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Abstract—The performance of a standard model predictive con-
troller (MPC) is directly related to its predictive model. If there are
unmodeled periodic disturbances in the actual system, MPC will
be difficult to suppress the disturbances, thus causing fluctuations
of system output. To solve this problem, this paper proposes an im-
proved MPC named predictive-integral-resonant control (PIRC).
Compared with the standard MPC, the proposed PIRC could en-
hance the suppression ability for disturbances by embedding the
internal model composing of the integral and resonant loop. Fur-
thermore, this paper applies the proposed PIRC to PMSM drives,
and proposes the PMSM control strategy based on the cascaded
PIRC, which could suppress periodic disturbances caused by the
dead time effects, current sampling errors, and so on. The exper-
imental results show that the PIRC can suppress periodic distur-
bances in the drive system, thus ensuring good current and speed
performance. Meanwhile, the PIRC could maintain the excellent
dynamic performance as the standard MPC.

Index Terms—Internal model principle, model predictive con-
trol (MPC), periodic disturbances attenuation, permanent magnet
synchronous motor, resonant controller.

I. INTRODUCTION

P ERMANENT magnet synchronous motor (PMSM) has
been widely used in the computer numerical control

(CNC) machine tools, elevator control, and traction drive
because of the advantages of simple structure, high power
factor, and wide speed range [1]–[2]. Model predictive control,
as a kind of closed loop control algorithm, has been success-
fully applied in PMSM control [3]–[4]. Compared with the
traditional current vector control strategy, the model predictive
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TABLE I
COMPARISON BETWEEN THE DIFFERENT MPC-BASED ALGORITHMS

Standard
MPC

PRC Min–max
MPC

Offset-free
MPC

Stability Strong Moderate Strong Moderate
Robustness Poor Moderate Strong Moderate
Disturbances type Null Periodic Non-specific Constant
Inhibition method Null Predictive model Cost function Observer
Computational complexity Low Relative high High Low
Application in motor drive No-Success Success [6] No-Success Success [5]

controller (MPC)-based PMSM control strategy could improve
the dynamic performance of speed and current effectively [5].

The cascaded MPC is an important kind of MPC-PMSM con-
trol strategies [6]–[8]. In the cascaded MPC-PMSM systems,
both the current and speed loop could be regarded as the single
input and single output system which could be simplified as the
unconstrained optimization problem, and then their control pa-
rameters could be determined offline. Meanwhile, by introduc-
ing a posterior constraint, the cascaded MPC could overcome
limitations of motion control systems with nonconstrained state
feedback controller resulting in low dynamic properties [9].

The design of cascaded MPC can be divided into two parts: the
speed loop and the current loop. However, the performance of
standard MPC is directly related to the accuracy of the predictive
model. Unfortunately, there are several periodic disturbances in
the drive system, and their precise mathematical models could
not be established. For example, in the speed loop, the current
sampling errors will introduce the periodic disturbances into
the current feedback channel [10]–[13]. These low-frequency
disturbances are usually the major cause of poor speed perfor-
mance of the standard MPC-based algorithm [6]; in the current
loop, the dead time effects of the inverter will introduce peri-
odic disturbances, and these disturbances could lead to stator
currents distortion, especially in the case of extreme low speed
and heavy load condition [14]–[17]. In summary, the perfect
steady-state control performance is usually difficult to realize
by using the standard MPC considering the unmodeled distur-
bances mentioned above.

In recent years, three kinds of improved MPC algorithms are
proposed to enhance the inhibition ability of the standard MPC
against the unmodeled disturbances, as listed in Table I.
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The first kind of these algorithms is the predictive repetitive
control (PRC), also known as iterative learning MPC [18]–[22].
In PRC, the periodic disturbances are expressed with signal
generators in series according to the discrete Fourier theory. In
this way, the modified predictive model with periodic distur-
bances can be established. Using this predictive model, PRC
could evaluate the system behavior under periodic disturbances,
then the influence of disturbances could be attenuated [18]. PRC
is a successful MPC algorithm, but the storage space and com-
putational burden of the PRC will be increased because of the
series structure, when a lot of frequencies are contained in the
periodic disturbances. Meanwhile, the modified model needs to
be updated online to reflect the information of periodic distur-
bances in real time, so that the control parameters of PRC have
also to be calculated online. In addition, the stability of PRC is
sensitive to the variation of the frequencies of the disturbances
[18]. Therefore, an improved PRC which is insensitive to the
frequencies of the disturbances are acquired by connecting the
multiple memory loops in series–parallel, but the disturbance at-
tenuation ability of the improved strategy would be weaken [20].

The second kind of algorithms is named min–max MPC
[23]–[24]. Instead of the accurate frequency information of dis-
turbances, the only requirement of the min–max MPC is the
extreme range of disturbances. In this algorithm, the control
law which contents the preset cost function under the worst
disturbance condition is determined by solving the min–max
optimization problem. However, the min–max MPC can only
satisfy the minimum control objectives (such as tracking and
stability) in the presence of disturbances, which means the dis-
turbances of outputs are not completely suppressed. Besides, the
dynamic programming problem of min–max MPC could hardly
be solved online. Thus, the min–max MPC has not been applied
in the motor control successfully.

The third kind of algorithms is the offset-free MPC [25]. In
this algorithm, the predictive model is augmented with a distur-
bance model which is used to estimate and predict the mismatch
between measured and predicted outputs. The states and distur-
bances estimated by the Luenberger or Kalman observer are used
to initialize the MPC problem. The stability of offset-free MPC
could be guaranteed by means of proper design. Meanwhile,
compared with PRC, computational burden of offset-free MPC
is lower. However, limited by the dynamic performance of the
observer, offset-free MPC could only eliminate the disturbance
which is constant or varies slowly.

On the basis of the above three kinds of algorithms, this pa-
per proposes an MPC algorithm that can restrain the constant,
slow-variation, and periodic disturbances, which is named as
the predictive-integral-resonant control (PIRC) algorithm. In
the proposed PIRC, the resonant internal model composing of
several paralleled quasi-resonant controllers is embedded in the
standard MPC algorithm to restrain the periodic disturbances.
Compared with PRC, PIRC does not need to store large amount
of past time variables, so that the computational complexity is
reduced. In addition, PIRC may have relatively strong robust-
ness of frequency, because the resonant internal model can adjust
its control bandwidth conveniently. More importantly, the con-
trol parameters of the PIRC could be determined offline. Thus,
the PIRC can be successfully applied in motor drive systems

with rapid transient response. In this paper, a PMSM control
strategy-based on the cascaded PIRC is put forward to suppress
the ripples of the current and the speed which are introduced
by periodic disturbances of dead time effects, current sampling
error, and flux harmonics.

II. PERIODIC DISTURBANCES ATTENUATION WITH

INTEGRAL-RESONANT INTERNAL MODEL

The first-order system including the periodic disturbances is
established as follows:

⎧
⎨

⎩

dx (t)
dt

= Ax (t) +Bu (t) + γ (t)

y (t) = Cx (t)
(1)

where x(t), u(t), and y(t) represent the state, input, and out-
put variables, respectively; A, B, and C are the corresponding
coefficients, respectively; γ(t) represents the external periodic
disturbances, and it can be expanded as Fourier series as fol-
lows:

γ (t) = γ0 +
∞∑

l=1

al cos (lω1t) +
∞∑

l=1

bl sin (lω1t) (2)

where γ0 represents the constant disturbance in control system;
al and bl are the Fourier coefficients of cosinoidal and sinu-
soidal components, respectively; ω1 is the fundamental angular
frequency of γ(t).

The Laplace transform of (2) with zero initial condition can
be expressed as

Y (s) = C(s − A)−1 [BU (s) + Γ (s)] (3)

where Y(s), U(s), and Γ(s) represent the transform results of y(t),
u(t), and γ(t), respectively

Γ (s) =
γ0

s
+

∞∑

l=1

als+ bl lω1

s2 + (lω1)
2 . (4)

The controller is to be designed to suppress the periodic dis-
turbances γ (t) and, hence, by the internal model principle [26],
the internal model which is constructed by the poles of Γ(s)
must be embedded in the open-loop transfer function of con-
trol system. As can be seen from (4), s = 0 and s = ±jlω1
are the poles of Γ(s). Therefore, the required internal model is
composed by the following two parts:

1) to suppress constant disturbance, the integral internal
model 1/s with the pole s = 0 is embedded into the for-
ward path between the reference R(s) and Y(s);

2) to suppress periodic disturbances, the periodic inter-
nal model GΣ (s) with the poles s = ±jlω1 (l =
1, 2, . . . ,∞) is embedded into the forward path between
R(s) and Y(s).

The resonant controller can deal with periodic references
and disturbances effectively. The transfer function of the ideal
resonant controller is

GR (s) =
Krs

s2 + (lω1)
2 (5)

where Kr represents the resonant coefficient, and the reso-
nant frequency is lω1 . However, the ideal resonant controller
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Fig. 1. Control block diagram after embedding the internal model. (a) Control
block diagram. (b) Discretization of PIRC.

is difficult to implement in practice, and its frequency robust-
ness is poor [27]. Thus, the quasi-resonant controller is always
adopted in the practical applications. The transfer function of
quasi-resonant controller is

Gquasi−R (s) =
Krωcs

s2 + 2ωcs+ (lω1)
2 (6)

where ωc is the cut-off frequency of quasi-resonant controller.
It can be seen from (6) that GΣ (s) could be constructed by
paralleling the quasi-resonant controllers which take lω1 as the
resonant frequency, namely

GΣ (s) =
∞∑

l=1

Kr,lωcs

s2 + 2ωcs+ (lω1)
2 . (7)

III. PREDICTIVE-INTEGRAL-RESONANT CONTROL (PIRC)

The control performance of an MPC is directly related to
the accuracy of predictive model. Hence, the unmodeled period
disturbances in the MPC-based control system would lead to
tracking errors or output fluctuations. To solve this problem,
the integral and resonant internal model are embedded into the
MPC-based control system. However, the predictive model will
be changed after embedding the internal model, as it contains
the mathematical model of internal model and original control
plant simultaneously. In this paper, the integral and resonant
internal models are embedded in the MPC-based control sys-
tem in series, and we rebuild the predictive model and control
law considering the embedded internal model. As a result, an
improved MPC named PIRC is gotten, as shown in Fig. 1(a).

A. Predictive Model

Discretize (1) and the result is as follows:
{
x (k + 1) = Adx (k) +Bdu (k) + γ (k)
y (k) = Cx (k)

(8)

where Ad = eAT s ; Bd = (
∫ T s

0 eAtdt)B; Ts represents the dis-
crete control period; k represents the kTs sampling instant.

Fig. 2. Bode diagram of [1 + GΣ (z)]−1.

Transforming (7) into z domain based on Tustin transforma-
tion, yields

GΣ (z) =
∞∑

l=1

b1,l + b2,lz
−2

1 + a1,lz−1 + a2,lz−2 (9)

where

b1,l =
2Kr,lωcTs

(lω1)
2T 2

s + 4ωcTs + 4
; b2,l =

−2Kr,lωcTs

(lω1)
2T 2

s + 4ωcTs + 4
;

a1,l =
2(lω1)

2T 2
s − 8

(lω1)
2T 2

s + 4ωcTs + 4
; a2,l =

(lω1)
2T 2

s − 4ωcTs + 4
(lω1)

2T 2
s + 4ωcTs + 4

.

From (8) and (9), the discretization block diagram of PIRC is
obtained, as shown in Fig. 1(b). In order to build the predictive
model in Fig. 1(b), first, the state equation in (8) is multiplied
by [1 + GΣ (z)]−1 on the both sides, which is equivalent to
embedding the resonant internal model into (8). Then, we have

[1 +GΣ (z)]−1x (k + 1)

= [1 +GΣ (z)]−1Adx (k) +Bdu
′ (k) + [1 +GΣ (z)]−1γ (k)

(10)

where u′(k) = [1 + GΣ (z)]−1 u(k). The Bode diagram of [1 +
GΣ(z)]−1 is drawn in Fig. 2, where l = 1, Kr = 1000, ωc =
0.01 rad/s, ω1 = 2π × 40 rad/s.

As shown in Fig. 2, the attenuation effect of [1 +GΣ(z)] −1

on the resonant-frequency signal is very strong, whereas it has
little effect on the signals at other frequency. According to this
feature, (10) can be simplified as

{
x (k + 1) = Adx (k) +Bdu

′ (k) + γ0

y (k) = Cx (k)
. (11)

Second, (11) is multiplied by the differential operator Δ =
1 − z−1 on the both sides, which is equivalent to embedding
the integral internal model into (11), thus, we can get

Δx (k + 1) = AdΔx (k) +BdΔu′ (k) . (12)

According to (12), the new predictive model can be obtained
by augmenting Δx to the state variable, which is
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

xm (k+1)
︷ ︸︸ ︷[
Δx(k + 1)
y(k + 1)

]

=

Am
︷ ︸︸ ︷[
Ad 0
CAd 1

]
xm (k)

︷ ︸︸ ︷[
Δx(k)

y(k)

]

+

Bm
︷ ︸︸ ︷[
Bd

CBd

]

Δu′(k)

y(k) =

Cm
︷ ︸︸ ︷[
0 1

]
[
Δx(k)
y(k)

]

(13)
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where xm(k), Δu′(k), and y(k) are the state, input, and output
variables of the new predictive model, and Am , Bm and Cm are
the corresponding coefficient matrixes.

Comparing the new predictive model with (8), the following
changes could be found:

1) the incremental value Δx becomes the state variable in-
stead of the steady value x;

2) Δu′(k) becomes the optimal objective instead of u(k);
3) the disturbances term γ(t) no longer exists.

B. Control Law

According to (13), the following tracking optimization prob-
lem can be established:

min
Δu ′(k)

V (k)=
N∑

j=1

Qj [r − y (k + j)]2 +
N∑

j=1

RjΔu′
2 (k+j−1)

s.t. xm(k + 1) = Amxm(k) + BmΔu′(k)

y(k) = Cmxm(k) (14)

where r is the reference value;Rj ,Qj �R+ represent the weight
coefficients of input and output at each predictive step;N ∈ Z+

is predictive horizon.
From (13), the expression of y(k + j) can be derived as

y (k+j)=CmAj
mxm (k)+Cm

j−1∑

i=0

Ai
mBmΔu′ (k+j−1−i).

(15)

According to (15), the following equation can be established:

Y = Ωxm (k) + FΔU ′ (16)

where

Y =

⎡

⎢
⎢
⎢
⎣

y(k + 1)
y(k + 2)

...
y(k + N)

⎤

⎥
⎥
⎥
⎦

; ΔU ′ =

⎡

⎢
⎢
⎢
⎣

Δu′(k)
Δu′(k + 1)

...
Δu′(k +N − 1)

⎤

⎥
⎥
⎥
⎦

;

Ω =

⎡

⎢
⎢
⎢
⎢
⎣

CmAm

CmA2
m

...

CmAN
m

⎤

⎥
⎥
⎥
⎥
⎦

;

F =

⎡

⎢
⎢
⎢
⎢
⎣

CmBm 0 . . . 0

CmAmBm CmBm
. . .

...
. . .

CmAN−1
m Bm CmAN−2

m Bm . . . CmBm

⎤

⎥
⎥
⎥
⎥
⎦
.

Meanwhile, the cost function in (14) can be rearranged as a
compact form like

min
ΔU ′

V = (Rref − Y )TQ (Rref − Y ) + ΔU ′TRΔU ′

(17)

where Rref = [ r r . . . r ]T
︸ ︷︷ ︸

N

; Q = diag [Q1 Q2 ... QN ]T ;

R = diag [R1 R2 ... RN ]T .
Substituting (16) into (17), we have

min
ΔU ′

V = ΔU ′THΔU ′ − ΔU ′TG + const (18)

where H = F TF + R; G = 2F TQ[Rref − Ωxm(k)]; const
represents the items which are independent of ΔU′.

According to the quadratic programming theory, the optimal
solution of (18) is

ΔU ′ =
1
2
HG−1

=
(
F TF + R

)−1
F TQ [Rref − Ωxm (k)] . (19)

Furthermore, according to the receding horizon control prin-
ciple [28]

Δu′ (k) =
[
1 0 . . . 0

]

︸ ︷︷ ︸
N

ΔU ′. (20)

At last, it can be seen from Fig. 1(b) that the relationship
between u(k) and Δu′(k) can be expressed as

u (k) = [1 +GΣ (z)]
︸ ︷︷ ︸

Resonant internal
model

· 1
1 − z−1
︸ ︷︷ ︸

Integral internal
model

Δu′ (k)

= [1 +GΣ (z)] [u′ (k − 1) + Δu′ (k)] . (21)

From (21), the PIRC is equivalent to the combination of stan-
dard MPC and parallel resonant internal model. The parallel
internal model in PIRC is used to enhance inhibiting effect of
periodic disturbances. Meanwhile, the solving process of the
standard MPC in the PIRC is independent on the design of
the parallel internal model, which means the design process of
the PIRC could be divided into two separate parts, namely the
offline solving of standard MPC and the parameter tuning of
internal model.

IV. CASCADED PIRC-BASED CONTROL STRATEGY FOR PMSM

To eliminate the periodic fluctuations of current and speed
of PMSM, this section proposes a control strategy based on
cascade PIRC. In the proposed strategy, the controllers of both
current loop and speed loop adopt the PIRC, as shown in Fig. 3.

A. Unmodeled Disturbances and Mathematical Model of
Current Loop

The unmodeled periodic disturbances of current loop mainly
include the permanent magnet flux harmonics [29]–[30] and
dead time effects of voltage source inverter [14]–[17].

While establishing the mathematical model of PMSM, we
usually assume that the rotor flux presents ideal sinusoidal dis-
tribution in space. However, for the actual motor, it is difficult
to achieve ideal sinusoidal flux distribution due to stator teeth
notching, magnetic saturation, and manufacturing restrictions
so that the permanent magnet flux linkage exists harmonics.
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Fig. 3. Proposed cascaded PIRC-based control strategy for PMSM. (a) Control
block diagram. (b) Current PIRC. (c) Speed PIRC.

Considering the three-phase symmetry of the motor stator
windings, in the case of symmetrical load, there will be no even
harmonics in the stator winding. Hence, taking the phase A as
an example, the permanent flux linkage can be expressed as

ψfA =
∞∑

l=1

ψf (2l − 1) cos [(2l − 1)ωet]

= ψf 1 cosωet+ ψf 3 cos 3ωet+ ψf 5 cos 5ωet+ ... (22)

where ωe donates the electrical angular frequency; ψf1 donates
the amplitude of the fundamental waveform of the permanent
flux; ψf3 and ψf5 are the amplitude of 3rd and 5th harmonics of
the permanent flux. The expression forms of the permanent flux
linkage of phase B and C are similar to that of the phase A, only
the initial phase angles have differences.

Transforming ψfA , ψfB , and ψfC into the rotating frame, and
then the expressions of the permanent magnet flux can be ob-

Fig. 4. Schematic diagrams of the dead time effects. (a) Basic configuration of
one phase leg during the dead time. (b) Switching patterns and output voltages.

tained as
⎧
⎪⎪⎨

⎪⎪⎩

ψfd = ψf 0 +
∞∑

l=1
ψd6l cos (6lωet)

ψfq =
∞∑

l=1
ψq6l cos (6lωet)

(23)

where ψf0 is the dc-component of the permanent magnet flux
linkage; ψd6l and ψq6l are the amplitude of 6lth harmonics.
From (23), we can see that the periodic disturbances will appear
in ψfd and ψfq , and their angular frequencies are 6lωe .

To avoid shoot-through in the dc link, a time delay called dead
time (2–5 μs) should be inserted in the pulse width modulation
patterns which guarantees that both switches in an inverter leg
will not be conducted simultaneously. The schematic diagrams
of the dead time effects are shown in Fig. 4.

From Fig. 4, the average distorted voltage ΔuAN caused by
the dead time effects are different according to the direction of
stator phase current, which has

ΔuAN =

{
TdUdc/Ts , iA > 0

−TdUdc/Ts , iA < 0
(24)

where Udc , iA , and Td represent the dc-bus voltage, stator cur-
rent of phase A, and the dead time, respectively.

Furthermore, the average distorted voltages of three phases
can be expressed according to the direction of the respective
three-phase currents as

ΔuAt =
TdUdc

Ts

{
2sign (iA) − sign (iB) − sign (iC)

3

}

(25)

ΔuBt =
TdUdc

Ts

{
2sign (iB) − sign (iC) − sign (iA)

3

}

(26)

ΔuCt =
TdUdc

Ts

{
2sign (iC) − sign (iA) − sign (iB)

3

}

(27)

where ΔuAt , ΔuBt , and ΔuCt are the average distorted voltages
of three phases, respectively; iA , iB , and iC are the stator currents
of three phases, respectively.

From (25) to (27), the average distortedα- andβ-axis voltages
Δuαt and Δuβ t of the stationary reference frame can be drawn
in Fig. 5. According to Fig. 5, Δuαt and Δuβ t can be derived
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Fig. 5. Distorted voltages and αβ-axis currents of the stationary reference
frame.

by taking the Fourier series as follows:

Δuαt =
4TdUdc

πTs

∞∑

l=1

{
1

6l − 5
sin [(6l − 5)ωet]

+
1

6l − 1
sin [(6l − 1)ωet]

}

(28)

Δuβ t =
4TdUdc

πTs

∞∑

l=1

{

− 1
6l − 5

cos [(6l − 5)ωet]

+
1

6l − 1
cos [(6l − 1)ωet]

}

. (29)

From (28) and (29), the distorted voltages Δudt and Δuqt of
the synchronous reference frame can be obtained by taking the
coordinate transformation as follows:

Δudt =
4TdUdc

πTs

∞∑

l=1

[
12l

36l2 − 1
sin (6lωet)

]

(30)

Δuqt =
4TdUdc

πTs

{

−1 +
∞∑

l=1

[
2

36l2 − 1
cos (6lωet)

]}

.

(31)

From (30) and (31), Δudt and Δuqt contain the 6th, 12th, and
higher order harmonics due to the dead time effects. It is worth
to mention that the nonlinear factors, such as turn-on and turn-
off delay of insulated gate bipolar transistor (IGBT), forward
voltage drop, etc., have been neglected in the analysis of dead
time effects. But, these nonlinear factors have only impact on
the amplitude of periodic disturbances and have no effect on the
frequencies of disturbances [14].

The nonperiodic disturbances of current loop mainly come
from the parameter variation of motor [11]. The stator resistance
Rs varies primarily with winding temperature whereas a small
amount of skin and stray loss effects are neglected. In addition,
the stator inductances Ld and Lq are hard to precisely obtain, and
they are usually functions of current magnitude and phase angle.
For instance, the effects of cross saturation generally result in
variations of stator inductances which affects the mathematical
model of the motor.

The voltage equations considering the periodic and nonperi-
odic disturbances can be expressed as follows:
⎧
⎪⎨

⎪⎩

Ld
did
dt

= ud −Rsid + pωLqiq − ΔLd
did
dt

− ΔRsid − udt

Lq
diq
dt

=uq−Rsiq−pωLdid−pωψfd−ΔLq
did
dt

−ΔRsiq−uqt

(32)

where ΔRs , ΔLd , and ΔLq represent the variations of Rs , Ld ,
and Lq , respectively. As mentioned above, ΔRs is a function
depending on the motor temperature; ΔLd and ΔLq are related
to stator current. Therefore, considering the control period is
short, the nonperiodic disturbances caused by ΔRs , ΔLd , and
ΔLq can be regarded as the slow-variation disturbances. Then,
the effects of these nonperiodic disturbances on the performance
of current loop can be eliminated by the integral internal model
of PIRC.

B. Design of Current PIRC

According to (32), the frequencies of harmonic disturbances
are 6lωe in the current loop. Therefore, the appropriate resonant
internal model could be embedded in the current loop to elimi-
nate the 6lth harmonic disturbances. The influence of 12th and
higher harmonic disturbances on the current loop are small, so
we can take ω1 = 6ωe , l = 1 in (9) to eliminate 6th harmonic
disturbance. Then, the current PIRC is shown in Fig. 3(b).

After embedding the integral and resonant internal model,
the control law of current PIRC will be determined as follows.
Taking q-axis as an example, discretize the second equation of
(32), and then establish the predictive model of q-axis accord-
ing to (13). It is worth to note that we adopt the feedforward
compensation method to eliminate the cross coupling terms in
(32). Then, we have

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xm q (k+1)
︷ ︸︸ ︷⎡

⎣
Δiq(k + 1)

iq(k + 1)

⎤

⎦ =

Am q
︷ ︸︸ ︷⎡

⎣
1 −RsTs/Lq 0

1 −RsTs/Lq 1

⎤

⎦

xm q (k)
︷ ︸︸ ︷⎡

⎣
Δiq(k)

iq(k)

⎤

⎦

+

Bm q
︷ ︸︸ ︷⎡

⎣
Ts/Lq

Ts/Lq

⎤

⎦Δ u′q(k)

yq(k) =

Cm q
︷ ︸︸ ︷[
0 1

]

⎡

⎣
Δiq(k)

iq(k)

⎤

⎦

. (33)

Next, according to (14), the corresponding optimization prob-
lem for the current PIRC is established as

min
Δu ′

q (k)
V (k) =

N c u r∑

j=1

[iqref − iq (k + j)]2

+Rcur

N c u r∑

j=1

Δu′2q (k + j − 1)

s.t. xmq(k + 1) = Amqxmq(k) + BmqΔu′q(k)

yq(k) = Cmqxmq(k) (34)
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where iqref is the reference current of q-axis, which is pro-
duced by the speed PIRC. Ncur is predictive horizon of PIRC
and determines the range of optimization horizon for the MPC
algorithm, and we generally take the value of NcurTs larger
than motor electrical time constant, namely Ncur > Lq/TsRs ;
Rcur is the weight coefficient, which is used to avoid the severe
changes of Δu′q , and then the smooth torque control can be
guaranteed.

By solving the optimization problem in (34), we can get

ΔU ′
q =

(
F T

q F q + Rcur
)−1

F q
T [iqref − Ωqxmq (k)] (35)

where

Ωq = [CmqAmq CmqA
2
mq . . . CmqA

N c u r
mq ]T ;

Rcur = diag [Rcur Rcur . . . Rcur ]
︸ ︷︷ ︸

Nc u r

;

iqref = [ iqref iqref . . . iqref ]T
︸ ︷︷ ︸

Nc u r

;

ΔU ′
q = [Δu′q(k) Δu′q(k + 1) . . . Δu′q(k +Ncur − 1) ]T ;

F q =

⎡

⎢
⎢
⎢
⎢
⎣

CmqBmq 0 . . . 0

CmqAmqBmq CmqBmq
. . .

...
...

...
. . .

...
CmqA

N c u r−1
mq Bmq CmqA

N c u r−2
mq Bmq . . . CmqBmq

⎤

⎥
⎥
⎥
⎥
⎦

Then, in accordance with the receding horizon control prin-
ciple

Δu′q (k) =
[
1 0 . . . 0

]

︸ ︷︷ ︸
N c u r

ΔU ′
q . (36)

Finally, according to (21), the control law of current PIRC
can be written as

uq (k) = [1 +GcΣ (z)]
[
u′q (k − 1) + Δu′q (k)

]

+ pωLdid + pωψf 0 (37)

where GcΣ represents the resonant internal model of current
PIRC.

C. Unmodeled Disturbances and Mathematical Model of
Speed Loop

The unmodeled periodic disturbances of speed loop mainly
include current sampling error [11]–[13] and flux harmonics
[29]–[30]. Considering the filtering effect of rotor inertia and
speed measurement, the amplitude of speed fluctuation caused
by flux harmonics is small [31]. So we mainly concern the
disturbances introduced by the current sampling errors in the
following analysis.

Current feedback is necessary for most motor drive systems.
The current measurement procedure, which mainly includes
sampling, low-pass filtering, polarity conversion, and calcula-
tion, is depicted in Fig. 6, where Rm is the sampling resistance,
and u0 is the offset voltage added in the polarity conversion part.

Fig. 6. Schematic of current measurement.

Ignoring nonideal factors in filter and analog-to-digital con-
verter, the acquired current information can be expressed as

im =
Rm

RmN
i+

u0 − u0N

rRmN
= Ki+ i0 (38)

where r is the transducer ration of current sensor;RmN and u0N
are the nominal values of sample resistance and offset voltage,
respectively.

According to (38), the accuracy of current measurement tends
to be affected by mainly two factors. One is the deviation be-
tween u0 and u0N . This deviation is generally caused by unbal-
anced positive and negative feeding voltage of the sensor and
zero voltage drift of the analog devices. The other is the varia-
tion of Rm caused by temperature rise. These two aspects cause
offset and proportion errors between im and i.
i0A , i0B and KA , KB are defined as the offset errors and

proportional coefficients of currents in phase A and phase B,
respectively. imA and imB are defined as the measurement values
for iA and iB ; then

{
imA = KA iA + i0A

imB = KB iB + i0B
. (39)

Transform (39) into synchronous rotating coordinate and sup-
pose that KA = KB = 1, then

⎧
⎪⎪⎨

⎪⎪⎩

Δid =
2√
3

√

i0
2
A + i0A i0B + i20B sin (ωet+ α)

Δiq =
2√
3

√

i20A + i0A i0B + i20B cos (ωet+ α)
(40)

where Δiq = imq − iq ; Δid = imd − id ; id and iq are real
current values of d- and q-axis, respectively; imd and imq are
the measurement values for id and iq , respectively; and α is the
angle between stator current vector and rotor position.

When i0A = i0B = 0, it yields
⎧
⎪⎪⎨

⎪⎪⎩

Δid =
√

3
3

(KB−KA)I sin
(
2ωet+

π

3

)
+

(2 −KA −KB)
2

I

Δiq =
√

3
3

(KB −KA)I sin
(
2ωet+

π

3

)
−
√

3
6

(KA−KB)I
(41)

where I is the amplitude of phase current.
It can be seen from (40) and (41) that the current sampling er-

rors will introduce disturbances into current feedback channels.
The frequencies contained in the disturbances are same as and
twice of the fundamental frequency. It should be noted that it is
difficult to eliminate these disturbances through circuit design
techniques, as they mainly come from current sensor itself and
working temperature. These periodic disturbances are often the
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major cause of poor control performance, and if suitable com-
pensation is not applied, the speed will oscillate in the steady
state, particularly at low values.

The first kind of the nonperiodic disturbances of speed loop is
the inertia mismatch. The inertia J of a PMSM system, including
both rotor and load, is usually a constant during a short-term
operation process. However, the inertia of the whole system
is time-varying in some special applications [11]. The second
kind is the friction torque. Friction is the tangential reaction
force between two surfaces in contact. The nonlinear effects of
friction are unavoidable and widely exist in drive systems, which
may cause steady-state errors and tracking lags. The third kind
is the load torque. Torque on the load side is generally deemed
as one of the most severe nonperiodic disturbances affecting
the dynamic performance. For example, since the transmission
mechanism is not an ideal rigid body, mechanical resonance
can be easily excited due to the load torque. Speed is inevitably
changed when load torque is imposed on the motor.

Considering the periodic and nonperiodic disturbances above,
the mechanical equation of PMSM can be expressed as

J
dω
dt

= 1.5pψf 0iqref + 1.5pψf 0Δiq − TL − Tfric − TJ (42)

where Tfric represents friction torque; TJ = ΔJ(dω/dt) rep-
resents torque errors caused by the inertia mismatch; ΔJ is the
value of mismatch inertia. From (42), it could be known that, on
one hand, Tfric and TL can be regarded as the constant distur-
bances due to the variation period of load and friction torque is
much longer than the control period. Hence, the impact of Tfric
and TL on the speed control performance can be eliminated by
the integral internal model of PIRC effectively. On the other
hand, TJ ≈ 0 in the static states because of dω/dt ≈ 0.

D. Design of Speed PIRC

According to (42), the frequencies of the harmonic distur-
bances are ωe and 2ωe in the speed loop. Therefore, the res-
onant internal model with resonant frequency ωe and 2ωe [in
(9), ω1 = ωe , l = 1, 2] are embedded in the speed PIRC to
suppress the speed fluctuation, as shown in Fig. 3(c).

After embedding the resonant model, the control law of speed
PIRC could be determined as follows. First, discretize (42), and
then establish the predictive model of speed loop according to
(13)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xm s (k+1)
︷ ︸︸ ︷⎡

⎣
Δω(k + 1)

ω(k + 1)

⎤

⎦=

Am s
︷ ︸︸ ︷⎡

⎣
1 0

1 1

⎤

⎦

xm s (k)
︷ ︸︸ ︷⎡

⎣
Δω(k)

ω(k)

⎤

⎦+

Bm s
︷ ︸︸ ︷⎡

⎣
1.5pTsψf 0/J

1.5pTsψf 0/J

⎤

⎦

Δi′qref (k)

ys(k) =

Cm s
︷ ︸︸ ︷[
0 1

]
[
Δω(k)

ω(k)

]

(43)

Next, according to (14), the corresponding optimization prob-
lem for the speed PIRC is established as

min
Δ i′q r e f (k)

V (k) =
N s p d∑

j=1

[ωref − ω (k + j)]2

+Rspd

N s p d∑

j=1

Δi′2qref (k + j − 1)

s.t. xms(k + 1) = Amsxms(k) + BmsΔi′qref (k)

ys(k) = Cmsxms(k) (44)

where ωref is the reference value of the mechanical angular
frequency; ω is the mechanical angular frequency of motor;
Nspd is predictive horizon of speed PIRC. We generally take
the value of NspdTs larger than the mechanical time constant,
namely Nspd >

Rs J
1.5pψ 2

f T s
;Rspd is the weight coefficient, which

is used to avoid the severe changes of Δi′qref , and then the
smooth speed control can be guaranteed.

By solving the optimization problem in (44), we can get

ΔI′qref =
(
F T

s F s + Rspd
)−1

F s
T [ωref − Ωsxms (k)] (45)

where

F s =

⎡

⎢
⎢
⎢
⎢
⎢
⎣

Cm sBm s 0 . . . 0

Cm sAm sBm s Cm sBm s
. . .

...
...

...
. . .

...
Cm sA

N s p d −1
m s Bm s Cm sA

N s p d −2
m s Bm s . . . Cm sBm s

⎤

⎥
⎥
⎥
⎥
⎥
⎦

ΔI ′
qref = [ Δi′qref (k) Δi′qref (k+1) . . . Δi′qref (k+Nspd −1) ]T

Rspd = diag[Rspd Rspd . . . Rspd ]T
︸ ︷︷ ︸

N s p d

ωref = [ωref ωref . . . ωref ]T
︸ ︷︷ ︸

N s p d

Ωs = [ Cm sAm s Cm sA
2
m s . . . Cm sA

N s p d
m s ]T .

Then, according to the receding horizon control principle, we
can get

Δi′qref (k) =
[
1 0 . . . 0

]

︸ ︷︷ ︸
N

ΔI ′
qref . (46)

Finally, according to (21), the control law of speed PIRC can
be written as

iqref (k) = [1 +GsΣ (z)] [i′qref (k − 1) + Δi′qref (k)] .
(47)

where GsΣ represents the resonant internal model of speed
PIRC.
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Fig. 7. Nyquist curves of current loop. (a) Influence of ωc .
(b) Influence of Kr .

V. STABILITY ANALYSIS

A. Stability Equivalent Conditions Between the Standard
MPC and Proposed PIRC

Several literatures show that the closed-loop stability of the
standard MPC would be guaranteed if the predictive horizon is
long enough [32]. In this section, according to the analysis of
Section III, we will give the following equivalent conditions of
stability between the standard MPC and proposed PIRC.

Condition 1: [1 + GΣ (z)]−1 has strong attenuation effect on
the signal that frequencies are equal to the resonant frequencies.

Condition 2: [1 + GΣ (z)]−1 has little effect on the amplitude
and phase of signals that frequencies are not equal to the resonant
frequencies.

The Resonant coefficientKr and the cut-off frequency ωc are
two important parameters for GΣ (z). To investigate the influence
of Kr and ωc on Conditions 1 and 2, the Nyquist curves of
current loop are drawn in Fig. 7. In Fig. 7(a), ωc is 0.01 rad/s
constantly, and Kr is 1, 1 × 103, and 1 × 104, respectively.
In Fig. 7(b), Kr is 1 constantly, and ωc is 2, 20, and 40 rad/s,
respectively.

As shown in Fig. 7(a), the gain of resonant internal model
on the resonant frequency decreases with the increase of ωc .
However, the system characteristic is not influenced when the
signal frequency is not equal to the resonant frequency. So it
can be concluded that ωc has limited effect on the Condition 2.

From the first look to the Fig. 7(b), the stability of the system
is improved with the increase of Kr , as the Nyquist curves of
the system get more and more far from the key points (−1, 0).
However, the characteristic deviation between the PIRC-based
system and the MPC-based system get greater with the increase
of Kr , which means the resonant internal model also affects
the characteristic of the signals beyond the resonant frequency.
Therefore, Condition 2 will no longer be established with the
overlarge value of Kr , and then the stability of the system is
influenced.

According to digital control theory [33], the above stability
conditions established in continuous system can still be applied
to digital control system. However, the selection of Ts should
be carefully considered to reduce the predictive errors caused
by discretion, and then guarantees the accurate evaluation of
system behavior.

Fig. 8. Bode diagram of [1 + Gquasi−R ]−1 when the resonant frequency
equals to 15 rad/s. (a) Kr = 2.0/ωc . (b) ωc = 0.1 rad/s.

For the PIRC-based PMSM drive system in this paper, the
following aspects should be considered during the selection of
Ts . 1) The switching frequency of common-type IGBT must
not higher than 10 kHz during long-time work, then Ts should
be larger than 100 μs. 2) According to the relevant sampling
theorem [33], for a system with a rise time on the order of 1
s (which translates to a closed-loop bandwidth on the order of
0.5 Hz), it would be typical to choose a sample rate of 10 to
20 Hz in order to provide some smoothness in the response
and to limit the magnitude of control steps. This means that the
desired Ts should be shorter than π/(20ωb ), where ωb denote
the bandwidth of control system. In the practical application, a
higher sampling rate (shorter control period Ts) is a better choice
for ensuring the control performance and saving the design time.

B. Tuning Method of ωc and Kr Based on the Stability
Conditions

1) Tuning method of ωc . According to the analysis of
Section V-A, the influence of ωc on the stability is smaller
than Kr. Hence, to achieve the purpose of determining the value
of ωc and Kr separately, we let Kr = 2.0/ωc in (6), then we
can get

G (s) =
2s

s2 + 2ωcs+ (lω1)
2 . (48)

From (48), we can see that the amplitude-frequency charac-
teristic of G is independent of Kr . And, the Bode diagram of
[1 + G]–1 under the condition of Kr = 2.0/ωc is shown in
Fig. 8(a).

As shown in Fig. 8(a), only the bandwidth of [1 + G]–1

becomes larger with the increase of ωc , which means the value
of ωc has no effect on the Condition 1 when Kr = 2.0/ωc .
Hence, the value of ωc should be selected as small as possible to
meet the requirement of the Condition 2. However, considering
the small fluctuations of the angular frequency of the motor,
it is necessary to reserve bandwidth to guarantee frequency
matching between PIRC and periodic disturbances. For this
reason, we assume the fluctuations of the angular frequency of
motor is αω , and then let ωc = αω ,Kr = 2.0/ωc at first. If the
PIRC have suppression effect on the periodic disturbances under
this condition, then the value of ωc should be decreased until
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TABLE II
PMSM PARAMETERS

Parameter symbol value

Rated power PN 6.0 kW
Number of pole-pairs p 8
Rated speed nN 300 r/min
Rated torque TN 192 N·m
Rated current IN 11.8 A
Permanent magnet flux ψ f 0.9031 Wb
Stator resistance Rs 0.76 Ω
Stator inductance Ls 13 mH
DC-bus voltage Ud c 580 V
Dead time of the inverter Td 3.0 μs
Discrete control period Ts 200 μs

the resonant frequencies of PIRC mismatch with the periodic
disturbances. Otherwise, the value of ωc should be increased
until PIRC could suppress the periodic disturbances.

2) Tuning method of Kr . After determining the value of ωc ,
the tuning method ofKr is given as follows. From (6), the Bode
diagram of [1 +Gquasi−R]−1 when ωc = 0.1 rad/s is shown in
Fig. 8(b). It can be seen from this figure that the attenuation
effect of [1 +Gquasi−R]−1 on the resonant-frequency signal be-
comes stronger with the increase ofKr (see Condition 1). How-
ever, [1 +Gquasi−R]−1 also has greater impact on signals whose
frequency are not equal to the resonant frequency (see Condi-
tion 2). Then, the selection of Kr is a compromise between
Condition 1 and 2. In this paper, we first define the frequency
range when the amplitude response of [1 +Gquasi−R (z)]−1

smaller than −3 dB as the bandwidth of [1 +Gquasi−R (z)]−1 .
Second, the corresponding value of Kr that could make the
bandwidth of [1 +Gquasi−R (z)]−1 equals to αω will be consid-
ered as the optimal value, as shown in Fig 8(b). It is worth to be
mentioned that this tuning process of Kr is very complicated.
So, MATLAB/Simulink is recommended to determine the value
of Kr in practical application.

VI. EXPERIMENTAL VERIFICATION

To verify the practicability and validity of PIRC, the experi-
ments are carried out on a 6-kW surface mounted PMSM. The
parameters of the motor are given in Table II. In the experimental
test bench, a TMS320F28335 Digital Signal Processor (DSP) is
employed for algorithm implementation, and the sampling tasks
of ac-side currents and dc-side voltage are also accomplished by
DSP. Besides, the load is a 11.2-kW induction motor controlled
by S120 produced by Siemens. The photo of the implemented
system is shown in Fig. 9.

In the following experiments, the PMSM control strategies
based on the cascaded MPC and PIRC are implemented, respec-
tively. In order to realize the offset-free tracking for reference
current and speed, in the MPC-based control strategy, the inte-
gral loop is also embedded in the MPC referring to [34]. While
adapting MPC, for the current loop, Rcur = 0.01, Ncur = 10.
For the speed loop, Rspd = 10, Nspd = 100. PIRC chooses
the same weighting factors and predictive horizons as MPC. In
addition, we choose ωc = 0.05 rad/s, Kr = 50 unless other-

Fig. 9. Photo of the implemented system.

wise stated, and idref is set to zero for reducing the idling loss
of motor in the following experiments. At last, it is worth to
mention that the discrete control period and sample period of
algorithm are identical in this paper.

Fig. 10 shows the dynamic experimental waveforms when
adopting the PIRC-based control strategy, respectively. In the
experiments, the reference value of the electrical angular fre-
quency ωe,ref is employed as the basis of disturbance frequency,
instead of the actual angular ωe . For example, the resonant
frequency of current loop is set as 6ωe,ref , and the resonant
frequency of speed loop is set as ωe,ref and 2ωe,ref .

As shown in Fig. 10(a), when the reference speed changes
from 50 to 100 r/min abruptly, the resonant internal model has
no restraint effect due to the difference between resonant fre-
quency and disturbance frequency, and then PIRC transforms
into MPC so that the PIRC could track the reference speed
rapidly. As shown in Fig. 10(b), when the load is increased
from 0 to 50 N·m abruptly, speed will exist small fluctuations,
but the actual speed could track its reference well due to the
good dynamic adjustment ability of the predictive algorithm so
that the fluctuations of speed and current could be eliminated
rapidly. The above phenomenon indicates that the PIRC could
suppress the periodic disturbances by employing the resonant
internal model, but it can still retain the same excellent dynamic
performance as the MPC.

Fig. 11 shows the waveforms about iA , id , iq , and its reference
iqref . In the experiments, PMSM operates at 100 r/min and the
load is 100 N·m.

As shown in Fig. 11, the periodic disturbances of the six times
electrical angular frequency will be apear in the stator currents
beacuse of the dead time effects and flux harmonics. When using
the MPC-based control strategy, the average fluctuation of iq is
4 A, and the 2nd and 6th harmonics of the stator currents are
high, which causes the distortion of the stator current. Among
them, the 2nd harmonic is mainly introduced by the current
sampling error, and the 6th harmonic is mainly caused by the
dead time effects and flux harmonics. When using PIRC-based
control strategy:

1) iq can effectively track its reference iqref .
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Fig. 10. Dynamic experimental waveforms. (a) Reference speed change. (b)
Load torque change.

Fig. 11. Performance of current controller under the steady state. (a) MPC-
based control strategy. (b) PIRC-based control strategy.
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Fig. 12. Performance of speed controller under the steady state. (a) MPC-
based control strategy. (b) PIRC-based control strategy.

2) The 6th harmonic of the stator currents can be effectively
suppressed because the current PIRC contains the 6th
resonant internal model. Compared with the MPC, the
content of 6th harmonic drops by about 20% in the stator
currents.

3) Beause the speed PIRC contains the 1st and 2nd resonant
internal model, the more stable q-axis reference current
is obtained. As a result, the average fluctuations of iq are
reduced to 2.5 A and reduced by 37.5%. The quality of
stator current waveform is improved.

Fig. 12 shows the waveform of nr and iqref when using
an MPC-based and PIRC-based strategy, respectively. In the

Fig. 13. Performance of speed PIRC controller under different parameters. (a)
ωc = 0.01 rad/s, Kr = 250. (b) ωc = 0.05 rad/s, Kr = 50. (c) ωc = 0.1 rad/s,
Kr = 25.

experiments, PMSM operates at 100 r/min, and the load is
100 N·m.

As shown in Fig. 12, when using an MPC-based strategy, the
speed exists 13-Hz periodic fluctuations under the influence of
the current sampling error and the average fluctuation amplitude
is about 4 r/min. When using PIRC-based strategy proposed
in this paper: 1) the speed can effectively track its reference.
2) As speed PIRC contains the 1st and 2nd resonant internal
model, compared with MPC, the 1st harmonic of speed drops
by about 60% according to the fourier decomposition for speed
waveform, and then the more stable speed control performance
has been achieved.

Fig. 13 shows the experimental waveforms with speed PIRC
under the different parameters. In the experiments, different
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Fig. 14. Bode diagram of [1+ GΣ (z)]−1 under the three experimental param-
eters sets.

ωc and Kr of speed PIRC are selected according to the tun-
ing method in Section V-B. For example, while selecting
ωc = 0.01 rad/s, and substituting this value into (6), the
expected Kr is the vlaue which could make the band-
width of [1 +GΣ(z)]−1 equal to αω = 1.5 r/min × 2 ×
π/30 = 0.314 rad/s according to the proposed tuning method.
By MATLAB/Simulink, we can obtain the corresponding value
of Kr which is equal to 250 approximately. In the same way,
the values of Kr corresponding to ωc = 0.05 rad/s and 0.1 rad/s
can be obtained, and their values are 50 and 25, respectively.
The Bode diagrams of [1 +GΣ(z)]−1 under these different pa-
rameters are shown in Fig. 14. From this figure, we can see that
the bandwidth of [1 +GΣ(z)]−1 for the three parameter-sets are
identical with the proposed tuning method. The only difference
is, the greaterωc is, the greater characteristics deviation between
(6) and (5) is. As a result, the amplitude-frequency response at
the resonant frequency decreases with the increase of ωc , which
lead to the convergence time of the resonant internal model in-
creasing, as shown in Fig. 13. Therefore, a smaller ωc should be
selected preferentially in the practical applications.

VII. CONCLUSION

This paper proposes the PIRC that can effectively suppress the
constant, slow-variation, and periodic disturbances. And, the
PIRC has been applied in the PMSM drive system in this paper.
Experimental results have verified that the periodic disturbances
caused by the dead time effects and the current sampling error
are suppressed effectively with the help of PIRC. There are the
following two main contributions in this paper.

1) The predictive model and the control law of the PIRC
are given. In order to enhance the inhibition ability of
the periodic disturbances, the resonant internal model is
embedded in the standard MPC, which formed the PIRC.

2) A PMSM control strategy-based on the cascaded PIRC
is proposed, and relevant stability conditions have been
given. Furthermore, the detailed parameter tuning meth-
ods of the PIRC in PMSM drive system have also been
analyzed in this paper.
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