2)

=

(−1.5D2
1 + 3D0(D1 − 1) + D1(1.5 + 3D2) + D2(−3 + 1.5M − 1.5MD2)

)
M

D1 − 1
(A-1)

(
1.5D2

0 + 1.5D1(1 − D2) − 1.5D2(1 − D2) − 3D0(1 − D2)
)× M

D0+D2 − 1

=
1.5D2

1 + (1.5D2(−1 + D2) + 3D0(−1 + D2)) × M + D1 (−1.5 + (3 − 3D2) × M)
D2 − 1

=
1.5M × (

D2
0 + 0.5D2

1 + D1(0.5 − D2) + D0(−1 − D1 + 2D2) + D2(−1 + D2 + 0.5M − 0.5D2M
)

−0.5 + D0 − 0.5D1 + D2
(A-2)

(
1.5D2

0 + 0.75D2
1 + 0.75D1(1 − D2) + 0.75D2(−1 + D2) + 1.5D0(−1 − D1 + D2)

)× M

−0.5 + D0 − 0.5D1 + D2

=

(
3D2

0 − 1.5D2(1 − D2) + 3D0(−1 + D2)
)× M + D2

1 (1.5 + 3M) + D1 (−1.5 + (3 − 6D0 − 3D2)M)
2 × (−0.5 + D0 − 0.5D1 + D2)

=
1.5M × (

D2
0 + 0.5D2

1 + D1(0.5 − D2) + D0(−1 − D1 + 2D2) + D2(−1 + D2 + 0.5M − 0.5D2M
)

−0.5 + D0 − 0.5D1 + D2
(A-3)
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