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Energy-Based State-Space Representation of
Modular Multilevel Converters with a Constant

Equilibrium Point in Steady-State Operation
Gilbert Bergna-Diaz , Jon Are Suul , Member, IEEE, and Salvatore D’Arco

Abstract—The internal currents and voltages of modular mul-
tilevel converters (MMCs) contain multiple frequency compo-
nents in steady-state operation and remain time-periodic even
when transformed into a synchronously rotating reference frame.
This prevents a straightforward state-space representation, where
a constant equilibrium point is reached and all state variables
converge to constant values under steady-state conditions. Such
steady-state time-invariant (SSTI) representations are needed for
linearization and eigenvalue-based analysis of small-signal stabil-
ity. This paper presents an energy-based model of an MMC with a
modulation strategy where the insertion indices are compensated
for the oscillations in the sum arm voltage. The formulation of
the model allows for deriving, by the application of Park transfor-
mations at three different frequencies, an SSTI representation that
accurately captures the internal dynamics of the MMC. This model
can be simplified to a reduced-order model that maintains accurate
reproduction of the external behavior at the ac- and dc-sides while
neglecting some of the internal dynamics. The validity and accu-
racy of these two SSTI MMC models are verified by time-domain
simulations and their utilization for eigenvalue-based analysis of
MMC dynamics is demonstrated by examples.

Index Terms—HVDC transmission, modular multilevel con-
verter (MMC), Park transformations, state-space modeling.

NOMENCLATURE

1) MMC Variables
iu , il Current in upper (u) and lower (l) arm.
ic , iv Circulating current, and ac grid-side current.
wu, wl Aggregated capacitor energy in upper (u) and

lower (l) arm.
wΣ , wΔ Capacitor energy sum and difference between up-

per and lower arms.
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nu , nl Upper and lower arm insertion indices.
vSM i

u , vSM i

l Voltage of the ith submodule capacitor in the up-
per or lower arm.

vσ
u , vσ

l Upper and lower arm capacitor voltage sum.
vu , vl Upper and lower arm output voltages.
uc, ev Voltages driving circulating and ac-side currents.
vo , vg Voltage at the point of common coupling and volt-

age of ac-grid Thévenin equivalent.
vdc Voltage at the dc terminals of the MMC.
∗ Indicates reference values in the control system.
2) Main System Parameters
Ra, La MMC arm resistance and inductance.
Rf , Lf Equivalent MMC output resistance and induc-

tance, representing transformer series impedance
and any additional filters.

Co Equivalent capacitance at connection to ac grid.
Req, Leq Equivalent ac resistance and inductance defined

as Req = Ra /2 + Rf , Leq = La /2 + Lf .
Rg , Lg Equivalent grid-side resistance and inductance.
CSM Capacitance of an MMC submodule.
N Number of submodules in an arm.
Ceq Equivalent MMC arm capacitance defined as

Ceq = CSM/N .
Cdc Equivalent capacitance at the dc terminals.
3) Reference Frame Orientations
abc Natural three-phase coordinates.
dqz−2ω Synchronous reference frame rotating at −2ω.
dqz+ω Synchronous reference frame rotating at +ω.
dq+3ω Synchronous reference frame rotating at +3ω.

I. INTRODUCTION

THE modular multilevel converter (MMC) is emerging as
a preferred topology for voltage source converter (VSC)

-based HVDC transmission schemes [1]–[5]. However, the mod-
eling and the control of the MMC is in general more challenging
than for two- or three-level VSC configurations, since the MMC
is characterized by a high number of independent switching el-
ements and by additional internal dynamics related to the circu-
lating currents flowing through the submodules of each phase
[6]. Moreover, each phase of an MMC behaves as a single-phase
multilevel converter, where the double-frequency oscillations in
the power flow cause corresponding fluctuations in the submod-
ule capacitor voltages. Thus, even in steady-state operation, the
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Fig. 1. Overview of MMC modeling approaches and their areas of application.

internal currents and voltages of an MMC will contain multiple
frequency components [7].

Significant efforts have recently been dedicated toward mod-
eling and analysis of the MMC topology and its control. An
overview of different types of models, how they originate from
the MMC topology, and their typical range of application is
shown in Fig. 1. Indeed, detailed switching models with explicit
representation of all submodule capacitors of an MMC, includ-
ing models with Thévenin equivalent representation of each arm
according to [8], are intended for time-domain simulations. If
the individual representation of each submodule capacitor volt-
age is not necessary, simplified switching function models can
be introduced to reduce the required simulation time [9], [10].

Continuous time average models can be obtained by ap-
proximating the switching effects with a continuous signal and
assuming perfect balancing between the submodule capacitor
voltages [6], [7], [11], [12]. Such average models allow for
efficient time-domain simulation and lead to simple analytical
expressions for representing each arm of an MMC. Thus, they
are commonly utilized in mathematical analysis for control
system design and for understanding the internal dynamics
of each phase of the MMC. Since such models represent the
phase and arm quantities of the MMC, steady-state operation
is characterized by an orbit of the state variables and not by
a constant equilibrium point. Thus, the models will inherently
have steady-state time-periodic (SSTP) characteristics, as indi-
cated in the left part of Fig. 1. Stability analysis based on SSTP
average models requires advanced methods specifically devel-
oped for time-periodic systems, as recently applied to an MMC
in [13].

Although the various SSTP models indicated to the left-hand
side of Fig. 1 are suitable for most purposes related to time-

domain simulation and controller design, or for dynamic anal-
ysis of each arm or phase of an MMC, they are not easily
applicable in established methods for system-oriented analysis.
Indeed, SSTP average models cannot be linearized and utilized
for traditional eigenvalue-based analysis commonly applied in
studies of small-signal stability of power systems [14]. Instead,
methods for system analysis that depend on linearization, as
well as many established techniques for nonlinear stability as-
sessment or control system design, assume as a prerequisite the
availability of a state-space model where all stable operating
points are characterized by an equilibrium point and all state
variables converge to constant values in steady-state operation
[14], [15]. Thus, models to be utilized for such purposes should
have steady-state time-invariant (SSTI) characteristics.

While SSTI representations of two-level VSCs can be easily
derived by applying the Park transformation, the multiple fre-
quency components appearing in the arm currents and capacitor
voltages of the MMC prevent SSTI representation by transfor-
mation into a single synchronous reference frame (SRF). Thus,
the derivation of MMC models with SSTI characteristics is still
the object of research. Fig. 1 indicates how such SSTI models
should be derived from a corresponding SSTP average model by
applying appropriate reference frame transformation and sim-
plifications. The figure also shows how a nonlinear SSTI state-
space model is needed for obtaining a linearized small-signal
model, as well as for calculating the equilibrium point where
the model can be linearized.

In the context of Fig. 1, several different approaches for SSTI
state-space representation of three-phase MMCs have been re-
cently proposed, with the aim of obtaining linearized models for
small-signal power system stability analysis. A first approach
has been to apply dynamic phasor modeling to all the internal
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electrical states of the MMC, as discussed in [16] and [17],
resulting in complicated high-order models. Another approach
has been to neglect parts of the internal dynamics of the MMC,
and model mainly the ac-side dynamics in an SRF together with
a simplified dc-side representation, as in the models proposed
in [18]–[20]. Among these studies, only the model from [19]
includes a representation of the internal energy storage capac-
ity of the submodule capacitors and their dynamic impact on
the power transfer between the ac and dc terminals. However,
Ludois and Venkataramanan [19] did not derive any SSTI state-
space representation that could be suitable for linearization. An
approach based on further simplifications was applied in [18]
and [20], assuming an ideal power balance between the ac- and
dc-sides of the MMC in a similar way as for two-level VSCs.
This implies significant inaccuracies in the model, since the
transient responses of the internal variables and their controllers
are not represented. Thus, such models are only suitable for
studying slow dynamics.

To address these limitations, more detailed dynamic state-
space models have been proposed in [21]–[26]. Two differ-
ent sets of assumptions and approximations are applied in the
derivation presented in these publications:

1) The models presented in [21]–[24] assume that the
MMC is operated with a circulating current suppression
controller (CCSC) implemented in a negative sequence
double-frequency SRF, for eliminating the second har-
monic components of the circulating current [27]. The
different frequency components of the arm currents and
the equivalent arm capacitor voltages are modeled by sep-
arate state variables in their associated SRFs by applying
phasor-based harmonic superposition. Thus, the couplings
between the various frequency components are truncated
as a first step of the model derivation. These models have
revealed instability problems associated with interaction
between the circulating currents, the internal capacitor
voltages, and the dc-side voltage as discussed in [22]
and [24]. However, the modeling approaches from [21]–
[24] are not directly suitable for representing MMCs with
energy-based control strategies as will be explained in
Section II of this paper.

2) The approach presented in [25] and [26] is based on a sim-
plified representation of the MMC, where only the aggre-
gated dynamics of the zero-sequence circulating current
and the total energy stored in the capacitors of the MMC
are modeled. This approach is valid when the modulation
indices for the MMC arms are calculated to compensate
for the voltage oscillations in the internal equivalent arm
capacitor voltages, as assumed in [6], [7], [28]. This mod-
ulation strategy will be referred to as compensated modu-
lation (CM) and its implications for the modeling will be
further elaborated in Section II. The models presented in
[25]–[26] can accurately represent the external behavior
of the MMC at the ac- and dc-sides, but do not include all
the internal dynamics.

This paper demonstrates how an energy-based modeling ap-
proach inspired by [25]–[26] can capture also the internal cur-
rent and energy dynamics of an MMC. The resulting model is

Fig. 2. Topology of a three-phase MMC.

derived from an average model with the sum and the difference
of the arm energies in each phase as state variables and results
in a complete and accurate SSTI representation of the MMC
under the assumption of CM. Thus, the model covers a case
that has not been previously studied in the available literature.
Furthermore, the main contribution of the presented approach
is that it inherently takes into account the coupling between
the various frequency components of the MMC dynamics by a
SSTI state-space representation. It is also shown how the de-
tailed SSTI model can be simplified to the reduced-order model
from [25]–[26] by ignoring the states representing the oscillat-
ing components of the internal MMC variables. The validity of
these two models is demonstrated by time-domain simulations
in comparison to the SSTP nonlinear time-domain model of the
MMC that was used as a starting point for the model deriva-
tion. Finally, it is demonstrated how these state-space models
can be linearized and utilized for analyzing the small-signal
dynamics and control system tuning of the MMC by applying
eigenvalue-based techniques.

II. MMC TOPOLOGY AND INSERTION INDEX CALCULATION

The model and the definitions that will be used as a starting
point for deriving an MMC model with SSTI characteristics
are briefly outlined in the following. This section also identifies
how the derivations presented in this manuscript contribute to
the SSTI representation of MMCs beyond what is available in
the previous literature.

A. Average Model of the Three-Phase MMC

The general topology of a three-phase MMC is shown in
Fig. 2. In this case, operation in a cable-based HVDC transmis-
sion system is assumed, resulting in an equivalent capacitance
Cdc at the dc terminals. The following nomenclature and
conventions are applied for modeling of the MMC: italic lower
case letters “x” represent scalar variables, italic-bold letters “x”
represent vectors and matrices, whereas nonitalic bold letters
“x” represent the complex space vector x = xd + j · xq .
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With the above conventions, the main expressions associated
with a generic phase k ∈ a, b, c of an MMC are given by the
following equations [6]:

ivk = iuk − ilk , ick =
iuk + ilk

2
(1)

vσ
u,lk =

N∑

i=1

vSMi

u,lk , vu,lk ≈ nu,lk · vσ
u,lk (2)

evk =
vlk − vuk

2
≈ nlk · vσ

lk − nuk · vσ
uk

2
(3)

uck =
vlk + vuk

2
≈ nlk · vσ

lk + nuk · vσ
uk

2
(4)

wu,lk ≈ CSM

2N

(
vσ

u,lk

)2
,

wΣk = wuk + wlk , wΔk = wuk − wlk . (5)

Assuming a fast capacitor voltage balancing algorithm, each
arm output voltage vu,lk can be expressed by the product of the
insertion index nu,lk resulting from a modulation algorithm and
the sum arm capacitor voltage vσ

u,lk , as expressed by the second
part of (2) [7]. Thus, the voltage ev , which drives the ac side
currents from the MMC, can be expressed by (3). Similarly,
the internal voltage of each leg uc , which drives the circulating
current, is defined as uc and can be expressed by (4). The energy
w stored in the capacitors of each arm is given by (5), which
also defines the sum energy wΣ and the energy difference wΔ
between the upper and lower arms [6], [7].

B. Calculation of Insertion Indices: Definition of
Compensated Versus Uncompensated Modulation

The specification of how the upper and lower arm insertion
indices are calculated is critical for the development of MMC
models. A common approach for calculating the insertion in-
dices is given by [27], [30]

nu =
−e∗v + u∗

c

Vdc,nom
, nl =

e∗v + u∗
c

Vdc,nom
. (6)

Alternatively, the measured dc voltage vdc can be used as the
denominator in (6) [9], [13]. However, as long as the value in the
denominator is constant during the steady-state operation,
the insertion index calculation according to (6) will not in-
clude any compensation for the continuous oscillations in the
arm capacitor voltages. Thus, the influence of these oscillations
will have to be compensated by the control loops. Such ap-
proaches for insertion index calculation can be referred to as
“un-compensated modulation” (UCM) [29].

This paper will consider the case when the insertion indices
are calculated by dividing the reference control voltages e∗v
and u∗

c by the measured or estimated time-varying aggregated
voltage in the corresponding arm, vσ

u,l [6], [7]. As defined in
[25], [29], this approach will be referred as CM and can be
expressed by

nu =
−e∗v + u∗

c

vσ
u

, nl =
e∗v + u∗

c

vσ
l

. (7)

Fig. 3. Summary of relations between different models of MMCs with SSTI
characteristics.

With the CM approach, the division of the output of the
controllers (i.e., ± e∗v + u∗

c ) by vσ
u,l will compensate for the

nonlinearity caused by the product of the insertion indices and
the time-periodic sum arm voltages in (3) and (4). Thus, it
can be confirmed by substituting (7) into (3) and (4) that the
voltages ev and uc that are driving the grid-side currents and the
circulating currents, respectively, will be equal to the voltage
reference outputs, e∗v and u∗

c , of the corresponding controllers,
as expressed by

ev ≈ e∗v ; uc ≈ u∗
c . (8)

As will be shown in the following sections, this characteristic
is useful for deriving an energy-based SSTI representation of
MMCs with CM-based control system implementations.

C. Selection of SSTI Modeling Approach According to
Insertion Index Calculation

It is demonstrated in [29] that energy-based models are not
suitable for deriving SSTI representation of MMCs with UCM-
based control, while voltage-based formulations are unsuitable
for MMCs with CM-based control [29]. Indeed, voltage-based
modeling approaches depending on harmonic superposition
were applied for obtaining the SSTI representations and the
corresponding linearized models of MMCs with UCM-based
control in [17], [21]–[24]. The resulting models represent the
internal dynamics of an MMC in dqz variables associated with
the SRFs corresponding to each oscillation frequency of the state
variables in steady state. An alternative voltage-based model-
ing approach for avoiding the approximations associated with
harmonic superposition was proposed in [29].

In contrast to the voltage-based MMC models in [17],
[21]–[24], simplified energy-based MMC models for the case
of CM-based controls have been proposed in [25] and [26].
However, no energy-based models with SSTI representation of
the internal dynamics of the MMC in appropriate dqz reference
frames are available in the literature.

An overview of how voltage-based or energy-based model-
ing approaches are suitable for deriving SSTI representations
according to the selected strategy for insertion index calculation
is shown in Fig. 3. As indicated in the figure, the main con-



4836 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 33, NO. 6, JUNE 2018

tribution of this paper is to fill a gap in the available literature
by presenting the detailed derivation of an energy-based state-
space model with SSTI representation of the internal dynamics
of an MMC with CM-based control. Furthermore, it will be
shown how simplification of the derived model results in the
zero-sequence models from [25] and [26].

III. MMC STATE-SPACE MODELING FOR OBTAINING TIME

INVARIANCE IN STEADY STATE

In the following sections, a procedure for deriving a detailed
energy-based SSTI representation of an MMC with CM-based
control is presented. It is first shown how the average model
in the stationary reference frame should be expressed to obtain
separation of the dominant frequencies appearing in the MMC
steady-state operation. On this basis, step-by-step derivations
are presented for transforming the three-phase variables of the
average model into a set of SRFs. The resulting model will
inherently include the coupling between the different frequency
components, even if all state variables will settle to constant
values in the steady-state operation. Finally, it will be shown
how the derived model can be simplified to the reduced-order
model of an MMC with CM-based control first presented in [25].

A. Mathematical Derivation of a Steady-State Time-Invariant
MMC Model Based on Energy Formulation

To achieve SSTI characteristics without depending on har-
monic superposition, the MMC variables should be expressed
such that state variables associated with the different frequency
components can be separated and transformed into their corre-
sponding SRFs while retaining the coupling with variables asso-
ciated with other frequency components. By choosing a Σ − Δ
energy-based formulation according to (5) and considering the
steady-state characteristics of the MMC according to [6] and
[7], the variables of the MMC can be separated into two groups,
where each group is associated with a single frequency as

−2ω : iabcc = T−1
−2ω · idqz−2 ω

c ; uabc
c = T−1

−2ω · udqz−2 ω
c ;

wabc
Σ = T−1

−2ω · wdqz−2 ω

Σ

ω : iabcv = T−1
+ω · idq+ ω

v ;eabc
v = T−1

+ω · edq+ ω
v ;

wabc
Δ = T−1

+ω · wdqz+ ω

Δ . (9)

Thus, the variables can be classified as those containing os-
cillations at −2ω (ic , wΣ and uc ), and those oscillating at +ω
(iv , wΔ and ev ). Furthermore, (9) shows how the stationary
frame variables can be expressed from their equivalent SSTI
dqz variables. The transformation matrices T ω and T−2ω are
representing the Park transformations, with phase angles syn-
chronized with the grid voltage and its corresponding negative
sequence double frequency, respectively.

The formulation of the MMC variables, such that this initial
separation of frequency components can be achieved, constitutes
the basis for the proposed modeling approach, as illustrated in
Fig. 4. This figure indicates that Park transformations at differ-
ent frequencies will be used to derive dynamic equations for
equivalent dqz variables that are SSTI in their respective ref-

Fig. 4. Proposed modeling approach based on three Park transformations to
achieve SSTI control- and state-variables.

erence frames. In addition, a Park transformation T 3ω at three
times the grid frequency will be used to ensure a SSTI represen-
tation of the zero sequence of the energy difference, as will be
discussed in Section III-A3). In the remainder of this section, the
mathematical derivation of SSTI state equations representing the
dynamics of a CM-controlled MMC will be described and ex-
pressed by using the definitions in (9) according to the approach
illustrated by Fig. 4. Although the mathematical derivations in-
volve several steps, the resulting model is relatively simple as
summarized in Section III-B. Similar procedures can also be
applicable for obtaining SSTI characteristics of voltage-based
MMC models for the case of UCM-based control, and for SSTI
representation of stationary frame control systems.

1) Energy Sum dqz Dynamics: The dynamics of the energy
sum wΣk for a generic phase k can be expressed according
to the definition introduced in [6]. When represented on
vector form, the sum energy dynamics for the three phases are
given by

d

dt
wabc

Σ = −pabc
v + 2pabc

c (10)

where pabc
v and pabc

c are the vectors defined in the following
equation:

pabc
v =

[
eva iva evbivb evc ivc

]T

pabc
c =

[
ucaica ucbicb ucc icc

]T
. (11)

Since each component of the vector rows of wΣ , pv and pc

oscillates at twice the fundamental grid frequency, (10) can be
rewritten in an SRF at −2ω, as

d

dt
wdqz−2 ω

Σ = −pdqz−2 ω
v + 2pdqz−2 ω

c + J2ω · wdqz−2 ω

Σ (12)

where pdqz−2 ω
v and pdqz−2 ω

c are expressed in (13) and (14),
respectively. These equations show how the SRF variables are
obtained from multiplication of the original vector in phase
coordinates by the amplitude-invariant Park transformation ma-
trix. Furthermore, J2ω is the cross-coupling matrix obtained by



BERGNA-DIAZ et al.: ENERGY-BASED STATE-SPACE REPRESENTATION OF MMC WITH A CONSTANT EQUILIBRIUM POINT 4837

replacing h = 2 in (15)

pdqz−2 ω
v = T−2ω · pabc

v = T−2ω

⎡

⎣
eva iva

evbivb

evc ivc

⎤

⎦ (13)

pdqz−2 ω
c = T−2ω · pabc

c = T−2ω

⎡

⎣
ucaica

ucbicb

ucc icc

⎤

⎦ (14)

J2×2
h ω︷ ︸︸ ︷

Jhω ≡
⎡

⎣
0 h · ω 0

−h · ω 0 0
0 0 0

⎤

⎦ ; ∀h ∈ N − {0} . (15)

The grid-side and circulating currents ivk and ick , which
appear in (13) and (14) along with the corresponding voltages
evk and uck , can be expressed in their respective dqz rotating
frames at +ω and −2ω by using the definitions given in (9).
Hence, substituting the expressions for eabc

v and iabcv resulting
from (9) into (13), and solving the product between T−2ω and
the resulting vector, yields in

pdqz−2 ω
v =

1
2

⎡

⎣
evd+ ω

ivd+ ω
− evq+ ω

ivq+ ω

evd+ ω
ivq+ ω

+ evq+ ω
ivd+ ω

evd+ ω
ivd+ ω

+ evq+ ω
ivq+ ω

⎤

⎦. (16)

Indeed, all variables in this expression will settle to a constant
value in their associated SRF. Thus, (16) is a steady-state time-
invariant expression for the dqz components of the power flow
from the grid-side of the MMC.

A similar procedure is repeated for pdqz−2 ω
c given in (14).

Replacing each row of uabc
v and iabcc as defined in (9) into (14),

and expanding the multiplication with T−2ω results in (17),
shown at the bottom this page.

It is important to note that unlike (16), (17) contains a set of
sixth-order harmonic terms. However, the amplitudes of these
sixth harmonic terms are all defined by products between d-
and q-axis components of the circulating currents and the cor-
responding voltages. Since the d- and q-axis components of uc

and ic are small, their products will be very small compared
to any of the terms containing a multiplication with the zero-
sequence voltage ucz or the zero-sequence current icz . Thus,
these sixth-order harmonic terms will have negligible influence
on the power components defined by (17), and can be discarded

to achieve time invariance in steady state. It should be noted
that this is the only approximation introduced in the deriva-
tions of the SSTI equations for representing the MMC, and that
time-domain simulations confirm that this simplification is not
compromising the accuracy of the model.

The energy sum dynamics in dqz coordinates can now be
expressed by (18) as shown at the bottom of this page, where
(16) and the first term of (17) have been substituted into (12).

Among these equations, the dq components, wΣd−2 ω
and

wΣq−2 ω
represent the second harmonic oscillation superimposed

to the average sum energy in the three phases. Indeed, when
expressed as a space vector or on complex vector form (i.e.,
wdq−2 ω

Σ = wΣd−2 ω
+ j wΣq−2 ω

), these dq-components represent
the three-phase second harmonic energy oscillations within the
MMC. Thus, the amplitude of the sum energy oscillations and
the phase angle with respect to the reference frame orientation
of the model, as detected by a phase locked loop (PLL), is given
by

|wΣ | =
√

w2
Σd + w2

Σq , ϕwΣ = tan−1
(

wΣq

wΣd

)
. (19)

The variable wΣz represent the zero-sequence component of
the sum energy in the three phases, which is associated with the
average value or dc component of the total energy stored inside
the MMC. Considering the relationships in (5), the different
components of the sum energy can also be directly associated
with the arm energies and the corresponding sum arm voltages.

2) Energy Difference dqz Dynamics: The derivation of the
steady-state time-invariant equations for the energy difference
dynamics of the MMC is relatively similar to the case for the
energy sum regarding its dq-components, yet very different re-
garding the zero sequence. After presenting the first steps of the
derivation, this section considers only the dq-dynamics, whereas
the zero-sequence dynamics are addressed in the subsequent
section.

As for the energy sum, the dynamic equation for the energy
difference wΔk of a generic phase k is defined according to
[6]. When expressed on vector form, the dynamics of the three
phases are given by

d

dt
wabc

Δ = pabc
Δ1 + pabc

Δ2 (20)

pdqz−2 ω
c =

⎡

⎣
ucz icd−2 ω

+ ucd−2 ω
icz

ucz icq−2 ω
+ ucq−2 ω

icz
1/2ucd−2 ω

icd−2 ω
+ 1/2ucq−2 ω

icq−2 ω
+ ucz icz

⎤

⎦
T

+

⎡

⎢⎣
+1/2 (ucd−2 ω

icd−2 ω
− ucq−2 ω

icq−2 ω
) cos (6ωt) − 1/2 (ucq−2 ω

icd−2 ω
− ucd−2 ω

icq−2 ω
) sin (6ωt)

−1/2 (ucd−2 ω
icd−2 ω

− ucq−2 ω
icq−2 ω

) sin (6ωt) − 1/2 (ucq−2 ω
icd−2 ω

+ ucd−2 ω
icq−2 ω

) cos (6ωt)
0

⎤

⎥⎦

︸ ︷︷ ︸
≈0

(17)

d

dt
wdqz−2 ω

Σ =
d

dt

⎡

⎣
wΣd−2 ω

wΣq−2 ω

wΣz

⎤

⎦ ≈
⎡

⎣
−1/2

(
evd+ ω

ivd+ ω
− evq+ ω

ivq+ ω

)
+ 2 (ucz icd−2 ω

+ ucd−2 ω
icz ) + 2ω · wΣq−2 ω

−1/2
(
evd+ ω

ivq+ ω
+ evq+ ω

ivd+ ω

)
+ 2 (ucz icq−2 ω

+ ucq−2 ω
icz ) − 2ω · wΣd−2 ω

−1/2
(
evd+ ω

ivd+ ω
+ evq+ ω

ivq+ ω

)
+ ucd−2 ω

icd−2 ω
+ ucq−2 ω

icq−2 ω
+ 2ucz icz

⎤

⎦ (18)
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where pabc
Δ1 and pabc

Δ2 are defined by

pabc
Δ1 = −2

[
eva ica evbicb evc icc

]T

pabc
Δ2 =

[
uca iva ucbivb ucc ivc

]T
. (21)

Since the main frequency component of the energy difference
dynamics in steady state is the fundamental frequency of the
grid voltage, (20) can be rewritten in the SRF rotating at +ω,
yielding in

d

dt
w

dqz+ ω

Δ = p
dqz+ ω

Δ1 + p
dqz+ ω

Δ2 + Jω · wdqz+ ω

Δ (22)

where pdqz+ω
Δ1 and pdqz+ω

Δ2 are expressed in (23) and (24), re-
spectively. These equations are obtained by multiplying the orig-
inal vector in the stationary abc reference frame by the Park
transformation matrix at +ω, i.e., T +ω

p
dqz+ ω

Δ1 = T +ω · pabc
Δ1 = −2T +ω

⎡

⎣
eva ica

evbicb

evc icc

⎤

⎦ (23)

p
dqz+ ω

Δ2 = T +ω · pabc
Δ2 = T +ω

⎡

⎣
uca iva

ucbivb

ucc ivc

⎤

⎦. (24)

Substituting into (23) the expressions for the voltage eabc
v

and the circulating current iabcc that can be obtained from the
definitions given in (9), the individual elements of pdqz+ω

Δ1 can
be expressed as a function of the dqz current and voltage com-
ponents as

p
dqz+ ω

Δ1 = −

⎡

⎢⎢⎢⎢⎣

evd+ ω
icd−2 ω

+ evq+ ω
icq−2 ω

+ 2evd+ ω
icz

evd+ ω
icq−2 ω

− evq+ ω
icd−2 ω

+ 2evq+ ω
icz(

evd+ ω
icd−2 ω

− evq+ ω
icq−2 ω

)
cos (3ωt) . . .

. . . − (
evd+ ω

icq−2 ω
+ evq+ ω

icd−2 ω

)
sin (3ωt)

⎤

⎥⎥⎥⎥⎦
.

(25)
Contrary to the power expressions given in (16) and (17) only

the d- and q-axis components of (25) are time invariant in steady
state. Indeed, the zero-sequence component pΔ1z given in (25)
is time-periodic, with third harmonic oscillations in steady state.
The origin of this third harmonic component is the multiplica-
tion of variables containing fundamental frequency and double-
frequency components. Indeed, the zero-sequence component
of (25) shows that the amplitude of the third harmonic oscilla-
tions depends on products between the circulating currents and
the ac-side voltage. Thus, they cannot be neglected in a detailed
model of the MMC.

Similarly as for pdqz+ω
Δ1 , it is possible to express pdqz+ω

Δ2
as a function of dqz currents and voltages. This is obtained
by replacing the expressions for iabcv and uabc

c according to (9),

into (24). By solving for the individual elements of pdqz+ω
Δ2 , (24)

can be expressed as a function of the dqz current and voltage
components, as given by

p
dqz+ ω

Δ2 =

⎡

⎢⎢⎢⎢⎢⎣

( 1
2 ucd−2 ω

+ ucz

)
ivd+ ω

+ 1
2 ucq−2 ω

ivq+ ω

1
2 ucq−2 ω

ivd+ ω
+

(− 1
2 ucd−2 ω

+ ucz

)
ivq+ ω

1
2

(
ucd−2 ω

ivd+ ω
− ucq−2 ω

ivq+ ω

)
cos (3ωt) . . .

. . . − 1
2

(
ucq−2 ω

ivd+ ω
+ ucd−2 ω

ivq+ ω

)
sin (3ωt)

⎤

⎥⎥⎥⎥⎥⎦
.

(26)
As for pΔ1z , the zero-sequence component pΔ2z , expressed

in (26), is not time invariant in steady state. Thus, the zero-
sequence components in (25) and (26) will be further analyzed
in the following section.

Considering only the d- and q-axis components of the power
vectors from (25) and (26), and substituting the obtained ex-
pressions into (22) results in the dynamic equations for the d-
and q-axis energy difference as expressed by (27) shown at the
bottom of this page.

These two state equations do not require any further sim-
plifications since all their elements are already SSTI. Indeed,
wΔd+ ω

and wΔq+ ω
represent the fundamental frequency oscil-

lations of the energy difference between the upper and the lower
arms of the MMC. Thus, the amplitude and phase angle of these
oscillations is accurately represented by the energy difference
dq components (i.e., wdq+ ω

Δ = wΔd+ ω
+ j wΔq+ ω

). Based on
(5), it can also be understood how these signals are directly
associated to the fundamental frequency oscillation in the sum
arm energies and the corresponding variations in the sum arm
voltages.

3) Energy Difference Zero-Sequence Dynamics: Since the
zero-sequence components in (25) and (26) are time-periodic in
steady state, further reformulation is necessary to obtain an SSTI
representation of the zero-sequence energy difference dynamics
of the MMC. This can be obtained by defining a virtual signal
wβ

Δz which is 90° shifted with respect to the original “single-
phase” time-periodic zero-sequence energy difference signal
wΔz given by the last row of (25) and (26). This approach
is conceptually similar to the commonly applied strategy of
generating a virtual two-phase system for representing single-
phase systems in an SRF [31]. However, since the amplitudes
of the different sine and cosine components are defined by SSTI
variables, the signal wβ

Δz can be identified within the model,
and without causing any additional delay. The actual and virtual
energy difference zero-sequence variables can be labeled as wα

Δz

and wβ
Δz and together they define an orthogonal αβ-system.

This αβ system can be expressed by (28), with pα
Δ1z and pα

Δ2z

defined by (25) and (26), whereas pβ
Δ1z and pβ

Δ2z are created
by replacing the “cos(3ωt)” and “sin(3ωt)” terms that appear

d

dt
w

dq+ ω

Δ =
d

dt

[
wΔd+ ω

wΔq+ ω

]
=

[− (
evd+ ω

icd−2 ω
+ evq+ ω

icq−2 ω
+ 2evd+ ω

icz

)

− (
evd+ ω

icq−2 ω
− evq+ ω

icd−2 ω
+ 2evq+ ω

icz
)
]

+
[ (

1/2ucd−2 ω
+ ucz

)
ivd+ ω

+ 1/2ucq−2 ω
ivq+ ω

+ ω · wΔq+ ω
1/2ucq−2 ω

ivd+ ω
+

(−1/2ucd−2 ω
+ ucz

)
ivq+ ω

− ω · wΔd+ ω

]
(27)
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in the α-signal by “− sin(3ωt)” and “cos(3ωt),” respectively.
Thus, the amplitude of the β-signals will be identical to the
α-signal amplitude

d

dt
wαβ

Δz = pαβ
Δ1z + pαβ

Δ2z . (28)

This orthogonal system can be represented by variables
defined in an SRF at 3ω. Hence, the αβ-vectors on the
right-hand side of (28) can be expressed by (29), where
p

d+ 3 ω

Δ1z , p
q+ 3 ω

Δ1z , p
d+ 3 ω

Δ2z and pq3ω
Δ2z are defined in (30) as

pαβ
Δ1z =

[
pα

Δ1z

pβ
Δ1z

]
= T−1

+3ω ·
[

p
d+ 3 ω

Δ1z

p
q+ 3 ω

Δ1z

]
= T−1

+3ω · pdq+ 3 ω

Δ1z ,

pαβ
Δ2z =

[
pα

Δ2z

pβ
Δ2z

]
= T−1

+3ω ·
[

p
d+ 3 ω

Δ2z

p
q+ 3 ω

Δ2z

]
= T−1

+3ω · pdq+ 3 ω

Δ2z (29)

p
d+ 3 ω

Δ1z = − (
evd+ ω

icd−2 ω
− evq+ ω

icq−2 ω

)
;

p
d+ 3 ω

Δ2z = 1/2
(
ucd−2 ω

ivd+ ω
− ucq−2 ω

ivq+ ω

)

p
q+ 3 ω

Δ1z = − (
evd+ ω

icq−2 ω
+ evq+ ω

icd−2 ω

)
;

p
q+ 3 ω

Δ2z = 1/2
(
ucq−2 ω

ivd+ ω
+ ucd−2 ω

ivq+ ω

)
(30)

The dynamics of the energy difference zero-sequence αβ
vector wαβ

Δz from (28) can be transformed into the rotating dq-
reference frame at +3ω by means of T +3ω and the definitions
given in (29) and (30), yielding in

d

dt
w

dq+ 3 ω

Δz = p
dq+ 3 ω

Δ1z + p
dq+ 3 ω

Δ2z + J2×2
3ω · wdq+ 3 ω

Δz . (31)

Introducing the power definitions in (30), (31) can be ex-
pressed as (32) shown at the bottom of this page.

It is possible to confirm by simple inspection that the zero-
sequence dynamics of the energy difference expressed in the
form of (32) are SSTI as long as the d- and q-axis components of
ev , uc , iv , and ic in their associated SRFs are SSTI. Therefore,
this equation preserves time invariance when the circulating
current is controlled to inject a second harmonic component
(for energy shaping) as well as for suppression of the second
harmonic circulating current according to [27].

When considering the zero-sequence energy difference dy-
namics in (32), it should be kept in mind that this is an orthog-
onal vector representation of a single-phase sinusoidal signal.
Indeed, since the third harmonic oscillation is a zero-sequence
component, the same signal appears in all the three phases of
the MMC. The amplitude of this signal and the phase angle with
respect to the third harmonic SRF can be found directly from
the vector amplitude and phase angle of the defined dq zero-
sequence energy variables (i.e., wdq+ 3 ω

Δz = w
d+ 3 ω

Δz + j w
q+ 3 ω

Δz ).
It can also be understood from (5) how these third harmonic
oscillations will appear in the sum arm energies and in the cor-
responding sum arm voltages.

4) Circulating Current Dynamics: The dynamics of the cir-
culating currents are recalled in (33) in vector representation for
a three-phase MMC [7]

La
d

dt
iabcc = −Ra · iabcc − uabc

c +
vdc

2
[
1 1 1

]T
. (33)

Equation (33) can be easily expressed in the SRF rotating at
−2ω, yielding in

d

dt
idqz−2 ω
c =

(
−Ra

La
I + J2ω

)
idqz−2 ω
c

− 1
La

udqz−2 ω
c +

vdc

2La

[
0 0 1

]T
. (34)

The equations for the dq-components of the circulating cur-
rents have the same form as for any SRF representation of
currents in a three-phase system. However, the zero-sequence
component is a dc-signal, representing the dc-component of the
circulating currents of the three phases and is directly associated
to the power transfer between the ac- and dc-sides of the MMC.

B. Summary of Derived Model With SSTI Representation of
MMC Internal Dynamics

The individual equations describing the internal dynamics of
the MMC represented by SSTI state variables, as derived in
the previous sections, are summarized here. The resulting SSTI
state equations are collected in (35) and result directly from
(18), (27), (32), and (34) by expressing the dq-components with
complex vector notation

d

dt
wdq−2 ω

Σ = −1
2
edq+ ω

v idq+ ω
v

+ 2
(
ucz idq−2 ω

c + udq−2 ω
c icz

) − j · 2ωwdq−2 ω

Σ

d

dt
wΣz = −1

2
Re

{
ēdq+ ω

v idq+ ω
v

}

+ Re
{
ūdq−2 ω

c idq−2 ω
c

}
+ 2ucz icz

d

dt
wdq+ ω

Δ = −ēdq+ ω
v idq−2 ω

c + 2edq+ ω
v icz

+
1
2
udq−2 ω

c īdq+ ω
v + ucz idq+ ω

v − j · ωwdq+ ω

Δ

d

dt
wdq+ 3 ω

Δz = −edq+ ω
v idq−2 ω

c

+
1
2
udq−2 ω

c idq+ ω
v − j · 3ωwdq+ 3 ω

Δz

d

dt
idq−2 ω
c = −

(
Ra

La
+ j · 2ω

)
idq−2 ω
c − 1

La
udq−2 ω

c

d

dt
icz = −Ra

La
icz +

1
La

· vdc

2
− 1

La
· ucz . (35)

d

dt
w

dq+ 3 ω

Δz =
d

dt

[
w

d+ 3 ω

Δz

w
q+ 3 ω

Δz

]
=

[− (
evd+ ω

icd−2 ω
− evq+ ω

icq−2 ω

)
+ 1/2

(
ucd−2 ω

ivd+ ω
− ucq−2 ω

ivq+ ω

)
+ 3ω · wq+ 3 ω

Δz

− (
evd+ ω

icq−2 ω
+ evq+ ω

icd−2 ω

)
+ 1/2

(
ucq−2 ω

ivd+ ω
+ ucd−2 ω

ivq+ ω

) − 3ω · wd+ 3 ω

Δz

]
(32)
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The algebraic equations linking the controller outputs, u∗
c and

e∗v , with the rest of the system are given in (36) as

udq−2 ω
c ≈ u∗,dq−2 ω

c ; ucz ≈ u∗
cz ; edq+ ω

v ≈ e∗,dq+ ω
v . (36)

These equations define a nonlinear SSTI state-space repre-
sentation of the average model of an MMC with energy-based
formulation according to [6] and [7]. The only simplification
introduced during the derivation is that the sixth order harmonic
terms in (17) have been neglected. Thus, the developed SSTI
equations preserve the dynamics and the nonlinear relationships
of the model they are derived from, and inherit the same limi-
tations as the analytical average models in the stationary frame.
As for any other analytical average model, this implies that the
developed SSTI representation of the MMC is not representing
any physical saturation limits within the model, like for instance
the overmodulation limit that can be reached if the voltage refer-
ence for the converter is higher than the available voltage in the
internal capacitors. As long as the converter is operated within
its limitations, the derived model will contain detailed informa-
tion about the dynamic characteristics as well as the steady-state
operating conditions of the MMC. Thus, the model inherently
includes the dynamic coupling between the various frequency
components, which can be clearly noticed by considering that
several of the state equations in (35) are defined by dq variables
from SRFs at different frequencies.

It should also be noted that the model in (35) effectively rep-
resents the MMC by ten SSTI state equations. The grid-side
currents are not included in these equations, as they contain
only a fundamental frequency component and can be directly
modeled in the SRF at the fundamental frequency. Considering
the MMC topology from Fig. 2, the representation of the six
equivalent arm capacitor voltages and the three circulating cur-
rents as state variables will imply a model with nine states. Thus,
the derived SSTI representation of the MMC includes only one
additional state equation, since two state variables are required
to obtain an SSTI representation of the zero-sequence energy
difference wΔz .

C. Simplified Zero-Sequence Model of MMC

Observing the structure of the model in (35), it can be no-
ticed that the dynamics of the zero-sequence current icz do not
depend on any of the dq-variables. Furthermore, the dynamic
equation for the zero-sequence sum energy wΣ ,z contains terms
depending on the product of the dq-components of uc and ic .
Since the dq-components of uc are significantly smaller than
the zero-sequence component, ucz , and the amplitude of the
ac-side voltages ev , the influence of these terms on the sum
energy dynamics will be very small. Under the assumption of
CM, this implies that a simplified model for representing only
the zero-sequence component of the MMC internal variables
can be obtained, as given by the following equation:

d

dt
wΣz ≈ −1/2

(
evd+ ω

ivd+ ω
+ evq+ ω

ivq+ ω

)
+ 2ucz icz

d

dt
icz = −R

L
icz − 1

L
u∗
cz +

1
2L

vdc. (37)

This simplification and reduction of the equations from (35)
is directly resulting in the model proposed by [25]. It can also be
understood from the structure of the detailed model in (35) that
the simplified model in (37) will be suitable as a “macroscopic”
model of the ac- and dc-side dynamics of the MMC by con-
sidering only the zero-sequence components of the energy sum
and the circulating current. Thus, the derivation of the detailed
model provides a theoretical basis for verifying the accuracy
and for understanding the level of approximation implied by the
simplified models in [25] and [26].

The zero-sequence-based reduced-order MMC model in (37)
has a lower number of equations and is much simpler to im-
plement than the detailed model in (35). However, it will be
verified that under CM-based control, the zero-sequence model
is accurately representing the dynamics of the states that in-
fluence the external behavior at the ac- and dc-sides (i.e.,
vdc, ucz , icz , wΣz , edq

v , and idq
v ). Indeed, these variables re-

main practically unaffected by the dynamics of the neglected
internal variables (wdq

Σ , wdqz
Δ , idq

c , and udq
c ) as long as their

dynamics are stable and the insertion indices are calculated ac-
cording to (6). Thus, the zero-sequence model only preserves
information about the power balance between the ac-side, the
internally stored energy and the dc terminals. Hence, it is ex-
pected that this zero-sequence model will be of most interest
for large-scale power system stability studies, when the internal
dynamics of the MMC are of limited interest.

IV. SIMPLIFIED CONTROL SYSTEM FOR SSTI REPRESENTATION

The MMC model under CM cannot be tested or validated
without introducing a closed-loop control scheme. Therefore,
this section briefly introduces a simplified closed-loop control
system adapted to the SSTI representation. Note that the purpose
of the added controllers is to enable comparison of the derived
SSTI representation with an established MMC average model,
without requiring significant efforts in modeling of the control
system.

An overview of the entire model of an MMC HVDC termi-
nal, including the control loops as well as the ac- and dc-side
electrical dynamics is shown in Fig. 5. Conventional SRF PI
current controllers with decoupling terms are applied for con-
trolling the ac-side currents of the MMC [25], [32]. An ac-side
PI power controller, based on feedback of a low-pass-filtered
measurement of the power flowing from the MMC into the grid,
is providing the d-axis active current reference to the current
controllers. However, a dc voltage droop function based on a
low-pass-filtered measurement of the voltage at the dc termi-
nals is acting on the active power reference. For simplicity,
the q-axis current reference is kept equal to zero. Furthermore,
an SRF PLL is utilized to synchronize the control system of
the MMC to the measured grid voltage vo . The state equa-
tions for the ac-side controllers of a three-phase VSC, the dc
voltage droop function and the PLL from [25] and [32] can
be utilized for state-space representation of the system without
modifications.

The zero-sequence components of the circulating current and
the sum energy are controlled by PI controllers, utilizing the
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Fig. 5. Overview of the derived time-invariant MMC model with represen-
tation of the internal dqz dynamics, including ac-side and dc-side dynamics as
well as all the elements of the applied control system.

same equations as in [25]. Furthermore, a set of decoupled SRF
PI controllers in the double-frequency negative sequence refer-
ence frame, according to [27], controls the dq-components of the
circulating currents. An identical PI-controller structure with en-
ergy decoupling terms at 2ωPLL regulates the dq-components of
the sum energy, by providing current references for the circulat-
ing current controllers. Furthermore, a simple proportional con-
troller with decoupling terms at ωPLL regulates the energy dif-
ference dq-component dynamics. Similarly, the dq-components
of the zero sequence of the energy difference are controlled by
an additional proportional controller with decoupling terms at
3ωPLL. The contribution of each energy controller is added to
form the reference for the circulating current as illustrated in
Fig. 5.

It should be noted that the derived MMC model could be
combined with different control system implementations. How-
ever, accurate SSTI representation of commonly applied control
loops implemented in the stationary reference frame would re-
quire similar derivations as presented for the MMC topology.
Such derivations and subsequent analysis are beyond the scope
of this paper, but an example of how an SSTI representation of

stationary frame per-phase energy-based control strategies can
be obtained is presented in [34].

V. MODELS OF MMCS INCLUDING AC-SIDE AND DC-SIDE

GRID DYNAMICS

By combining the SSTI state-space representation of the
MMC dynamics derived in Section III-A with the simplified
control structure introduced in Section IV, it is possible to es-
tablish state-space models of an MMC integrated into any ac-
or dc grid configuration. For simplicity, only the configuration
from Fig. 5 will be studied here, although the derived models
can be directly utilized for studies of larger system configu-
rations, for instance in point-to-point or multiterminal HVDC
transmission schemes by similar approaches as discussed in [35]
and [36].

A. MMC Models Integrated With AC-Side and DC-Side Grid
Dynamics

The equations of the ac-side dynamics included in the model
result directly from the circuit diagram indicated in Fig. 5, the
average modeling of each arm of the MMC topology and the
assumption of CM-based control [6], [7], [12], [33]. Thus,
the ac-side model represented in the SRF is the same as for
a 2-L VSC, and the same approach as in [25] and [32] can be
applied for obtaining an SSTI state-space representation includ-
ing the PLL dynamics.

The dc-side is modeled with a capacitor representing the
equivalent capacitance of an HVDC cable, and a current source
idc,s representing the cable current. Thus, the electrical dynamics
at the dc terminals can be modeled by the same equations as
in [25].

B. Nonlinear State-Space Models With SSTI Solution

A general SSTI state-space model of the studied system can
be expressed on a standard form according to [15], [14]

ẋ = f (x,u) , y = g (x,u) . (38)

Models including the detailed MMC dynamics according to
(35) and Fig. 5, as well as models based on the simplified zero-
sequence representation of the MMC from (37) can be easily
developed on the same form.

1) Model With Detailed Representation of MMC: Based on
all presented derivations and references, an SSTI representation
of the entire system from Fig. 5 can be obtained with the state
vector x and the input vector u as defined by (39)–(40) shown
at the bottom of the page.

x =
[
vo,d vo,q iv ,d iv ,q γd γq io,d io,q ϕd ϕq vPLL,d vPLL,q εPLL δθPLL

. . . vdc vdc,f ρp pac,m ic,z ic,d ic,q wΣ ,z wΣ ,d wΣ ,q . . .

. . . wΔ ,d wΔ ,q wΔz ,d wΔz ,q κΣ ,z κΣ ,d κΣ ,q ξd ξq ξz

]T
(39)

u =
[
i∗vq |vg | ωg idc,s p∗ac v∗

dc w∗
Σ ,d w∗

Σ ,q w∗
Δ ,d w∗

Δ ,d w∗
Δz ,d w∗

Δz ,d w∗
Σ ,z

]
(40)
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Fig. 6. Simplified time-invariant MMC.

Thus, the SSTI state-space representation including ac- and
dc-side interfaces, as well as the grid synchronization dynamics
on the ac-side, results in a model with 34 states and 13 input
variables. In addition to the state variables already explained,
the states γ and ϕ are associated to the ac-side current control,
while all variables with subscript “PLL” are associated to the
phase locked loop used for grid synchronization, as described
in detail in [32]. The low-pass filtered dc voltage is given by
vdc,f , the low-pass filtered measurement of the ac-side power
flow is defined by the state pac,m , and ρ defines the integrator
state of the PI controller for the ac-side power flow. The states
κ are integrator states of the PI controllers regulating the sum
energy components, while ξ defines the PI controller states for
the d-, q-, and z-components of the circulating currents.

2) Simplified Zero-Sequence MMC Model: A nonlinear
SSTI state-space model including a representation of the
MMC by the simplified zero-sequence representation from (37)
[25], [26], can be established in the same way as for the
detailed model. The only difference will be that the states
wΣd , wΣq , wΔd , wΔq , wΔzd , wΔzq , κΣd , κΣq , ξd , and ξq as
well as the input signals w∗

Σ ,d , w∗
Σ ,q , w∗

Δ ,d , w∗
Δ ,q , w∗

Δz ,d , and
w∗

Δz ,q will be eliminated. Thus, with the simplified MMC rep-
resentation, the structure of the model will be reduced to the
simplified configuration shown in Fig. 6.

C. Linearized Small-Signal Models

As mentioned, the need for obtaining a linearized state-space
model for conducting eigenvalue-based studies of small-signal
stability is among the main motivations for deriving an SSTI
representation of the MMC. However, a nonlinear SSTI repre-
sentation in the form of (38) is also necessary for calculating
the steady-state operating point. Thus, any feasible steady-state
operating condition of the system can be found by solving for

the values of the state variables when imposing ẋ = 0. Sub-
sequently, the model can be linearized at the selected steady-
state operating point. For a generic linearization point x0 , the
linearized small-signal state-space model can be obtained by
considering the first-order derivatives with respect to all state
variables and input signals [14], [15], and can be expressed as

Δẋ = A (x0) · Δx + B (x0) · Δu

Δy = C (x0) · Δx + D (x0) · Δu (41)

where the prefix Δ denotes small-signal deviations around the
steady-state operating point.

VI. MODEL VALIDATION BY TIME-DOMAIN SIMULATION

To validate the derived SSTI equations with detailed as
well as simplified representation of the MMC, and the corre-
sponding small-signal models, results from time-domain sim-
ulation of five different models will be shown and discussed
in this section. These models correspond to the following
cases:

1) The reference case, which is a circuit-based average model
of a three-phase MMC, where each arm is represented by
a controlled voltage source and where the internal arm
voltage dynamics are represented by an equivalent arm
capacitance as shown in Fig. 7 [7], [12], [33]. This model
includes nonlinear effects, except for the switching op-
erations and the dynamics of the submodule capacitor
voltage balancing algorithms. Since this model is well es-
tablished for analysis and simulation of MMCs, and has
been previously verified by laboratory-scale experiments
in [7] and [12], it will be used as a benchmark reference.
The model is simulated in MATLAB/Simulink with the
SimPowerSystem toolbox, and operated with the control
strategy presented in Section IV. Simulation results ob-
tained with this model will be denoted as “AAM,” since it
can be considered as an averaged arm model.

2) A nonlinear state-space model including the derived SSTI
representation of the MMC internal dqz dynamics, as
depicted in Fig. 5. The parts of this model that repre-
sent the MMC dynamics are summarized in (35), while
the assumed control system implementation and the in-
cluded ac- and dc-side dynamics are briefly described in
Sections IV and V-A, respectively. Results from this
model will be denoted as “DQZ.”

3) The simplified time-invariant MMC model described in
Section III-C. This model is based on the zero-sequence
components of the energy sum and the circulating current,
as defined by (37), and corresponds to the model proposed
in [25]. The ac- and dc-side dynamics included are the
same as for the other models, and the simulated control
system is a simplified version of what was discussed in
Section IV, resulting in the same control structure as in
[25]. An overview of the model is shown in Fig. 6, and
results from the model will be denoted as “ZERO.”

4) The small-signal state-space model obtained from lin-
earization of the model in case 2. The model will be
linearized at the initial steady-state operating point of
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Fig. 7. Simulated reference model.

the detailed nonlinear model, and the values of the state
variables will be calculated as x = x0 + Δx. Results
obtained from this model will be denoted as “ssDQZ.”

5) The small-signal model obtained from linearization of
the model in case 3. The results will be presented in the
same way as for case 4, and the results will be denoted as
“ssZERO.”

All simulations are based on the MMC HVDC terminal con-
figuration shown in the previous figures, with the parameters
given in Table I. It should be noted that the ac-side inductance
Lf for the MMC in this case is the equivalent leakage inductance
of a transformer connecting the MMC to a simplified model of
a 380 kV transmission system, as indicated in Fig. 7. Simi-
larly, Rf is the equivalent series resistance of the transformer.
In Table I, all the parameters of the ac-system are referred to the
converter side of the transformer, since the transformer is explic-
itly represented only in the benchmark model. Furthermore, the
equivalent arm capacitance Ceq corresponds to an MMC with
400 submodules per arm, where each submodule has a capaci-
tance of about 8500 μF. Additionally, a droop gain of −10 p.u.
determines the coupling between the dc voltage and the ac-side
power reference.

It should be considered that the reference model is a conven-
tional time-domain simulation model of a three-phase MMC
representing arm or phase quantities, while the other four
models with SSTI characteristics represent the MMC dynam-
ics by variables transformed into a set of SRFs. Since the
comparison of transient and steady-state responses is sim-
pler with an SSTI representation, the results obtained from
the reference model are transformed into the appropriate
SRFs by using the phase angle from the simulated PLL.
All results are plotted in per unit quantities, with base val-
ues derived from the nominal MVA rating of the MMC and
the peak value of the nominal phase voltage, as specified
in Table I.

To excite the MMC dynamics in the different models, a 10%
step reduction is introduced in the dc-side current source idc,s ,
which is initially at 0.85 p.u., corresponding to a dc power of
1.08 p.u.. The step is imposed at the simulation time t = 0 s
and the current source is returned to its initial value at t = 2 s.

The first set of results is presented in Fig. 8, for a case when
the second harmonic components of the energy sum are reg-

ulated to zero. In this figure, some of the variables which are
common to all the simulated models are shown, i.e., the signals
that are represented in both the “DQZ” and the “ZERO” models.
These variables are, in Fig. 8(a) the zero-sequence energy sum
wΣz , (b) the zero-sequence of the circulating current icz , (c) the
voltage at the MMC dc terminals vdc, (d) the active component
of the ac-current (converter side) iv ,d , and (e) the phase shift be-
tween the PLL orientation and the equivalent grid voltage, δθPLL.
From Fig. 8, it can be initially concluded that the detailed SSTI
representation as well as the simplified zero-sequence model
(i.e., “DQZ” and “ZERO”) obtain a high degree of accuracy, as
they capture the dynamic response of the reference model with-
out any noticeable deviation. The results presented in the figure
also confirm that the model is accurate for both fast and slow
dynamics. Similarly, their linearized small-signal versions (“ss-
DQZ” and “ssZERO”) accurately capture the system dynamics,
particularly for the event occurring at t = 2 s, as the system
is then returning to the operating point around which it was
linearized.

From the curves in Fig. 8, it can be noticed that the
energy sum reaches the desired value of 1.5625 in steady
state, which corresponds to the square of the desired dc ter-
minal voltage, i.e., 1.252. This results from having a zero-
sequence energy sum reference in real values defined as w∗

Σz =
2(1/2 C/N(1.25Vdc,b)2), and a base value for the energy defined
as WΣb = 2(1/2C/N(Vdc,b)2). Thus, the energy base value cor-
responds to the energy in one phase when the upper and lower
arm voltages are equal to the base value for the dc voltage. In
addition to the zero-sequence energy, this energy base value is
further used to scale the dq components of the energy sum, as
well as all components of the energy difference. Moreover, it
can be noticed that the circulating current settles to 0.2125 p.u.
after t = 2 s, which corresponds to one-fourth of the final value
of idc,s . This scaling is a result of applying the ac-side base value
to the zero-sequence circulating current, and the scaling of the
Park transformation [14], [25].

Note that the simplified zero-sequence SSTI model does not
require any information on how the second harmonic circulating
currents are controlled to provide an accurate representation of
the macroscopic variables presented in Fig. 8, as long as the
internal variables are stable and the losses associated with the
internal MMC dynamics are negligible. Thus, the accuracy of
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TABLE I
SIMULATION PARAMETERS

References [p.u.] MMC Parameters Per Unit System Controller Parameters

w∗Δ,dq z +ω 0 Ra 0.4915 Ω
(0.5%)

Lg 0.0351 H
(11.21%)

Sb Vn In

√
3 = Sn kp , iv 2.6010 kp ,w Σdq 2

w∗
Σd−2ω 0 La 0.0250 H

(8%)
Rg 0.0098 Ω

(0.01%)
Vb , Ib

√
2/3 Vn ,l−l , In

√
2 ki, iv 21.400 ki,w Σdq 2

w∗
Σ q−2ω 0 Lf 0.0514 H

(16.428%)
Ceq 25.904 µF

(80%)
ωb 2πfn kp ,cc = kp ,ccz 0.1114 kp ,w Δ dq 2

w∗
Σ z 1.252 Rf 0.2802 Ω

(0.285%)
Cdc 1.672 µF

(5.1637%)
Zb , Lb , Cb Vb /Ib , Zb /ωb , 1/(ωb Zb ) ki,cc = ki,ccz 2.1875 kp ,w Δ z dq 0.2

idc,s 0.85 Co 2.8721 µF
(8.87%)

fn 50 Hz Vbdc , Ibdc 2Vb , Sb /Vbdc kp ,w Σ z 10 kp ,p ac 1

v∗
dc 1.25 Vn ,l−l 313.5 kVRMS Sn 1000 MVA Zbdc , Lbdc , Cbdc Vbdc/Ibdc , Zb /ωb , 1/(ωb Zb ) ki,w Σ z 10 ki,p ac 50

Fig. 8. Time-domain validation of time-invariant MMC models: Complete dqz and simplified zero-sequence model validation by comparison to MMC benchmark
model with sum energy oscillations controlled to zero. (a) Zero-sequence energy sum, wΣ ,z . (b) Zero-sequence circulating current, icz . (c) Voltage at dc terminals,
vdc. (d) Active ac-side current component, iv ,d . (e) Phase displacement between vg and PLL, δθPLL.

the simplified model is not significantly influenced by whether a
constant circulating current control strategy or a constant energy
sum control is used.

By contrast, Fig. 9 shows the MMC energy state variables that
have been neglected in the simplified zero-sequence model: the
dq-components of (a) the energy sum wΣ , (b) energy difference
wΔ , and (c) zero-sequence energy difference wΔz . In addition,
the dq-components of the circulating current ic are given in
Fig. 10. The results in Figs. 9 and 10 demonstrate that the de-
tailed SSTI model accurately captures the internal dynamics of
the average model it was derived from. In addition, its linearized
small-signal model is able to represent the dynamic behavior
with high accuracy.

As a point of reference, the behavior of the circulating cur-
rent, the energy sum, and the energy difference in each phase
have been plotted in Fig. 11(a)–(c). These are exactly the same
simulation results that have been transformed into their associ-
ated SRFs for the comparison of the models in Figs. 9 and 10.

Since it was demonstrated that all the models provide the same
results, only the reference model is plotted for the sake of clarity.
The waveforms are as expected, with the energy sum settling to
a constant value in steady state. Furthermore, it is worth notic-
ing that all oscillating variables settle to balanced three-phase
signals with a common average value in steady state, since their
respective dq-components are controlled to constant values by
the MMC controllers. Finally, Fig. 11(d) and (e) show respec-
tively the arm currents and aggregated voltages of the phase
a, to illustrate the actual waveforms of the reference model.
Indeed, the dc-component, the fundamental frequency compo-
nent, and the second harmonic component in the arm currents
can be clearly seen from Fig. 11(d).

When studying the results in Fig. 11(e) in comparison to
the results in Figs. 9 and 10, it should be remembered that the
actual waveform of the sum arm voltage is related to the sum
arm energy, and the per phase sum energy and energy difference
variables according to (5). Since the average value of the sum
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Fig. 9. Time-domain validation of the detailed SSTI representation of the internal MMC energy variables. (a) d- and q-axis components of the energy sum wΣ .
(b) d- and q-axis components of the energy difference, wΔ . (c) d- and q-axis components of the zero sequence energy difference, wΔ z .
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Fig. 10. Time-domain validation of detailed SSTI representation of the d- and q-axis components of the internal circulating currents ic .

Fig. 11. MMC internal variables in the stationary ΣΔ representation, and an example of arm quantities obtained from the reference model. (a) Circulating
current in the three phases. (b) Energy sum for the three phases. (c) Energy difference for the three phases. (d) Arm currents of phase a. (e) Equivalent arm voltages
of phase a.

arm voltage is much higher than the oscillating components, the
influence of the square root relationship between the sum arm
energy and the sum arm voltage cannot be easily noticed from
Fig. 11(e). Thus, it can be seen from the curves in Fig. 11(e)
that the transient response in the equivalent sum arm voltage
contains

1) a dc-bias with its corresponding transients;
2) a fundamental frequency component;
3) a second harmonic component [which in this case is

slowly regulated to zero to reduce the capacitor voltage
oscillations as seen from Fig. 11(b)];

4) a third harmonic component.

From the results in Figs. 9 and 10, it should be clear that these
components are all accurately represented in their appropriate
SRFs by the derived SSTI state-space equations.

VII. ANALYSIS OF MMC SMALL-SIGNAL DYNAMICS

For demonstrating the potential applicability of the derived
SSTI representation of the MMC, an example of small-signal
eigenvalue analysis is presented in this section. This example
will demonstrate how the nonlinear state-space model is nec-
essary for calculating the steady-state operating point needed
for linearization, and how the linearized small-signal model can
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Fig. 12. Comparison of eigenvalue for detailed “ssDQZ” model and simplified “ssZERO” small-signal models (a) All eigenvalues. (b) Eigenvalues with
Re(λ)>−500. (c) Eigenvalues with Re(λ) > −70. (d) Eigenvalues with Re(λ) > −25.

be utilized for revealing the dynamic properties, sensitivities,
and stability limitations of the modeled system. It is impor-
tant to note that the obtained results rely on the SSTI modeling
approach, and that similar results cannot be directly obtained
from the conventional average model in the stationary reference
frame.

A. Eigenvalue Analysis for Identifying Sources of Oscillations

As a first example of small-signal analysis, the eigenvalues
are calculated for the small-signal state-space model represent-
ing the detailed internal dynamics of the MMC as well as for the
simplified model, when the system is linearized at the same op-
erating point as used for the simulations in the previous section.
The resulting eigenvalues are plotted in the complex plane for
comparison, as shown in Fig. 12. From the various scales shown
in Fig. 12(a)–(d), it can be clearly seen that all eigenvalues that
exist in the simplified “ssZERO” model are also present in the
detailed “ssDQZ model.” This clearly confirms that the simpli-
fications associated with the zero-sequence model only implies
that some of the system dynamics are not represented, while the
dynamics included in the model accurately corresponds to the
detailed model.

For further assessing the information that can be obtained
from the small-signal models, the eigenvalues of the “ssDQZ”
model are listed in Table II. This table also lists the time constant
Ti , the oscillation frequency fi , and the damping factor ζi of
each mode i, which are defined from the real and imaginary part
of the eigenvalue, according to [14]

λi = ai ± jbi → zi (t) = z0,ie
ai t cos (bi · t + θi) ,

Ti =
1
ai

, fi =
bi

2π
, ζi =

ai√
a2

i + b2
i

. (42)

This equation also defines the general form of the time-
response z(t) associated with an individual mode λi .

By considering the transient responses resulting from the
time-domain simulations, it can be confirmed how the oscilla-
tory components in the SSTI state variables are each directly
associated to one of the identified modes. The high-frequency
oscillation at about 1400 Hz which can be seen in Fig. 8(b)

and (c) is, for instance, directly corresponding to the oscillation
mode given by the eigenvalues λ2,3 . Similarly, the relatively
damped oscillation with a frequency slightly above 50 Hz which
can be noticed in the zoomed plots of Fig. 9 corresponds to the
mode defined by the eigenvalues λ19,20 .

Although it is possible to identify some distinct eigenvalues in
the time-domain response of the system, this does not explicitly
reveal which variables are involved in each oscillation model.
Thus, participation factor analysis can be utilized to identify
which states are contributing to the different modes [14]. Such
analysis can reveal which state variables are involved in causing
poorly damped oscillations or instability problems and indicate
potential interactions between the various state variables. The
results from such participation factor analysis are summarized
in the rightmost column of Table II, where all state variables
with a participation higher than 10% are listed for each mode.
For instance, it can be noticed that the eigenvalues with the
highest time constant (i.e., longest settling time of the transient)
in this case are associated with the voltages and currents on the
ac-side (λ4,5) and the integrator states of the energy controllers
(λ25,26 , λ27).

B. Assessment of Small-Signal Dynamics in the Full Expected
Operating Range

Since the nonlinear SSTI state-space equations can be solved
for any feasible combination of input variables, the presented
model can be utilized as a starting point for assessing the small-
signal stability characteristics of the system over its entire range
of expected operating conditions. As an illustration, a case where
the power reference is changed from −1.0 to 1.0 p.u., while the
dc-side input current idc,s is changed to provide a power equal
to the reference value (i.e., idc,s = p∗ac/v∗

dc) is studied and the
results are presented in Fig. 13. This figure shows the trajectory
of the eigenvalues with real part higher than −500 as the power
flow is changed from −1.0 p.u. (blue color) to 1.0 p.u. (red
color). The change of the eigenvalue locations can be considered
as a measure of how the nonlinearities of the system influence the
small-signal dynamics. Indeed, the results demonstrate that the
system is approaching the stability limit when the power transfer
is increasing. If the stability margin becomes very small, it will
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TABLE II
EIGENVALUES OF THE DETAILED MMC MODEL AND THEIR MAIN PARTICIPATING STATES

Mode Time constant Oscillation frequency Damping factor Main participating states

λ1 −500.00 0.0020 s – – vPLL,d

λ2 ,3 −170.21 ± j 8767.56 0.0059 s 1395 Hz 0.194 vdc, ic ,z

λ4 ,5 −0.51 ± j 3536.14 1.9608 s 562.9 Hz 0.000144 vo ,d , vo ,q , io ,d , io ,q

λ6 −3826.35 2.614 × 10−4 s – – iv ,q

λ7 ,8 −4.85 ± j 2948.66 0.2062 s 469.3 Hz 0.00160 vo ,d , vo ,q , io ,d , io ,q

λ9 ,10 −2795.41 ± j 1136.14 3.577×10−4 s 180.8 Hz 0.926 iv ,d , vdc,f , wΣ ,z

λ11 ,12 −1586.00 ± j 514.61 6.305×10−4 s 81.90 Hz 0.951 ic ,d , ic ,q , wΣd , wΣ q , wΔ z ,d , wΔ z ,q

λ13 ,14 −30.71 ± j 1071.11 0.0326 s 170.5 Hz 0.0287 wΣd , wΣ q , wΔ z ,d , wΔ z ,q

λ15 −541.96 0.0018 s – – iv ,d , io ,d , vdc,f , pac,m , ic ,d , ic ,q , wΣ ,z , wΣd , wΔ z ,q ,
λ16 −481.96 0.0021 s – – vPLL,q

λ17 ,18 −448.26 ± j 89.27 0.0022 s 14.21 Hz 0.981 pac,m , ic ,d , ic ,q , wΣ ,z , wΣd , wΣ q , wΔ ,d , wΔ ,q , wΔ z ,d

λ19 ,20 −63.90 ± j 341.24 0.0156 s 54.31 Hz 0.199 wΣd , wΣ q , wΔ ,d , wΔ ,q

λ21 ,22 −68.18 ± j 25.16 0.0147 s 4.004 Hz 0.938 ρp , pac,m , wΣ ,z , ξz

λ23 ,24 −12.07 ± j 37.15 0.0829 s 5.912 Hz 0.309 εPLL, δθPLL
λ25 ,26 −1.03 ± j 0.29 0.9709 s 0.0462 Hz 0.963 κΣ ,d , κΣ ,q ,
λ27 −1.00 1 s – – κΣ ,z ,
λ28 ,29 −20.15 ± j 0.18 0.0496 s 0.0286 Hz 0.999 ϕd , ϕq , ξz ,
λ30 −19.74 0.0507 s – – ϕd , ϕq , ξz ,
λ31 −19.63 0.0509 s – – ξd , ξq ,
λ32 ,33 −8.23 ± j 0.00 0.1215 s – 1 γd , γq ,
λ34 −19.63 0.0509 s – – ξd , ξq

Fig. 13. Eigenvalue trajectory for operating conditions between p∗ac =
−1.0 p.u. (blue color) and p∗ac = 1.0 p.u. (red color).

also indicate that any change of controller tuning or system
parameters can easily cause stability problems.

C. Influence of Internal Variables on Stability of the MMC

As demonstrated in Sections VI and VII-A, the simplified
MMC state-space model is accurately representing the terminal
dynamics of the MMC as long as all the internal dynamics
are stable. However, the internal dynamics of the MMC can
possibly compromise the overall system stability if the control
loops are not tuned properly. Although the control systems used
in this paper is a simplified implementation, the consequences
of improper controller tuning can easily be demonstrated. As
an example, Fig. 14(a) shows the eigenvalue trajectory when
changing the gains of the controllers for the d- and q-axis energy
sum from halt of their initial values to four times their initial

values from Table I. It can be seen from the figure that the system
has one unstable mode for low values of the gain kp,wΣdq (Mode
A), and that another mode becomes unstable at very high values
of kp,wΣdq (Mode B).

Participation factor analysis is utilized to reveal the results
of the instability identified in Fig. 14(a), and the results are
plotted as bar diagrams for the two identified unstable modes
in Fig. 14(b). This figure indicates that the Mode A instability
is associated with a lack of control of the internal dynamics of
the MMC due to the low gains, since the participating states
are wΣd , wΣq , wΔzd , and wΔzq . However, for high values of
kp,wΣdq the unstable mode (Mode B) is associated to the output
voltage, the output current, and the zero-sequence sum energy
wΣz . This indicates that a wrong tuning of the internal con-
trollers can also cause stability problems to appear on the ter-
minals of the MMC. Thus, the simplified zero-sequence model
of the MMC should only be used when it can be assumed that
the internal dynamics of the MMC are not causing any sta-
bility problems that can influence the overall operation of the
system.

D. Sensitivity to Operation Under Weak AC Grid Conditions

The developed SSTI models can also be utilized for evalu-
ating the sensitivity with respect to parameter variations in the
physical system or in the controller tuning. As an example of
how external network parameters can influence the operation of
the MMC, the impact of variations in the grid-side inductance
of the assumed ac-system have been investigated. The eigen-
value trajectory resulting from changing the grid inductance
between 0.01 and 0.6 p.u. are shown in Fig. 15. In this case,
idc,s is set to 0.5 p.u. and p∗ac is set to 0.4 p.u., while all other
parameters are as given in Table I. From this figure, it can be
seen that one of the eigenvalues previously identified to be as-
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Fig. 14. Example of eigenvalue analysis revealing potential instability of the
MMC resulting from wrong tuning of the internal controllers. (a) Eigenvalue
trajectory for a change of kp ,w Σdq and ki,w Σdq from 0.5 to 4 times the initial
value (color gradient: blue to red)—black triangles denote instability. (b) Par-
ticipation factor analysis of the unstable eigenvalues at low values of kp ,w Σdq

(Mode A) and at high values of kp ,w Σdq (Mode B).

sociated with the ac-side electrical system is crossing into the
right half-plane causing instability for high values of the grid
inductance.

According to the results in Fig. 15, the control system
should be retuned to ensure robustness with respect to the grid
impedance for operating the MMC in weak grid conditions.
For identifying the controller parameters that can be utilized
to achieve a wider stability range, it is useful to calculate the
parametric sensitivity of the eigenvalue causing the stability
problems. The parametric sensitivity αn,k of the eigenvalue λn

to variations in parameter ρk is defined as

αn,k =
∂λn

∂ρk
=

ΦT
n

∂A
∂ρk

Ψn

ΦT
n Ψn

(43)

Fig. 15. Eigenvalue trajectory when changing the grid inductance lg from
0.01 p.u. (blue color) to 0.6 p.u. (orange/red color)—black triangles indicate
instability. (a) All eigenvalues with real part above −500. (b) All eigenvalues
with real part above −100.

where ΨT
n and Φn are the left and right eigenvectors associated

to the eigenvalue λn [14].
The real parts of the parametric sensitivity for the eigenvalues

identified from Fig. 15 to cause instability have been calculated
and are plotted in Fig. 16 for the case of a grid inductance of
0.6 p.u. (i.e., in the unstable region). From this figure, it can be
seen that the eigenvalue location is especially sensitive to the
value kp,ccz of the proportional gain for the zero sequence cur-
rent controller, and to the value kp,pac for the proportional gain
of the ac-side active power controller. Since the plots indicate
the derivative of the eigenvalue real part with respect to the pa-
rameter, either of these parameters could be reduced to improve
the stability of the system. This information allows for simple
re-tuning of the controllers, since the location of the eigenval-
ues, and the parametric sensitivity can be easily recalculated
after changing any parameter value.

By reducing the gains of kp,ccz and kp,pac to 80% of their initial
values, it is possible to achieve a reasonable stability margin for
the entire operating range for grid inductances up to 0.5 p.u.
(i.e., SCR ≈ 2). In case of very high grid impedance values, the
parameters of the PLL will also start to influence the stability
of the system, as discussed in [37], but further investigations
towards the ac-side grid interactions are beyond the scope of
this paper.

An example of a time-domain simulation from the reference
model described in Section VI is presented in Fig. 17 to verify the
results from the presented eigenvalue analysis. This figure shows
a case with grid inductance of 0.5 p.u., when the dc-side current
idc,s is increased from 0.4 to 0.5 p.u., corresponding to a change
of active power flow from about 0.5 to 0.62 p.u. With the initial
tuning of the system, labeled as Case A, the operation with idc,s

equal to 0.5 p.u. would be slightly beyond the stability limit ac-
cording to Fig. 15, while the operation with idc,s of 0.4 could be
found to be stable. This is clearly verified in the curve for Case A
in Fig. 17, since the system is stable before the step in idc,s

while it becomes unstable with an increasing oscillation at about
310 Hz after the step. This oscillation frequency corresponds ac-
curately to the imaginary part of the unstable eigenvalues from
Fig. 15. The case with kp,ccz and kp,pac reduced to 80% of their
initial values is labeled as Case B, and the result from simulat-
ing the same step in idc,s for this case is also shown in Fig. 17,
clearly verifying that the system has been stabilized.
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Fig. 16. Parametric sensitivity for critical eigenvalue causing instability with increasing grid inductance.

Fig. 17. Time domain verification of how the system with initial tuning expe-
riences stability problems as predicted by eigenvalue analysis during weak grid
conditions and how the retuned system maintains stability without significant
oscillations.

VIII. CONCLUSION

This paper presents a modeling approach for obtaining an
SSTI state-space representation of MMCs. The presented ap-
proach is suitable for MMCs with control strategies utilizing
online compensation for the arm voltage oscillations in the
calculation of the arm insertion indices, referred to in this
paper as compensated modulation (CM). The derived model
captures the MMC internal dynamics while imposing steady-
state time-invariance on each variable. This was achieved by an
energy-based Σ − Δ formulation, which enabled separation of
the MMC variables according to their oscillation frequencies. A
procedure for deriving equivalent SSTI dqz representation of all
state variables by applying three different Park transformations
was presented, referring each variable to its associated SRF, ro-
tating at once, twice, or thrice the grid fundamental frequency.
The resulting model can be suited for detail-oriented studies,
as it captures the dynamics of the second harmonic circulating
currents and the internal energy dynamics of the MMC.

The paper also demonstrates how the developed detailed
model can be simplified due to the characteristics of the CM.
This yields in an MMC representation based only on the zero
sequence of the energy-sum and the zero sequence of the circu-
lating current. This model corresponds to previously proposed
MMC models for CM-based control, derived by physical con-
siderations and approximations, but the presented derivations
provide explicit identification of the required simplifications.
The simplified model is accurately representing the interface
variables on the ac- and dc- side dynamics of the MMC, which
are the main variables of concern from a macroscopic point of
view and will be valid under the assumption that the neglected
internal variables are properly tuned and therefore stabilized.
Thus, this model is suited for power system-oriented studies.

The focus of this paper has been to derive SSTI models that
can accurately represent the dynamics of an MMC, and a sim-
plified control system was introduced only for verifying the
derived models. Utilization of the presented models can enable
a wide range of studies related to analysis and control system
design for the MMC. As an example of applicability, the pre-
sented SSTI models have been linearized and assessed by means
of small-signal eigenvalues-based techniques. For this purpose,
the nonlinear state-space models are needed to calculate the
steady-state operating points for linearization according to the
input variables and for obtaining the corresponding small-signal
model. The resulting small-signal model calculated at any lin-
earization point can be utilized for assessing the dynamic prop-
erties of the system. Thus, the small-signal model can be utilized
for identifying potential stability problems or as a framework
for improving the controller tuning and the performance of the
system.
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[11] N. Ahmed, L. Ängquist, S. Norrga, A. Antonopoulos, L. Harnefors, and
H.-P. Nee, “A computationally efficient continuous model for the modular
multilevel converter,” IEEE J. Emerg. Sel. Top. Power Electron., vol. 2,
no. 4, pp. 1139–1148, Dec. 2014.

[12] S. Rohner, J. Weber, and S. Bernet, “Continuous model of modular multi-
level converter with experimental verification,” in Proc. 2011 IEEE Energy
Convers. Congr. Expo., Phoenix, AZ, USA, Sep. 2011, pp. 4021–4028.

[13] N. R. Chaudhuri, R. Oliveira, and Y. Yazdani, “Stability analysis of
vector-controlled modular multilevel converters in linear time-periodic
framework,” IEEE Trans. Power Electron., vol. 31, no. 7, pp. 5255–5269,
Jul. 2016.

[14] P. Kundur, Power System Stability and Control. New York, NY, USA:
McGraw-Hill, 1994.

[15] H. K. Khalil, Nonlinear Systems, 3rd ed. Upper Saddle River, NJ, USA:
Prentice-Hall, 2002.

[16] S. R. Deore, P. B. Darji, and A. M. Kulkarni, “Dynamic phasor modeling
of modular multi-level converters,” in Proc. IEEE 7th Int. Conf. Ind. Inf.
Syst., Chennai, India, Aug. 2012, pp. 1–6.

[17] D. Jovcic and A. A. Jamshidifar, “Phasor model of modular multilevel
converter with circulating current suppression control,” IEEE Trans. Power
Del., vol. 30, no. 4, pp. 1889–1897, Aug. 2015.

[18] S. Liu, Z. Xu, W. Hua, G. Tang, and Y. Xue, “Electromechanical transient
modeling of modular multilevel converter based multi-terminal HVDC
systems,” IEEE Trans. Power Syst., vol. 29, no. 1, pp. 72–83, Jan. 2014.

[19] D. C. Ludois and G. Venkataramanan, “Simplified terminal behavioral
model for a modular multilevel converter,” IEEE Trans. Power Electron.,
vol. 29, no. 4, pp. 1622–1631, Apr. 2014.

[20] N.-T. Trinh, M. Zeller, K. Wuerflinger, and I. Erlich, “Generic model of
MMC-VSC-HVDC for interaction study with AC power system,” IEEE
Trans. Power Syst., vol. 31, no. 1, pp. 27–34, Jan. 2016.

[21] A. A. J. Far, “Circulating current suppression control dynamics and im-
pact on MMC converter dynamics,” in Proc. 2015 IEEE PowerTech, Eind-
hoven, The Netherlands, Jun./Jul. 2015, pp. 1–6.

[22] A. Jamshidifar and D. Jovcic, “Small signal dynamic DQ model of modular
multilevel converter for system studies,” IEEE Trans. Power Del., vol. 31,
no. 1, pp. 191–199, Feb. 2016.

[23] V. Najmi, M. N. Nazir, and R. Burgos, “A new modeling approach for
modular multilevel converter (MMC) in D-Q frame,” in Proc. 2015 IEEE
Appl. Power Electron. Conf. Expo., Charlotte, NC, USA, Mar. 2015,
pp. 2710–2717.

[24] T. Li, A. M. Gole, and C. Zhao, “Harmonic instability in MMC-HVDC
converters resulting from internal dynamics,” IEEE Trans. Power Del.,
vol. 31, no. 4, pp. 1738–1747, Aug. 2016.

[25] G. Bergna Diaz, J. A. Suul, and S. D’Arco, “Small-signal state-space
modeling of modular multilevel converters for system stability analysis,”
in Proc. IEEE Energy Convers. Congr. Expo., Montreal, QC, Canada, Sep.
2015, pp. 5822–5829.

[26] J. Freytes, L. Papangelis, H. Saad, P. Rault, T. Van Cutsen, and X. Guillaud,
“On the modeling of MMC for use in large scale dynamic simulations,”
in Proc. 2016 IEEE Power Syst. Comput. Conf., , Genoa, Italy, Jun. 2016,
pp. 1–7.

[27] Q. Tu, Z. Xu, and L. Xu, “Reduced switching-frequency modulation and
circulating current suppression for modular multilevel converters,” IEEE
Trans. Power Del., vol. 26, no. 3, pp. 2009–2017, Jul. 2011.
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