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Load Current Decoupling Based LQ Control for
Three-Phase Inverter

Xiangjun Quan

Abstract—In classical inverter control, load current (distur-
bance) decoupling control is often used to improve the control
performance. Yet, in a recent state-space control structure for mul-
tiresonant controllers, the load current decoupling technique is less
studied. Moreover, in the classical control, the load current decou-
pling only has one control degree of freedom. Therefore, in this
paper, a load current decoupling control combed linear quadratic
(LQ) regulation is investigated, the proposed control structure that
manipulates o and 3 axes as a unified system is adopted to increase
the control degree of freedom. The LQ control synthesizes the state
feedback control law including gains of the resonant controllers.
Two general criteria, namely ., norm and zero dynamic, are
proposed as the design guideline for the load current decoupling
control. The effectiveness and robustness of the proposed approach
are validated through MATLAB/Simulink simulations and exper-
iments with a 5-kVA testbed. The results prove that some favor-
able performances, for example, the fast recovering time, the small
voltage drop, and the low total harmonic distortion, are achieved
by the proposed approach compared to the classical dual-loop
proportional-resonant (PR) control with load current decoupling
and the optimal H ., control.

Index Terms—Inverter control, linear quadratic (LQ) control,
load current decoupling, linear matrix inequality (LMI).

NOMENCLATURE
Continuous-time state-space descrip-
tion of three-phase inverters.
Discrete-time state-space description
of three-phase inverters.

Apa Bpla Bp?a Cp

Ay, Bapi, Byyo, C)

0 State variable of the digital control de-
lay.

T, Sampling/switching period.

w Fundamental  angle  frequency:
1007 rad/s

A B, B,,R.,C Discrete-time state-space description

of the augmented state-space model
for the control system.
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J Linear quadratic index of the control
system.

Q. R Weight matrixes of the linear
quadratic index.

Qo Low bound of Q.

Trace() Trace of a matrix.

D(q, r) The circle with the radius of r at center
q.

AN Solution of optimization problems.

aAl2s ] e oo 2-norm and oco-norm, respectively.

Lo Time-domain 2-norm.

Hy Frequency-domain co-norm.

¥ Supremum of H ..

Tyy Disturbance-output transfer function,

namely output impedance.
K State feedback control law.
Load current decoupling law.

I. INTRODUCTION

HEN distributed energy resources (DERs) are integrated
Winto microgrid (MG) systems, inverters serve as the
power electronic interface device of the DERs. A lot of ef-
forts have been dedicated to the control of MG inverters [1], [2].
In MG, the voltage-controlled inverters are generally designed
to feed the critical loads. The performance of voltage-controlled
inverters is usually assessed in terms of a set of dynamic-/steady-
state indices, such as the voltage drop, recovering time under
load variation, and the total harmonic distortion (THD) of the
output voltage when feeding linear or nonlinear loads. To im-
prove the aforementioned performance indices, many control
algorithms have been proposed in the literatures.

Most early control algorithms are based on transfer func-
tion models. Those control methods are either multiloop control
[3]-[6] or single-loop control [7], [8] and are widely employed
today. The control gains are designed through the frequency-
domain analysis. Adding load current decoupling control to
classical multiloop controls can improve the dynamic perfor-
mance. This has the advantage of designing control parameters
with clear physical significance.

Compared to the transfer function model based classical
method, the state-space model is more suitable for process-
ing the multiple-input multiple-output (MIMO) system and
performing quantified optimization, e.g., the linear quadratic
(LQ) control. With the application of the state-space model,
the load current is used in [9] and [10] to predict the out-
put voltage leading to a model predictive control technique for
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uninterruptible-power-supply (UPS) applications, but the simu-
lation and experimental results reported in those two literatures
fell short in minimizing THD compared to other referred lit-
eratures, for example, [11] and [12]. In [11] and [12], the load
current is employed to compensate the uncertainties for an adap-
tive voltage control [11] and optimal voltage control [12]. In
another adaptive voltage control [13], the load current is treated
as a state variable. Those methods achieve good performance,
such as low THD and fast response. The extended Lyapunov-
function-based control in [14] designs a specific control law to
ensure the global stability of the closed-loop system. The load
current is also used in the control laws to satisfy the requirement
of negative definite time derivative for the inverter system. It is
worth noting that in those approaches [9]-[14], another critical
function of the load current is to reduce the steady-state error of
the output voltage. Usually, in those methods where the inter-
nal model principle (IMP) is absent, the control law should be
designed carefully to achieve the zero steady-state error. Again,
the load current feedforward is always indispensable.

A feedback linearization control is proposed in [15]. The
control objective is linearized to be two cascaded integrators. It
provides good results, such as low THD and high dynamic re-
sponse. The major disadvantage of this technique is its weakness
in parameter uncertainties. The differential flatness representa-
tion based on the capacitor energy for the inverter is proposed
to achieve flatness-based control [16]. An integrator is adopted
to ensure a zero static error of the capacitor energy. The ap-
proach achieves a good performance in the capacitor energy
control.

With the development of optimal control theory, the time-
domain optimal control approach is substantively investigated
for inverter control [17]-[26]. Basically, different optimization
problems with different optimized objectives, which are con-
vergence rate [17], [18], Hs norm [19], [20], and LQ index
[21]-[26], are constructed to design the controller gains.

In [17] and [18], the control law that includes state feedback
gains and tracking gain (for the integrator) is designed by means
of a linear matrix inequality (LMI) based optimization solution
where a convergence rate is maximized. The minimum H
norm optimization problem is employed in [19] to determine
the control gains of the state feedback and integrator gains. But
the integrator is for the root-mean-square tracking control. So
far, in [17]-[19], the single controller is employed.

To further address the harmonic problem, multiple controllers
are employed in [20]—[26]. In this condition, the selection of the
high-dimension gains for the multiple controllers is generally
not a simple task [25]. In [20], the gains are determined by
means of the LMI solution of H,, optimization with regional
poles placement (RPP). However, the H, norm sometimes leads
to an impractical control law because of the saturation of the
control actuator [27]. In addition, the main shortcoming of the
H . control [19], [20] is the neglect of the physical constraint
of the control input, so that it usually results in exorbitant gains
that should be avoided.

An alternative solution is the linear quadratic regulation
(LQR) [21]-[26]. The LQR supplies good control qualities, such
as attractive gain and phase margins and robustness [28]. Hence,
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the LQR is adopted in [21]-[25]. However, the primary problem
for the LQR method is the selection of the weight matrix @ for
LQR, which tunes the performance of the system. Unfortunately,
there is no direct relationship between the weight matrix and the
system performance. Hence, the selection process is generally a
subjective and annoying task. The trial-and-error method is used
in [21] and [22]. To select the weight matrix better, Quan et al.
[23] and Ufnalski er al. [25] have adopted the root locus and
particle swarm optimization to optimally determine the entries
of the weight matrix Q. The root locus method in [23] is a picto-
rial method and lacks quantitative analysis. Hence, the resulted
performance may not be exactly optimal. An extra user-defined
performance index is used to select the best entries of @ in [25],
which has achieved a satisfactory result. The performance is
optimal from an application’s point of view. Nevertheless, the
user-defined performance index introduced in [25] is calculated
by the errors and the differential value of the control input so that
the offline determination procedure of the ( depends on the sim-
ulation model of the control system. The optimized procedure is
continuously completed through a simulation period (the simu-
lation time is 6 s in [25]). Another problem for LQR control is its
high H, index, because it has a different optimization direction
compared to H,, control. The LQR endeavors to minimize the
energy of the control input, whereas the H, control maximize
the disturbance-rejection ability leading to a big control input
amount.

As in the classical multiple-loop control, the load current
decoupling control can offer remarkable enhancement for the
disturbance-rejection ability; however it is not used in [17]-
[25]. This is probably because the internal model has been em-
bedded as the tracking controller, then, it is considered that the
disturbance is already rejected well. Actually, the disturbance-
rejection ability depends on the high feedback gains of the con-
trollers. Hence, in practice, one has to compromise between the
disturbance-rejection ability and the harmonics or instability
(may be led by the high gains). So far, few literatures have in-
vestigated the load current decoupling in such a state-space con-
trol structure [17]-[25]. In [26], a combined full-state and load
current feedforward control is designed to reduce the number
of needed oscillatory terms. The proposed feedforward control
can compensate the load disturbance at steady state of output
voltage, because it is assumed that the time derivative of the out-
put voltage equals zero when calculating the feedforward gain
matrices. To summarize, the features of many different controls
are compared in Table I.

In this paper, first, a unified control structure for both a and
[ axes is adopted, then a load current decoupling control based
on LQR is designed to remedy the deficiency of the LQR. A
LQR with circle pole constraint in terms of LMI is first used
to compute the state feedback control law. The approach can
alleviate the parameter design burden for multiple controllers.
Then, two general criteria are proposed to optimally utilize the
load current. The LQ index and H ., norm are both optimized by
the feedback and load current decoupling control, respectively,
so that, first, the number of resonant controllers is decreased
sharply; second, the fast dynamic response is achieved by rela-
tive smaller controller gains; third, the THD index of the output
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TABLE I
SUMMARY OF DIFFERENT CONTROL STRATEGIES
Transfer Function State-Space model
Model [3]-[8]
No IMP-based controller Including IMP-based controller (quantified optimal control)
[91-{14]
Convergence rate [17], [18] H, control [19], [20] LQR [21]-[26]
Advantages Plenty of experienced Excellent dynamic Control gains are derived by quantified calculation and do not need trial and error;
methods and tools for performance can be some numerical indexes can be used to optimize control performance.
designer; clear achieved; no need for
physical meaning for IMP-based controllers so Fast transient response. Optimized H , norm Attractive gain and
control design that the implementation leading to high phase margins and
may be simple. disturbance-rejection robustness; small
ability feedback gains; smooth
dynamic process.
Disadvantages Control gains Some extra information Lack clear physical meanings; compromise between different indexes; more
sometimes need trial (such as the time mathematical knowledge are needed.
and error; complicated derivative of reference in
to deal with MIMO [14]) may be needed to Actually, it is a particular Ignore the physical No explicit relationship
and high-order systems implement the control case of the proposed LQR constraint of the control between weight matrix
law; control laws need by setting weight matrix to input; exorbitant gains and system performance;
careful design to zero and minimizing the are usually resulted. slow dynamic response
eliminate the static error; radius of circle D(q, r) if there are no other
more mathematical (see Section III-A and auxiliary optimal design,
knowledge are needed. Appendix A). such as pole restriction
or H., norm
optimization
in (1) can be easily derived as
179
1 1 jt} — i ~RL™Y —L7! L! 0
= ! = B, = B
u P _ pl p2 _
v v L > C 1 0 —-C 1
de —j—nm
L R L | i o C,=1[0 1] )
+ 1} £F 3 ¢ == =il uc
-I__-I__-r where R, L, and C denote the resistor, inductance, and capac-
itance of the LC filter, respectively. To apply the discrete-time
control technique, the state-space model is discretized with an
Fig. 1. Topology of the three-phase inverter with an LC filter. que, P

voltage is reduced effectively when feeding linear loads or non-
linear loads, and the smaller voltage drop and faster recovering
time under sudden load variation are accomplished. Those con-
clusions are proven by the simulation and experiment outcomes.

II. CONTROL STRUCTURE
A. Modeling of the Plant

As displayed in Fig. 1, the inverter adopts pulse width mod-
ulation (PWM) techniques to obtain a sinusoidal output voltage
by the control input voltage v... A state-space model can present
the plant under the a—( reference frame [20], [23] as

T, = A,x, + B,iv. + Bw,
(h
y=C,x,
where the state variable x, = [i uc]’ = [iza + jirs
Uca + Juc g]T denotes the inductor current and capacitor volt-
age, and w, = %; = 4, + j%;p represents the disturbance from
the unknown load current, subscript “p”” denotes plant. By apply-

ing a basic electric circuit theory for the LC filter, the matrices

extra state variable given by 0[k|, which denotes the digital
control delay

z,(k+1) = Agyz, (k) + dela(k> + de2'wp(k)

Ok +1) = v, (k). 3)

The discrete-time system matrices are derived using the zero-
hold method as

T,
A, T _ Ayt
Ag = e, Byp1 —/ e "' dtBy1, By
0

T
= / e 'dtB,, 4)
0
where T represents the sampling period. The discretization
computation could be done by function c2d() supplied by
MATLAB.

In this model, the assumptions are considered to construct
the following optimal voltage controller: 1) The disturbance
(load current) is a finite energy signal and varies slowly during
the sampling period [12]. This assumption is always satisfied,
because in a real-word application the infinite energy signal does
not exist, and the sampling period is always short compared
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Fig. 2. Classical dual-loop control for the inverter.
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Fig. 3. Evolution of the proposed control approach.

to the fundamental period. Otherwise any real system will be
instable under the disturbing of the infinite energy signal. 2)
The dc-link voltage is well controlled as an ideal dc source by
other dc power supplies, such as the battery. This assumption
can also be satisfied by the appropriate control design for the
dc voltage. If the dc voltage is not controlled well, it may cause
high THD, stability issue, and inverting failure. Fortunately, the
dc bus voltage can be used to decouple the negative influence.

B. Control of the Voltage

Fig. 2 shows the classical dual-loop control structure, whereas
Fig. 3 shows how the proposed control approach is derived.
From Fig. 3, the multiple discrete-time complex variable res-
onant controllers (DCVRCs) are included in the model to
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generalize the proposed method. The variable n = +1, £2. ..
denotes the order of the DCVRCs, and m represents the number
of the DCVRCs. The number of resonant terms (DCVRCs) de-
pends on the system topology, because different topologies and
coordinate systems have different harmonic distributions [24].
Detailed discussion for this topic has been presented in [24].
However, for the a/3 frame control of three-phase three-wire
system, the number of the DCVRC:s is reduced effectively by
the proposed control.
The DCVRC is expressed as follows:

xo(k+1) =T x (k) 4+ Tyueo (k) 5)

where . = x.o + jxcp and wep = Uepa + JUcop Indicate the
auxiliary state variable and the input variable of the controller,
respectively. According to the method of transfer function com-
putation from the state-space model, it has

T,

. _ jwTey—1 . :
=(z—eY) T Ty = P (6)

L

uCO

from which we can see that the DCVRC provides infinite gain
only to a positive sequence input complex variable of frequency
w and attenuates the negative sequence complex variable. In
contrast to the scalar resonant controller (SRC), the DCVRC
requires fewer states in its implementation and provides discrim-
ination between positive and negative sequence components.
This identification of positive and negative sequence signals has
been successfully applied to current control for three-phase in-
verters [29]. Another advantage of the complex variable control
under the a—( reference frame is to supply one more control
degree of freedom, as shown in Fig. 3.

As shown in Fig. 3, DCVRCs and the model of the plant are
integrated by the following equation:

Ueo = € = Yret — Cp ). (7)

Substituting (7) into (3), then combining (3), the augmented
state-space model of the control system can be derived as

iL‘(k-‘rl) = AiL‘(k‘) + B1U0<k) + B2wp(k) + Rryref(k'>
y=Cx

®)

where x = [wp Ox.xp - mcm]T represents the augmented
state variables and y,.; denotes output voltage reference. The
corresponding matrices are given as

Ay By 0 0 0 0 0
0 0 0 0 0 0 0

~T.C, 0
~T.C, 0
~T.C, 0
0

0

T

e—iwT

BjnWT“

*Ts Cp
L —T Cp

efj nwTy

©)
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B =[0 10 0 0] (10)
c=[C, 00 0 0] (11)
By =[Bys 0 0 0o 0] (12)
R, =[0 0 1 11", (13)

The dimension of those matrices is related to the num-
ber of the DCVRCs: d = m + 3 where d denotes the dimen-
sions. From Fig. 3, the control input consists of state feed-
back K x and decoupling term K jw,. For m DCVRCs, there
m + 3 undetermined complex coefficients are included by the
augmented state feedback control law. The control input is
expressed as

V. = —K;I;+dep:_ [K‘E:l) Ké‘;) K(}KETI)

K,VKGYV KLY (14)

cm

KH”)}erKd'wp.

Comparing Fig. 2 with Fig. 3, the improvements of the pro-

posed control are demonstrated as follows.

1) The parameter design of the dual-loop control is usually
based on classical methods, such as Bode plot or root lo-
cus. The inner current loop must be designed first, then the
outer voltage loop can be determined. This design method
is complicated, and the designed parameters may require
further trial and error in practice. Furthermore, this method
is not easy to deal with the multiple controllers and com-
plex variable controllers. The proposed control approach
offers a simple design process (even with multiple and
complex parameters) without trial and error for the pa-
rameters. Because all of the feedback gains are translated
into the state feedback control law, they can be determined
by a quantified optimal method.

2) The classical method is hard to process complex variable
control parameters, therefore, the SRC is always adopted
in the dual-loop control. In SRC application, a phase com-
pensation is necessary [6]. While in the proposed control
method, voltages on the a- and -axis are controlled si-
multaneously as a complex variable. The coupled gains
between « and 3 axes (as the imaginary parts of the com-
plex gains) is adopted to increase the control degree of
freedom, as shown in Fig. 3, thereby the phase compen-
sation can be omitted.

3) As revealed in Fig. 2, the load current decoupling is de-
signed to decouple the disturbance thanks to the direct
physical meanings; however, it is because of the explicit
physical meaning that k; is always set to one. More-
over, this decoupling term is imposed on the reference
of the current, consequently, the decoupling performance
is deteriorated by the inner current loop. While in the
proposed control method, the load current is directly im-
posed on the control input to decoupling the disturbance,
and the gain is expanded to an adjustable complex value
K = kg + jkg;. This supplies two degrees of freedom
to improve the control performance. The design of K ; has
no explicit physical meanings but can be selected based
on other criteria, which will be discussed later.
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III. CONTROL ALGORITHM

In this paper, the LMI approach will be adopted to compute
the control parameters. The LMI-based optimization problem
can be solved by the MATLAB toolbox conveniently. However,
the LMI toolbox in MATLAB can only deal with the real number
LMI. Therefore, let us first illustrate the isomorphic relationship
between a complex variable and real matrix given by

LA la =D
aJrjb—[ a}'

) (15)

Based on (15), a complex matrix can be equivalently ex-
pressed by a dimension-added real matrix, after which, the cor-
responding complex variables become dimension-added real
vectors. For example, under this map, the state-space model of
DCVRC becomes

{xm(k‘ + 1)} _ cos(wTy) —sin(wTy) | | Tea (k)
zep(k+1) sin(wTy)  cos(wTy) Tes (k)
Uecoa (k)
+ T Unoa(k)] . (16)

It is supposed hereafter that the symbols of those complex
variables in (8) represent the equivalent dimension-added real
matrices and the dimension-added real vectors without influ-
encing the correctness of the statement.

The design of the proposed controller can be divided into state
feedback and disturbance decoupling. In previously reviewed
literatures [17]-[25], the load current decoupling is not adopted,
therefore, the fast dynamic response and disturbance-rejection
ability must be achieved by the state feedback. However, in the
proposed method, the fast dynamic response and disturbance-
rejection ability can be achieved by the disturbance decoupling
control, therefore the feedback control can pay more attention
on other optimization indices, such as the L, norm of the state
variable.

In what follows, first, an improved discrete-time LQR is
adopted to design the state feedback to minimize the weight-
ing time-domain Lo norm. The minimization of Ly norm will
result in satisfactory gain and phase margins, small state feed-
back gains and robustness. Second, two general criteria for the
load current decoupling are introduced to improve the dynamic
performance.

A. State Feedback Control Law
With the proposed control law (14), the closed-loop system
is expressed as follows:
z(k+1)= (A-B\K)x (k) + (B2 + B1K,) w, (k)
+ Ry yrer () - A7)
To design the optimal state feedback law K, the LQ perfor-

mance index that includes the weighting Lo norm of x is defined
as

J=> (2" (k) Qu (k) +u” (k) Ru(k))  (18)

k=0
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where Q > 0, R > 0. For the open-loop system (8) and given
Q, and R, if there exist a symmetric positive definite matrix
W, positive matrices M and Q,,,, and matrix V', then the
optimization problem

inv»

min Trace(M) (19)
Wi, Vi, M, Qi
—r2W (AW — B,V — qW)"
st (AW — BV — ¢W) -Ww
.t W
v
w VT
<0
7Qinv
—R!
(20)
M I
>0 21
I W
Qv < Q' (22)
is feasible with the solution W, f/, M , va, resulting in
v, = —Kx = —VW 'z as the minimum LQ index control

that ensures 1) the closed-loop poles are locating in the circle
D(q, r) whose radius is r and center is ¢; and 2) the LQ index
J < J* = xl Wlxy = Trace(W 1) is true where , denotes
the initial value of x, and Trace() means trace of a matrix. The
proof of these can be found in [30] and [31]. For the readability,
the proof is summarized in Appendix. Here, the following two
remarks are given.

Remark 1: To avoid selecting the weight matrix @, the user-
defined @ is modified to an optimization variable Q' = Q;,
to extend the feasible region. This modification removes the
subjective @ selection task and meanwhile enlarges the feasible
region. The user-defined matrix R is reserved in (20) because
there is no loss of generality in taking R = I where I denotes
identity matrix [28]. Additionally, lower bound Q) is also set
to avoid the resulted weights becoming too low. In general, the
high state weighting is needed to provide a technique to place
closed-loop poles [28]. Hence, the modification gives abundant
degrees of freedom to place the closed-loop poles as well.

Remark 2: Through setting D(q, r) in unit circle, the closed-
loop stability is guaranteed easily.

B. H., Norm Criterion for Decoupling

For the general purpose of utilizing the load current to re-
ject the disturbance, a H,, norm criterion is proposed. As it is
well known that the H,, norm exactly reflects the disturbance-
rejection ability. Applying the discrete-time bounded real lemma
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[32] to system (17), it has the following inequality:

A-B,K B,+BK,]'[P
c I

A-B,K B;+ B K, P
- <0 (23)
C I

where P represents the symmetric positive definite Lyapunov
matrix. If (23) holds, then the frequency-domain H., norm sat-
isfies

[yl

[Twy (2)[l, = sup <
b > HwP”Q

[[wp (170

(24)

where || . ||2 represents the time-domain Ly norm, || . ||~ de-
notes the frequency-domain H, norm, and “sup” means supre-
mum. Observing (23), with the determined K, (23) can be
used to design an optimal decoupling coefficient that minimizes
the H,, norm. From (23), the following optimization frame-
work can be derived to compute the minimum H,, norm de-
coupling gains [detailed derivation illustrated in Appendix B;
also see (26) shown at the bottom of this page]:
min  p
p, W, K,

(25)

If the optimization problem is feasible with the solution
ﬁ,W,K 4, then K is the optimal H, disturbance decoupling
control law under the determined state feedback control law.
The optimal decoupling will ensure the H,, norm supremum:
| Twy (s)|lso < ~* = v/p. According to the physical significance
of the H,, norm, the disturbance-rejection ability will be im-
proved.

C. Zero-Dynamic Criterion for Decoupling

In Section III-B, the optimization frame can yield the optimal
H ., disturbance decoupling control law. In this section, how the
optimal H, disturbance decoupling term influences the distri-
bution of the closed-loop zeros and poles for the disturbance-
output transfer function (output impedance) is initially studied.
The transfer function is computed by the following:

= C(:I-A+B K)"' (By+B/K,).
P

27

Variable z is the z-transformation operator.

Fig. 4 shows the distribution changes of the closed-loop zeros
with the different disturbance decoupling strategies. The poles
are located by optimal LQ state feedback K, which is designed
from the optimization frame (19)-(22) with the circle D(0.5,
0.495). Only one DCVRC is adopted to acquire a concise di-
agram that will not influence the correctness of the analysis.

-w
—pI

S.t.
B, + B K,

(A— B KW)
CW

(A— B KW)" (cw)"
(B:+ BiK ' <0 (26)
-1
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Fig. 4. Distribution changes of the closed-loop zeros and poles with the dif-
ferent decoupling strategies.

According to (27) and Fig. 4, the optimal decoupling just mod-
ifies two pairs of zeros, called configurable zeros here. It can be
revealed that the configurable zeros are forced onto the real axis
by the optimal H, decoupling. Other zeros and poles are not
affected.

Actually, if rewriting K ; as K7 = kg, + jkq;, it can be find
that the configurable zeros will move with kg, and kg; vary-
ing, respectively. This enlightens us to collocate the config-
urable zeros close to the dominant poles that are introduced
by the DCVRC. Then, the dynamic caused by the sudden load
variation will be weakened or even eliminated. Hence, it is
named here as zero-dynamic decoupling. With the initial posi-
tion determined by optimal H,, norm criterion, two modulation
parameters are defined as Ky = k- kqor + jkmikdoi Where
K, = kgor + jkqo: 1s the optimal H, decoupling control law
calculated by (25). The varying trajectory of the configurable
zeros with k,,,-and k,,; changing is shown in Fig. 5. From the
beginning of the optimal H., decoupling (k,, = 1ky; = 1),
when (K, ki) reduces to (0, 0), the zeros will move back
to the position without decoupling. While remaining k,,; = 1
and increasing k,, ., the zeros will shift along with the real axis.
When k,,; increases with k,,, = 1, the zeros will deviate the
real axis. Hence with the reference position of the optimal H
decoupling, it is convenient to relocate the zeros nearby the
dominant poles by tuning k,,, and k,,;. As shown the right side
in Fig. 4, the dominant poles are overlapped by the configurable
zeros. In the tuning process, the zero position of optimal H
decoupling serves as a reference. Because, the large increment
of H,, norm is not expected while the zeros deviate the opti-
mal H, location. Fortunately, in this paper, the zero-dynamic
decoupling do not reduce the H, norm remarkably.

It is worth noting that the accurate value of K, to offset
the dominant poles can be computed theoretically. However, in
this paper, it is complicated, because a least four-order matrix
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Fig. 5. Configurable zeros move with k,, , -and k,, ; varying.
TABLE 11
PARAMETERS OF THE THREE-PHASE INVERTER
Variable Significance Value
L Inductance 2 mH (1.85-2.15 mH
for experiment)
C Capacitance 30 uF
R Inductor resistance 0.05 Q
fs Switch and Sampling 18000 Hz
frequency
Output voltage peak 311V
DC-link voltage 630 V

variable needs to perform matrix inversion, as described in (27).
Moreover, with the help of the modulation parameters &, ,.-and
k,,; and initial location of optimal H, decoupling, it is easy to
find the zero-dynamic decoupling coefficient. Finally, the design
procedure of the proposed control strategy can be summarized
as follows:

Step 1) build augmented system model (8);

Step 2) calculate the state feedback control law by (19)-(22);

Step 3) compute the optimal H., decoupling law by (25)
and (26);

Step 4) tune the modulation parameters k,,,.-and k,,; with
the initial location of optimal H,, decoupling derived from
Step 3).

IV. CASE STUDY AND PERFORMANCE ANALYSIS
A. Performance Comparison

To highlight the improved performance of the proposed
method, the classical dual-loop control and optimal H,., con-
trol proposed in [20] are compared via the Bode plot analy-
sis. Table II lists all system parameters used in this study. For
the proposed approach, the circle is chosen as D(0.5, 0.495)
and the lower bound Q) is set to diag([1 10 1 1]) which re-
sults in a Hy, norm of 9.78. The parameter setting of D(q, r)
and @, is cursory. Because, it will be proven that even an un-
satisfactory state feedback law can also be improved by the
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TABLE III
PARAMETER COMPARISON OF DIFFERENT APPROACHES

Optimal H , Control LQR Without Optimal H, Norm Zero-Dynamic Dual-Loop
With RPP [20] Decoupling Decoupling Decoupling Control
P 95.694 47.041 57.779
5y 8.8 9.78 6.86 7.6 24.2
Control [19.134 4 j0.023, [8.995 + j0.01456, 5.9756 + j0.00867 8.695 + j0.5374 kpi =8,
law 1.30 + 50.0097, 0.0156 + j0.00487, kpy = 0.03,
—660.785 — j65.47]. —0.0162 + 50.00036, kpy =40

—170.87 — j25.805].

proposed decoupling control algorithm. Then, based on the
yielded state feedback, the optimal H, decoupling law is com-
puted as K ; = [5.9756 + j0.00867], which leads to a H, norm
upper bound of 6.86, and the zero-dynamic decoupling law is
tuned to eliminate the dominant dynamic. The optimal H ., con-
trol with RPP is designed with ¢ = 250, r = 6000, and 6 =
m / 2 according to the guideline in [20]. Equation (27) also can
be used to compute the output impedance (disturbance-output
transfer function) in [20]. For the classical dual-loop control,
the impedance can be computed as

Ue
This.ai = —
1]

B (kykpi — sL — R — kp;)(s* + w?)
- sO(sL+ R+ kpi) (82 + w?) + (kpos® + kros + kpow?)kpi |
(28)

The parameters are selected as: k,; = 8 led into 1800 Hz
bandwidth, k,, = 0.03 led into 200 Hz bandwidth, and &, =
40 referred to [6]. The selected bandwidths will lead to a fast
dynamic response based on the classical control theory. The
summarized control laws are listed in Table III.

First, the LQR can minimize the time-domain Ly norm,
whose physical meaning is the energy of the state variable and
input, which will result in a smooth dynamic response and a
small control gains. The control law shown in Table III can
prove this point.

Second, in this paper, the supremum of the H., norm -,
whose physical meaning is the maximum value of the output
impedance, is adopted to design the load current decoupling
control. It is a quantized index to directly evaluate the
disturbance-rejection ability. The minimization of + can re-
duce the maximum value of the output impedance (as shown in
Fig. 6, the proposed H, decoupling control has the minimum—
maximum value of the impedance), thereby improving the
disturbance-rejection ability.

Third, the zero-dynamic criterion for the load current decou-
pling has two physical meanings: 1) the value of the output
impedance can be reduced within a range of low frequencies
(as shown in Fig. 6, the impedance of zero-dynamic decoupling
control is smallest within 10-1000 Hz) thereby decreasing the
THD of the output voltage when feeding a nonlinear load (this
is also why the proposed control can achieve lower THD with
reduced controllers); 2) the slow dynamic mode can be elimi-
nated by the decoupling term, thereby improving the dynamic
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Fig. 6. Comparative Bode diagrams of the proposed LQR without load cur-

rent decoupling, with the optimal H , load current decoupling, with the zero-
dynamic load current decoupling, the optimal H , control proposed in [20], and
the classical dual-loop control with load current decoupling.

response (this is why the parameters of the controller do not
need high gains).

In addition, from Fig. 6, the classical dual-loop control with
load current decoupling has the biggest . This is because the
classical design of the dual-loop control does not consider the
H, norm. Although it is possible to design a small v through
the selection of the control parameters (not the decoupling gain),
it is a blind process to design these parameters, because there is
no direct design criterion for this target.

The summarized H, norm upper bounds and control laws are
listed in Table III for a clear comparison. Note from Table III
that the optimal H,, control with RPP [20] has a larger H
norm upper bound. This is because in [20], the H,, LMI and
D-stability constraints share the same Lyapunov matrix. This
processing method introduces certain conservative property.
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Fig. 7. Zero-pole distribution with capacitance varying.

B. Robust Analysis

To demonstrate the robustness of the proposed algorithm,
the zero-pole distribution with capacitance varying is shown in
Fig. 7. It can be concluded from Fig. 7 that the capacitance has
little influence on the distribution of the dominant poles and the
configurable zeros. Hence, the dominant dynamic elimination
property has a strong robustness to capacitance variation. The
similar conclusion can also be drawn with the variation of in-
ductance, but it is not presented here due to the limited space.
Furthermore, the control performance under low frequency usu-
ally depends on the distribution of the dominant poles, therefore,
the proposed algorithm will exhibit a robust performance under
parameter variation.

V. SIMULATION VERIFICATION

The proposed control algorithm is simulated in MATLAB/
Simulink. In the simulation, only one DCVRC in fundamental
positive sequence is adopted. The classical dual-loop control
and the optimal H,, control proposed in [20] are compared.
The adopted parameters are listed in Table III.

A linear load shown in Fig. 9(a), where 29 € results in 5 kW
power, is adopted to verify the dynamic performance of the
proposed control algorithm. The simulation results of the five
control approaches are shown in Fig. 8, where e = e, + jes
denotes the voltage error. The load is connected and discon-
nected suddenly to the inverter to test the dynamic performance
of the voltage control. As displayed in Fig. 8(a), the optimal H
control with RPP performs the fast recovering time of 15 ms,
however, it is resulted from the large control gains. It is feasible
in the simulation case, but in practice, it may lead into instabil-
ity. Moreover, the 69 V voltage drop (amplitude of e computed

by (/€2 + 6?3) is not the smallest even in such high gains. Com-

paratively, the dynamic response of the LQR shown in Fig. 8(b)
exhibits a poor performance with approximate 22 ms recover-
ing time and 83 V voltage drop. As shown in Fig. 8(c), with the
backing of the optimal H,, decoupling, the recovering time is
shortened to 16 ms, and the voltage drop is reduced to 53 V.

In addition, the best performance is achieved by the zero-
dynamic load current decoupling. The corresponding result is
shown in Fig. 8(d), which manifests that the voltage almost
experiences the zero-dynamic process under the abrupt load;
and the voltage drop is 51 V, which is even less than the optimal
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H, decoupling control. Fig. 8(e) shows the simulation result
of the classical dual-loop control with load current decoupling.
The recovering time is about 10 ms, and the voltage dropis 71 V.
Moreover, to evaluate the system behavior under an unbalanced
load condition, the loads of phases B and C are connected first
at 0.1 s, and the load of phase A is connected to the inverter
at 0.2 s. Accordingly, the DCVRC(—jw) is embedded in the
control system. As shown in Fig. 8(f), the proposed control
strategy performs well under the unbalanced load condition.

VI. EXPERIMENT VERIFICATION

The proposed control algorithm has also been verified by
experiments with a prototype 5-kVA LC-inverter bench. The
inductor currents and capacitor voltages are measured to im-
plement the state feedback control. The load currents are also
needed to realize the decoupling control. However, an observer
can be employed to avoid the extra sensor [12]. In this paper,
the same linear observer as in [12] is used. Furthermore, the si-
nusoidal PWM technique is used to generate the control inputs
v.. Table II lists all system parameters used in this study. The
inductance is variable in practical experiment because the mag-
netic core of the inductor is a Fe—Si—Al magnet ring. Then, the
inductance will shift with the current due to the saturation of the
magnetic core. However, for the parameter design, the nominal
inductance parameter is chosen as 2 mH. A 32-b floating-point
TMS320LF28335 DSP is used to realize the control algorithm
in the experiment.

A. Dynamic Performance Comparison

Similar to the simulation, the abrupt linear load shown in
Fig. 9(a) is adopted to test the dynamic performance of the
proposed control algorithm. The DCVRC configuration and gain
coefficients are also the same as the simulation, as shown in
Table I1I. Five comparative experiments are conducted, as shown
in Fig. 10.

Fig. 10(a) manifests that the optimal H,., control proposed
in [20] is unstable. The control gains are too high to realize in
practice. In [20], the control algorithm is feasible because of the
bigger capacitance. This is due to the natural properties of the
optimal H , control, which maximizes the disturbance-rejection
ability without any consideration of the physical limitation of the
control input. The ability of disturbance-rejection is positively
related to the capacitance of the LC filter. In the case of this
test, the disturbance-rejection ability designed by the method
mentioned in [20] cannot be realized by the 30 uF capacitance
so that it appears to be an instability phenomenon. However, the
capacitance of the capacitor adopted in [20] is 300 pF, which is
ten times that of its counterpart in this research. This is why the
design approach works well in [20] but fails in this paper.

Fig. 10(b) shows the result of the classical dual-loop control
with load current decoupling, the recovering time is about 18 ms,
and the voltage drop is 89 V. Moreover, as shown in Fig. 10(c),
the LQR without load current decoupling experiences an 83.7
V voltage drop when the load suddenly connects to the inverter
and the recovering time is about 20 ms. By comparison, the
voltage drop and recovering time of optimal H, load current
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Fig. 9. Two kinds of loads: (a) linear and (b) nonlinear load circuit.

decoupling are 62.3 V and 14 ms, respectively. The correspond-
ing waveforms are shown in Fig. 10(c). Still, the best transient
performance is accomplished by the zero-dynamic decoupling
control. As displayed in Fig. 10(d), the maximum voltage drop
is 54.9 V and the dynamic recovering time is only about 6 ms.
However, the error voltage has been substantially attenuated in
a very short time of 1 ms, so that the output voltage waveforms
have almost no variations to be observed.

The summarized transient performances and the advantages
and disadvantages of the five controllers are compared in Ta-
ble IV. Observing from the table, the experiment results are

slightly different from the simulation results. Especially, the
zero-dynamic experiment appears about 6 ms dynamic process.
It is because of the uncertainties, such as the changing induc-
tance. Nevertheless, the outcome of the zero-dynamic approach
is still excellent.

B. Dynamic Performance of Inductance and Nonlinear loads

To test the dynamic response under different loads, the in-
ductive and nonlinear loads are also suddenly connected to the
inverter. The diode rectifier is adopted as it is a frequently used
nonlinear load in industry and also adopted as the test nonlin-
ear load in [11] and [12]. Fig. 11 shows the experiment results
that demonstrate that the proposed algorithm is also valid under
inductive and nonlinear loads. The dynamic responses are still
excellent when the inductive and nonlinear loads are suddenly
connected to the inverter.

C. Robustness Verification

In addition, the dynamic responses under nonnormal parame-
ters are tested to verify the robustness analyzed in Section [V-B.
As shown in Fig. 12, the dynamic response under 15 uF
capacitance and 60 pF capacitance proves that the proposed
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TABLE IV

DYNAMIC PERFORMANCE COMPARISON OF DIFFERENT CONTROLLERS
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The Optimal H
Control Proposed in [20]

The LQR Without Load
Current Decoupling

The Optimal H », Load
Current Decoupling

The Zero-Dynamic
Load Decoupling

The Classical
Dual-Loop Control

Voltage
drop

Recovering
time

Voltage
drop

Recovering
time

Voltage
drop

Recovering
time

Voltage
drop

Recovering
time

Voltage Recovering
drop time

Simulation

69V 15 ms

83V 22 ms

53V 16 ms

51V 0 ms

71V 10

Experiment

Instable Instable

83.7V 20 ms

623V 14 ms

549V 6 ms

89V 18

Advantages

Convenient optimal
parameter design, small
H, norm leading to
high
disturbance-rejection
ability

Convenient optimal
parameter design, small
feedback gains, high
stability margins

Convenient optimal
parameter design, small
feedback gains, high
stability margins, small
H , norm leading to
high
disturbance-rejection

Small feedback gains,
fast dynamic response,
high stability margins,
high
disturbance-rejection
ability, low THD
feeding loads, reduced

Explicit  physical as
guidance of  control
design.

ability number of R controllers

Poor
disturbance-rejection
ability, high THD fee

ding loads, slow
dynamic response

Exorbitant feedback
gains leading to
instability, high THD
feeding loads, slow
dynamic response

Disadvantages

Slow dynamic response

Root locus needed to
determine the
distribution of the
configurable zeros

Lack of quantized op-
timal parameter design
and adjustable load cur-
rent decoupling control,
cannot deal with the
complex gains, slow dy-
namic response
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Fig. 11.  Experimental dynamic response of the proposed zero-dynamic con-
trol when (a) 3-k Var inductive load and (b) nonlinear load shown in Fig. 9(b)
are connected to the inverter.

zero-dynamic control has a strong robustness to the parameter
uncertainties.

D. Steady-State Performance

In addition to the dynamic performance, the steady-state per-
formance, for example, the THD, is also critical for the in-
verter voltage control. To study how the decoupling control and
the DCVRC influence the THD index, a group of comparative
experiments were performed. At first, single DCVRC control
was performed with different decoupling strategies. Second,
three DCVRESs that contained fundamental positive sequence
(n = 1), fifth negative sequence (n = —5), and seventh pos-
itive sequence (n = 7) were adopted for the comparison. In
this condition, the configurable zeros were located to eliminate
the influence of fundamental positive sequence poles in zero-
dynamic decoupling control, because they are dominated, and
they are also the big concern for user. Furthermore, two kinds
of loads, as shown in Fig. 9, were used for the test.

The monitored THD indices are summarized in Table V. As
shown in Table V, horizontally the THD is reduced remarkably
with the introduction of fifth and seventh DCVRCs especially
for the nonlinear load. The harmonics in fifth- and seventh-order
are essentially eliminated, which is the contribution of the fifth-
and seventh-DCVRCs. Furthermore, vertically comparing, the
THD is also decreased in a certain extent with the load current
decoupling. This illustrates that the load current decoupling
control is an efficient approach to decrease the THD.

In addition, the best THD indices, which are 0.3% and 1.2%
in linear and nonlinear load, respectively, are achieved by the
three DCVRCs with the zero-dynamic load current decoupling.
The corresponding voltage waveforms are shown in Fig. 13.
Limited by space, many other waveforms are omitted. More-
over, comparing to [23], only three controllers are employed to
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TABLE V
THD COMPARISON
One DCVRC (n=1) Three DCVRCs (n=1, -5,7)
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achieve a preferable THD, it is the contribution of the proposed
load current decoupling control.

VII. CONCLUSION

This paper has proposed a load current decoupling with the
LQ state feedback control on an integrated a—( control structure
for three-phase inverters. The approach supplies an effective dis-
turbance decoupling design guideline for the state-space control
structure applied to IMP-based controllers.

By means of the proposed optimal load current decoupling
control, two merits are achieved. First of all, the excellent THD
can be achieved by the reduced number of resonant controllers,
which could efficiently release the design burden and control
implementation weight in DSP. Second of all, thanks to the fast
dynamic response achieved by the optimal load current decou-
pling control, the resonant controllers do not require high gains
to acquire a fast dynamic response. Thus, the compromise be-
tween fast response and stability is not necessary when choosing
the controller gains.

In summary, the steady state and dynamic performance
are both improved by the proposed control approach. The
disturbance-rejection ability is enhanced. The proposed ap-
proach also has a strong robustness despite parameter variations.
In addition, thanks to the convenient extensibility of multiple
controllers, the adoption of the static control gains and elimi-
nation of trial-and-error action for the control gains, the control
method is practical and helpful for designers.

APPENDIX
A. Proof of (20)
Considering the following matrix inequality:

(A—BK —qI)"P(A—B,K —qI) - *P+Q

+K"RK <0 (29)
then, it has
A—-B\K —qI TP A-B K —qI
T T
KT"RK
_P<_u<0 (30)

72

which manifests that the system (A — B1 K — qI)/r is sta-
ble. Therefore, the poles of the system (A — By K — ¢I)/r are
confined in the unit circle. Then, according to the linear sys-
tem theory, the poles of the closed-loop system A — B K are
restricted in disk D(q, r).

Defining the Lyapunov function V (z) = & Pz. Then, con-
sidering two conditions: ¢ > 0,0 < ¢g+7r < 1 and ¢q <
0,—1 < ¢g— r < 0, and according to Garcia [30] and Zhang
et al. [31], it can be obtained that

(A-BK)'P(A-B,K)-P<—(Q+K"RK)<O0.
(31)

Then, considering discrete-time difference AV (x)) =
zl'[(A - B,K)" P(A— B,K) — Pl <0, the Lyapunov
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function is monotonously convergent into zero, and V' (x;,) <
V(zy) = x{ Px. Furthermore, from (31), it yields

J=) (z{ Qzy+uf Ru;) = Y (zf (Q+ K"RK)x;)
k=0 k=0
oo
< - ZAV () =V (z0) = xl Pxy = xt Wlay.
k=0

(32)

At last, according to (29), the flowing equivalent LMI is
derived:

—r2P (A-B,K—q)" 1 K7*
(A—B,K —qI) o
7 Q! <0.
K ~R!
(33)

Pre- and post-multiplying the above inequality by diag([
P11, 1, I])anddefiningW =P 1 V=KP ! =KW,
(20) is derived.

B. Proof of (25) and (26)

Based on the Schur complement, (23) becomes

-P (A-B,K)' cT
I (By+ B Ky)" “o
(A—BlK) B + Bi1 K, —p!
C I
(34)

Pre- and post-multiplying (34) by diag([ P, I, I, I]),
where diag() denotes the diagonal matrix, (34) translates into
the following:

—-p! A-B,KP Y CPY
_’VQI (By +B1Kd)T
(A-— B;KP')B,+B K, —P!
CcpP! T
<0. (35)

Then, defining W = P!, p = ~2, the optimization problem
(25) and (26) can be constructed.
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