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Abstract—This paper proposes an optimized mathematical
model of the voltage-source inverter parallel-operation system
(VSIPS) and proposes an improved droop control method based
on this model, which can realize accurate power sharing in
VSIPS. First, this paper analyzes VSIPS as a multi-input and
multioutput system and proposes a precise definition of circulating
current. The circulating-current model, the steady-state model,
and the small-signal model are proposed subsequently based
on the optimum design of wire impedance, which constitute
the optimized mathematical model of VSIPS in s-domain. The
circulating-current phasor model and the circulating-current
power phasor model (CCPPM) are also proposed. Second, the
mathematical model of traditional droop control is built and
analyzed based on CCPPM, which elaborates the tradeoff of droop
control between the steady-state voltage bias and the load-sharing
accuracy, and proves that the V − Q droop control cannot realize
accurate reactive-power sharing. Third, an improved droop
control method (ω − Pcir and V − Qcir control) is proposed,
which can realize the accurate active- and reactive-power sharing
and eliminate the steady-state voltage bias simultaneously. Finally,
simulation and experimental results are presented, which validate
the proposed mathematical model of VSIPS, the analysis of droop
control, and the performance of the proposed method.

Index Terms—Inverters, power control, power system modeling,
system analysis and design.

NOMENCLATURE

A Common factor defined in (14).
a Serial number of any VSI in VSIPS.
CSI Current-source inverter.
CCPPM Circulating-current power phasor model.
φe Phase of Ze in phasor model.
φw.a Phase of Zw.a in phasor model.
Icir Circulating current.
Icir.a Circulating current of any VSI.
Icir.a.RMS Effective value of Icir.a .
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Icir.a.p Real component of Icir.a in phasor model.
Icir.a.q Imaginary component of Icir.a in phasor model.
Icir.RMS Equivalent circulating current of VSIPS.
Iload Current of the common load.
Io.a Actual output current of any VSI.
It.a Theoretical output current of any VSI.
k Serial number of control cycle.
ka Weight coefficient of any VSI in load sharing.
Le Inductance of Ze .
Lw.a Inductance of Zw.a .
mT .a Optimum value of mω.a in ω − Pcir control.
mT .e Optimum value of mω.e in ω − Pcir control.
mω.a ω − P and ω − Pcir droop coefficient of any VSI.
mω.e ω − P and ω − Pcir equivalent droop coefficient.
n Total number of VSIs in VSIPS.
nT .a Optimum value of nv.a in V − Qcir control.
nT .e Optimum value of nv.e in V − Qcir control.
nv.a V − Q and V − Qcir droop coefficient of any VSI.
nv.e V − Q and V − Qcir equivalent droop coefficient.
Pcir Active circulating-current power (CCP).
Pcir.a Active CCP of any VSI.
Pcir.a.k Pcir.a in the kth control cycle.
Pcir.RMS Equivalent active CCP of VSIPS.
Po.a Active output power of any VSI.
Po.a.k Po.a in the kth control cycle.
Pto Active output power of VSIPS.
Qcir Reactive CCP.
Qcir.a Reactive CCP of any VSI.
Qcir.a.k Qcir.a in the kth control cycle.
Qcir.RMS Equivalent reactive CCP of VSIPS.
Qo.a Reactive output power of any VSI.
Qo.a.k Qo.a in the kth control cycle.
Qto Reactive output power of VSIPS.
θa Phase difference between Vm and Vo.a in phasor

model.
θa.0 Value of θa in the initial control cycle.
θa.k Value of θa in the kth control cycle.
θd.0 Phase of Vm.d.0 .
θd.k Phase of Vm.d.k .
Re Resistance of Ze .
Rw.a Resistance of Zw.a .
S1 , S2 , S3 Polynomials defined in (57).
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Scir.a Circulating-current complex power of any VSI.
So.a Complex output power of any VSI.
SRA.a Rated output power of any VSI.
STA Total rated output power of VSIPS.
Sto Complex output power of VSIPS.
Tc.ω Time of ω − P and ω − Pcir control cycle.
Ubus Voltage of ac bus (Equals Uload).
Uload Voltage of Zload (Equals Ubus).
V ∗ Rated effective value of all VSIs’ voltages.
VA Effective value of Vm .
VA.d Value of VA.d.k in the steady state.
VA.d.0 Effective value of Vm.d.0 .
VA.d.k Effective value of Vm.d.k .
Va.0 Effective value of Vo.a in the initial control cycle.
Va.k Effective value of Vo.a in the kth control cycle.
Vm Weighted average of all VSIs’ output voltages.
Vm.d.0 Vm in the initial control cycle in droop control.
Vm.d.k Vm in the kth control cycle in droop control.
Vo.a Output voltage of any VSI.
ΔVo.a Difference of Vo.a and Vm .
Vref.a Reference voltage of any VSI.
Vrms.a Effective value of Vo.a .
VSI Voltage-source inverter.
VSIPS Voltage-source inverter parallel-operation system.
ω Angel frequency of Vm .
ω∗ Rated angular frequency of all VSIs’ voltages.
ωa.0 Angular frequency of Vo.a in the initial control

cycle.
ωa.k Angular frequency of Vo.a in the kth control

cycle.
ωd Value of ωd.k in the steady state.
ωd.0 Angular frequency of Vm.d.0 .
ωd.k Angular frequency of Vm.d.k .
Zd Equivalent load at the rated output power of

VSIPS.
ZE Amplitude of Ze in phasor model.
Ze Equivalent wire impedance of VSIPS.
Zload Common load of VSIPS.
Zrms.a Amplitude of Zw.a in phasor model.
Zw Wire impedance between VSIs and ac bus.
Zw.a Wire impedance between any VSI and ac bus.

I. INTRODUCTION

DROOP control is a classical control strategy of VSIPS,
which is used to realize the power sharing among the VSIs.

The advantages of droop control are the excellent reliability
and expansibility since the communication can be avoided [1].
However, there is a natural steady-state frequency and ampli-
tude bias of VSIs’ voltage in droop control, which is influenced
simultaneously by droop coefficients and the load power. Mean-
while, the steady-state voltage bias comes into conflict with the
load-sharing accuracy, which is well known as the tradeoff of
droop control [2].

In attempts to solve this problem, many improved droop
control strategies were proposed in [2]–[35], which can obtain
better static or dynamic power-sharing performance. In these
references, some strategies do not need the communication,

and they are proposed based on the design of virtual output
impedance [2]–[7], the decoupling of output current and output
power [8]–[10], the compensation of complex wire impedance
[11]–[14], the analysis and improvement of power calculation
methods [15], [16], the compensation of harmonic power [17],
the adaptive control [18]–[20], or the design of combined droop
control [21]–[24]. Meanwhile, the other proposed strategies
were designed by introducing the communication among VSI
modules, which can change the control structure of droop
method and realize more complicated control strategies, such
as the master–slave control [25], [26], the centralized control
[27], [28], the distributed control [29], [30], and the hierarchical
control [31]–[35].

Traditional droop control is usually analyzed based on an
identical theoretical model, which can be presented in [3] and
[4]. In this model, the ac bus and VSI are equivalent to the ideal
voltage sources, and every VSI is conceived as a separate sys-
tem. Therefore, only the output power flow between the single
VSI and the ac bus is analyzed, but the relationships among
VSIs are ignored. Furthermore, this model does not present the
accurate definition of circulating current, especially for VSIPS
in which the load is shared by more than two VSIs with different
ratios. Therefore, the accurate mathematical model of circulat-
ing current and the circulating-current-eliminating mechanism
are not clear in this model.

In fact, VSIPS is a multi-input and multioutput system, which
needs to be analyzed as an organic whole. System inputs are the
voltages of VSIs, and system outputs can be defined as output
currents or circulating currents of VSIs. Distributed load of users
is an unascertainable and uncontrollable variable, and the ac bus
voltage is a state variable of VSIPS, influenced by VSI voltages
and the user load.

Moreover, there are many factors in VSIPS, due to which
the deviation will cause the difference between VSIs’ output
voltages, such as the components of wire impedance, the in-
ternal impedance of VSIs, the accuracy and speed of power
calculation, and the control accuracy of output voltage. In or-
der to simplify the model building and the analysis of VSIPS,
every VSI module is regarded as an independent ideal volt-
age source, and the influence of all these factors is equivalent
to the voltage difference between VSIs, including the differ-
ence between dc components and the difference between the
frequency, amplitude, and phase of the fundamental and every
harmonic component. Meanwhile, the purpose of the parallel-
operation control strategy is to eliminate the voltage differ-
ence between the VSIs and realize the accurate power sharing
of VSIs.

Based on the above-mentioned assumptions, this paper pro-
poses the mathematical model of VSIPS in s-domain and pro-
poses an improved droop control method based on the proposed
mathematical model of CCP, which can realize the accurate
power sharing in VSIPS. The major work of this paper includes
three parts given as follows.

1) System Modeling and Analysis of VSIPS: This paper ana-
lyzes VSIPS as a multi-input and multioutput system and pro-
poses a precise definition of circulating current in the VSIPS
when VSIs share the power with different ratios. Subsequently,
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the circulating-current model, the steady-state model, and the
small-signal model are proposed based on the optimum design
of wire impedance, which constitutes the proposed optimized
mathematical model of VSIPS in s-domain. Furthermore, the
circulating-current phasor model and the CCPPM are proposed
based on the optimized models, which are applied to analyze
the fundamental and harmonic components of the circulating
current.

2) Modeling Analysis of Traditional Droop Control: On the
basis of the proposed optimized mathematical model of VSIPS,
this paper builds and analyzes the mathematical model of the
traditional droop control based on CCPPM, which elaborates
the tradeoff of droop control between the steady-state volt-
age bias and the load-sharing accuracy, and proves that ω − P
droop control can realize accurate active-power sharing whereas
V − Q droop control cannot realize accurate reactive-power
sharing.

3) Design of the Accurate Power Sharing Control Method:
According to the analysis of droop control, this paper proposes
an improved control method (ω − Pcir and V − Qcir control),
which can realize the accurate active- and reactive-power shar-
ing and eliminate the steady-state voltage bias simultaneously.
The mathematical model of the proposed method is also built
and analyzed.

Subsequently, the proposed mathematical model of VSIPS
is verified by the simulation results on PLECS. The detailed
contrast simulation and the experimental results of the tradi-
tional droop control method and the improved method are also
presented, which are based on a prototype system of VSIPS
(9 kVA/110 V/50 Hz) that comprises three 3-kVA VSIs. The
contrast experiment comprises two parts, as the three VSIs share
the load equally and unequally, and both the parts are tested in
different conditions of nonload, linear load, and nonlinear load.
Finally, some conclusions of this paper are given at the end of
this paper.

This paper is organized as follows. Section II presents the
mathematical description of VSIPS, proposes the mathematical
definition of circulating current in VSIPS, and analyzes the cir-
culating current and the steady state of VSIPS. Subsequently,
the optimized mathematical model of VSIPS in s-domain is pro-
posed in Section III, and the phasor model of circulating current
and CCP is proposed in Section IV. In Section V, the mathe-
matical model of traditional droop control is built and analyzed
based on CCPPM. And the improved control method is pro-
posed and analyzed by the mathematical model in Section VI.
Section VII presents the simulation results of the mathematical
model of VSIPS, and Section VIII presents the contrast simu-
lation and experiment of traditional droop control method and
the proposed method. Finally, the conclusions of this paper are
given in Section IX.

II. SYSTEM MODELING OF VSIPS

A. Mathematical Description of VSIPS

Fig. 1 illustrates the equivalent diagram of VSIPS, a system
which consists of n VSI modules [1]. In this system, each VSI

Fig. 1. Equivalent diagram of VSIPS.

module is regarded as an ideal voltage source. The influence of
factors, such as the wire impedance, the internal impedance of
VSIs, the accuracy and speed of power calculation, the control
accuracy of output voltage, and so on, on the VSIs’ voltages is
equivalent to the voltage difference between VSIs, including the
difference between dc components, and the difference between
the frequency, amplitude, and phase of the fundamental and
every harmonic component.

Meanwhile, each CSI is regarded as a special load with nega-
tive consumption power [1], [36], [37]. Therefore, all CSIs and
users’ loads can be equivalent to a single load (defined as the
common load Zload), and only VSIs will be analyzed in this
system. Moreover, the common load is real-time varying and its
components are unascertainable and uncontrollable, so the com-
mon load is described as Zload(s) in s-domain in the following
equations.

As shown in this figure, letter a represents any VSI in the
system. Vo.a and Io.a are the output voltage and current of any
VSI, respectively, and Zw.a is the wire impedance connecting
this VSI and ac bus. Ubus is the voltage of ac bus, which also
equals the voltage of Zload, and Iload is the current of Zload.

The s-domain modeling of VSIPS can be obtained based on
this equivalent circuit. The expressions of Io.a and Iload can be
expressed by (1) and (2), and the relationship of Io.a and Iload is
given in (3)

Io.a(s) =
Vo.a(s) − Ubus(s)

Zw.a
(a = 1, ..., n) (1)

Iload(s) =
Ubus(s)
Zload(s)

(2)

Iload(s) =
n∑

j=1

Io.j (s). (3)

According to these equations, the expression of Ubus can be
obtained as (4). Then, the expression of Io.a can be obtained as
(5) by substituting (4) into (1). Equations (1)–(5) can be regarded
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Fig. 2. VSIPS consisting of two VSIs.

as the fundamental mathematical description of VSIPS

Ubus(s) =
Vo . 1 (s)
Zw . 1

+ Vo . 2 (s)
Zw . 2

+ · · · + Vo . n (s)
Zw . n

1
Z load(s) + 1

Zw . 1
+ 1

Zw . 2
+ · · · + 1

Zw . n

(4)

Io.a(s) =
1

Zw . a

[
Vo . a (s)
Z load(s) +

∑n
j=1

Vo . a (s)−Vo . j (s)
Zw . j

]

1
Z load(s) +

∑n
j=1

1
Zw . j

. (5)

According to (4) and (5), both Ubus and Io.a are controlled by
all VSIs’ voltages. Meanwhile, Ubus and Io.a are also influenced
by the variation of Zload. Therefore, considering that each VSI’s
voltage is controlled independently, it proves that VSIPS is a
multi-input and multioutput system, which needs to be analyzed
as an organic whole. In this system, the voltages of VSIs are
the system inputs, and the output currents or the circulating
currents of all VSIs can be defined as the system outputs. The
wire impedance Zw.a of every VSI is a fixed parameter, Zload is
an uncontrollable variable, and Ubus is a state variable of VSIPS
controlled by the voltages of all VSIs.

B. Definition of the Circulating Current

As shown in Fig. 2, the traditional definition of circulating
currents can be expressed as (6), in which VSIPS consists of
two VSIs and the load is shared equally [12]

⎧
⎪⎨

⎪⎩

Icir.1(s) =
1
2

[Io.1(s) − Io.2(s)]

Icir.2(s) =
1
2

[Io.2(s) − Io.1(s)] .
(6)

Moreover, Zhang et al. [30] proposed the definition of the
circulating current when VSIPS consisted of n VSI modules, as
given in (7), but the definition is still not clear in the case when
VSIs share the load with different ratios

Icir.a(s) = Io.a(s) − 1
n

Iload(s) (a = 1, ..., n). (7)

In this paper, an accurate definition of the circulating current
Icir of VSIPS is proposed, which is given in (8). According
to this equation, Icir.a is defined as the difference between the
actual output current Io.a and the theoretical output current It.a .
The theoretical output current It.a is defined as the theoretical
share of the load current for any VSI, as given in (9). In this
equation, ka is the weight coefficient of any VSI in load-power
sharing, and it satisfies the relationship of (10). Therefore, the

expression of Icir can be obtained as (11)

Icir.a(s) = Io.a(s) − It.a(s) (a = 1, ..., n) (8)

It.a(s) = ka · Iload(s) (a = 1, ..., n) (9)

n∑

j=1

kj = 1 (10)

Icir.a(s) = Io.a(s) − ka · Iload(s) (a = 1, ..., n). (11)

According to the proposed definition, Icir.a varies with ka ,
which means Icir is a virtual physical quantity. It is different
from the traditional definition, in which Icir is recognized as
a real physical quantity. Usually, ka is directly equivalent to
the ratio of the rated output power of any VSI and the VSIPS
by default, which can optimize output power sharing of VSIPS
based on the output power capacity of each VSI.

C. Mathematical Descriptions of the Circulating Current and
the Steady State

According to the definition, Icir.a can be expressed as (12),
after the simplification by substituting (2), (4), and (5) into (11).
This equation proves that Icir.a is directly controlled by all VSIs’
voltages and also influenced by Zload and Zw . Meanwhile, Icir.a

is real-time varying since Zload is varying with time

Icir.a(s) =
Vo.a(s)
Zw.a

−
( 1

Zw . a
+ ka

Z load(s)∑n
j=1

1
Zw . j

+ 1
Z load(s)

)
·

n∑

j=1

Vo.j (s)
Zw.j

.

(12)
In this paper, the steady state of VSIPS is defined as the case

when the circulating currents of all VSI modules is equal to
zero. This is a theoretical and ideal state, and it does not exist in
the real world, but it is the final purpose of the parallel-operation
control of VSIPS. Therefore, the relationship of VSIs’ voltages
in the steady state can be obtained as given in (13), which proves
that this relationship will be affected by the change of Zload

Vo.a(s) = Zw.a ·
( 1

Zw . a
+ ka

Z load(s)∑n
j=1

1
Zw . j

+ 1
Z load(s)

)

·
n∑

j=1

Vo.j (s)
Zw.j

(Icir.a = 0). (13)

Equations (12) and (13) are the mathematical descriptions
of the circulating current and the steady state of VSIPS. They
prove that the load variation will lead to the change of circulating
currents, and the steady state of VSIPS will be disrupted. Sub-
sequently, all VSIs will adjust their voltages under the parallel-
operation control in order to eliminate the circulating currents
until a new steady state is established. However, the new steady
state is very fragile, because Zload is real-time changing. There-
fore, the influence of the load variation must be eliminated. In
order to solve this problem, an optimized mathematical model of
VSIPS is proposed, which will be presented in the next section.
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III. PROPOSED OPTIMIZED MATHEMATICAL MODEL OF VSIPS

A. Optimum Design of the Wire Impedance

According to (12) and (13), Zload only exists in a common
factor of these two equations, which are defined as A as given
in (14). And A can be rewritten in (15) by substituting (10) into
(14)

A =
1

Zw . a
+ ka

Z load(s)∑n
j=1

1
Zw . j

+ 1
Z load(s)

(14)

A = ka ·
1

ka Zw . a
+ 1

Z load(s)
∑n

j=1

[
kj

(
1

kj Zw . j
+ 1

Z load(s)

)] . (15)

Therefore, if the wire impedance Zw.a of any VSI can sat-
isfy (16), then (15) can be simplified into (17), which means
the influence of Zload is eliminated from (12) and (13). Thus,
the relation of (16) can be defined as the optimum design of the
wire impedance, in which the product of the wire impedance
and weighted coefficient of any VSI is equal to Ze . Meanwhile,
Ze is defined as the equivalent wire impedance of VSIPS, and
its equivalent weighted coefficient is defined as 1

ka · Zw.a = 1 · Ze (a = 1, ..., n) (16)

A = ka . (17)

B. Optimized Fundamental Mathematical Description of
VSIPS

Based on the optimum design of the wire impedance, the
fundamental mathematical description of VSIPS can be further
simplified. The expressions of Ubus, Io.a , and Iload can be sim-
plified as (18)–(20), respectively. In these equations, Vm is the
weighted average of all VSIs’ voltages in VSIPS, as given in
(21)

Ubus(s) =
Zload(s)

Ze + Zload(s)
· Vm (s) (18)

Io.a(s) =
1

Zw.a

[
Vo.a(s) − Zload(s)

Ze + Zload(s)
Vm (s)

]
(19)

Iload(s) =
1

Ze + Zload(s)
· Vm (s) (20)

Vm (s) =
n∑

j=1

[kj · Vo.j (s)]. (21)

C. Optimized Mathematical Model of Circulating Current

Based on the optimum design of wire impedance, the expres-
sion of the circulating current can be simplified as (22) or (23) by
substituting (19) and (20) into (11), which is the mathematical
model of circulating current proposed in this paper. This model
proves that if Zw.a satisfies the relation of (16), then Icir.a is
only generated by the difference between Vo.a and Vm ; there-
fore, the value of Icir.a is determined by voltage difference and

Fig. 3. Steady-state model of any VSI.

Fig. 4. Steady-state model of VSIPS.

wire impedance, and the impact of Zload on Icir.a is eliminated

Icir.a(s) =
Vo.a(s) − Vm (s)

Zw.a
(22)

Icir.a(s) = ka · Vo.a(s) − Vm (s)
Ze

. (23)

D. Optimized Steady-State Model of VSIPS

According to the steady-state definition of VSIPS, (22) or (23)
proves that every VSI’s voltage equals Vm in the steady state,
as given in (24). Therefore, Vm can be defined as the steady-
state voltage of VSIPS. Meanwhile, the variation of Zload has no
influence on the steady state of VSIPS in this optimized model

Vo.a(s) = Vm (s) (When Icir.a = 0). (24)

The expression of Io.a can be further simplified as (25) by
substituting (24) into (19) in the steady state. Meanwhile, by
comparing (20) and (25), the relationship of Iload and Io.a in the
steady state can be obtained as (26)

Io.a(s) =
1

Zw.a + Z load(s)
ka

· Vm (s) (25)

Io.a(s) = ka · Iload(s). (26)

Subsequently, based on the overall analysis of (24)–(26), the
steady-state model of any VSI module can be obtained as shown
in Fig. 3. In this model, the voltage of every VSI equals Vm ,
Zw.a is the wire impedance of every VSI, and Zload/ka is the
shared load of every VSI. Meanwhile, the voltage of the shared
load equals Ubus.

According to the steady-state model of any VSI module,
the steady-state model of VSIPS can be obtained, as shown in
Fig. 4. In this model, the whole system is equivalent to a single
VSI module. Ze is the equivalent wire impedance of this VSI,
and the load of this VSI is the common load Zload. Meanwhile,
the voltage of Zload equals Ubus.

Comparing Fig. 3 with Fig. 4 and considering the optimum
design of the wire impedance, the steady-state models of any
VSI and VSIPS are identical in essence. Therefore, the analysis
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Fig. 5. Steady-state model with small-signal disturbance of VSIPS.

of any VSI in the steady state can be equivalent to the analysis
of VSIPS.

E. Optimized Circulating-Current Small-Signal Model of
VSIPS

Small-signal model of VSIPS can be obtained based on the
further analysis of the steady-state model. Assuming that there
is a small-signal disturbance ΔVo.a in any VSI’s voltage Vo.a in
the steady state, Vo.a can be expressed as (27). According to the
relationship between Vo.a and Vm , as given in (21), (28) can be
obtained

Vo.a(s) = Vm (s) + ΔVo.a(s) (27)

n∑

j=1

[kj · ΔVo.j (s)] = 0. (28)

Moreover, the expressions of Io.a and Icir.a can be obtained
as given in (29) and (30), by substituting (27) into (19) and (22).
These two equations prove that Icir.a is generated by the small-
signal disturbance of Vo.a , and Icir.a also can be recognized as
the small-signal disturbance of Io.a

Io.a(s) = ka · Iload(s) +
ΔVo.a(s)

Zw.a
(29)

Icir.a(s) =
ΔVo.a(s)

Zw.a
. (30)

Therefore, according to (29) and (30), the steady-state model
with small-signal disturbance of VSIPS can be illustrated in
Fig. 5. Subsequently, the circulating-current small-signal model
of VSIPS can be obtained based on Fig. 6, in which all the
steady-state signals are eliminated from Fig. 5.

F. Summary

In this section, the mathematical model of circulating cur-
rent, steady-state model of VSIPS, and circulating-current

Fig. 6. Circulating-current small-signal model of VSIPS.

small-signal model of VSIPS are proposed based on the
optimum design of the wire impedance. These three mod-
els constitute the proposed optimized mathematical model of
VSIPS in s-domain, which is the theoretical basis of this
paper.

IV. PROPOSED PHASOR MODEL OF CIRCULATING

CURRENT AND CCP

A. Phasor Description of VSIPS

A fixed reference frequency is the basis of the phasor system.
In this section, the reference frequency is set as the funda-
mental frequency of VSIs’ voltage. Moreover, if it is set as a
harmonic frequency, then the analysis of the section can be used
to analyze the relative harmonic component of the circulating
current.

According to the optimized steady-state model and small-
signal model of VSIPS, Vo.a of any VSI equals approximately
to the steady-state voltage Vm in the steady state, and the dif-
ference ΔVo.a of Vo.a , and Vm is regarded as the small-signal
disturbance. So, the reference frequency is set as the angle fre-
quency ω of Vm , and the following analysis can only apply for
the steady state of VSIPS.

Based on the above-mentioned assumption, �Vm and �Vo.a can
be expressed as (31) in the phasor model. VA is the effective
value of �Vm , and the phase of �Vm is defined as 0. Vrms.a is the
effective value of �Vo.a , and θa is phase difference between �Vm

and �Vo.a . Therefore, (21) can be expressed as (32) in the phasor
model

{
�Vm = VA∠0

�Vo.a = Vrms.a∠θa

(31)

�Vm =
n∑

i=1

(
ki · �Vo.i

)
. (32)

Equation (33) can be obtained by substituting (31) into (32).
Because θa and “Vrms.a − VA ” are equal to 0 approximately,
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(34) can be obtained after simplification

VA =
n∑

i=1

(ki · Vrms.i cos θi) + j
n∑

i=1

(ki · Vrms.i sin θi) (33)

{∑n
i=1 (ki · Vrms.i) = VA

∑n
i=1 (ki · θi) = 0.

(34)

�Zw.a and �Ze can be expressed as (35) and (36). Zrms.a and φw.a

are the amplitude and phase of �Zw.a , respectively, and Rw.a and
Lw.a are the resistance and inductance of �Zw.a , respectively.
ZE and φe are the amplitude and phase of �Ze , respectively, and
Re and Le are the resistance and inductance of �Ze , respectively.
The relationship of �Zw.a and �Ze complies with the relation of
(37), which is obtained based on (16)

�Zw.a = Zrms.a∠φw.a = Rw.a + jωLw.a (35)

�Ze = ZE ∠φe = Re + jωLe (36)
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

φe = φw.a

ZE = ka · Zrms.a

Re = ka · Rw.a

Le = ka · Lw.a .

(a = 1, ..., n). (37)

Moreover, the expression of �Ubus and �Iload is givenin (38) and
(39), which are obtained based on (18) and (20)

�Ubus =
�Zload

�Ze + �Zload

�Vm (38)

�Iload =
�Vm

�Ze + �Zload

. (39)

B. Phasor Model of Circulating Current

The phasor expression of �Icir.a is given in (40) based on the
steady-state model and small-signal model. The small-signal
disturbance Δ�Vo.a also complies with the relationship of (41)
based on (28)

�Icir.a =
�Vo.a − �Vm

�Zw.a

= ka
Δ�Vo.a

�Ze

(40)

n∑

i=1

(
ki · Δ�Vo.i

)
= 0. (41)

By substituting (31) into (27), (42) is obtained. The phase
difference θa and the voltage difference Vrms.a − VA between
�Vo.a and �Vm are both infinitesimal, so sinθa equals θa and cosθa

equals 1 approximately. Meanwhile, the product of sinθa and
Vrms.a − VA is a second-order infinitesimal comparing with θa

and Vrms.a − VA , which can be eliminated from (42); thus, the
phasor expression of Δ�Vo.a can be simplified from the following
equations:

Δ�Vo.a = Vrms.a cos θa − VA

+ j [VA sin θa + (Vrms.a − VA) sin θa ] (42)

Δ�Vo.a = Vrms.a − VA + jVAθa . (43)

Subsequently, the phasor expression of �Icir.a can be obtained
as given in (44) and (45) by subsisting (36) and (43) into (40),
and Icir.a.p and Icir.a.q are the real component and imaginary
component of �Icir.a , respectively

�Icir.a = Icir.a.p + j · Icir.a.q (44)
⎧
⎪⎪⎨

⎪⎪⎩

Icir.a.p = ka · (Vrms.a − VA ) cos φe + θaVA sin φe

ZE

Icir.a.q = ka · θaVA cos φe − (Vrms.a − VA ) sin φe

ZE
.

(45)

Equations (44) and (45) are defined as the phasor model of
the circulating current. It proves that Icir.a.p and Icir.a.q are con-
trolled by voltage difference Vrms.a − VA and phase difference
θa simultaneously. This coupling relationship is affected by
phase φe of �Ze .

Furthermore, the phasor model can be simplified as (46) or
(47) when φe equals 0° or 90°, respectively. They express that
Icir.a.p is directly controlled by Vrms.a − VA , Icir.a.q is directly
controlled by θa in the pure resistive wire impedance, Icir.a.p is
directly controlled by θa , and Icir.a.q is directly controlled by
Vrms.a − VA in the pure inductive wire impedance
⎧
⎪⎪⎨

⎪⎪⎩

Icir.a.p =
ka

Re
· (Vrms.a − VA )

Icir.a.q =
kaVA

Re
· θa

(When φe = 0◦) (46)

⎧
⎪⎪⎨

⎪⎪⎩

Icir.a.p =
kaVA

Le
· θa

Icir.a.q = − ka

Le
· (Vrms.a − VA ) .

(When φe = 90◦) . (47)

C. Phasor Model of CCP

According to the small-signal model of VSIPS, the complex
output power �So.a of any VSI in phasor model can be expressed
as (48). Meanwhile, according to (40), (48) can be transformed
into (49)

�So.a = �Vo.a · �I∗o.a =
(

�Vm + Δ�Vo.a

)
·
(
ka · �Iload + �Icir.a

)∗

(48)

�So.a = ka · �Vm
�I∗load + kaΔ�Vo.a · �I∗load + kaΔ�V ∗

o.a ·
�Vm

�Z∗
e

+ ka · Δ�Vo.a · Δ�V ∗
o.a

�Z∗
e

. (49)

In (49), Δ�Vo.a · Δ�V ∗
o.a is a second-order infinitesimal com-

paring to Δ�Vo.a . Therefore, (49) can be simplified as the fol-
lowing eqaution:

�So.a = ka · �Vm
�I∗load + kaΔ�Vo.a · �I∗load + kaΔ�V ∗

o.a ·
�Vm

�Z∗
e

. (50)

Moreover, the relation of VSI’s complex power �So.a and
VSIPS’s complex power �Sto can be expressed as (51) in the
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phasor model. Subsequently, (52) can be obtained by substitut-
ing (50) into (51)

�Sto =
n∑

i=1

�So.i (51)

�Sto = �Vm · �I∗load ·
n∑

i=1

ki + �I∗load ·
n∑

i=1

(
ki · Δ�Vo.i

)

+
�Vm

�Z∗
e

·
n∑

i=1

(
ki · Δ�V ∗

o.i

)
. (52)

According to (10) and (41), (52) can be further simplified as
(53). This simplified equation is an important conclusion for the
phasor model of VSIPS, which proves that the complex power
�Sto of VSIPS equals the product of �Vm and �Iload in the steady
state

�Sto = �Vm · �I∗load. (53)

Meanwhile, �So.a can be defined as (54) based on (50) and
(53), which proves that �So.a equals the sum of the theoretical
output power and the CCP �Scir.a . The theoretical output power
equals the product of ka and �Sto, and �Scir.a can be expressed as
(55) based on (50) and (53)

�So.a = ka · �Sto + �Scir.a (54)

�Scir.a = ka · Δ�Vo.a · �I∗load + �Vm ·
(

ka
Δ�Vo.a

�Ze

)∗
. (55)

Therefore, (56) can be obtained after simplification by substi-
tuting (31), (36), (39), and (43) into (55). The expressions of S1 ,
S2 , and S3 are given in (57). Furthermore, S3 is a second-order
infinitesimal due to the product of θa and Vrms.a − VA , so it is
far smaller than S1 and S2 , and can be eliminated from (56).

Equations (56) and (57) prove that �Zload will affect the ex-
pression of �Scir.a . So, it is impossible to obtain the accurate
expression of �Scir.a , since the expression of �Zload is not only
unclear but also real-time changing. Therefore, the influence of
�Zload must be eliminated in order to obtain the mathematical
model of the CCP

�Scir.a = S1 + j (S2 + S3) (56)
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S1 = ka · VA · (Vrms.a − VA ) ·
(

1
�Z∗

e + �Z∗
load

+
1
�Z∗

e

)

S2 = ka · V 2
A · θa

(
1

�Z∗
e + �Z∗

load

− 1
�Z∗

e

)

S3 = (Vrms.a − VA ) · θa · ka · VA ·
(

1
�Z∗

e + �Z∗
load

− 1
�Z∗

e

)
.

(57)

According to (56) and (57), if the value of �Ze is far smaller
than �Zload, then the relationship of (58) can be realized, and the
expression of �Scir.a can be obtained after simplification as given

in (59), in which the influence of �Zload is eliminated

∣∣∣∣∣
1

�Z∗
e + �Z∗

load

∣∣∣∣∣ <<

∣∣∣∣∣
1
�Z∗

e

∣∣∣∣∣ (58)

�Scir.a = (Vrms.a − VA ) · ka · VA · 1
�Z∗

e

− j · θa · ka · V 2
A · 1

�Z∗
e

.

(59)

Meanwhile, the variation range of �Zload can be obtained ac-
cording to the rated power of VSIs, which can be expressed as
(60). �Zd is the equivalent load at the rated power of VSIPS,
and its expression is (61). STA is the total rated output power of
VSIPS and equals the sum of the rated output power SRA.a of
all VSIs

∣∣∣�Zd

∣∣∣ ≤
∣∣∣�Zload

∣∣∣ ≤ +∞ (60)

∣∣∣�Zd

∣∣∣ =
V 2

A

STA
= ka

V 2
A

SRA.a
(a = 1, ..., n). (61)

Therefore, the optional range of �Ze can be obtained according
to the variation range of �Zload. In this paper, if the value of �Ze

is smaller than 1/50 of the value of �Zload, then it is observed
that �Ze is far smaller than �Zload, and the influence of �Zload is
regarded to be eliminated. Thus, the optional range of �Ze can
be expressed as the following eqaution:

∣∣∣�Ze

∣∣∣ ≤ V 2
A

50 · STA
. (62)

After the influence of �Zload is eliminated, �Scir.a can be ex-
pressed as (63) and (64) by substituting (36) into (59). In (63)
and (64), Pcir.a and Qcir.a are the active and reactive CCP of any
VSI, respectively

�Scir.a = Pcir.a + j · Qcir.a (63)
⎧
⎪⎪⎨

⎪⎪⎩

Pcir.a =
kaVA

ω2L2
e + R2

e

[Re (Vrms.a − VA ) + θaVAωLe ]

Qcir.a =
kaVA

ω2L2
e + R2

e

[ωLe (Vrms.a − VA ) − θaVARe ] .

(64)

Equations (63) and (64) are defined as the CCPPM. Accord-
ing to this model, Pcir.a and Qcir.a are controlled by voltage
difference Vrms.a − VA and phase difference θa simultaneously.
This coupling relationship is affected by the phase φe of �Ze .

Meanwhile, the phasor model can be simplified as (65) or
(66) when φe equals 0° or 90°. These two equations show that
Pcir.a is directly controlled by Vrms.a − VA and Qcir.a is directly
controlled by θa in the pure resistive wire impedance, and Pcir.a

is directly controlled by θa and Qcir.a is directly controlled by



4466 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 33, NO. 5, MAY 2018

Vrms.a − VA in the pure inductive wire impedance
⎧
⎪⎪⎨

⎪⎪⎩

Pcir.a =
kaVA

Re
(Vrms.a − VA )

Qcir.a =
kaV 2

A

Re
· (−θa)

(When φe = 0◦) (65)

⎧
⎪⎪⎨

⎪⎪⎩

Pcir.a =
kaV 2

A

ωLe
· θa

Qcir.a =
kaVA

ωLe
· (Vrms.a − VA )

(When φe = 90◦). (66)

Moreover, Pcir.a and Qcir.a also comply with the relationship
of (67), which can be obtained based on (51) and (54). In this
equation, Po.a and Qo.a are the active and reactive output power
of any VSI, respectively, and Pto and Qto are the total active and
reactive power of VSIPS
{

Po.a = ka · Pto + Pcir.a = ka ·∑n
i=1 Po.i + Pcir.a

Qo.a = ka · Qto + Qcir.a = ka ·∑n
i=1 Qo.i + Qcir.a

. (67)

V. MODELING AND ANALYSIS OF TRADITIONAL

DROOP CONTROL

A. Control Equations of Traditional Droop Control

Traditional droop control can be named as ω − P and V − Q
control when the wire impedance is inductive[1]− [3], and (68)
presents the principle of ω − P and V − Q control in every
control cycle. ω∗ and V ∗ are the rated angular frequency and
effective value of all VSIs’ voltages, mω.a and nv.a are the
droop coefficients of any VSI that satisfies the relation of (69),
and mω.e and nv.e are defined as the equivalent droop coefficient

{
ωa.k = ω∗ − mω.a · Po.a.k−1

Va.k = V ∗ − nv.a · Qo.a.k−1

(68)

{
mω.a · ka = mω.e

nv.a · ka = nv.e

(a = 1, ..., n). (69)

In (68), k represents the serial number of control cycle in (68).
Po.a.k−1 and Qo.a.k−1 are the active and reactive output power
of any VSI in the (k − 1)th cycle, ωa.k and Va.k are the angular
frequency and effective value of any VSI’s voltage �Vo.a , which
are adjusted by droop control in the kth cycle.

Since the frequency variation of any VSI module is regarded
as a small-signal disturbance in the steady state, ω − P control
can be transformed to θ − P control based on the fixed reference
frequency ω∗ in the phasor system, as given in (70). In this
equation, Tc.ω is the time of ω − P control cycle, and θa.k is
the adjusted phase by droop control in the kth cycle

θa.k = θa.k−1 − mω.a · Tc.ω · Po.a.k−1 . (70)

Moreover, it is assumed that the droop control is activated
from the first cycle in the analysis, and the zeroth control cycle
is the initial state. The initial angle frequency equals ω∗, and the
initial phase θa.0 and the effective value Va.0 of every VSI is
assumed as θa and Vrms.a . Meanwhile, the steady-state voltage
in the initial state is assumed as �Vm .

As mentioned in Section I, the voltages of VSIs are different
from each other even though all VSIs have the same voltage
reference. Therefore, the control equation of V − Q control
should be adjusted by replacing the voltage reference V ∗ with
Vrms.a , and it means that any VSI’s voltage will be equal to
Vrms.a when the reference is set as V ∗. Thus, the adjusted control
equations of traditional droop control in the phasor model can
be described as ω − P , θ − P , and V − Q control, as given in
the following eqaution:
⎧
⎪⎨

⎪⎩

ωa.k = ω∗ − mω.a · Po.a.k−1(ωa.0 = ω∗)

θa.k = θa.k−1 − mω.a · Tc.ω · Po.a.k−1(θa.0 = θa)

Va.k = Vrms.a − nv.a · Qo.a.k−1(Va.0 = Vrms.a) .

(71)

B. Steady-State Voltage of Traditional Droop Control

According to the relationship of (67), (71) can be transformed
to (72) by substituting (67) and (69) into (71). In (72), Pcir.a.k−1
and Qcir.a.k−1 are the circulating-current power in the (k − 1)th
cycle, Pto and Qto are recognized as constants in the steady state
⎧
⎪⎨

⎪⎩

ωa.k = ω∗ − mω.e · Pto − mω.a · Pcir.a.k−1

θa.k = θa.k−1 − mω.e · Tc.ω · Pto − mω.aTc.ω · Pcir.a.k−1

Va.k = Vrms.a − nv.e · Qto − nv.a · Qcir.a.k−1 .
(72)

Equation (72) proves that the voltage of every VSI includes
the same voltage bias caused by Pto and Qto. Therefore, when
the droop control is activated, the steady-state voltage of VSIPS
will change from �Vm to a new voltage defined as �Vm.d.k due to
the voltage bias. Comparing to �Vm , the angular frequency ωd.k ,
phase θd.k and effective value VA.d.k of �Vm.d.k can be expressed
as the following eqaution:

⎧
⎪⎪⎨

⎪⎪⎩

ωd.k = ω∗ − mω.e · Pto

θd.k = θd.k−1 − mω.e · Tc.ω · Pto

VA.d.k = VA − nv.e · Qto.

(73)

Equation (73) expresses that the steady-state voltage bias is
determined by droop coefficients and output power. Moreover,
ωd.k and VA.d.k are stable in the steady state, which are de-
fined as ωd and VA.d as given in (74), and θd.k varies with
time (t = k � Tc.ω ) because of the frequency bias. Meanwhile,
�Vm.d.0 equals �Vm at the zeroth control cycle, so θd.0 , ωd.0 , and
VA.d.0 equal to 0, ω∗, and VA , respectively. Therefore, the ex-
pression of �Vm.d.k can be obtained as given in (75)
{

ωd = ω∗ − mω.e · Pto

VA.d = VA − nv.e · Qto

(74)

⎧
⎪⎪⎨

⎪⎪⎩

ωd.k = ωd (ωd.0 = ω∗)

θd.k = θd.k−1 − mω.e · Tc.ω · Pto (θd.0 = 0)

VA.d.k = VA.d (VA.d.0 = VA ) .

(75)

C. Mathematical Model of the Traditional Droop Control

According to the definition of (75), (72) can be transformed
to (76). This new equation proves that, in every control cycle
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of the droop method, every VSI module tries to adjust its phase
difference and amplitude difference between �Vo.a and �Vm.d.k

according to its own CCP Pcir.a.k−1 and Qcir.a.k−1 in the pre-
vious control cycle. Therefore, this equation can be defined as
the mechanism of the circulating-current elimination of droop
control
⎧
⎪⎪⎨

⎪⎪⎩

θa.k − θd.k = (θa.k−1 − θd.k−1) − mω.eTc.ω · Pcir.a.k−1

ka

Va.k − VA.d = (Vrms.a − VA ) − nv.e · Qcir.a.k−1

ka
.

(76)
Equation (76) can be further analyzed by substituting the ex-

pression of Pcir.a and Qcir.a . Considering the steady-state volt-
age bias (ωd ) and the inductance wire impedance (Re = 0) in
the droop control, the expression of Pcir.a.k and Qcir.a.k can be
expressed as (77) according to CCPPM

⎧
⎪⎪⎨

⎪⎪⎩

Pcir.a.k =
kaV 2

A.d

ωdLe
· (θa.k − θd.k )

Qcir.a.k =
kaVA.d

ωdLe
· (Va.k − VA.d) .

(77)

After substituting (77) into (76), (78) can be obtained after
simplification. This equation proves that θa.k and Va.k can be
regarded as two first-order recurrence series, and (78) is the
recurrence formulas of θa.k and Va.k

⎧
⎪⎪⎨

⎪⎪⎩

θa.k − θd.k =
(

1 − mω.eTc.ω V 2
A.d

ωdLe

)
· (θa.k−1 − θd.k−1)

Va.k − VA.d = (Vrms.a − VA ) − nv.eVA.d

ωdLe
· (Va.k−1 − VA.d)

(78)
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

θa.k = θd.k +
(

1 − mω.eTc.ω V 2
A.d

ωdLe

)k

· θa

Va.k = VA.d + ωd Le (V rms. a −VA )
nv . e VA . d +ωd Le

+
(
−nv.eVA.d

ωdLe

)k

· nv.eVA.d

nv.eVA.d + ωdLe
(Vrms.a − VA ) .

(79)

Subsequently, the mathematical solution of the recurrence
series can be easily obtained, which is given in (79). Therefore,
(79) is the general-term formula of θa.k and Va.k , which describe
the changing trend of the phase and effective value of every
VSI’s voltage. Therefore, this equation can be defined as the
mathematical model of traditional droop control.

D. Analysis of Droop’s Mathematical model

According to (79), θa.k and Va.k should be convergent se-
quences in order to ensure the stability of VSIPS. Therefore,
the relationship of (80) should be complied with to make sure
θa.k and Va.k are convergent. Concurrently, (81) can be obtained
based on (80), which clarifies the optional range of the droop

coefficients (mω.e and nv.e ) in traditional droop control
⎧
⎪⎪⎨

⎪⎪⎩

−1 <

(
1 − mω.eTc.ω V 2

A.d

ωdLe

)
< 1

−1 <

(
−nv.eVA.d

ωdLe

)
< 1

(80)

⎧
⎪⎪⎨

⎪⎪⎩

0 < mω.e <
2ωdLe

Tc.ω V 2
A.d

−ωdLe

VA.d
< nv.e <

ωdLe

VA.d
.

(81)

Moreover, according to (79), the convergent limits of θa.k and
Va.k can obtained as given in (82). This equation proves that the
phase of any VSI’s voltage �Vo.a will be equal to the phase of the
new steady-state voltage �Vm.d.k after a certain length of time,
but there will be a fixed effective-value deviation between �Vo.a

and �Vm.d.k , and this deviation cannot be eliminated
⎧
⎪⎨

⎪⎩

lim
k→∞

θa.k = θd.k

lim
k→∞

Va.k = VA.d +
ωdLe (Vrms.a − VA )
nv.eVA.d + ωdLe

.
(82)

Meanwhile, the convergence limit of Pcir.a and Qcir.a can
be obtained by substituting (82) into (77), which is given in
(83). This equation proves that, in the traditional droop control,
ω − P control can eliminate the active CCP, but V − Q control
cannot eliminate the reactive CCP

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

lim
k→∞

Pcir.a.k = lim
k→∞

kaV 2
A.d (θa.k − θd.k )

ωdLe
= 0

lim
k→∞

Qcir.a.k = lim
k→∞

kaVA.d (Va.k − VA.d)
ωdLe

=
kaVA.d (Vrms.a − VA )

nv.eVA.d + ωdLe
.

(83)

Although Qcir.a cannot be eliminated, (83) proves that Qcir.a

can be reduced by three methods: decreasing Vrms.a − VA , in-
creasing Le , and increasing nv.e . And the analysis of these
methods is presented as follows.

1) Decreasing Vrms.a − VA means improving the control ac-
curacy of VSI’s voltage, so better output voltage con-
trol strategy and better hardware circuit are necessary for
the design of VSI module, and the increase of cost is
unavoidable.

2) Increasing Le is easy to implement in the experiment, but
it will increase the influence of Zload on the droop control
according to the analysis of CCPPM; simultaneously, the
large inductor will deteriorate the quality of ac BUS volt-
age Ubus, and the volume and weight of large inductor are
also troubles for the system design.

3) Increasing nv.e is the easiest way in the three methods.
However, the range of nv.e is limited to ensure the stability
of VSIPS as given in (81). Moreover, according to (74),
the increase of nv.e will increase the amplitude bias of
VSI’s voltage. Therefore, the tradeoff of droop control be-
tween the steady-state voltage error and the load-sharing
accuracy is elaborated by (74) and (83).
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E. Summary

This section builds and analyzes the mathematical model of
traditional droop control based on CCPPM, and proves that the
droop control has the following two inborn deficiencies:

1) frequency and amplitude bias in the steady-state voltage,
which are generated by output power and droop coeffi-
cients;

2) V − Q droop control cannot realize accurate reactive-
power sharing.

Moreover, the well-known tradeoff of the droop control,
which is between the steady-state voltage bias and the load-
sharing accuracy, is elaborated by the mathematical analysis of
this section.

VI. PROPOSED ACCURATE POWER-SHARING

CONTROL METHOD

A. Design of the Improved Control Method

In order to solve the deficiencies of traditional droop con-
trol, an improved control method is proposed in this section,
which embodies two improvements. The first one is replacing
the output power Po.a and Qo.a with the CCP Pcir.a and Qcir.a ,
respectively, in the droop control, which is used to eliminate the
steady-state voltage bias. Another one is replacing the voltage
reference V ∗ with the previous-cycle voltage Va.k−1 in V − Q
control, which is used to realize the accurate reactive-power
sharing.

Therefore, the control equations of the proposed method can
be expressed as (84), which is named as ω − Pcir and V − Qcir

control. In the phasor model, ω − Pcir control can be trans-
formed to θ − Pcir control, as given in (85). Moreover, the defi-
nition of the initial state is the same as the droop control

{
ωa.k = ω∗ − mω.a · Pcir.a.k−1(ωa.0 = ω∗)

Va.k = Va.k−1 − nv.a · Qcir.a.k−1(Va.0 = Vrms.a)
(84)

θa.k = θa.k−1 − mω.a · Tc.ω · Pcir.a.k−1 (θa.0 = θa). (85)

B. Mathematical Model of the Proposed Control Method

The expression of Pcir.a and Qcir.a can be simplified to (86)
according to the inductance wire impedance (Re = 0). More-
over, since Pcir.a and Qcir.a are the small-signal disturbances of
Po.a and Qo.a in the steady state, it means no frequency bias or
voltage bias will be generated in the proposed method, and the
steady-state voltage will not change in the proposed method

⎧
⎪⎪⎨

⎪⎪⎩

Pcir.a.k =
kaV 2

A

ωLe
· θa.k

Qcir.a.k =
kaVA

ωLe
· (Va.k − VA ) .

(86)

After substituting (86) into the equations of θ − Pcir and V −
Qcir control, (87) can be obtained. It proves that θa.k and Va.k

are two first-order recurrence series, and (87) is the recurrence

formulas of θa.k and Va.k

⎧
⎪⎪⎨

⎪⎪⎩

θa.k = θa.k−1 − mω.eTc.ω · V 2
A

ωLe
· θa.k−1

Va.k = Va.k−1 − nv.e · VA

ωLe
· (Va.k−1 − VA ) .

(87)

Subsequently, the general term formulas of θa.k and Va.k can
be obtained as given in (88). It elaborates the changing trend of
the phase and effective value of every VSI’s voltage. Therefore,
it can be defined as the mathematical model of the proposed
method

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

θa.k =
(

1 − mω.eTc.ω V 2
A

ωLe

)k

· θa

Va.k = VA +
(

1 − nv.eVA

ωLe

)k

· (Vrms.a − VA ) .

(88)

C. Analysis of the Mathematical Model

According to (88), θa.k and Va.k should be convergent se-
quences in order to ensure the stability of VSIPS. Therefore, the
relationship of (89) should be complied with to make sure that
θa.k and Va.k are convergent. Concurrently, (90) can be obtained
based on (89), which clarifies the optional range of the droop
coefficients (mω.e and nv.e ) in proposed control method

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−1 <

(
1 − mω.eTc.ω V 2

A

ωLe

)
< 1

−1 <

(
1 − nv.eVA

ωLe

)
< 1

(89)

⎧
⎪⎪⎨

⎪⎪⎩

0 < mω.e <
2ωLe

Tc.ω V 2
A

0 < nv.e <
2ωLe

VA
.

(90)

According to (88), the convergent limits of θa.k and Va.k

can obtained as given in (91). This equation proves that the
phase and effective value of �Vo.a will be equal to �Vm after a
certain length of time. It means the initial phase difference and
amplitude difference between �Vo.a and �Vm will be eliminated
by the proposed method

{
lim
k→∞

θa.k = 0

lim
k→∞

Va.k = VA .
(91)

The convergence limit of Pcir.a and Qcir.a can be obtained
by substituting (91) into (86), as given in (92). It proves that
the proposed ω − Pcir and V − Qcir control can eliminate the
active and reactive CCP simultaneously. Moreover, the perfor-
mance of power sharing will not be influenced by the wire
impedance

⎧
⎪⎪⎨

⎪⎪⎩

lim
k→∞

Pcir.a.k = lim
k→∞

kaV 2
A

ωLe
· θa.k = 0

lim
k→∞

Qcir.a.k = lim
k→∞

kaVA

ωLe
· (Va.k − VA ) = 0.

(92)
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Fig. 7. System diagram of the proposed control method.

Moreover, according to the characteristic of convergent se-
quence, the convergent rate is the fastest when the relationship
of (93) is complied with. In this condition, the droop coefficients
mω.e and nv.e are defined as mT .e and nT .e , respectively, which
can be expressed as (94). It means, the proposed control method
can realize the accurate active- and reactive-power sharing in the
shortest time when mω.e and nv.e are equal to mT .e and nT .e ,
and this time is only one control cycle theoretically. Therefore,
mT .e and nT .e are defined as the optimum value of equivalent
droop coefficients

⎧
⎪⎪⎨

⎪⎪⎩

1 − mω.eTc.ω V 2
A

ωLe
= 0

1 − nv.eVA

ωLe
= 0

(93)

⎧
⎪⎪⎨

⎪⎪⎩

mT .e =
ωLe

Tc.ω V 2
A

nT .e =
ωLe

VA
.

(94)

D. Implementation of the Proposed Method

Comparing with the droop method, the realization of the pro-
posed method is more complicated due to the calculation of
Pcir.a and Qcir.a . This calculation needs the data of all VSIs’
output power as given in (67), thus the communication among
the VSIs is unavoidable for the proposed method. Apparently,
the communication will sharply reduce the reliability and ex-
pansibility comparing with the traditional droop method.

The proposed method can be implemented by several struc-
tures with communications, such as centralized control, master–
slave control, and distributed control. Comparing to the other
two structures, the distributed control has better reliability and
redundancy, and it is adopted as the control system of the simu-
lation platform and experiment prototype system in this paper.

Fig. 7 shows the system diagram of the proposed method.
In this system, every VSI calculates its own Po.a and Qo.a by
the power calculation module. The communication interface
module transmits Po.a and Qo.a to other VSIs and receives
the power information of other VSIs by the communication
bus. Subsequently, Pcir.a and Qcir.a is calculated by the CCP

TABLE I
WIRE IMPEDANCE OF VSI MODULES

No. 1 No. 2 No. 3 No. 4 No. 5

Wire inductance (μH) 100 200 300 400 500
Wire resistance (mΩ) 0.1 0.2 0.3 0.4 0.5
Weight coefficient ka 60/137 30/137 20/137 15/137 12/137

calculation module. The parallel-operation control module will
execute the control equation of (84), and generate the reference
voltage Vref.a . Finally, the voltage control module will control
and adjust the output voltage Vo.a by following Vref.a .

In this diagram, Po.a and Qo.a transmitted by communica-
tion are not the instantaneous power but the average power,
so it is a low-frequency communication as low as the power
frequency, which can reduce the cost of communication and
improve the system reliability. Moreover, when the communi-
cation breaks down, the control strategy will transfer from the
proposed method to the droop method, which can greatly im-
prove the system stability and reliability.

Moreover, the communication also can transmit additional in-
formation in order to realize additional functions. For example,
[38] proposed a control method in the microgird application, in
which the bias power information is transmitted to every VSI
module from a central control center in order to adjust the am-
plitude and frequency of the steady-state voltage of VSIPS, and
it can realize the synchronization of ac bus voltage and grid
voltage before the operation mode of microgrid transfers from
the islanding mode to the grid-tied mode.

VII. VERIFICATION OF THE PROPOSED

MATHEMATICAL MODELS

A simulation system consisting of five VSI modules is es-
tablished by the simulation software PLECS in order to verify
the VSIPS mathematical model and CCPPM. In this system,
VSI modules are simulated by the ideal voltage sources, and the
system diagram is the same as Fig. 1. And the simulation results
are presented as follows.

A. Verification of the VSIPS Mathematical Model

In order to verify the VSIPS mathematical model, the voltages
of VSIs are designed to equal to Vm , of which the effective
value is 110 V, frequency is 50 Hz, and the phase angle is 0,
which complies with the definition of the steady state of VSIPS.
The wire impedance of VSIs are listed in Table I, and VSIs’
weighted coefficient ka can be calculated according to the wire
impedance, which are also listed in Table I. According to the
mathematical model of VSIPS, the output current of every VSI
should comply with the relationship of (9), and the circulating
current of VSIs should be zero.

Fig. 8 shows the waveforms of Io.a and Icir.a in the simulation
when Zload is 3 Ω. According to simulation results, the effective
value of Iload is 54.9963 A, and the effective values of Io.a are
24.0860, 12.0430, 8.0287, 6.0215 and 4.8172 A, respectively.
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Fig. 8. Simulation results of a steady-state model.

TABLE II
SIMUALTION PARAMETERS

No. 1 No. 2 No. 3 No. 4 No. 5

Effective value of
voltage (V)

109.9 109.95 110 110.05 110.1

Phase of voltage (rad) 1 × 10−4 2 × 10−4 0 −2 × 10−4 −1 × 10−4

Wire inductance (μH) 200 100 50 100 200
Wire resistance (mΩ) 0.2 0.1 0.05 0.1 0.2
Weight coefficient ka 0.1 0.2 0.3 0.2 0.1

TABLE III
THEORETICAL VALUES OF PCIR.a AND QCIR.a

No. 1 No. 2 No. 3 No. 4 No. 5

Pcir.a (W) 18.700 76.473 0.000 –76.473 –18.700
Qcir.a (Var) –175.007 –174.823 0.000 174.823 175.007

As the data present, the simulation results of Io.a and Iload

comply with the relationship of (9), which proves the proposed
steady-state model of VSIPS. Meanwhile, the effective value of
Icir.a is smaller than 2×10−13A, so Icir.a is an infinitesimal com-
paring to Io.a , which verifies the proposed circulating-current
small-signal model of VSIPS. Moreover, the same conclusions
can be obtained when Zload is set as other values.

B. Verification of CCPPM

In order to verify the CCPPM, the effective value, frequency,
and phase of �Vm is assumed as 110 V, 50 Hz, and 0, and the pa-
rameters of VSIs’ voltages are listed in Table II, which comply
with the relationship of (34). According to CCPPM, the theoret-
ical value of Pcir.a and Qcir.a can be calculated by (64), which
are listed as shown in Table III.

Fig. 9 shows the simulation waveforms of Io.a and Icir.a when
Zload is 3 Ω. This figure shows the circulating currents among
VSIs are obvious, which are caused by the voltage difference.
Meanwhile, Pcir.a and Qcir.a can be calculated according to the
simulation results of Po.a and Qo.a by (67), and their values at
different loads are listed in Tables IV and V.

Fig. 9. Simulation results of a small-signal model.

TABLE IV
SIMULATION RESULTS OF PCIR.a (W)

Rload (Ω) No. 1 No. 2 No. 3 No. 4 No. 5

1 17.584 75.329 0.041 –75.358 –17.597
3 18.318 76.065 0.041 –76.093 –18.331
12 18.593 76.34 0.041 –76.368 –18.606

TABLE V
SIMULATION RESULTS OF QCIR.a (V ar)

Rload (Ω) No. 1 No. 2 No. 3 No. 4 No. 5

1 –174.8 –174.8 –0.198 174.77 175.07
3 –174.9 –175.1 –0.198 175.09 175.14
12 –175 –175.2 –0.198 175.21 175.17

Comparing Tables IV and V with Table III, the simulating
result of CCP is close to the theoretical result, which can prove
the accuracy of CCPPM. Meanwhile, these tables show that
simulation results of Pcir.a and Qcir.a are influenced by Zload.
The smaller the Zload, the larger the error of simulation re-
sult. Therefore, it proved that the equivalent wire impedance
of VSIPS should be far less than Zload in order to reduce the
influence of Zload on the calculation of Pcir and Qcir.

VIII. VERIFICATION OF THE PROPOSED CONTROL METHOD

A. Implementation of the Prototype System of VSIPS

A VSIPS prototype system consisting of three 3-kVA VSI
modules with 110 V/50 Hz voltage is established, in order to
verify the performance of the proposed control method. Fig. 10
shows the picture of the prototype system, and the system struc-
ture can be shown as Fig. 11. As these figures show, every VSI
module is connected to the ac bus by the wire impedance, and
the communication of VSI modules is realized by controller
area network (CAN) bus.

The VSI modules are designed based on the power stages of
3-kVA single-phase inverter from Technology Dynamics Inc.
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Fig. 10. VSIPS prototype system (9 kVA/110 V/50 Hz).

Fig. 11. Structure of VSIPS prototype system.

Fig. 12. Topology of the power circuit of VSI modules.

The topology of power circuit of VSI modules can be shown as
Fig. 12, which consisted of a single-phase IGBT full-bridge
and a LC output filter. The controller of VSI modules was
implemented by DSP of TMS320F2808 (32-bit fixed-point
100 MHz) from Texas Instruments. The parameters of VSI mod-
ules are listed in Table VI.

Fig. 13 shows the diagram of the traditional double-loop out-
put voltage control, which consists of the outer loop control
of instantaneous output voltage and the inner loop control of
instantaneous filter-inductor current. This control is adopted by
every VSI module in order to track the reference voltage Vref,
which is generated by the parallel-operation control. Moreover,
the design of the voltage control should ensure every VSI mod-
ule perform as a robust voltage source, in order to reduce the
impact of VSIs’ internal impedance on the parallel operation of
VSI modules.

TABLE VI
PARAMETERS OF VSI MODULES

Parameters Value Unit

Rated output power (SRA) 3 kVA
Effective value of rated output voltage (VA ) 110 V
Frequency of rated output voltage (fo ) 50 Hz
Switching frequency (fs ) 20 kHz
Analog/Digital (AD) Sampling frequency (fAD) 20 kHz
Inductance of output filter (Lf ) 600 μH
Capacitance of output filter (Cf ) 20 μF

Fig. 13. Diagram of double-loop control of output voltage.

In this system, the wire impedance of every VSI is designed
as a pure inductive (Lw.a ) based on the analysis of this paper,
which is realized by an inductor that connects every VSI to the
ac bus. But the parasitic components of wire impedance still
exist in this system, which will have the influence on the power
sharing in VSIPS.

So according to (37) and (62), the range of Lw.a can
be expressed as (95). After substituting the values given in
Table VI into (95), the result can be obtained that Lw.a should
be no larger than 257 μH. Therefore, the theoretical value of
Lw.a is designed as 250 μH when SRA.a is 3 kVA in this system

Lw.a ≤ V 2
A

100 · πfoSRA.a
. (95)

Subsequently, the optimum droop coefficients mT .a and nT .a

of ω − Pcir and V − Qcir control can be calculated by (96),
which is obtained based on (69) and (94)

⎧
⎪⎪⎨

⎪⎪⎩

mT .a =
mT .e

ka
=

ωLw.a

Tc.ω V 2
A

nT .a =
nT .e

ka
=

ωLw.a

VA
.

(96)

Moreover, the control system of VSIs uses the power cal-
culation method proposed in [15]. According to the analysis
in [15], Tc.ω in (96) should not be less than the active-power
calculation period in order to guarantee θa.k convergent, which
is one quarter of the power-line period, so Tc.ω is designed as
5 ms in the prototype system. Thus, the values of mT .a and nT .a

can be obtained based on Table VI, which are 6.488 × 10−4

and 7.136 × 10−4 , and their units are rad/W·s and V/Var,
respectively.

The comparison simulation and experiment of traditional
droop control and the proposed control are performed based
on the above-mentioned design, and the results are expressed as
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Fig. 14. Simulation results of the droop method.

Fig. 15. Simulation results of the proposed method.

follows. For a fair comparison, both the methods use the same
droop coefficients, the same power calculation method, and the
same voltage-source control strategy, and are tested on the same
prototype system at the same load conditions.

B. Simulation Results

A simulation system consisting of two 3-kVA VSIs is es-
tablished by PLECS, based on the design of Section VIII-A.
The initial effective values of two VSIs are set as 109.8 and
110.2 V, and the initial phase difference between two VSIs is
set as 0.0314 rad.

Figs. 14 and 15 show the simulation results of the droop
method and the proposed method, respectively, when Zload is
a 4.1-Ω resistor. Comparing the waveforms in the steady state,
there are obvious circulating currents in Fig. 14, and the cir-
culating currents in Fig. 15 are sharply reduced. Moreover, as
shown in Fig. 14, Pcir of two VSIs equals 0 approximately, and
Qcir is about 37 and –37 Var in the steady state. Whereas in
Fig. 15, both Pcir and Qcir are equal to 0 approximately in the
steady state.

Therefore, the simulation results verify that the traditional
droop control cannot realize accurate reactive-power sharing,

TABLE VII
PARAMETERS OF VSIPS IN 1:1:1 SHARING RATIO

Parameters Module 1 Module 2 Module 3

Inductive impedance
Lw .a (μH)

242.7 243.6 243.0

Resistive impedance
Rw .a (Ω)

0.057 0.071 0.061

Droop coefficient mω .a

(rad/W·s)
6.488 × 10−4 6.488 × 10−4 6.488 × 10−4

Droop coefficient nv .a

(V/Var)
7.136 × 10−4 7.136 × 10−4 7.136 × 10−4

Fig. 16. Experiment results at the nonload (Sharing ratio is 1:1:1). (a) Droop
method. (b) Proposed method.

Fig. 17. Experiment results at 2300 VA linear load (Sharing ratio is 1:1:1).
(a) Droop method. (b) Proposed method.

but the proposed method can realize the accurate active-power
and reactive-power sharing simultaneously.

C. Experimental Results

The comparison experiment included two separate parts: the
common loads are shared by VSIs equally and unequally.

1) When the Load Power is Shared Equally: In this exper-
iment, the droop coefficients and the measured values of wire
impedance of every VSI are given in Table VII. The values of
Rw.a in this table are mainly caused by the parasitic resistance
of the wires.

Fig. 16 shows the waveforms of ac bus voltage Ubus, and
output currents of VSIs (Io.1 , Io.2 , and Io.3) at nonload in
steady state, which are the results of the droop method and the
proposed method, respectively. Similarly, Fig. 17 shows the
waveforms at 2300 VA linear load, Fig. 18 shows the wave-
forms at 8700 VA linear load, Fig. 19 shows the waveforms at
1600 VA nonlinear load, and Fig. 20 shows the waveforms at
4800 VA nonlinear load.
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Fig. 18. Experiment results at 8700 VA linear load (Sharing ratio is 1:1:1).
(a) Droop method. (b) Proposed method.

Fig. 19. Experiment results at 1600 VA nonlinear load (Sharing ratio is 1:1:1).
(a) Droop method. (b) Proposed method.

Fig. 20. Experiment results at 4800 VA nonlinear load (Sharing ratio is 1:1:1).
(a) Droop method. (b) Proposed method.

According to the comparison of the experiments, the pro-
posed method can sharply reduce the circulating current at non-
load, nonlinear load, and light linear load, which is much better
than the droop method, while the performance of the proposed
method is similar as the droop method at heavy linear load.

Moreover, Pcir.RMS and Qcir.RMS are defined in this paper in
order to evaluate the CCP in VSIPS, which can be expressed
by (97). Therefore, according to the values of Pcir.a and Qcir.a

calculated by DSP controllers of VSI modules, the comparison
of Pcir.RMS and Qcir.RMS between the droop method and the
proposed method can be obtained, as shown in Figs. 21 and 22

⎧
⎪⎨

⎪⎩

Pcir.RMS =
√

1
n

∑n
j=1 P 2

cir.j

Qcir.RMS =
√

1
n

∑n
j=1 Q2

cir.j

. (97)

As shown in Fig. 21, Pcir.RMS in the droop method and the
proposed method are both less than 5 W. Even at some loads,
Pcir.RMS in the proposed method are slightly more than the droop
method. However, as shown in Fig. 22, Qcir.RMS in the droop
method are between 20 and 114 Var, whereas all the values in
the proposed method are less than 3.0 Var, which is far less than
the droop method.

Fig. 21. Comparison of Pcir .RM S (Sharing ratio is 1:1:1).

Fig. 22. Comparison of Qcir .RM S (Sharing ratio is 1:1:1).

Fig. 23. Comparison of Icir .RM S (Sharing ratio is 1:1:1).

Meanwhile, the circulating current Icir.RMS is defined in this
paper in order to evaluate the circulating current in VSIPS, as
given in (98). In this equation, Icir.a.RMS is the effective value of
every VSI’s circulating current Icir.a , and its value is calculated
by the software of Yokogawa based on the measured results of
Yokogawa oscilloscope (DLM2024)

Icir.RMS =

√
1
n

∑n

j=1
I2

cir.j.RMS. (98)

So the comparison of Icir.RMS between the droop method and
the proposed method is shown Fig. 23. As this figure shows that
Icir.RMS in the proposed method and droop method are similar
at heavy linear load, whereas at nonload, nonlinear load, and
light linear load, Icir.RMS in the proposed method is much less
than the droop method, which proves that the power-sharing
performance of the proposed method is much better than the
droop method.

2) When the Load Power is Shared Unequally: In this ex-
periment, the load power is shared by three VSI modules based
on the sharing ratio of 2:1:2, and the rated output power of the
second VSI module is set as 1.5 kVA, so the theoretical value of
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TABLE VIII
PARAMETERS OF VSIPS IN 2:1:2 SHARING RATIO

Parameters Module 1 Module 2 Module 3

Inductive impedance
Lw .a (μH)

242.7 485.0 243.0

Resistive impedance
Rw .a (Ω)

0.057 0.071 0.061

Droop coefficient mω .a

(rad/W·s)
6.488 × 10−4 1.298 × 10−3 6.488 × 10−4

Droop coefficient nv .a

(V/Var)
7.136 × 10−4 1.427 × 10−3 7.136 × 10−4

Fig. 24. Experiment results at the nonload (Sharing ratio is 2:1:2). (a) Droop
method. (b) Proposed method.

Fig. 25. Experiment results at 2300 VA linear load (Sharing ratio is 2:1:2).
(a) Droop method. (b) Proposed method.

Fig. 26. Experiment results at 8700 VA linear load (Sharing ratio is 2:1:2).
(a) Droop method. (b) Proposed method.

wire inductance Lw.2 is designed as 500 μH according to (95).
Meanwhile, the droop coefficients and the measured values of
wire impedance are given in Table VIII.

Fig. 24 shows the waveforms of Ubus, Io.1 , Io.2 , and Io.3 at
nonload in steady state, which are the results of the droop method
and the proposed method, respectively. Similarly, Fig. 25 shows
the waveforms at 2300 VA linear load, Fig. 26 shows the wave-
forms at 6700 VA linear load, Fig. 27 shows the waveforms at
1600 VA nonlinear load, and Fig. 28 shows the waveforms at
4800 VA nonlinear load.

Fig. 27. Experiment results at 1600 VA nonlinear load (Sharing ratio is 2:1:2).
(a) Droop method. (b) Proposed method.

Fig. 28. Experiment results at 4800 VA nonlinear load (Sharing ratio is 2:1:2).
(a) Droop method. (b) Proposed method.

Fig. 29. Comparison of Pcir .RM S (Sharing ratio is 2:1:2).

Fig. 30. Comparison of Qcir .RM S (Sharing ratio is 2:1:2).

According to the results of the comparison of the experiments,
the proposed method can sharply reduce the circulating current
at any load, which is much better than the droop method.

Figs. 29 and 30 show the comparison of Pcir.RMS and Qcir.RMS

between the droop method and the proposed method. As shown
in Fig. 29, Pcir.RMS in the two methods is less than 8 W. However,
as shown in Fig. 30, Qcir.RMS in droop method is between 50 and
400 Var, and most of the values are more than 100 Var, whereas
all the values in the proposed method are less than 4.5 Var, and
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Fig. 31. Comparison of Icir .RM S (Sharing ratio is 2:1:2).

most of the values are less than 2.5 Var, which is far less than
the droop method.

Fig. 31 shows the comparison of Icir.RMS between the
droop method and the proposed method. As this figure shows,
Icir .RMS in the proposed method is obviously smaller than the
droop method at any load, which verifies that the power-sharing
performance of the proposed method is much better than the
droop method.

D. Summary

Conclusions can be obtained by the simulation and experi-
ment comparison between the traditional droop method and the
proposed method in this section:

1) the performance of the proposed method on restraining
Icir is better than the droop method;

2) the droop method and the proposed method have the same
performance on restraining Pcir;

3) the performance of the proposed method on restraining
Qcir is much better than the droop method;

4) even though the proposed method does not have the spe-
cial control for the harmonic circulating current, it still has
better power-sharing performance than the droop control
at the nonlinear load;

5) although it is designed on the pure inductive wire
impedance in theory, the proposed method shows
good power-sharing performance on the complex wire
impedance in the experiment.

Therefore, the proposed method can efficiently inhibit circu-
lating currents and decrease both the active and reactive CCP,
which verifies that it has better power-sharing performance com-
paring to the traditional droop control.

IX. CONCLUSION

This paper proposes an optimized mathematical model of
VSIPS and proposes an improved droop control method based
on this model, which can realize accurate power sharing in
VSIPS. The major work of this paper includes three parts: the
system modeling and analysis of VSIPS, the modeling analysis
of traditional droop control, and the design of the accurate
power-sharing control method. And all these parts are validated
by the simulation and experimental results presented in this
paper.

Comparing to the traditional droop control, the proposed
method has much better performance of active-and reactive-
power sharing, especially when the load is shared unequally.

However, the implementation of the proposed method needs the
communication between VSIs, which will reduce the reliability
and expansibility of VSIPS, and this is a challenge for the ap-
plication of the proposed method in the future work. Moreover,
the proposed method does not have the special control for the
harmonic circulating current and the uncontrollable parasitic
impedance, and the analysis and design of the harmonic-current
control and wire-impedance control will be the future research
of this paper.
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