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Methods Based on the Generalized Discrete
Fourier Transform

Huawu Liu, Student Member, IEEE, Haibing Hu
and Yan Xing

Abstract—Selective harmonic extraction plays an important role
in power quality assessment, harmonic compensation, and so on.
Among the various methods, discrete Fourier transform (DFT)-
based algorithms has found wide and popular applications due to
advantages like simplicity and excellent selectively filtering prop-
erties. However, DFT suffers from disadvantages like slow dynam-
ics and sensitivity to frequency variations. In order to alleviate
these drawbacks, an improved and extended DFT—generalized
DFT (GDFT) is proposed. It is revealed in this paper that the con-
ventional DFT can be viewed as a comb filter connected in series
with complex resonators, and DFT relies on the mechanism of pole-
zero cancellation for harmonic extraction. More importantly, the
key reason behind the DFT slow transient responses is the large
delay introduced by the comb filter. Therefore, this paper proposed
to reconfigure the comb filter according to specific harmonic pat-
terns of the input signal for improving the dynamic responses and
system flexibility. The proposed GDFT not only maintains the ad-
vantages of simplicity and selectively filtering properties but also
features fast transients, around 0.3 fundamental cycle for typical
applications, which is much shorter than the one-cycle settling time
of the conventional DFT. A phase-locked-loop block is also incor-
porated into the harmonic-detection system to deal with possibly
large frequency variations in practical applications. Extensive tests
are provided to validate effectiveness of the proposed method.

Index Terms—Fourier transform, harmonic detection, phase-

locked-loop, three phase.
ELECTIVE harmonic-extraction has found wide applica-
tions in many occasions [1]-[6]. In the harmonic compen-
sation devices, harmonic extraction is the key part [1]-[4]. The
active power filter (APF), which has a long history of practical
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use for compensating the harmonic currents generated by non-
linear loads, is a very typical example. Distorted load currents
need to be first detected before feeding to the current controller
as references for tracking. Issues of accuracy, dynamic perfor-
mances, and implementation complexity, etc., shall be taken
into consideration in detection technique design. Another typi-
cal application is grid-synchronization under adverse conditions
[5], [6], which are often required by grid-connected converters,
like rectifiers for motor drive systems and chargers for electric
vehicles. For these applications, the fundamental voltage com-
ponent usually needs to be first isolated from harmonic-polluted
grid signals before entering the phase/frequency-locked loops,
and performances of the harmonic detection determines both
the synchronization accuracy and its dynamics [7].

Various harmonic methods have been researched in the
literatures [7]-[25], which can be generally categorized into
time-domain and frequency-domain methods [1], [7]. Typical
time-domain methods include, second-order generalized inte-
grators (SOGI) methods [8], fundamental/harmonic-dg-frame
methods [1], [9], multiple-reference-frame (MRF) methods
[10], [11], adaptive notch filter (ANF) approaches [12], [13] the
cascaded-delayed-signal-cancellation (CDSC) techniques [7],
[14], the instantaneous power theory (pg power theory) meth-
ods [15], the advanced Kalman-filter methods [16] etc. While
these time-domain methods can effectively extract the harmonic
components, there exist some limitations. The SOGI and the dg-
frame -based methods need to make a tradeoff between steady
state accuracy and dynamics [1]. The MRF-based, the ANF-
based, and the Kalman-filter-based approaches are essentially
based on the concept of harmonic decoupling [17]. Good ac-
curacy and relatively fast dynamics can be achieved. However,
they are lack of selectivity—all the harmonic components with
non-negligible magnitudes must be estimated and extracted at
the same time even though some of them are not desired. The
pg-theory techniques only estimate the fundamental signal and
detect the rest harmonics as a whole, and are therefore incapable
of selective harmonic extraction. The CDSC-based methods can
achieve relatively shorter transients with good accuracy. They
are based on constructing a series of DSC operators, which
consists of high-order delay buffers to separate the desired com-
ponent and filter out the rest; therefore, for extracting each har-
monic, different sets of DSC operators are required, which can
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increase the system complexity, computational effort, and stor-
age memory overhead especially when many harmonic compo-
nents are to be extracted in applications like the selective APF.

Frequency-domain methods typically refer to the Fourier
transform based techniques [18]—[25]. Discrete Fourier trans-
form (DFT) methods mathematically transform discrete signals
to the frequency domain with prominent features like simplicity,
enhanced selectivity and steady state accuracy. The fast Fourier
transform implements the DFT in a different form to reduce the
computational burden and is widely used for harmonic monitor-
ing and metering [1]. To further reduce the calculation burden
for real-time applications, the sliding recursive DFT (SDFT)
has gained wide interests in recent years [20]-[24]. The SDFT
essentially calculates a DFT on a sample-by-sample basis with
the window shifting every sampling instant for a fixed num-
ber of samples, usually just one for simplicity. Jacobsen and
Lyons [22], demonstrate the mathematical derivation of SDFT
from the DFT and Goertzel algorithm. Although the SDFT is
computational efficient, it may suffer from accumulated errors
and potentially instability. Therefore, Duda [24] proposed an
improved, guaranteed stable algorithm based on the DFT mod-
ulation property. The SDFT has found wide applications. In [20]
and [21], the SDFT was utilized for grid-synchronization and
extraction of harmonic voltage components. In [25], the SDFT
was applied for current control to suppress specific harmonics.
The major drawback of the above Fourier-based harmonic de-
tection methods, as evaluated in [1], [7], is the slow dynamic
responses, requiring at least one-cycle settling time. Besides,
careful synchronization between the sampling and fundamental
frequency is needed in practical applications to minimize leak-
age effects of DFT, and in case of large frequency deviation,
significant errors both in magnitude and phase angle can be
introduced.

To alleviate the aforementioned drawbacks of slow dynamics
and sensitivity to frequency variation, an improved and gener-
alized DFT (GDFT) is proposed. The key idea is to reconfigure
and reconstruct the conventional DFT according to the specific
harmonic scenario of the input signal for improving system
dynamics and flexibility. The transfer function perspective is
adopted in Section II to analyze the filtering mechanism and
key reasons behind the slow dynamics of DFT. And, in order
to improve the dynamics, the proposed solution is presented
in Section III. Considerations of discrete implementation and
frequency adaptability of the GDFT are given in Section IV.
Extensive tests are shown in Section V. Section VI concludes
this paper.

II. TRANSFER FUNCTION INTERPRETATION OF THE DFT
A. Description of DFT

DFT mathematically transforms the input discrete signals into
frequency-domain [20]

n

> [t

i=n—N+1

de(”) =

kO,il,...,i(Zl) (1)

3485

X I S 1

— |z — — k . T,
= eﬂ”ﬁz’l N
H (2) H (2) A
Fig. 1. Block diagram of DFT.

where #,3(7) is the input vector signal obtained through sam-
pling the time-domain signal #,s(t) with a rate of f, =
Nuwy/ 27r;X§ 3(n) refers to the DFT’s kth-bin frequency com-
ponent, and #n is a time-sequence index. And the time-domain
expression for the sequence of the kth harmonic at the current
time-sequence (i.e., n) can be obtained through the inverse DFT

kn

N 1 A .
Fop(n) = 5 Xbs(n)e™ % ©)
Equations (1) and (2) are the key equations for harmonic
extraction based on the DFT. However, direct calculations of the
DFT based on (1) and (2) are highly computational demanding.

Thus in recent years, the SDFT has been proposed to reduce the
computational burden [24],

Xﬁﬂ(”) = Xiﬁ(n —-1)
+ [Fag(n) = Fapln — N)] e 927700 (3)

where X" 5(n) is the spectral vector for the current window
of the sequence {Z,3(i), i=n—N+1, n—N, n— N —
1,...,n};and X* 5(n — 1) is the spectral vector for the previous
window of {Z,3(i), i=n—N,n—N+1,...,n—1}.

B. Transfer Function Interpretation of DFT

Analysis of the DFT based on (1)—(3) is difficult and incon-
venient. Therefore, the z-transform is applied and mathematical
manipulations (see Appendix A for details) are performed to
derive its transfer function
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where G¥ . () refers to the transfer function from the extracted
kth harmonic :’fy 3
lyze the properties of DFT, G¥ .1 (2) in (4) can be divided into
three parts, H.(z), H¥ (z) and A, as shown in Fig. 1.

H_ (z) is a typical finite-impulse-response filter, and is often
referred to as the comb filter in the field of digital signal process-
ing, with the most distinguishing characteristic being that it has
multiple equiripple lobes in the frequency response as clearly
shown by the bode plot in Fig. 2.

The comb filter H.(z) can be further expanded as

(n) to the input signal Z,, 3 (n). To better ana-

N-1

H.(z)=1-2" = H (1 - e-j%\*‘”z*). (3)

n=0
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Equation (5) implies an important property—~N zeros are in-
troduced, which are centered at integer multiples of the funda-
mental frequency w = kwy (wy = 27/N,k=0,1,...,N — 1)
and are evenly distributed on the unit circle. The introduced ze-
ros guarantee that complete rejections of the harmonics at the
corresponding frequencies are achieved, if the fundamental pe-
riod of the applied signal equal to the time window NT;. This
property can be better visualized by the notches, i.e., zero am-
plitude, in the frequency response of the comb filter in Fig. 2.

The filter H* () is essentially a complex resonator, helping
to isolate and extract the desired kth harmonic. It can be seen
from (4) that H" (z) produces a pole p = exp(j27k/N) on the
z-domain unit circle, meaning that a pole-zero cancellation at
the kth-harmonic frequency is obtained as shown in Fig. 3. And,
implications of the pole-zero cancellation are as follows.

1) Rejection of kth harmonic due to the zero introduced by
the comb filter H.(z) is now offset by the pole provided
by HF(z), and its spectrum information is reserved and
isolated. Therefore, extraction of the desired kth harmonic
from other harmonic components are now achieved.

2) The DFT filter has a finite impulse response and is uncon-
ditionally stable [20].

Finally, the gain X in Fig. 1 helps to adjust the amplitude of the

selected kth harmonic. To further analyze the filtering abilities
of the conventional DFT, frequency responses of G%, ., (z) are
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Fig. 4. Frequency response of the DFT filter G%FT (2), N=198, k =1,
wop = 100 7.

plotted in Fig. 4. As expected, at the selected frequency (f =
50 Hz), zero attenuation and phase-shift are achieved, while at
other harmonic frequencies, total rejection (zero magnitude) is
achieved. Moreover, the DFT exhibits band-passing properties
with magnitude envelop asymptotes of 420 and —20 dB/dec at
low and high frequencies. These characteristics further enhance
filtering abilities by helping to attenuate the subharmonics of
the input signal.

C. Filtering Mechanism of DFT and Its Major Drawback

According to the above analysis, it can be concluded that DFT
“takes three steps” to isolate and extract a specific harmonic from
the applied input signal:

Step I: A set of zeros, located at the integer-harmonic fre-
quenciesw = kwy (k =0,1,..., N — 1), are introduced by the
comb filter H..(z) to achieve complete rejection of the harmonics
(see (5) and Fig. 2).

Step II: The complex resonator HF (z) is utilized to produce
a pole at the selected frequency to achieve pole-zero cancella-
tion and to isolate and extract the desired harmonic component
(see Figs. 3 and 4).

Step I11: Magnitude of the selected harmonic is performed
by the gain A.

In short, the key mechanism behind the DFT filter is the
“pole-zero cancellation”. And, in the process, the comb filter
plays a crucial role.

1) The comb filter determines the introduced zeros and the
set of harmonics to be rejected. In the conventional DFT,
the comb filter H.(z) introduces N-zeros equidistantly lo-
cated at the z-domain unit circle to reject all the harmonic
components of integer multiples of the fundamental fre-
quency. However, some of the zeros may be unnecessary
and redundant. For example, consider that even harmonics
are seldom found in practical applications (or their am-
plitudes are much smaller and can be neglected). And,
in a three-phase power systems, the typical harmonic
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scenario is the nontriple odd harmonics & = +1, —1,
=5, 47, +13, =17 or h = £1, 5, £7, 13, £17,...,
for heavily distorted conditions [11], [26]. In short, the
conventional DFT cannot be configured for applications
with specific harmonic scenarios, and the redundant zeros
can result in unnecessary time-delay during dynamics.

2) The comb filter determines the DFT transient response.
The comb filter consists of N delay-buffers in order to
introduce N zeros; and in practical applications, the DFT
algorithm is often initialized with zero input and zero
output. Thus, the DFT output will not reach the steady
state until N input samples have been processed, requiring
atleast one fundamental cycle for transient responses [22].

III. PROPOSED GDFT

In the previous section, it is shown that the major drawback of
the conventional DFT lies in the comb filter, which hinders fast
and flexible harmonic extraction. Concerning this problem, an
extended and generalized version of DFT—GDFT is proposed
in Fig. 5, where the comb filter H.(z) and the gain y are entirely
reconfigured and reconstructed into more general structures.

A. Configurations and Design of the GDFT

The proposed GDFT shown in Fig. 5 consists of three major
parts, i.e., the comb filter H.(z), the complex resonator H,k (2),
and the magnitude/phase adjustment factor .

1) The comb filter H.(z)

The aim of the H,.(z) is to introduce a set of zeros for complete
rejection of the harmonic components present in the applied
input signal #, 3. Consider a general periodic signal with a
harmonic scenario of & = mk+I, where m, [ are integers, and
m>0, k =0, £1, . Substituting z = 2!/ e=727L/mN into
(5), it yields

H.(z) =

2w 1 2 () L
= (]_ — e/ Vm 127W> (]_ — el Wm (’”Jrl)’zfﬁ)

. (1 el 2 [(N- 1)m+1] — )

ﬂ (1 — el ¥ ’”“”z—%). (6)
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Setting H.(z) = 0, the introduced zeros can easily be obtained
asw = (mk + Dwy (k=0,1,2,..., N — 1). Comparing (6) of
the proposed GDFT and (5) of the conventional DFT, it can be
clearly seen that the delay samples of H.(z) are reduced to N/m,
implying that the delay time of the GDFT is shortened to 1/m
fundamental cycle.

To more clearly see the rejection properties of the comb filter
H.(z) due to the introduced zeros, consider a input sequence
Top(n) = Z Vi elwo (mk+n+9i with harmonic orders of h =

mk+1, Where Vi and ¢y are the magnitude and phase angle;wy
the fundamental frequency. Applying the signal to the comb
filter H.(z) in (6) to £, 3(n), the steady state filtered output can

be obtained as
af \ M — —
m

— E ‘/kejw'u(karl)nﬂak

= — S 2wl
Jop(n) = Tap(n) — e’

o 2711 kaejwo(mk—o—l)(n—f)-ka =0. (7)
It can be observed from (7) that the harmonics with frequency
orders of h = mk+[ are completely blocked.
The filter in (6) can only reject one set of harmonics. For ap-
plications with complicated harmonic scenarios, multiple ones
of the comb filter can be connected in series

N 2l N 2mly
HC(Z) — (1_Z mleﬂ 1 ) (1—2 mzeﬂ ) )

. (1 — 2 el ) ©

where my—m,,, I,-1, are integers and m;—m,, >0. Applying the
comb filter of (8), harmonic components with orders of h; =
mik+l, hy = mak+ly, ..., hy = mpk+I,, can be completely
rejected.

2) The complex resonator HF (z)

The complex resonator is the same as that of the conventional
DFT in Fig. 1; it is required to isolate and extract the selected
component through pole-zero cancellation.

3) The magnitude/phase adjustment factor ~y

The aim of ~y is to properly adjust the gain and phase of the
extracted output signal. In the conventional DFT, ~ is simply set
to 1/N. However, in the proposed GDFT, it is more complicated
due to the flexible structure of the comb filter H.(z).

From Fig. 5, the transfer function of the proposed GDFT is

vH.(2)
1— 21
The aim is to ensure zero attenuation and zero phase-shift at
the selected (kth-harmonic) frequency,

H(k}DFT( )’

Direct calculation of ~ according to (10) is impossible
since the numerator and the denominator at the selected fre-
; k .
quency z = ¢/2™ ¥ both equals to 0, i.e.,yH.(2)| . =0,
z

=l W
(1—e2mwz 1) & = 0. Yet, the L'Héspital's Rule for

Hippr(2) = vHo(2)Hf (2) = )

=1. (10

/27%

= Y H(HE ()| o

=N

2
()J T
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complex-value Functions can be utilized to derive the value of
v [27]

lim [’YHC(Z)]/

o k ok 7
z—z=e! TN (1 — eJZWJ\—,Zfl)

HéDFT(Z)’ZZQJZWﬁ% =

_AH(2)
- ej2ﬂ'§z—2 z:ejhﬁ\kf;
’Y[H(:(Z)}/ z:ej“f\;"
- T (11)
Combing (10) and (11) yields
e*,ﬂﬂﬁ%
Y= ; (12)
[HP(Z)] z:ejQWz\L:"

where [H,(z)]' is the differential function of H(z).

Moreover, Fig. 5 illustrates the diagram of extracting only
one harmonic component. In case multiple components are de-
sired, the complex resonators H,(z) and gain operations y can
be paralleled while the comb filter H.(z) is shared as shown in
Fig. 6.

B. Features and Advantages of the Proposed GDFT

1) The GDFT is essentially a generalized version of the con-
ventional DFT. In the conventional DFT, the comb filter
introduces N zeros, located at the harmonic frequencies of
w=kwy (wg=27/N,k=0,1,...,N — 1), for isolat-
ing desired harmonic components and rejecting of the rest
harmonics. However, some of the zeros are unnecessary
since in practical applications, the input signal usually
contains specific harmonic orders. For example, the non-
triplen odd harmonics of order +1, —1, —5, +7, +13, and
—17 are more often found in three-phase grid systems
[26]. The proposed GDFT, which can be flexibly config-
ured for specific harmonic scenarios through setting the
desired zeros based on (8), is more suitable.

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 33, NO. 4, APRIL 2018

TABLE I
PARAMETERS OF THE PROPOSED GDFT: AN EXAMPLE

Items Parameters

Harmonic pattern
Transfer function

h==£1,£5,+7, £13, £17,...
HéDFT = 'yH,(z)Hf (2)

N 2 N _i2x
(1 727T6'/T) (1 72776717)
1/6 4+ 1/6 = 1/3 fundamental cycle

The digital resonator —— L ke {£1,45,47,...}
HE(2) 1= 2T N -1

The comb filter H. (z)

Total delay time

AEIE

The magnitude /phase v

————(k€6l+1,1=0,%£1,...
_{A\um’“wkw( SOt =0
adjustment j

6
6 1
)_VZT”?M_”)](ker 1,1=041,...)

2) As shown in Section II, the comb filter determines the
system dynamics; and in the GDFT, the comb filter can be
configured in a compact form without unnecessary zeros,
requiring less buffers and shorter delay time. Therefore,
dynamics of the proposed GDFT can be improved.

Like the conventional DFT, the GDFT features selective
harmonic extraction and excellent filtering abilities. Mul-
tiple resonators H,(z) and magnitude/phase adjustment
factor y can be paralleled to simultaneously extract multi-
ple harmonics. And for the undesired harmonics, complete
rejections are achieved due to the sets of zeros introduced
by the comb filter.

To further show the features of the GDFT, an example is
included. The comb filter is configured as (13) to extract the
orders of /; » = 6/£1 harmonics generated by the three-phase
diode rectifiers [28]. Other Details are shown in Table I

He(z) = H, (2)H!(2) = (1 —~ z‘%ef%”) (1 - z‘%e—j%"‘) _
(13)

3)

And, the transfer function for extracting the fundamental pos-
itive sequence f: é can be derived as

Hippr (2) = vHe(2) H' (2)

6 N iox
- - PV P
N(l—e*f?”/3) (1 z Gels )

N 227 ].
(]. — ZifTei']T) v E——
1 —el?2mwz1

Bode plot of the above transfer function is illustrated in Fig. 7.
It can be clearly seen that zero attenuation and zero phase-shift
at the selected frequency, i.e., the first-order, is achieved while
at harmonic orders of —1, £5, +7,..., completely rejection,
i.e., zero magnitude, can be seen. Moreover, the approximate
+20 and —20 dB/dec roll-off of the magnitude envelope below
and over the fundamental frequency helps to further attenuate
the subharmonics.

Dynamic responses of the DFT and GDFT to a step sine
input 7, 5(t) = e/“0! are simulated in Simulink/ MATLAB and
compared in Fig. 8. It can be seen that the settling time for the
GDFT is around 6.7 ms, which is only one-third of that of the
conventional DFT.

(14)
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Fig. 8. Step responses of the DFT (a) and GDFT (b) filter for extracting the
fundamental positive sequences, N = 198, wy = 100 7.

It is worth noticing here that simulations of Fig. 8 are per-
formed under the circumstances that the harmonic spectrum is
balanced with orders of /; » = 6/%1 (typically generated by the
symmetrical three-phase diode rectifiers [28]). In case of unbal-
anced load harmonics, more comb filters should be cascaded,
and the response tome may be up to one fundamental period.
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C. Comparisons With the Generalized Delayed Signal
Cancellation (GDSC) Method

Selective harmonic extraction has been researched in many
papers [7]-[25]. Among them, the GDSC [7], [20]-[21] tech-
nique as shown in Fig. 9, which features high flexibility, good
accuracy, and good dynamics, is a typical and popular exam-
ple. To provide more clear demonstrations of the method in the
manuscript, detailed comparisons with the GDSC technique are
presented.

1) The concepts or filtering mechanism of the two methods
are different. The GDSC relies solely on cascaded de-
layed signal operators (see A-N in Fig. 9) for isolating the
specific component and eliminating the rest. The GDFT,
however, is based on pole-zero-cancellation mechanism,
which is derived and extended from the conventional DFT
via revelation and mathematical analysis. Although the
DSC operators A—N in the GDSC and the comb filter
H.(z) in GDFT are essentially the same, and they both
achieve complete harmonic reject through introducing a
set of zeros. However, DSC operators and H(z) aim for
different purposes and should be configured differently.
The DSC operators are designed to pass through the se-
lected frequency and eliminate the others. The H.(z) in
the GDFT, however, shall reject at all the harmonic fre-
quencies in the applied input signal, and then, the complex
resonator H” (z) is included to produce a pole for pole-
zero cancellation and to restore and extract the selected
harmonic component.

2) Compared with the GDSC technique, which consisting of
only comb filters, the proposed GDFT elaborately com-
bines the comb filter with the complex resonator H" (z).
And, it essentially behaves like a band-pass filter, which
can help to further improve the filtering ability. To be more
specific, take the typical harmonic scenario that contains
(+1, —1,-5, +7, +13, —17,4+19,...) in the distorted
three-phase grid system as an example [26]. According
to [7] and [20], the filter based on the GDSC method to
extract the +7 component is

1 N n
Hipse(2) = B (1 + Zﬁ%ﬁ]ﬂ”)

-5

1 N
X = (1+4z27e7770 )
5 (
X % (1+z’%ej”’jl;7ﬁ)
1
1+el5

3

“*

|

X (1+z_%ej”_j2%) . (15



3490

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 33, NO. 4, APRIL 2018

}(zﬂiin (n)

The comb filter

1.2 T T T T T T T T T
Z 1.0r (350,1.0) 1
5 08t 1
=1
2
2 0.6 1
£
S 04 i
0.2f 4
0 L L L A 1 |
200 T T T T T T T T T
Fy
) (350,0.0)
gor ]
<
=
2%
200 . A . . . | . A L
—0.5/—4000 —3000 —2000 —1000 0 1000 2000 3000 4000 0.5f
S (Hz)
(a)
1.2 T T T T T T T T T
~ 10} (350,1.0) .
=
T 0.8 1
=
£ 06 1
g0
]
S 04t <
02 1
(| RFNZVAVAVAVAVNR I 1 NDZVAVAVAVAVaV-NN
200 T T T T T T T T T
H (350,0.0) J
? N
o
Tol ]
<
=
=9
2200 . . . . . . . . . |
-0.5/=4000 -3000 —2000 —1000 0 1000 2000 3000 4000 0.5f
S (Hz)
(b
Fig. 10. Bode-plot comparisons of the (a) GDSC and (b) GDFT methods, N
=192, wg = 100 7.

And, the GDFT method in the manuscript to detect the +7
component can be designed as

Hppr(2) = vHe(2) H”()
1—e IT)

X (1 — z’%e’j%> 71 .
1—e/2mxz-1

These two filters in (1) and (2) have similar settling time with
total delay of 1/12+41/24 4+ 1/48 +1/48 ~ 0.17 cycles and
1/6 4+ 1/48 = 0.19 cycles, respectively. They can both com-
pletely reject harmonic components of 7 = +1, —1, =5, +13,
—17,419,..., and accurately extract the +7 sequence as illus-
trated by the bode plots in Fig. 10.

Yet, from Fig. 10, it can be clearly seen that the proposed
GDFT method features better band-pass filtering properties,
approximate +20 and —20 dB/dec roll-off of the magnitude
envelope below and over the +7th frequency, which helps to
further attenuate the subharmonics and high frequency noise.
As for the GDSC method, which consists of only comb filters,

(16)
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Fig. 11.  Digital implementation of the proposed GDFT. (a) Implementation
of the comb filter. (b) Implementation of the complex resonator.

the filtering performances are not satisfactory especially around
frequencies of 7 = 48n+7. In fact, the GDSC provides zero
attenuation at harmonic components of & = 48n+7 due to prop-
erties of periodical maxima (peaks) of the comb filters. It is
worth noticing that the undesired peaks in Fig. 10(a) can be at-
tenuated through cascading more DSC operators, yet at the cost
of increased delay buffers, deteriorated dynamics and increased
system complexity.

IV. DIGITAL IMPLEMENTATIONS AND FREQUENCY
ADAPTABILITY

A. Digital Implementation of the GDFT

The GDFT mainly consists of three parts, the comb fil-
ter H,(z), the complex resonator H”(z), and the adjustment
factor . The can be easily realized through complex multi-
plication. The H.(z) and H) (z) can be implemented based
on the “modulating properties” [24] as shown by Fig. 11,
where Wf(nfm” is the complex twiddle factor and is equal to

exp(—j(n — 1)I,27/N). Twiddle factors Wy" " are time
varying, depending on the sequence-index n. To avoid online
calculation of trigonometric functions, sine/cosine tables can
be prestored in the memory and then are retrieved for each new
input &, 3 (n). Appendix B provides proof of the equivalence be-
tween the transfer function and its digital implementation. The
comb filter consists of several subcomb-filters, CMC(m,l;),
CMC(ma,ls), ... etc., [See (8)] connected in series, and can
be realized through delay buffers, complex multiplication and
subtraction. Output of the comb filter Z, 3., (n) is shared by
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Fig. 12.  Structure diagram of the proposed GDFT system with an SRF-PLL for frequency adaptive harmonic extraction.
TABLE I

the complex resonators. Each complex resonator corresponds to
extracting one specific harmonic component.

B. Frequency Adaptability of the GDFT

In practical applications, grid or supply frequency distur-
bances are inevitable. If large frequency-disturbance is expected,
it is necessary to include frequency-adaptive schemes into the
GDFT to reduce the leakage effects and the detection errors.

Fig. 12 illustrates the control diagram with variable sampling
frequency. The well-known synchronous reference frame phase-
locked loop (SRF-PLL) [26] is incorporated to estimate the
real-time grid frequency, which is then used to adjust the sam-
pling rate of the entire detection system. Moreover, to avoid the
influences of the harmonics on the PLL accuracy, the positive-
sequence fundamental component a‘c’z é(n) is first extracted by
the GDFT before feeding to the SRF-PLL system. It is worth
mentioning here that the proposed GDFT features short tran-
sients and therefore the bandwidth of the SRF-PLL can be set to
a high value for fast dynamics [26]. Finally, with the estimated
grid frequency @y, sampling rate of the detection system is
adjusted according to f; = N&y/(2m), where N is the sample-
points of the Fourier transform.

V. SIMULATIVE AND EXPERIMENTAL RESULTS

Simulative and experimental results are conducted to evaluate
performances of the proposed harmonic detection methods. The
control algorithms are implemented in a Field-Programmable
Gate Array (FPGA, EP4CE40 from Altera, Inc.)-based control
board. During the tests, the sample points N per fundamental pe-
riod are fixed to be 768. Variable sampling frequency in Fig. 12
is achieved through dividing the main 50-MHz frequency. The
input signals are sampled by the 14bit DAC (ADS7945) and are
then fed to the FPGA control algorithms. The extracted results
are output to the 16 bit DAC (DACS8501) and are displayed on
the oscilloscope. In Section A, simulative tests are performed
and the GDFT is designed for grid synchronization under ad-
verse grid conditions. In Section B, the proposed technique is
applied in the APF to compensate practical harmonics generated

PARAMETERS OF THE DISTORTED VOLTAGES

Harmonic order h Amplitude (p.u.)

Fundamental positive sequence + 1 1.0

Fifth-harmonic negative sequence —5 0.034
Seventh-harmonic positive sequence +7 0.025
11th-harmonic negative sequence —11 0.092
13th-harmonic positive sequence + 13 0.077
17th-harmonic negative sequence —17 0.009
19th-harmonic positive e sequence + 19 0.009
23th-harmonic negative sequence —23 0.040
25th-harmonic positive sequence + 25 0.035
31th-harmonic positive sequence + 31 0.005

GDFT
(Fig.12)

(a im s v

AC Source, Chroma 61511 Implemented in FPGA

waveform scope

Fig. 13. Simulative diagram of the proposed GDFT system for extraction of
harmonic voltages.

by the typical three-phase diode rectifiers that are widely used as
the front-ends of industrial ac drives. Comparisons with the tra-
ditional DFT have also been conducted to show the advantages
of the proposed method.

A. Extraction of Harmonic Voltages

In this case, the input three-phase voltage is generated by
a programmable ac-power source (61511 from Chroma, Inc.,
Lititz, PA, USA) so as to incorporate harmonics and frequency
variations. Specification of the distorted input voltages is listed
in Table II. Control structure of the setup is illustrated in Fig. 13.

As shown in [26], the typical harmonic scenario in a distorted
three-phase grid systemis h = +1, —1, =5, +7, +13, .... For
this harmonic pattern, the comb filter H.(z) can be configured
with two filter-cells connected in series (m; = 6,[; = 1; my =
24, I, = —1) to effectively isolate harmonics with frequency
orders of h;y = 6n+1 (+1, =5, +7, +13, —17,...) and hy =
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..... Fig. 15.  Simulative results of the proposed GDFT when the grid frequency un-
dergoes + 10-Hz frequency jump. (a) Harmonics are superposed. (b) Amplitude
of Phase A drops to zero.
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Fig. 14. Simulative results of the proposed GDFT under Test 1 (distorted

voltages with constant frequency of 50Hz). (a) Steady steady results. (b) Dy-
namic results when the amplitude undergoes 0.5 p.u. drop and the harmonics
are superposed.

24n—1 (—1, 423, —25 .). And, the total delay time required
is around 0.21 fundamental cycle (i.e., 1/6+1/24 = 5/24), which
is much faster than that of the conventional DFT.

Test 1: Grid voltages with frequency of 50 Hz.

The proposed GDFT system is utilized to extract grid har-
monic voltages with a constant grid frequency of 50 Hz, and the
frequency adaptive scheme of SRF-PLL in Fig. 12 is disabled.
Fig. 14 illustrates the simulative results under Test 1, where v,
and vy, refer to the input grid voltages; 9. and 9! are the de-
tected stationary a-signals of the pos1t1ve first and negative 11th
sequences. It should be noted here that the fundamental positive
sequence and the negative 11th sequences are extracted here as
examples, and other harmonic voltages can be similarly detected

Voo v v ap
R S

Ve ——>»id
c v =0 q

inner current
tracking loop

dc-voltage control loop

(b)

Fig. 16. Diagram of experimental setup and its control algorithm. (a) Structure
of the experimental setup. (b) Control diagram of the active power filter.

through incorporating more complex resonators as shown in
Fig. 6. It can be seen from Fig. 14(a) that the proposed GDFT
system can accurately identify the harmonics voltages. Besides,
it takes only around 4.5 ms for the proposed GDFT to reach
into the steady state when the harmonics are superposed and the
magnitude undergoes a 0.5 p.u. drop as shown in Fig. 14(b).

Test 2: Grid voltages with considerable frequency variations
of step-change from 45 to 55 Hz.
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Fig. 18.  Dynamic comparison results of the active power filter with the proposed GDFT and DFT. (a) APF with the GDFT. (b) APF with the conventional DFT.

Fig. 15 shows the simulative results when the grid frequency
jumps from 45 to 55 Hz, where v, andvj, refer to the input grid
voltages; 0! is the detected stationary a-signals of the positive
first sequences; f is the estimated grid frequency. In Fig. 15(a),
the harmonic voltages are superposed at the same time, and in
Fig. 15(b), amplitude of phase A drops to zero. It can be seen
from Fig. 15, the proposed GDFT system requires around two
fundamental cycles to reach the steady state, and after that,
the harmonic voltages in the distorted grids can be accurately
extracted.

B. Application in the APF and Comparisons With the DFT

The three-phase diode rectifiers are widely used as the front-
ends of industrial ac drives. And the proposed GDFT system is
applied to detect the generated harmonic currents. The rectifier
is supplied by a 220 V-grid, and parameters for the nonlinear
loads are Ly, = 10.7 mH, Ry, = 35 Q, Cq. = 4 mF as shown

by the diagram in Fig. 16(a). Further, a shunt APF is built
to compensate the harmonic currents and improve the power
quality. The control diagram of the APF is shown in Fig. 16(b).
Harmonic currents in the distorted loads are extracted via the
proposed GDFT as shown in Fig. 12 with the frequency adaptive
loop disabled due to small frequency excursions in practical
applications, and are then served as current references for the
inner current loop. The inner current loop is controlled with
a proportional-integral algorithm. The designed bandwidth is
4 kHz and 45° phase margin.

The harmonic currents generated by the three-phase diode
rectifiers are typically nontriplen [28]. Therefore, in this appli-
cation, the comb filter H.(z) of the GDFT as in (14) is selected
to filter and isolate the harmonics located at #; o = 6n=+1 can be
completely filtered and isolated. The total delay timeis 1/3~0.33
fundamental cycle, which is only one-third of the conventional
DFT method.
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The proposed GDFT system is applied to extract the typical
harmonics generated by the three-phase diode rectifier. The ex-
perimental results is illustrated in Fig 17 where i, and ir}, are
the generated distorted currents; z Land? i.,° are the detected sta-
tionary a-signals of the positive ﬁrst and negative fifth current
sequences. It can be clearly seen that the proposed technique
can effectively isolate and extract the harmonics components,
and the dynamic response time is only 6.7 ms, around 0.33
fundamental cycle.

A shunt APF s built to compensate the harmonic currents gen-
erated by the nonlinear three-phase diode rectifier and improve
the power quality. The GDFT system extract the harmonics with
ordersof 5,7,11,13,17,19,...,35, 37, which are then summed
together as the harmonic-current references for the inner cur-
rent loop. Fig. 18 illustrates the experimental waveforms of the
APF with the proposed GDFT and the conventional DFT, where
iSa, iLa, and ic, are the source current, distorted load current,
and compensated current in Phase A, respectively; Uyg, is the
dc voltage. Fig. 18(a) shows the dynamic waveforms when the
APF utilizing the proposed GDFT is turned ON, and Fig. 18(b)
illustrates the experimental results when the conventional DFT
is used. THD of the source is reduced from 26.5% to 4.8% and
4.7% after applying the APF with the GDFT and DFT, respec-
tively. And dynamic response time of the proposed GDFT is
only 7.0 ms, around one-third of that of the conventional DFT.

VI. CONCLUSION

A fast and flexible selection harmonic detection method is
proposed based on the deep revelation that the convention DFT
can be viewed as a comb filter in series with complex resonators,
and that it relies on the mechanism of pole-zero cancellation for
harmonic isolation. The proposed method is referred to as the
generalization DFT since it is an improved and generalized form
of conventional DFT, where the comb filter and the adjustment
factor are entirely reconfigured and reconstructed according to
specific harmonic orders of the input signal for improving the
dynamics and system flexibility. Tests results verify that the
proposed GDFT can accurately detect the desired harmonic
components from the input signal with fast dynamics, i.e., 0.3
fundamental cycle for practical APF applications, and around
2.0 cycle for 10-Hz grid-frequency step change.

APPENDIX
A. Derivation of the Transfer Function of the DFT

Equations (1) and (2) in Section II show the key equations of
a DFT and an inverse DFT. Combing them yields

n
P 1y i

Top(n) = N€727T v Z [%d( Je 2T ]
i=n—N-+1
1 ks s ok
= N ]27 N Z {fnﬂ(n* J)e*JQ“';T(n*J)]
J=0
1 N-1 . .
-+ [faﬂ(n— J)eﬂ”v’}. (A1)
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Fig. B.1. Implementation of the complex resonator.

Applying the z-transform to A.3, it is obtained
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Rearranging A.2 yields
Z [f* (n)} N
af 1 1—=2
G = = — : A3
DFT( ) A [fnﬂ (n)] N 1 — 6‘72W%271 ( )

B. Implementation of the Complex Resonator and
the Comb Filter

This appendix is devoted to discussing realization of the com-
plex resonator and the comb filter.

The diagram of implementing the complex resonator is shown
in Fig. B.1. It will be proved that transfer function of diagram
in Fig. B.1 is equivalent to

gn)] _ Y(z) 1
7 [f(n)} T X(2) T (B.1)
From Fig. B.1, it can easily be obtained
Zlyp(n)] 1
ZlEp(n)]  1—21 (B.2)
Zp(n) = f(n)W;"*l)k'q .
7n) = g (Wi (B3

Applying z-transform to (B.3), and recalling the following
z-transform property, it is derived

217 ()] = 7 [#mywy "] = x (W wy
2] = Z [ Wy~ | = Yo (W Wy
(B.4)

Combing (B.2) and (B.3) yields

Z[f(n)] =Y (2) = Yp (Wy" 2)W"
CXpW Wt X (2)
— - = 7’ . (B.5)
1—-Wy'zt 1-Wy'zt
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Fig. B.2.

Implementation of the comb filter.

Therefore

Y (2) 1
- S B.6
X(2) 1t B

Following the same procedure as above, the transfer function
of the diagram in Fig. B.2, which is used for realizing the comb
filter, can be derived as
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