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Differential Algebraic Equations and Averaged
Models for Switched Capacitor Converters
with State Jumps

Elisa Mostacciuolo

Abstract—Switched capacitor converters with ideal switches ex-
hibit discontinuities in the electrical variables, i.e., state jumps at
the switching time instants. This feature introduces some difficul-
ties for the determination of compact dynamic models for these
power converters. In this paper, we tackle the issue by considering
a switched model where the dynamics of the modes are repre-
sented through differential algebraic equations. For this class of
systems the classical averaged model fails. By including a suitable
jump mode that approximates the state discontinuities, a general-
ized frequency-dependent averaged model is proposed. The effec-
tiveness of the switched and averaged models is numerically and
experimentally verified by analyzing the ladder, series—parallel,
Fibonacci, and Dickson topologies, and by considering different
switching frequencies, voltage sources, and circuits parameters.

Index Terms—Differential equations, DC-DC power conversion,
frequency domain analysis, ladder circuits, modeling, power con-
verter, switched capacitor circuits, switched systems, time domain
analysis.

I. INTRODUCTION

WITCHED capacitor (SC) converters have recently gained
S an increasing interest due to their advantages for many
applications [1], [2]. The dynamic behavior of these converters
is nontrivial to be modeled. The ideal switches behavior
determines state discontinuities, so called state jumps, which
prevent the use of classical switched and averaged models [3].
In the presence of state jumps, the representation of the
converter modes by means of ordinary differential equations
(ODE) must be combined with algebraic constraints depending
on the active mode [4]. Various techniques have been presented
in the literature in order to address this issue. A discrete-time
framework for the analysis of SC converters has been proposed
in [5]. In [6], the constraints on the electrical variables for
the different modes are obtained by referring to the charge
balance principle. A steady-state energy-flow-path approach
has been used in [7] for the investigation of the efficiency in
complex SC converters. In this paper, we consider the analysis
of the converters by means of switched differential algebraic
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equations (SDAE). This framework has been widely used for
systems with state jumps [8] and has been proposed in [9] for
fault detection of power converters. As a first contribution of
this paper, we present the SDAE models for several topologies
of SC converters. The proposed model allows to naturally
capture the switching behavior and the state jumps without
requiring modes-dependent algebraic manipulations.

Usually, the nonsmoothness of switched models of power
converters is considered as a problem for their analysis and
control design. A typical approach in order to overcome this
issue consists of averaging the switched dynamics over a time
interval [10]. Unfortunately, classical averaged models fail in the
presence of state jumps and a straightforward extension of the
averaging technique from switched ODE to SDAE is nontrivial.
An averaged model for homogeneous SDAE systems with two
modes is proposed in [11]. This result is extended to the case of
multimode SDAE in [12], [13], whereas an averaging result for
the case of non homogeneous SDAE is presented in [14]. The
averaged models of SDAE proposed in the existing literature
require some technical assumptions that are not satisfied for
typical SC converters such as ladder, series—parallel, Fibonacci,
and Dickson topologies. On the other hand the time evolution
of the state of these circuits clearly show a sort of averaged
dynamics. The averaged model proposed in this paper is based
on the preliminary idea presented by Mostacciuolo and Vasca
in [15]. Herein the formulation of the averaged model is formally
fixed by adding a jump mode that takes into account for the
presence of state jumps. A procedure for the design of the jump
modes parameters is also discussed. By applying the averaging
technique to the resulting switched system, an averaged model
with frequency-dependent dynamic matrix is obtained.

The paper is organized as follows. In Section II some pre-
liminaries and a brief reminder on the required theory of
SDAE are presented. The SDAE models of the ladder, series—
parallel, Fibonacci, and Dickson SC converters are presented in
Section III. Section IV illustrates the idea and the structure of
the proposed averaged model. The numerical and experimental
results analyzed in Sections V and VI, respectively, demon-
strate the effectiveness of our switched and averaged models.
The conclusions are presented in Section VIL.

II. PRELIMINARIES ON SWITCHED DAES

In this section, some preliminaries and notions on the SDAE
models of interest are presented. A linear continuous-time DAE
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can be written as
Eix(t) = Ax(t) + Bu(t) (1)

where t € R, is the time, x € R” is the state, u(t) : Ry —
R™ is the input, which is assumed to be Lipschitz continuous,
2(07) = x is the initial condition, and £ € R"*", A € R"*",
B € R™™ are constant matrices. In general, the matrix E is
singular and then the representation (1) includes some algebraic
constraints that involve state variables and inputs.

A matrix pair (F, A) is regular if and only if the polyno-
mial det(sE — A) is not the zero polynomial for any complex
variable s. For any regular matrix pair (E, A) there exist trans-
formation matrices S € R"*", T' € R"*" that put (E, A) into
the quasi-Weierstrass form

sersan- ([1 9129 ) e

where N € R" "2 with0 < ny < n,isanilpotent matrix, J €
R™ ™ with n; = n — ne, is some matrix and [ is the identity
matrix of the appropriate size. The transformation matrices are
given by

T=[V, W], S§=I[EV, AW]"! 3)
where the matrices V' € R"*" and W € R"*" can be ob-
tained by implementing algorithms based on the Wong se-
quences so as detailed in Algorithm 2.

The knowledge of the transformation matrices S and 7', al-
lows one to define the following mathematical operators that
play a key role in the solution of a DAE. Consider a regular
matrix pair (E, A) and its quasi-Weierstrass form (2). The con-
sistency projector T1, the differential projector TI%, and the
impulsive projector TI™ of (E, A) are defined as

| L0 et e p | L0 imp _ |00
HT[OO]T,H =T | gl mm=T| ]S
4)

respectively. Differently from the impulsive and differential, the
consistency projector is an idempotent matrix, i.e., [1* = II. The
flow matrix AYH of a regular matrix pair (E, A) is defined as

ANt =T B 8} T (5)

By using (4) and (2) it follows:

HdiffA:T{é 8} SA:T[é 8} H ?]leAdiff.
(6)

Moreover it is easy to verify that AT = A4 = T A4,

Aninitial condition z(07) is consistent if satisfies at t = 0 the
algebraic constraints in (1). For any regular matrix pairs (E, A)
each solution of (1) is uniquely determined by any consistent
initial condition. If z(0™) is not consistent, jumps and impulses
in the state can occur. Sufficient conditions to guarantee the
absence of impulses in the solution of (1) with a regular matrix
pair (E, A) are [16]

™ E =0, I"™B=0. (7)

In this case, the solution formula of (1) is given by [8]

, t ,
a(t) = Az (07) + / AN By (r)dr - (8)
0
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Fig. 1. Graphical representation of the time interval [kp, (k + 1)p], with
i1 .
Spi = kp+ E ;:1 dpjpi=1,...,q.

where the state jump at the initial time instant is determined by
the consistency projector, i.e., z(0") = Iz(07).
An SDAE can be written as

Ey®(t) = Ag(1y@(t) + By (ryu(?t) ©)

where the switching signal o(t) : R, — ¥ is assumed to be
a piece-wise constant right-continuous function, that selects at
each time instant the index ¢ € ¥ := {1,...,q} of the active
mode, where q is the finite number of modes. The dynamics of
each mode of (9) is described by a linear DAE in the form (1)
with matrices B, € R"*", A; € R"*", and B; € R"*"™, where
without loss of generality, we assume the same numbers of
state variables and inputs for all modes. The sequence of modes
considered in this paper repeats with a constant time interval
p > 0, say the switching period. The switching time instants are
defined as

i—1

s = kp+ Y dijp

Jj=1

(10)

where 7 € X, k is a nonnegative integer that identifies the kth
switching period and dj, ; € (0,1) is the duty cycle of the jth
mode in the kth switching period, see Fig. 1; in particular,
Z?Zl dy..; = 1 for all k. Then the switching signal can be writ-
ten as

1, t€[sk1,5k2)
2, tE€[sk2,5k3)
o(t) = (11

a, t € [Sk,q, Skt1,1)

fort € [kp,(k+ 1)p)and k = 0, 1,. ... The dynamics of the ith
mode, 7 € ¥, are given by a linear DAE, whose solution evolves
within a consistency space. The consistency spaces correspond-
ing to the different modes do not need to coincide, i.e., the
value x(s,, ;) at the switching time instant s, ; which concludes
the (¢ — 1)th mode is not necessarily in the consistency space
of the starting th mode. Each consistency projector II; projects
the state x(s, ;) in the space of consistency relative to the ith
mode. In the following we assume that the conditions of absence
of impulses (7) hold for all modes

"™ E; =0 (12a)

™ Bt — o (12b)
for all i € 3, where BI = TI9MB; and the projectors of the
different modes are defined according to (4). Then from the
regularity of the pairs (E;, A;) and the repetitive use of (8), it
is possible to represent the SDAE system (9) in terms of the
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Fig. 2. Ladder converter topology with ideal switches.

following equivalent switched ODE with jumps
@(t) = AT (t) + BITu(t)

2(sp;) = Wiz (s ;)

(13a)
(13b)

where z(s ) = 2(07),t € (Sk.i, Sk.i+1), % € X, kis anonneg-
ative integer, and A% is given by (5) applied to the specific ith
mode. Further details on the SDAE theory can be found in [8].

III. SDAE FOR SC CONVERTERS

In this section we present the SDAE model for the ladder,
series—parallel, Fibonacci, and Dickson SC converters. Details
on the converters topologies can be found in [17], [18]. The
switches are assumed to be ideal and are denoted by S, with
z=1,...,z being the index for the different switches. For the
sake of clarity we present the models by considering the DAE
representation of each mode.

A. Ladder Converter

A typical elementary cell of a ladder step-up SC converter is
shown in Fig. 2. The circuit consists of two capacitors and four
switches (z = 4) that are controlled in a complementary way. In
the first mode (o = 1) the switches S, with z = {1,2} are ON
and those with z = {3,4} are OFF. Then the capacitors C; and
Cy are in parallel and the mode is described by the following
set of equations:

RCl .1'31 (t) + Rng,‘Q (t) = —Xy (t) — u(t)
0 =T (t) — I‘Q(t)

(14a)
(14b)

where z; and zo are the voltages on the capacitors C; and
(5, respectively. The second mode (o = 2) corresponds to the
complementary switches states, i.e., S, is OFF for z = {1, 2} and
ON for z = {3, 4}. In this mode the circuit equations become

Rng,‘Q (t) = —X9 (t) — u(t) (15&)
0= —z(t) + ult). (15b)

By considering (14) and (15), and by computing the matrices
11, and B, it is easy to verify that (12b) for o = 2 does
not hold. As an alternative we can lightly restrict the class of
inputs of interest and include an input signal model into the
state equations. For instance by considering as input a constant
voltage source u(t) = @, for ¢ € R we can describe the circuit
by adding a dummy state variable, say x3, such that i3 (t) =
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0 and z3(0) = 4. Then the matrices pairs of the two modes
become

RC, RC, 0 [0 —1 -1
E=1| 0 0 0|, A=1]1 -1 0
|0 0 1 0 0 0
[0 RC, 0 [0 -1 -1
E,=10 0 0], Ay=|-1 0 1
0o 0 1 L0 0 0O

(16)

From (16) and by applying the procedure in Algorithm 2 we
obtain

10 o 10 1
Vi=1|1 0|, Wi=|-ZL|,Va=1]0 1|, Wy= |0
0 1 % 10 0

(17)

By using (16) and (17) in (3) one obtains the transformation
matrices

r 1 —Cl
R(Cl + CQ) R(Cl + 02)2
Sy = 0 0 1
0 _G
L (Cy + Cy)
T 0 0 1
Sy = | — 0 0
27 | ROy
L 00 -1 0
(10 10 10 1
Ti=110 -=2|, m=|0 10 (18)
Cy 10 0
0 1 0

Then from (4) and (5) the consistency projectors and the
corresponding flow matrices are given by

m-— L la ¢ 0 im0 o
O+ |y G| oo

PO S b e Ei]

U T RO TG 01 02 1O 2

diff 1 0 0 0

A= g —01 —01 (19)

With this reformulation it is easy to verify that (12) hold.

B. Series—Parallel Converter

The series—parallel topology of a step-down SC power con-
verter is shown in Fig. 3. The seven switches of the circuit
are driven in a complementary way. During the first mode
the switches S, with z = {1,2,5,6} are ON, and those with
z ={3,4,7} are OFF. Then the two capacitors Cy, Cy are in
parallel. In the second mode the switches with z = {1,2,5,6}
are OFF and the others are ON, thus, the two capacitors are
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in series. In the first mode, the input influences the algebraic
constraints, i.e., x1(t) + 3 (t) = w(t) and (12b) does not hold.
We then introduce a new state variable, say x4, in order to
model the constant source u(t) = u fort € Ry, i.e., &4(t) =0,
24(0) = @. The corresponding SDAE (9) is defined by the
matrices

- - 1
¢, Cy, =Cy O 0 0 = 0
0 0 0 0 I
E, = , A =1 0 1 -1
0 0 0 0 1 1 0 o0
L0 0 0 1] 0 0 0 0
_Cl _02 0 0_ [0 0 01 0
|0 C, Cy O 10 0 —= O
Belo 00 o BT B
Lo 0 0 1] 00 0 0
(20)

By considering the Wong sequences we can compute the
corresponding V; and W;, 1 = 1,2

)
Vlzlo,le Cl C?
0 1 o o
0 0
11 > 0
-1 A
(1 0 0 G
=20y, o “ 21)
2_1107 2 — _g (
0 0 1 C
L 0

From (21) it is straightforward to obtain the consistency projec-
tors by using (4), the flow matrices through (5), and to verify
that (12) hold.

C. Fibonacci Converter

An equivalent scheme of the Fibonacci SC topology is shown
in Fig. 4. The following two modes are considered: o = 1 cor-
responds to S, being ON for z = {1,3,6,8,10} and OFF for
z=1{2,4,5,7,9}, whereas 0 = 2 is characterized by the com-
plementary conducting states of the switches. The matrices pairs
(Ei, A;), i = 1,2 corresponding to these modes of the circuit
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Fig. 4. Fibonacci topology with ideal switches.

are given by

0 C, C; 0 0 0
00 0 Cy, 00
00 0 0 00
Er=19 0 0 0 0 o0
00 0 0 10
00 0 0 01
00 0 0 0 0 ]
00 ! 0 L
R R
Aj=|1 1 -1 0 0 0
10 0 0 -1 0
00 0 0O 0 0
oo 0 0 0 0 |
_Cl cy, —=C3 0 0 O
0 0 C; Cy 00
0 0 0 0 00
B=10 0 0 0 00
0O 0 0 0 10
0 0 0 0 01
0 0 0 0 0 0 ]
1 1
0 0 0 —= -
R 0 R
A,=(1 -1. 0 0 1 0 (22)
0 1 1 -1 0 0
0 0 0 0 0 0
0 0 0 0 0 0 |

Note that the state variables x5 and xg have been intro-
duced in order to represent the two constant sources u; (t) = g
and us (t) = 1y for t € R, respectively. The matrices V; and
Wi, @ = 1,2, obtained by applying the procedure described in
Algorithm 2, are

1 0 0 0 1 0
01 0 0 0 1
110 0 0 —Cy/Ch

i=lo 01 0ol M=o 0
1 00 0 0 0
00 0 1 0 0
1 0 0 0 1 0
0 1 0 0 0 1
o o010 I ey aeyes

a=to 110l ™T_ac, —oG
-1 1 0 0 0 0
0 0 0 1 0 0

(23)
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Hence from (23) it is easy to compute the projectors and
the flow matrices of the two modes according to (4) and (5),
respectively.

The SDAE homogeneous model can be derived also for other
inputs of interest, such as sinusoidal signals. To this aim let us
assume

up(t) =a + Usin(wt), wuz(t) = 4y 24)

with w and U the frequency and the amplitude of the sinusoidal
input, respectively. In order to include the sinusoidal source
w1 (t) into the homogeneous state equations, we introduce two
further dummy state variables, say x7 and zg, whose dynamic
equations are given by

I7(t) = —wag(t), @s(t) = wrr(t) (25)

with 27(0) =0 and x5(0) = 1. Therefore, one can write
up(t) = x5(t) + Uz7(t) and the matrices of the two modes
become

0 Cy, C3 0 0 0 0 O
0 O 0 Cy, 00 0O
0 O 0 0O 0 0 0 O
B = 0 0 0 0O 0 0 0 O
0 0 0 0O 1 0 0 O
0 0 0 0O 0 1 0 O
0 O 0 0O 0 0 1 0
0 0 0 0 00 0 1]
o 0 O 0 0 0 0 07
1 1
0 0 O & 0 = 0 0
1 1 -1 0 0o 0 O 0
A =|-1 0 0 0 1 0 U 0
0O 0 O 0 0 0 0 0
0O 0 O 0 0 0 0 O
0O 0 O 0 0 0 0 —w
L0 0 0 0 0 0 w 0|
C, C, —C3 0 0 0 0 O]
0 0 C3; Cy 0 0 0 O
0 0 0 0O 0 0 0 0
By — 0 0 0 0O 0 0 0 0
0 0 0 0O 1 0 0 O
0 0 0 0O 0 1 0 O
0 0 0 0O 0 0 1 0
(0 0 0 0 00 0 1]
[0 0 O 0 0 0 0 07
0 0 O —l 0 l 0 0
R R
1 -1 0 0 1 0 U 0
Ay=|0 1 1 -1 0 0 0 O (26)
0 0 O 0 0 0 0 0
0 0 O 0 0 0 O 0
0 0 O 0 0 0 0 —w
0 0 0 0 0 0 w 0|

from which the corresponding flow matrices and projectors can
be easily obtained.
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D. Dickson Converter

Let us consider the 4:1 Dickson SC converter shown in Fig. 5.
The switches are controlled such that in the first mode we have
S. being ON for z = {1, 3,5,8} and OFF for z = {2,4,6, 7},
and viceversa for the second mode. The matrices pairs of the
two modes are

Oy 0 0 0 0 0 0
|-RC;, 0 —RC; 0 1 -1 0 o0
B=1 0 0 ol M= 1 1 1
0 0 0 1 0 0 0 0
0 Cy, C3 0 00 0 0
| -RC, RCy 0 0 10 0 0
By = 0 0 00’A2_11—10
0 0 0 1 00 0 0
(27)

where the fourth state variable is used to represent the con-
stant source u(t) = @ for ¢ € R, . The transformation matrices
obtained by using the Wong sequences are given by

O O =
—_ o~ O
-0 O

Va

O = O

(28)

O~ = O
_ o O O

From (28) and by considering (4) and (5), one obtains the cor-
responding projectors and flow matrices.

IV. FREQUENCY-DEPENDENT AVERAGED MODEL

The SDAE models of the power converters analyzed in the
previous section can be represented, for that specific inputs, in
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the following form

Eg<t)j3(t) = Ag(t)l‘(t) (29)

i.e., (9) with u(t) = 0, with the switching signal o(t) defined
by (10) and (11). For this class of homogeneous SDAE, the
following assumptions are used in [19] to provide an averaging
results

imIly CimlIl;, kerIln D kerII; 30)

forall ¢ € 3, with I = Il - - - II; . It is easy to verify that (30)
do not hold for the power converters considered above. On the
other hand the time evolution of the states of SC converters show
an averaged dynamic behavior also under lossless operating
conditions [20].

A. Averaged Model for SDAE

The proposed averaged model is obtained by adding after
each switching time instant a jump mode. In order to represent
the rational behind our model construction, let us consider the
state at the end of a generic (¢ — 1)th mode, say z; ,. When
the ith mode starts, a jump may occur resetting the state at
IL;z;_ . The dynamic matrix of the 7th jump mode, say Ajump,i,
and the corresponding duration of the jump mode, say A;p,
are chosen such that at the end of that mode the state x(s;, +
A,;p) approximates II; z; ;. The dynamics of the jump mode is
represented with the following ODE

l’(t) = Ajump,ix(t) (31)
and the corresponding solution can be written as
z(t) = eAjump.,(t*sk.z)x;_l (32)

fort € [sy.;, sk + A;p]. By using the Taylor series of the ma-
trix exponential one can write

00
Jumpv 7 _
E wi*l‘

h=0
(33)

(3k1+Azp)_e jump, i :[)

The dynamic matrix is chosen as

N _,_{ (7 —1m)ellenl e A 0
jump, i 0

34
ifA; =0 G

where o € R is a parameter to be selected and the duty cycle
A; is given by

Aj = AT = I (35)

The parameter A is selected such that A; < dy, ; for all k, 4. To
this purpose we define A by taking into account the minimum
value of the duty cycles and the maximum norm of the difference
between the identity matrix and the consistency projectors

dmin
A=c¢ (36)
0
where € <1 is a parameter to be chosen, dyn, =

min;es, penN dr,i 1S the minimum duty cycle and p =
max{1, max;ey ||II; — I||}. By substituting (34) in (33) one
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obtains
>\ (IL; — 1) log((ap)~1)"
(sk7+A7p Z g(( p)~) o
h=
~ o (I = DM log((ap) M -
— xi 1 + Z h' -TZ'71
h=1
- — (= log((ap) )" _
—HL.%'L 1+(I—HL)Z h' -/Ei71
h=0
=Lz, + (I —10;)e teellen) g
=1Lz, | + (I —IL)apz; (37)
where in “ = ” is used the relation
(I, — )" = (=1)"(1 —11,) (38)

for any positive integer £, which follows from the idempotence
property of the consistency projectors and for ““ = ” itis assumed
ap < 1. By choosing o such that ap < 1 one should expect that
the state at the end of the “fast” jump mode approximates the
state discontinuity occurring in the SDAE of the switching time
instant. This conjecture will be verified in the next sections
through numerical and experimental results.
Taking into account all jump modes, the SDAE (29) is ap-
proximated with the following switched ODE model
. A‘um a L t ’ te Skyiy Sk,i + ALP
#t) = {Ajdiffp 5”8» te %Sk,i + Aip, Sk,iJ)rl) G

for t € sy, Sk,i+1). © € X representing the active mode ac-
cording to (10)—(11), k the nonnegative integer representing the
current switching period and 2(0~) the initial condition. The
proposed averaged model with solution z,y, is obtained by tak-
ing the convex hull of the dynamic matrices in (39) over the
switching periods, which result in

Tay(t) = Aav (D, {dri }i— 1) av () (40)
fort € R, where
q
Aw(p {diiYior) =Y AT (dr s — D) + Ajump.i (D) A
- (41)

with A% given by (5) applied to the ith mode, Ajymp.; given
by (34) and A; given by (35) and (36). The duration of the
ith mode in (41) relative to the kth period has been reduced
to (di ; — A;)p in order to preserve the same period p for the
total duration of all modes. Note that the averaged matrix (41)
becomes time invariant for constant duty cycles.

The model (40) and (41) represents an extension of the clas-
sical averaged model. Indeed, if all modes do not present state
jumps, then II; = I, which implies that the matrices Ajymp ; and
the parameters A; are all zero, and the classical averaged model
is recovered.
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Algorithm 1: Averaged model of a regular SDAE.

Data: {Ai7Ei?Bi}?:15 D, dminy €, « )

Result: {AMM2 | {Ajump,itios, {BI o {Ad
for © <+ 1 to q do

/*Projectors for each mode*/

/*Wong sequences matrices, see Algorithm 2%/

Vi, Wi < getVWspace(FE;, A;);

Ti = [Vi, Wil 5 Si = [EiV, AW

IL;, T, TI™ < (4);

end

repeat
/*Check the impulse free condition for each mode*/

impulseFreeBCond < verified (12b);
141+ 1;
until impulseFreeBCond AND i <= q;

if NoT(impulseFreeBCond) then

/*Fix the input u as the output of a dynamic model*/
(F, G, 2(0)): 2= Fz, u= Gz

/*Expand the state vector*/

x|z, z];

for i <+ 1 to q do

/*SDAE matrices for the new state vector*/
Ei — [E,, 0; O, I],

Ai — [Al, BZG, 0, F],

Bi — 0

/*New projectors for each mode*/

Vi, Wi + getVWspace(F;, A;);

T, [Vi, Wil 5 S+ [EiVi, AWi7Y
I, T, T1™ < (4);

end
end
/*Select the parameter A*/
p < max{1l, max;ex [|IL; — ||}
A < (36);
/*Results of the algorithm™*/
for © <+ 1 to q do

qump,i %(34%

AT (6);

Bt TR,
end

B. Algorithm for the Derivation of the Averaged Model of a
General SDAE

The derivation of the proposed averaged model is summarized
in Algorithm 1 that can be applied to any power converter with
linear modes and ideal switches. The preliminary step is the
representation of each mode by means of a differential algebraic
equation in the form (1). The examples presented above show
how to do that by considering the different combinations of the
switches states. As an alternative, a linear DAE in the form (1)
can be derived for each mode starting from the circuit netlist
and by using the approach in [21]. The other parameters to be
selected in order to run the algorithm are the switching period p,
the minimum value of the duty cycles dp,, the arbitrary small

Algorithm 2: Function getVWspace(E,A).

Data: A, I/
Result: V, W
begin

[m,n] < size(E);

/*Computation of V'*/

V + eye(n,n);

oldSize < n; newSize < n;

while newSize = oldSize do

/*Basis for the column space of E'V, see (44)*/
basisEV «+ colspace(EV);
/*Preimage of A under basisEV*/
H + null([A,basisEV]);

V 4 colspace(H(1:n,:))
oldSize + newSize;

newSize < rank(V);

end

/*Computation of W*/

W < zeros(n,1);

oldSize «+ 0; newSize «+ 0;

while newSize = oldSize do

/*Basis for the column space of AW, see (45)*/
basisAW « colspace(AW);
/*Preimage of E under basisAW*/
H < null([E, basisAW]);

W <« colspace(H(1:n,:));
oldSize + newSize;

newSize < rank(W);

end

end

parameter € in (36), and the value of o which, for instance, can be
chosen as & = 0.1/p. The algorithm starts with the computation
of the projectors (4) for each matrix pair (E;, A;). Then the
impulse free conditions (12b) are checked. If these conditions
hold for all modes, then the matrices of the following averaged
model are computed

Tay(t) = Aav(p, {dk,i}?:l)xaV(t) + Bgviff({dk,i ?:1)“@)
(42)
where Ay (p, {d),; }i ) is given by (41) and the input matrix is

q
B ({diiYy) = Y B (di — A). 43)
i=1

If for some mode the condition (12b) is not verified, then the
class of inputs is restricted to those representable as the solution
of a linear time invariant dynamic model and the state space
vector is extended accordingly. Then, so as in the former case,
the algorithm concludes with the calculation of the jump mode
duration A; and the matrices Ajump,. A?iff, and Bfiff for each
mode.

Note that the impulsive free condition (12a) is not checked
in Algorithm 1 because the general solution of a SDAE can be
always partitioned into its impulsive and nonimpulsive indepen-
dent parts [22], and the proposed averaged model represents the
averaged behavior of the second part. Moreover, if (12b) does
not hold, the algorithm can be easily adapted in order to consider
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Fig. 6. Time evolutions of the first (left) and second (right) state variables of

the ladder converter (see Fig. 2) ford = 0.5,p = 1 ms, « = 1000, A = 0.003,
Ci=Cy=12uF,u=12V.

the more general class of inputs representable as the solution of
a SDAE.

The matrices V' and W are obtained in Algorithm 1 by using
the function getVWspace. This function exploits the fact that the
images of V' and W define the consistency space in which the
solutions of the differential algebraic equation evolve, say V*,
and its dual space W*. The spaces V* and VV* can be obtained
by considering the so called Wong sequences [9], [23]

Vo :=R", Vg1 :=A(EV), i eN, V' =V, (44)
ieN

Wy := {0}, Wip1 == E"'(AW), i e N, W* := ﬂ Wi
ieN
45)

The function getVWspace uses the Wong sequences by imple-
menting Algorithm 2 where the basic MATLAB commands
size, eye, colspace, null, rank, and zeros are used.

V. NUMERICAL RESULTS

In this section, we validate the averaged model (40) and (41)
through the analysis of numerical results for different SC con-
verters and we propose a design procedure for the jump mode
parameter «.

Let us consider the ladder converter shown in Fig. 2. The time
evolutions of the states of the switched model (29) with (16) and
those of the corresponding averaged model (40) and (41), are
reported in Fig. 6. The results show an accurate approximation
of the averaged model.

In order to select the parameter o of the jump mode we
have considered the error between the solution of the averaged
model (40) and (41) and the moving average over the period
p of the solution of the switched model, say x,,, which is

defined as
1 4
Tmy(t) = 7/
p t—p

for t € R, where x(t) is the solution of (29) with (1) = 0,
for 7 € [—p, 0). For each simulation over the interval [0, T'], we
consider the cumulative relative error according to

x(T)dr (46)

100
T Jo

g [ Zmy (t) — Tav (B) |

dt. 47
0] @7

e =
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[%]
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Fig. 7.  Error (46) by varying « for the series—parallel converter (see Fig. 3).
Each curve is obtained by fixing a specific value of the switching period p €
{0.2,0.1,0.02, 0.01} ms for {{J, o, <, e}, respectively. The parameters and
inputs for the nominal (up-left) case are: Cy = Cy = 12 nF, C, = 0.1 uF,
R =10k with u = 1.2 V, A = 0.003, and d = 0.5. The other figures are
obtained by changing the following parameters with respect to the nominal case:
d = 0.3 (bottom-left), C,, = 0.01 uF (up-right), R = 100 k2 (bottom-right).

The value of the parameter o has been selected by analyzing
the errors that occur by varying « and the switching period p,
which result in ap = 0.1.

The influence of the parameter « has been analyzed also by
considering the series—parallel SC converter shown in Fig. 3 and
the corresponding modes matrices (20). In Fig. 7 are reported the
error (47) by varying « and by considering different switching
periods, circuit parameters, and duty cycles. The results clearly
show that, so as typical for the averaged models, the error de-
creases by decreasing the switching period. This behavior is also
confirmed by decreasing «, although for some particular com-
binations of the converter parameters an unexpected increase of
the error for small values of « is detected. However this effect
reduces by increasing the switching frequency. In the following
we choose ap = 0.1.

This value turns out to provide good results for this converter:
Fig. 8 shows the time evolutions of the third state variable by
varying the input and the circuits parameters.

The effectiveness of the proposed averaged model is con-
firmed by the reduction of the error between the averaged and
the switched models when the switching period decreases. This
is confirmed by the results in Fig. 9 where the state variables of
the series—parallel converter for different switching periods are
shown.

Similar results are obtained for the other SC converters con-
sidered above. For instance, by considering the Dickson circuit
shown in Fig. 5, the effectiveness of the averaged model (40)
and (41) with (27) is confirmed by the results in Fig. 10.

The proposed averaged model can be used also to reproduce
the nominal input—output relationship of SC converters. To this
aim let us consider the Fibonacci power converter shown in
Fig. 4. By using the switched model (29) with (22) and the
corresponding averaged model (40) and (41) we have computed
the rms output voltage for different switching frequencies and
load resistances. The results in Fig. 11 reproduce the well-known
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Fig. 8. Time evolutions of the third state variable of the series—

parallel converter (see Fig. 3) with p = 0.2 ms, A =0.003 and d =
0.5. Say C, =0.1 uF, R=10 kQ, C =12 nF, u = 1.2 V. Each fig-
ure is obtained by varymg a specific parameter/input: (top left) C, €

{0.5C,, C,, 2C,}, R=R, C; = Cy = C, u = 1; (top right) Cy = Cj,
Re {0.5R7 1R, 2 10R IOOR} Cy =Cy =C, u=u; (bottom left)
Co=Co,R=R,Cy = Cy e{o1c 0.5C, C, 2C, 10C},u = 4; (bottom
right) C, = C,, R =R, Cy = Cy = C,u € {0.5a, 1u, 2a, 10a}.
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Fig. 9. Time evolutions of the first (top left), second (top right), and third
(bottom) state variables of the series—parallel converter (see Fig. 3) for slow
switching (p = 0.2 ms) and fast switching (p = 0.02 ms). The trajectories of the
SDAE are colored in red (light for p = 0.2 ms, dark for p = 0.02 ms), whereas
the averaged dynamics are black lines (for p = 0.2 ms, and for p = 0.02 ms).
The circuit parameters/inputs are the same as in Fig. 7.

dependencies [2], [24], with an error that decreases by increasing
the switching frequencies.

The dynamic matrix (41) is valid also for non constant duty
cycles. In order to show the effectiveness of the averaged model
under these operating conditions, we consider duty cycles gen-
erated by a pulse width modulation with the sinusoidal modu-
lation signal 0.5 + 0.3 sin(27 f,,,t) where f,, = fo/10, and a
sawtooth carrier signal with switching frequency fg = 1/p and
unitary amplitude. In Fig. 12, the magnitude of the averaged
and switched output voltage spectra for different frequencies
are shown. The averaged model spectrum well approximates
the frequency behavior of the switched model for low frequen-
cies, moreover, the error decreases by increasing the switching
frequency.
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Fig. 10.  State variables (first top, third bottom) of the Dickson converter (see
Fig. 5) versus time for slow switchings (p = 0.1 ms, left) and fast switchings
(p = 0.01 ms, right). The trajectories of the SDAE are colored in red, whereas
the averaged dynamics are black lines. The circuit parameters are C'y = Cy =
C3 =12nFand R = 1kQ, withu =5V, A = 0.003,and d = 0.5.
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Fig. 11.  RMS output voltage of the Fibonacci converter (see Fig. 4) as a func-
tion of the switching frequency for different resistances R € {1, 10, 100} kQ
indicated with {*, {, o}, respectively. The red and the black data result from
the averaged and the switched models, respectively. The circuit parameters
are: C'1 = Cy = C3 = 0.1 uF, C, = 0.01 uF with u; =3 V, ug = 0.8V,
A =0.003,and d = 0.5.

The effectiveness of the averaged model is shown also when
the constant voltage sources are perturbed with sinusoidal sig-
nals. In Fig. 13, the time evolutions of the output voltage of
the Fibonacci converter under sinusoidal perturbations on the
inputs are shown. Clearly, the averaged variables exhibit a good
tracking of the actual averages during transient and in steady
state.

VI. EXPERIMENTAL RESULTS

The effectiveness of the switched model (29) and averaged
model (40) and (41) has been experimentally verified through
specific prototypes built for the series—parallel and Fibonacci
converters. The switches are realized by using the ADG451BNZ
monolithic CMOS device that includes four independent units
with small equivalent resistance and low voltage drop in the ON
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Fig. 12.  Magnitude of the output voltage spectrum for the Fibonacci converter
(see Fig. 4) with sinusoidal duty cycle and different frequencies. The results of
the switched DAE model are ”+”, whereas the averaged data are ” + .” The
circuit parameters and inputs are the same as in Fig. 11 with R = 10kQ2.
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Fig. 13. Time evolutions of the output voltage of the Fibonacci converter
(see Fig. 4) with sinusoidal voltage source w1 (left) and us (right). The circuit
parameters are the same as in Fig. 11 with R = 10kQ2; moreover U =1 V,
fsw = 10kHz and w = 27kHz.
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| ops N4 (2] [9]IN3

Fig. 14.  Functional block diagram (on the left), and PINs configuration (on
the right) of the ADG451BNZ device.

state, the switches are turned ON with a logic low on the appropri-
ate control input, see Fig. 14. For the series—parallel converter in
Fig. 3 two ADG451BNZ devices are used. The switches S, with
z ={1,2,5,6} are connected to the rest of the circuit through
the PINs indicated in Fig. 14 with (S;,D;), i = {1,2,3,4} re-
spectively, and each of them is controlled by the PIN called IN;,
i =1{1,2,3,4}. The switches S, with z = {3,4, 7} in Fig. 3 are
realized analogously with a second ADG451BNZ. The com-
mands for the control of the switches are determined by a mul-
tichannel programmable voltage generator. The PINs indicated
with Vi, of both group of switches are connected to a 5V volt-
age supply, while Vgg, Vpp, and GND in Fig. 14 are wired
up to a programmable voltage supply that provides dc inputs
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Fig. 15. Time evolutions of the output voltage of the series—parallel converter
for p = 0.5ms (left) and p = 0.1 ms (right). The circuit parameters/inputs are
the same as in Fig. 7. The black lines are experimental data, the red and blue
lines are numerical results for the switched and averaged models, respectively.
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Fig. 16.  Steady-state error of the rms output voltage of the series—parallel con-
verter for different switching frequencies: switched model versus experiments
(o), switched model versus averaged model (A). The parameters/inputs are the
same as in Fig. 7.

of —12, +12, and 0V, respectively. Electrolytic capacitors at
the output voltage and ceramic capacitors complete the com-
ponents required to build the converter. A circuit aided design
program has been used to obtain the printed circuit boards from
the corresponding netlist.

Let us verify the validity of the SDAE model (29) together
with the matrices (20) in order to reproduce the experimental
data. In Fig. 15, the time evolutions over the same time inter-
val for two different switching periods are reported. The results
confirm the dependence of the steady-state output voltage on the
switching frequency and show the effectiveness of the switched
and averaged models during transient and in steady-state. As
one could argue from the numerical results presented in the
previous section, the averaged model (40) and (41) is expected
to better approximate the behavior of the real circuit when the
switching period decreases. So as shown in Fig. 16, the output
voltage of the switched model presents a small steady-state error
with respect to the experimental data. The error does not reduce
by increasing the switching frequency because of the high fre-
quency effects of the real switches that are not considered in the
ideal switches model. This is confirmed by the relative error be-
tween the output voltages of the switched and averaged models
that is shown in the same figure and it clearly decreases with
the frequency. Similar results are obtained for different values
of the duty cycle.

Simulations and experiments in time domain are in good
agreement also for the Fibonacci converter. The circuit in Fig. 4
has been realized similarly to the series—parallel converter, but
with three ADG451BNZ devices. In particular, each device im-
plements and controls correspondingly the following groups of
switches S,: z = {1,5,8}, 2 = {2,6,9},and z = {3,4,7,10}.
Fig. 17 shows that the proposed averaged model (40) and (41),
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Fig.17.  Steady-state evolution of the output voltage of the Fibonacci converter
with p = 0.1 ms. The black line are experimental data, the red line are numerical
results obtained by considering the SDAE model. The averaged model is a black
line. The circuit parameters/inputs are the same as in Fig. 11 with R = 10 k(.
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Fig. 18. RMS output voltage of the Fibonacci converter for different duty
cycles: d = 0.25 (top left), d = 0.5 (top right), d = 0.75 (bottom) by varying
the switching frequency. The other parameters are the same as in Fig. 11 with
R = 10kQ. The black markers (o) are experimental data, the red and black
markers (A\) are obtained by numerical simulation, by considering the SDAE
and averaged models, respectively.
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Fig. 19. Time evolution of the output voltage for the Fibonacci converter with
p = 0.1 ms and sinusoidal modulating signal. The black line are experimental
data, the blue and red lines are obtained by simulations, by considering the
SDAE and the averaged models, respectively. The circuit parameters/inputs are
the same as in Fig. 11 with R = 10k€2.

obtained from (29) with (22), is able to capture in steady-state
the averaged of the output voltage. The good results are con-
firmed also for different duty cycles and switching frequencies,
see Fig. 18. Finally, Fig. 19 shows that for sinusoidal modulating
signals the switched model (29) with (26) and the corresponding
averaged model (40) and (41) well reproduce the experimental
behaviors.
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VII. CONCLUSION

SC converters with ideal switches present discontinuities in
the state variables, which complicate the use of the classical
switched and averaged models for the analysis of their dynamic
behavior. In this paper we have shown how the SDAE frame-
work is effective in order to represent the dynamics of this class
of converters without requiring the substitution of the algebraic
constraints into the dynamic equations. Then the introduction
of jump modes, which approximate the state discontinuities,
has allowed the construction of a frequency-dependent aver-
aged model that generalizes the classical one by including the
presence of state jumps. The numerical and experimental results
obtained by considering ladder, series—parallel, Fibonacci, and
Dickson power converters have validated the effectiveness of
the proposed switched and averaged models. A direction for
future research could be the application of our averaged model
for the control design of power converters with state jumps.
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