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A Fast Method to Optimize Efficiency and Stray
Magnetic Field for Inductive-Power-Transfer Coils

Using Lumped-Loops Model
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Abstract—Both the efficiency and stray magnetic field in in-
ductive power transfer are influenced by the design of transmitter
and receiver coils. Their synergetic optimization is realized with
Pareto front. The conventional method to derive the front requires
thousands of finite-element simulations to sweep the physical
parameters of the coils, which is time consuming especially for
three-dimensional simulations. This paper demonstrates a fast
method to optimize the efficiency and stray magnetic field. The
windings are replaced by several lumped loops. As long as the
number of turns for each loop is known, the efficiency and magnetic
field are calculated using permeance matrices and current-to-field
matrices. Therefore, sweeping physical parameters in simulation
is replaced by sweeping turns numbers of the lumped loops in
calculation. Only tens of simulations are required during the entire
procedure, which are used to derive the matrices. The Pareto fronts
calculated using the lumped-loops model match well with those de-
rived from simulation using parametric sweep. An optimal design
selected along the Pareto front was fabricated and measured to
verify the calculation accuracy. The verification shows the same ef-
ficiency and less than 12.5% difference of the stray magnetic field,
for the results from calculation, simulation, and measurement.

Index Terms—Coil, efficiency, electric vehicles (EVs), inductive
power transfer (IPT), magnetic field.

I. INTRODUCTION

P LANAR coils are popularly used in inductive power
transfer (IPT) for electric vehicles (EVs) [1]–[4]. Using

a variety of compensation topologies in IPT circuits [5]–[8],
power is delivered from the transmitter coil to the receiver coil
across tens of centimeters according to magnetic resonance and
near-field coupling. The advantages of IPT include convenience
for drivers, safety for charging in humid environments, and dy-
namic charging when vehicles are moving [9], [10].

The coil-to-coil efficiency is defined as the ratio of the
receiver’s output power to the transmitter’s input power [11].
Losses of the coils contribute 30% to 50% to the total loss of the
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IPT circuits [12]–[14], which means the system’s efficiency will
be poor if the coil-to-coil efficiency is low. In order to increase
the coil-to-coil efficiency, the physical parameters of the IPT
coils should be optimized, such as the inner radii and outer radii
of the windings and the distribution of the turns [15]–[18].

The magnetic field is dominant when compared to electric
field in the near-field range where IPT operates [19]. There are
significant stray magnetic fields around the coils owning to the
large air gap between the transmitter and receiver. International
Commission on Non-Ionizing Radiation Protection reports that
effects such as stimulation of nervous tissues and induction in
the retina of phosphenes are caused by exposure to time-varying
magnetic field [20]. One method to attenuate the stray magnetic
field is to optimize the physical parameters of the planar coils
[21], [22].

Since both the coil-to-coil efficiency and stray magnetic field
are influenced by the physical design of the IPT coils, their syn-
ergetic optimization is important. The Pareto front is suitable
for multiobjective optimization and it has been used a lot in
the design of converters [23]. In this paper, the synergetic opti-
mization of the coils is implemented with Pareto front as well.
The Pareto front of coil-to-coil efficiency versus stray magnetic
field is plotted on a two-dimensional (2D) Cartesian coordinate
system. The horizontal axis and vertical axis represent the mag-
netic field and efficiency, respectively. The optimal design of
the coils should be selected from the values along the front.

One straightforward way to derive the Pareto front is to sweep
all the physical parameters of the planar coils in finite-element
simulation. The results from the parametric sweep are plotted
on the Cartesian coordinate system to derive the front. However,
this takes thousands of simulations, which is very time consum-
ing, especially for the cases when 3-D simulations are required.

This paper demonstrates a faster method for the optimiza-
tion. Only tens of simulations are required during the entire
procedure. In this method, the windings are replaced by several
lumped loops. Only tens of simulations are implemented to
derive the permeance matrices and current-to-field matrices
of the lumped-loops model. The permeance matrices and
current-to-field matrices are used to calculate the inductances
and stray magnetic fields, respectively. As long as the number of
turns for each loop is known, the efficiency and magnetic field
are calculated directly from the matrices. Therefore, sweeping
physical parameters in finite-element simulation is replaced by
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Fig. 1. (a) Circuit topology with series–series compensation for IPT and
(b) output voltage of inverter vin (t) with phase shift.

sweeping the turns numbers of the lumped loops in calculation.
This makes the optimization fast without losing accuracy.

The following section introduces the concepts of coil-to-coil
efficiency, stray magnetic field, and the Pareto front for their
optimization. Section III demonstrates in detail how to calcu-
late the coil-to-coil efficiency and stray magnetic fields using the
lumped-loops model. The Pareto front derived from the lumped-
loops model matches well with that derived from parametric
sweep in finite-element simulation. In Section IV, a design ex-
ample of coils, with dimensions of 100 mm× 100 mm and an air
gap of 40 mm, was selected along the Pareto front and fabricated
for experimental verification. The coil-to-coil efficiencies from
calculation and measurement are the same, and the difference
for stray magnetic field is less than 12.5%. Section V concludes
this paper.

II. PARETO FRONT OF COIL-TO-COIL EFFICIENCY VERSUS

STRAY MAGNETIC FIELD FOR IPT

A. Coil-to-Coil Efficiency

Different topologies have been proposed to compensate the
reactive power in IPT [5]–[8]. Fig. 1(a) shows the circuit topol-
ogy with series–series compensation. In Fig. 1(a), L1 and L2 are
the self-inductances of the transmitter and receiver coils; M is
the mutual inductance; C1 and C2 are the resonant capacitors of
L1 and L2 ; r1 and r2 are the winding resistances at the switching
frequency; Vin , Vout , and Iout are input voltage, output voltage,
and output current. The resonant frequency of C1 and L1 is the
same as that of C2 and L2 :

1/
√

L1C1 = 1/
√

L2C2 = 2πf0 . (1)

Phase-shift regulates the bulk power transferred to the load
by controlling the pulse-width α of the inverter’s output voltage
vin (t), as shown in Fig. 1(b).

The simplified circuit model in Fig. 2 is used to analyze the
behavior of the circuit in Fig. 1(a). Under the first harmonic
approximation, the dc input voltage source Vin and the inverter

Fig. 2. Simplified circuit model of Fig. 1(a).

are modeled as sinusoidal voltage source V̇in,ω in the format
of a phasor. The passive rectifier and load are modeled as the
equivalent resistor RLac . Phasors İT X and İRX are the currents
of the transmitter and receiver coils, respectively. The values of
V̇in,ω and RLac can be expressed as

V̇in,ω =
(
2
√

2/π
)

Vinsin (α/2) ∠0◦ (2)

RLac =
(
8/π2) · (Vout/Iout) . (3)

Equations (4) and (5) are derived from the simplified circuit
model in Fig. 2

V̇in,ω = [r1 + j · (ωsL1 − 1/ωsC1)] İT X − j · ωsM · İRX

(4)

0 = j · ωsM · İT X − [r2 + RLac

+ j · (ωsL2 − 1/ωsC2)] İRX . (5)

The winding resistances r1 and r2 include the dc part and ac
part. The dc resistance is analytically calculated from the phys-
ical parameters of the litz wire, including the cross-sectional
area and length. The ac resistance is mostly caused by the prox-
imity effect. Several methods have been proposed to calculate
the proximity-effect loss [24]–[27], and this paper applies to the
method presented in [25]

Pe =
[(

πltNd4
c

)
/ (64ρc)

] 〈
(dB(t)/dt)2

〉
(6)

where Pe is the proximity-effect loss of a turn; lt is the average
length of the turn; N is the number of strands; dc is the diameter
of the strand; ρc is resistivity of copper; B(t) is the time-varying
flux density across the turn; x is the time average; 〈x〉 is the
spatial average over the turn’s cross section. The winding resis-
tances r1 and r2 are calculated by adding their corresponding
dc and ac resistances.

In order to reduce the circulating energy in the circuit, switch-
ing frequency ωs of the inverter is often set to be the same as the
resonant frequency 2πf0 in (1). Under this condition, the coil-
to-coil efficiency, which is defined as the ratio of the receiver’s
output power to the transmitter’s input power, is derived from
(4) and (5) as

ηcoil =
1

1 + r2/RLac + (r1/RLac) · [(r2 + RLac) / (ωsM)]2
.

(7)
According to (7), the coil-to-coil efficiency is determined by

mutual inductance M, winding resistances r1 and r2 , and the
load conditions.
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Fig. 3. (a) Flux lines of stray magnetic field around the planar coils for IPT;
(b) components of stray magnetic field–BX (t), BY (t), and BZ (t)–in three
orthogonal directions.

B. Stray Magnetic Field

Stray magnetic field is defined as the magnetic field around
the IPT coils [21], [28], [29]. Its flux lines are shown in
Fig. 3(a). The stray magnetic field at one point represents either
the leakage field or the coupling field, depending on its distance
to the coils.

Stray magnetic field is generated by the winding currents
of the transmitter and receiver together. The winding currents,
which are sinusoidal, are expressed as

iT X (t) =
√

2IT X · sin(ωst) (8)

iRX (t) =
√

2IRX · sin(ωst + θ) (9)

where ωs is the radial frequency of the switching frequency; θ
is 90°when the switching frequency equals resonant frequency;
IT X and IRX are the rms values of the winding currents which
are derived from the simplified circuit model in Fig. 2 as

IT X = [(rRX + RLac) /ωM ]
(
π/2

√
2
)

Iout (10)

IRX =
(
π/2

√
2
)

Iout . (11)

Fig. 3(b) defines three spatial orientations X, Y, and Z, which
are orthogonal to each other. The magnetic field B (t) at the point
of measurement is decomposed into Bi (t) (i = X, Y, Z) in
these orientations. According to superposition, Bi (t) is com-
posed of BT X,i(t) and BRX,i(t), which are generated by the
transmitter and receiver currents, respectively. BT X,i(t) and
BRX,i(t) are proportional to their corresponding currents as

BT X,i(t) = αT X,i · iT X (t) (12)

BRX,i(t) = αRX,i · iRX (t) (13)

where αT X,i and αRX,i are the current-to-field coefficients.
The time-varying magnetic fields Bi (t) are calculated from

Fig. 4. Pareto front of coil-to-coil efficiency versus stray magnetic field for
coils with the structure in Fig. 3(b). The coils are used for the circuit topology
in Fig. 1(a) to transfer 100 W of power across a 40 mm gap, with 35 V Vout
and 100 kHz switching frequency. The maximum dimensions of each coil are
limited to 100 mm by 100 mm.

BT X,i(t) and BRX,i(t) as

Bi(t) = BT X,i(t) + BRX,i(t)

=
√

2 (αT X,i · IT X ) sin(ωst) +
√

2 (αRX,i · IRX )

× sin(ωst + θ). (14)

Equation (14) verifies that Bi(t) is sinusoidal with the switch-
ing frequency. The magnetic field Bi (t) at the point of measure-
ment is quantified as

B =
√

B2
X + B2

Y + B2
Z (15)

where Bi is the rms value of the sinusoidal Bi(t). According
to (14) and (15), the stray magnetic field is determined by the
winding currents and the current-to-field coefficients.

C. Pareto Front of Coil-to-Coil Efficiency Versus Stray
Magnetic Field

Since both the coil-to-coil efficiency and stray magnetic field
are influenced by the design of the IPT coils, as shown in (7) and
(14), their synergetic optimization is important. Pareto front is
suitable for this purpose [12], [21], and it is implemented in this
paper. The front is plotted on a 2-D Cartesian coordinate system.
The horizontal axis and vertical axis represent the magnetic field
and coil-to-coil efficiency, respectively. The optimal designs of
the coils are selected from the front.

Fig. 4 shows an example of the Pareto front to optimize
the coils for the circuit topology in Fig. 1(a). The structure of
the coils is the same as Fig. 3(b). The maximum dimensions of
each coil are 100 mm by 100 mm. The objective of this design
is to transfer 100 W of power across a 40 mm gap, with 35 V
output voltage and 100 kHz switching frequency.

Each marker in Fig. 4 represents the coil-to-coil efficiency
and stray magnetic field for one set of physical parameters of
the coils, including inner radii and outer radii of the winding,
distribution of turns, and type of litz wire. The Pareto front is
then plotted on the upper left of all the markers. The detailed
procedure to derive the Pareto front is introduced in Section III.
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Fig. 5. Procedures to derive the Pareto front of coil-to-coil efficiency versus
stray magnetic field with (a) parametric sweep in finite-element simulation and
(b) calculation using lumped-loops model.

III. DERIVE PARETO FRONT USING LUMPED-LOOPS MODEL

Fig. 5(a) summarizes the conventional procedure to derive
the Pareto front using the parametric sweep in finite-element
simulation. In this paper, all the simulations are implemented
with Ansys Maxwell [30]. The procedure starts off by drawing
the model with real turns in simulation. Physical parameters,

Fig. 6. Lumped-loops model used to start the fast optimization in Fig. 5(b).

including inner radii and outer radii of the windings, as well
as the distribution of the turns, are swept. Two simulations are
required to obtain the efficiency and magnetic field for each set
of physical parameters. In the first simulation, self-inductance
of the transmitter L1 , self-inductance of the receiver L2 , mutual
inductance M, and the magnetic fields B(t) across the turns are
simulated. Then winding resistances r1 and r2 , winding currents
iT X (t) and iRX (t), and coil-to-coil efficiency are calculated
from (6), (8) – (11), and (7), respectively. The second simulation
excites the windings with iT X (t) and iRX (t) to obtain the stray
magnetic field. The coil-to-coil efficiency and stray magnetic
field for each set of physical parameters are marked on the
Cartesian coordinate system in Fig. 4. The Pareto front is derived
from these markers afterward.

However, the method in Fig. 5(a) requires thousands of simu-
lations which are very time consuming. Since the finite-element
simulations are inside the iteration of the parametric sweep, 2M
simulations are required if M kinds of parameters are swept
to derive the Pareto front. In order to make the optimization
faster, the simulations should be taken out of the iteration. This
is realized with the lumped-loops model using the procedure in
Fig. 5(b) [29].

In Fig. 5(b), there is no simulation inside the iteration. Only
tens of simulations are used to derive the permeance matri-
ces and current-to-field matrices. Generally speaking, there are
five major steps in this procedure: determine the lumped-loops
model, derive the permeance matrices and current-to-field ma-
trices from simulations, calculate the stray magnetic field, cal-
culate the coil-to-coil efficiency, and plot the Pareto front. The
details about each step are provided below.

A. Lumped-Loops Model and Turns Vectors

The procedure in Fig. 5(b) starts off with replacing the original
coils with the lumped-loops model. Fig. 6 shows the structure
of the lumped-loops model. Several loops are distributed on
top of the ferrite plate with equal spacing. Each loop is composed
of a certain number of turns.

Turns vectors
⇀

NT X and
⇀

NRX are used to describe the number
of turns for each loop

⇀

NT X =
[
NT X 1 NT X 2 · · · NT X N

]
(16)

⇀

NRX =
[
NRX 1 NRX 2 · · · NRX N

]
(17)

where NT X (n) and NRX (n) represent the turns number of
the loop in the transmitter and receiver, respectively, with
n = 1, 2, . . . N . Loop 1 represents the outermost loop in Fig.
6, while loop N represents the innermost loop.



LU AND NGO: FAST METHOD TO OPTIMIZE EFFICIENCY AND STRAY MAGNETIC FIELD FOR INDUCTIVE-POWER-TRANSFER COILS 3069

Fig. 7. Cylindrical view of the lumped loops model in Fig. 6. The
turns vectors of the transmitter and receiver are [NT X 1 , NT X 2 , . . . ,
NT X N ] and [NRX 1 , NRX 2 , . . . , NRX N ], respectively. Physical parame-
ters such as inner radii, outer radii, and distribution of turns are represented by
turns vectors.

The physical parameters of coils such as inner radii, outer
radii, and distribution of turns are equivalent to the turns vectors.
In Fig. 7, loops with dashed circles are assigned zero turns to
realize the labeled inner radii and outer radii of the winding. The
numbers of turns for the loops with solid circles represent the
distribution of turns in the original coils. Therefore, by using
the lumped-loops model and turns vectors, the sweep of the
physical parameters such as inner radii, outer radii, and distri-
bution of turns is equivalent to the sweep of the elements of the
turns vectors in (16) and (17).

The purpose of using a 2-D axial symmetrical structure in
Fig. 7 is to better explain the lumped-loops model and to label the
elements of turns vector. The concept of the lumped-loops model
and the optimization methodology are good for planar winding
with other ferrite shapes (e.g., square or rectangular). For ex-
ample, the lumped-loops model in Fig. 6 is used to optimize the
coils structure with square ferrite plate in Fig. 3(b). The wind-
ings are replaced by the lumped loops, whereas the ferrite plate
is not changed. Three-dimensional finite-element simulations in
Ansys Maxwell are implemented to derive the permeance ma-
trices and current-to-field matrices for the lumped loops model
in Fig. 6, which will be demonstrated in the following part.

B. Permeance Matrices and Current-to-Field Matrices

Fig. 5(b) shows that 2N + 1 simulations are required to de-
rive the permeance matrices and current-to-field matrices for a
lumped-loops model with N loops in each coil. The permeance
matrices and current-to-field matrices are used to calculate the
inductances and stray magnetic fields from the turns vectors.

The definition of the permenace matrices is explained with
the lumped-loops model in Fig. 8. In this lumped-loops model,
each loop has one turn. The permeance matrices LTX for self-
inductance of the transmitter, LRX for self-inductance of the
receiver, and M for the mutual inductance between the trans-
mitter and receiver are defined as

LTX =

⎡

⎢⎢⎢
⎢⎢
⎣

LT X 1 MT X 1−T X 2 · · · MT X 1−T X N

MT X 2−T X 1 LT X 2 · · · MT X 2−T X N

...
...

. . .
...

MT X N −T X 1 MT X N −T X 2 · · · LT X N

⎤

⎥⎥⎥
⎥⎥
⎦

(18)

Fig. 8. (a) Elements of permeance matrices in (18) and (19); (b) elements of
permeance matrices in (20). All the elements are derived from one finite-element
simulation with one turn in each loop.

LRX =

⎡

⎢⎢
⎢⎢⎢
⎣

LRX 1 MRX 1−RX 2 · · · MRX 1−RX N

MRX 2−RX 1 LRX 2 · · · MRX 2−RX N

...
...

. . .
...

MRX N −RX 1 MRX N −RX 2 · · · LRX N

⎤

⎥⎥
⎥⎥⎥
⎦

(19)

M =

⎡

⎢⎢⎢⎢⎢
⎣

MT X 1−RX 1 MT X 1−RX 2 · · · MT X 1−RX N

MT X 2−RX 1 MT X 2−RX 2 · · · MT X 2−RX N

...
...

. . .
...

MT X N −RX 1 MT X N −RX 2 · · · MT X N −RX N

⎤

⎥⎥⎥⎥⎥
⎦

(20)

where LT X n is the self-inductance of corresponding loop n in
the transmitter; MT X n−T X m is the mutual inductance between
loops n and m in the transmitter; LRX n is the self-inductance of
corresponding loop n in the receiver; MRX n−RX m is the mutual
inductance between loops n and m in the receiver; MT X n−RX m

is the mutual inductance between loop n in the transmitter and
loop m in the receiver.

All the elements of the permeance matrices in (18)–(20) are
derived from one finite-element simulation, using the lumped-
loops model with one turn for each loop. For example, in order
to derive the permeance matrices of the lumped-loops model in
Fig. 6, all the loops are excited with 1 A turn, and the permeance
matrices are directly extracted from the 3-D simulation using
Ansys Maxwell. The gap and ferrite size are fixed according to
the specifications of the application.

Inductances L1 , L2 , and M of the coils are calculated with

turns vectors
⇀

NT X and
⇀

NRX and permeance matrices LTX ,
LRX , and M as

L1 =
⇀

NT X LTX
⇀

N
T

T X (21)

L2 =
⇀

NRX LRX
⇀

N
T

RX (22)

M =
⇀

NT X M
⇀

N
T

RX . (23)

The current-to-field matrices are used to calculate the stray
magnetic field from the winding currents and turns vectors, as
shown in Fig. 9. A similar concept is described in [31]. Since
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Fig. 9. Elements of current-to-field matrices in (27) and (28) for the lumped-
loops model. They are derived from 2N simulations. Index i represents orienta-
tions X, Y, and Z in Fig. 3(b).

the magnetic field is proportional to the winding current, the
magnetic field BT X n,i (t) generated by loop n of the transmitter
coil is calculated as

BT X n,i(t) = αT X n,iNT X n iT X (t) (24)

where αT X n,i is the current-to-field coefficient for loop n of
the transmitter; NT X n is the number of turns for this loop;
iT X (t) is the winding current of the transmitter; i represents
the orientations X, Y, or Z in Fig. 3(b).

Similarly, the magnetic field BRX n,i (t) generated by loop n
of the receiver coil is calculated as

BRX n,i(t) = αRX n,iNRX niRX (t). (25)

According to superposition, Bi (t) at the point of measure-
ment in Fig. 9 equals the summation of the magnetic fields
generated by all the loops in transmitter and receiver

Bi(t) =
N∑

n=1

αT X n,iNT X n iT X (t) +
N∑

n=1

αRX n,iNRX niRX (t)

=
⇀

αTX ,i
⇀

NT X

T

iT X (t) +
⇀

αRX ,i
⇀

NRX

T

iRX (t) (26)

where
⇀

αTX ,i and
⇀

αRX ,i are the current-to-field matrices in the
X, Y, and Z orientations for the transmitter and receiver, respec-
tively. They are composed of the current-to-field coefficients in
(24) and (25)

⇀

αTX ,i =
[
αT X 1,i αT X 2,i · · · αT X N,i

]
(27)

⇀

αRX ,i =
[
αRX 1,i αRX 2,i · · · αRX N,i

]
. (28)

The current-to-field coefficients of one loop in Fig. 6 is de-
rived by setting 1 A-turn in this loop and setting 0 A-turns to
all the others. For example, when deriving coefficients αT X 1,X ,
αT X 1,Y , and αT X 1,Z , only the transmitter loop 1 is excited with
1 A-turn in Ansys Maxwell. The simulated magnetic fields BX ,
BY , and BZ at the measurement point quantitatively equal the
current-to-field coefficients αT X 1,X , αT X 1,Y , and αT X 1,Z , re-
spectively. If there are N loops for the transmitter and N loops for
receiver, 2N simulations are required to derive all the elements
in the current-to-field matrices.

C. Calculation of Stray Magnetic Field

For each set of turns vectors, the self-inductances L1 , L2 and
mutual inductance M of the lumped-loops model are calculated
from (21)–(23) using permeance matrices. Winding currents

Fig. 10. Internal field Binternal and external field Bexternal across one turn
of the planar coil.

Fig. 11. (a) Planar coils with ferrite plate; (b) equivalent structure using the
method of image by replacing ferrite plate with mirrored turns.

iT X (t) and iRX (t) are derived from (8)–(11) with the induc-
tances. The stray magnetic fields in X, Y, and Z orientations are
calculated from (26) with winding currents, turns vectors, and
current-to-field matrices.

D. Calculation of Coil-to-Coil Efficiency

Winding resistances r1 and r2 should be derived for the coil-
to-coil efficiency. The magnetic field across each turn is needed
to calculate the proximity-effect resistance in (6). To analytically
calculate these fields, the lumped-loops model is translated back
to the original coils with real turns, according to its turns vectors.

The magnetic field across each turn is composed of internal
field Binternal (t) and external field Bexternal (t), as shown in
Fig. 10. The internal field is generated by the turn itself. It is
determined by the current distribution of the turn. The external
field is generated by all the other turns. When the winding

currents are sinusoidal, 〈(dB(t)/dt)2〉 in (6) is calculated from
the internal and external magnetic fields as
〈
(dB(t)/dt)2

〉
=

(
ω2/2

) (〈
B2

internal
〉

+
〈
B2

external
〉)

(29)

where Binternal and Bexternal are the peak magnitudes of the
sinusoidal Binternal (t) and Bexternal (t), respectively; ω is the
radial frequency of winding currents.

The existence of the ferrite plate in Fig. 11(a) complicates
the calculation of the magnetic fields. According to the method
of image [32]–[35], the original planar coil with ferrite plate
is replaced by the equivalent structure with mirrored turns in
Fig. 11(b). The original turns and mirrored turns are symmetrical
about the upper surface of the ferrite plate, and their dimensions
and excitations are the same.

The magnetic field 〈B2
internal〉 of one turn is composed of the

magnetic field Bself (t), which is generated by the turn itself
and the magnetic field Bmirror (t) which is generated by its
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Fig. 12. (a) Cross section of one turn and its mirrored turn to calculate
〈B2

internal〉; (b) model to calculate 〈B2
external 〉 of turn n, which is generated

by all the other original turns and their mirrored turns.

mirrored turn, as shown in Fig. 12(a). According to Ampere’s
Law, Bself (t) and Bmirror (t) are calculated as

〈
B2

internal
〉

=
〈
B2

self
〉

+
〈
B2

mirror
〉

=

∫ R

0

(
μ0 I
2πr · r 2

R2

)2
(2πr · dr)

πR2

+

∫ R

−R

[
μ0 I

2π (d+x)

]2 (
2
√

R2 − x2 · dx
)

πR2 (30)

where R is the radius of the cross section of the turn; d is the
distance between the centers of the original turn and the mirrored
turn; I is the peak value of the current excitations; and μ0 is the
permeability of free space.

The Biot–Savart Law [36] in the Appendix is used to calculate
〈B2

external〉 for one turn, which is generated by all the other
turns and their corresponding mirrored turns. In Fig. 12(b), the
magnetic field B on a circular turn n is decomposed into Bz in
the axial direction and Br in the radial direction. According to
superposition, 〈B2

external〉is calculated as

〈
B2

external
〉

=

⎛

⎜
⎝

N∑

m = 1
m �= n

Br,m−original +
N∑

m = 1
m �= n

Br,m−mirror

⎞

⎟
⎠

2

+

⎛

⎜
⎝

N∑

m = 1
m �= n

Bz,m−original +
N∑

m = 1
m �= n

Bz,m−mirror

⎞

⎟
⎠

2

(31)

where the magnetic fields generated by the original turn m
and the mirrored turn m are represented as Bm−original and
Bm−mirror , respectively. Bm−original and Bm−mirror are decom-
posed into components in the radial direction, Br, m−original
and Br, m−mirror , and components in the axial direction,
Bz, m−original and Bz, m−mirror .

The proximity-effect resistance is calculated with

〈(dB(t)/dt)2〉, which is derived from (30) and (31). The
winding resistances r1 and r2 are calculated by adding the dc
resistance and proximity-effect resistances. The coil-to-coil
efficiency is calculated from (7) with the inductances and
winding resistances.

Fig. 13. Comparison of the Pareto fronts derived from the procedures of
Fig. 5(a) and (b). The coils were designed to transfer 100 W power across a
40 mm gap using the circuit topology in Fig. 1(a), with 35 V Vout and 100 kHz
switching frequency. The maximum dimensions of each coil are limited to
100 mm by 100 mm.

E. Plot the Pareto Front

The coil-to-coil efficiencies and stray magnetic fields calcu-
lated for all the turns vectors are marked on the 2-D Cartesian
coordinate system. Next, the Pareto front is derived from all
these markers. Fig. 13 provides a comparison of the Pareto fronts
derived following the procedure in Fig. 5(a) using the paramet-
ric sweep in simulation, and Fig. 5(b) by calculation using the
fast method and lumped-loops model. The Pareto fronts in Fig.
13 are derived for the coils structure in Fig. 3(b). The coils were
designed to transfer 100 W power across a 40 mm gap using
the circuit topology in Fig. 1(a), with 35 V Vout and 100 kHz
switching frequency. The maximum dimensions of each coil are
limited to 100 mm by 100 mm. The Pareto fronts in Fig. 13 are
almost the same even though they are derived using different
methods.

The computational advantages of fast optimization will be
quantitatively analyzed, using the Pareto fronts in Fig. 13 as
an example. The conventional method derives the Pareto front
following the procedure in Fig. 5(a). The physical parameters
are swept in finite-element simulation, including the inner radii
of winding Rinner , outer radii of winding Router , and turns
number. For the specifications in Fig. 13, the inner radii Rinner
was swept from 5 mm to 45 mm, with 5 mm step. The outer
radii Router was swept from 10 mm to 50 mm, with 5 mm step,
and Router should be larger than Rinner during the sweep. Turns
number are swept from 5 turns to 50 turns. A total number of
2070 simulations are required to derive the Pareto front using the
conventional method. Assuming each simulation requires 2 min,
a total of 69 h are required to finish all the simulations. In some
applications, the turns of winding are not evenly distributed,
and that will require even more simulations and be more time
consuming.

The fast optimization derives the Pareto front following the
procedure in Fig. 5(b). Assuming there are nine loops for the
transmitter and nine loops for the receiver in the lumped-loops
model, a total number of 19 simulations are required to derive the
permeance matrices and current-to-field matrices, which takes
38 min. After that, the Pareto fronts are derived from calculations
with matrices using MATLAB, and only a few seconds are
required to calculate each case. Therefore, only 19 simulations
are required in the entire procedure of fast optimization, and it is
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Fig. 14. (a) Selected design of the lumped-loops model along the Pareto front
in Fig. 13; (b) coil with real turns translated from the lumped-loops model in
(a); (c) fabricated coils according to (b), using litz wire composed of 100 strands
with 0.1 mm strand diameter and a 3C96 ferrite plate with dimensions of 100 mm
by 100 mm by 5 mm.

TABLE I
INDUCTANCES, WINDING RESISTANCES, AND COIL-TO-COIL EFFICIENCIES FOR

COILS IN FIG. 14

Parameters Matrix Calculation Simulation Measurement
Fig. 14(a) Fig. 14(b) Fig. 14(c)

L1 , L2 (μH) 36.9, 36.9 36.8, 36.8 35.4, 36.0
M (μH) 8.6 8.6 8.7
r1 and r2 (mΩ), at 100 kHz 100, 100 100, 100 102, 106
Coil-to-coil efficiency 95.7% 95.7% 95.7%

much faster than the conventional method which requires 2070
simulations.

IV. EXPERIMENTAL VERIFICATION

A. Coil-to-Coil Efficiency

One of the optimal designs is selected along the Pareto front
in Fig. 13. The lumped-loops model contains nine loops for
the transmitter and nine loops for the receiver, as shown in
Fig. 14(a). Its permeance matrices are derived from one sim-
ulation, and the current-to-field matrices are derived from 18
simulations. Its turns vectors are

⇀

NT X =
[
0 3 3 3 3 3 3 3 0

]
(32)

⇀

NRX =
[
0 3 3 3 3 3 3 3 0

]
. (33)

Litz wire composed of 100 strands with 0.1 mm strand-
diameter is used for the winding. The coil with real turns in
Fig. 14(b) is derived from the lumped-loops model in Fig. 14(a).
There are 21 turns of the winding. The inner radius is 10 mm
and the outer radius is 45 mm. Fig. 14(c) is the coil fabricated
using the parameters in Fig. 14(b). A 3C96 ferrite plate with di-
mensions of 100 mm by 100 mm by 5 mm is placed underneath
the winding.

Table I shows the inductances and winding resistances of
the coils in Fig. 14(a), (b), and (c), which are derived from
matrix calculation, finite-element simulation, and measurement,
respectively. The matrix calculation and simulation results are
almost the same. The maximum difference between calculation
and measurement is 4% for inductances and 6% for winding

Fig. 15. Hardware setup for field measurement of the coils in Fig. 14(c).

resistances. One reason for the error is the deviation of the
turns’ radius during the fabrication process.

The coil-to-coil efficiencies in Table I are calculated using
(7) with the inductances and winding resistances. All the coils
in Fig. 14 achieve 95.7% efficiency for the same specifications
in Fig. 4.

B. Stray Magnetic Field

Fig. 15 shows the hardware setup for field measurement of
the coils in Fig. 14(c). Specifications of the experimental mea-
surement are the same as those in Figs. 4 and 13. The power
of 100 W was transferred across a 40 mm gap using the circuit
topology in Fig. 1(a), with 35 V output voltage and 100 kHz
switching frequency. The input dc voltage was adjusted for the
desired output power. The measured currents match well with
the calculation results using (10) and (11). For each position,
the near-field probe Langer EMV LF-R 50 was used to measure
magnetic fields BX (t), BY (t), and BZ (t) in the X, Y, and
Z orientations. The quantified magnetic fields were calculated
using (15).

With a 40 mm gap between the transmitter and receiver coils,
magnetic fields along the Y-axis in Fig. 16(a) were calculated,
simulated, and measured for the coils in Fig. 14(a), (b), and (c).
The quantified magnetic field is shown in Fig. 16(b). The points
of field measurement are located along the Y-axis, and their
distances to the center of the coils range from 75 to 150 mm.
The difference between measurement and calculation is less
than 12.5%.

Fig. 16(c) and (d) show the time-domain waveforms of stray
magnetic fields in the Y and Z orientations at two positions.
One position is 100 mm away from the center, and the other
is 150 mm away. The dashed lines are the calculated results of
the lumped-loops model in Fig. 14(a), and the solid lines are
the measured results of the coils in Fig. 14(c) using the hard-
ware setup in Fig. 15. The measured waveforms are not purely
sinusoidal because of the harmonics in the winding currents.
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Fig. 16. (a) Side view of the coils and points for field measurement along
the Y-axis; (b) quantified stray magnetic fields along Y-axis, which are cal-
culated, simulated, and measured with the coils in Fig. 14(a), (b), and (c),
respectively; (c)–(d) time-domain waveforms of the stray magnetic fields in the
Y and Z orientations at two positions [solid lines: measurement results of the
coils in Fig. 14(c); dashed lines: calculation results of the lumped-loops model in
Fig. 14(a)].

However, the influence of this nonsinusoidal effect is negligible
when quantifying the magnetic fields.

V. CONCLUSION

The synergetic optimization of IPT coils is discussed in this
paper for the coil-to-coil efficiency and stray magnetic field.
Pareto front is applied for the optimization. One method to de-
rive the Pareto front is using parametric sweep in finite-element
simulation. This method is time consuming especially for
3-D simulation, since two simulations are required for each
set of physical parameters. A faster method using lumped-loops

Fig. 17. Magnetic field d	s at measurement point P generated by the small
segment of conductor d	s with current excitation I.

Fig. 18. The example used to calculate magnetic field B at the measurement
point, which is generated by a circular loop with excitation I. Components of B
include Br in the radial direction and Bz in the axial direction.

model is described in this paper. The coil-to-coil efficiency and
stray magnetic field are calculated using permeance matrices,
current-to-field matrices, and turns vectors of the lumped-loops
model. The sweep of the physical parameters in finite-element
simulation is replaced by the sweep of turns vectors in calcu-
lation. Only tens of simulations are required during the entire
procedure, so this method is much faster than parametric sweep,
which requires thousands of simulations. The Pareto front de-
rived from lumped-loops model matches well with that derived
from parametric sweep in simulation. Accuracy of the calcula-
tion using lumped-loops model is verified using experimental
measurement of fabricated coils. The coil-to-coil efficiencies are
the same for calculation and measurement, and the difference
for stray magnetic field is less than 12.5%.

APPENDIX

The Biot–Savart Law is used to calculate the magnetic field
generated by conductors with an air core. The field generated by
the small segment of conductor d	s with length ds and excitation
current I in Fig. 17 is calculated as

d 	B =
μ0I

4π
· d	s × 	r

r2 (34)

where r is the distance from the segment to the measure point
P; 	r is the unit vector pointing from the segment to P; μ0 is the
permeability of free space.

The magnetic field generated by the circular loop in
Fig. 18 is calculated by integrating (34) along the loop. The mag-
netic fields in the radial and axial directions Br and Bz at the
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measurement point are

Br =
μ0 · I · a · z

4π

∫ 2π

0

sin ϕ

(a2 + r2 + z2 − 2r · a sin ϕ)3/2 dϕ

(35)

Bz =
μ0 · I · a

4π

∫ 2π

0

a − r · sinϕ

(a2 + r2 + z2 − 2r · a · sinϕ)3/2 dϕ

(36)

where I and a are the peak current and radii of the circular loop,
respectively; r and z are the distances in the radial and axial
directions between the center of the loop and the measurement
point.

Equations (35) and (36) are calculated as

Br = B0
γ

π
√

Q

[
E(k)

1 + α2 + β2

Q − 4α
− K(k)

]
(37)

Bz = B0
1

π
√

Q

[
E(k)

1 − α2 − β2

Q − 4α
+ K(k)

]
(38)

where functions K(k) and E(k) are the complete elliptic integral
functions of the first kind and second kind; definitions of B0 , α,
β, γ, Q, and k are

B0 = (μ0I) / (2a) (39)

α = r/a (40)

β = z/a (41)

γ = z/r (42)

Q =
[
(1 + α)2 + β2

]
(43)

k =
√

4α/Q. (44)
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