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Bilinear Discrete-Time Modeling and Stability
Analysis of the Digitally Controlled Dual

Active Bridge Converter
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Abstract—Dual active bridge (DAB) converters have been widely
used in distributed power systems and energy storage equipment.
However, the inherent nonlinearity of the DAB converters can cause
stability problem, such as output voltage oscillation. In this pa-
per, the dynamic behavior and stability of a digitally controlled
DAB converter with a closed-loop controller are studied. First, to
accurately study the nonlinear dynamics and stability in a DAB
converter, a bilinear discrete-time model considering the output
capacitor equivalent series resistance (ESR) and the digital control
delay in circuit is established. Based on the model, the nonlinear
dynamic characteristic and stability of the DAB converter versus
the control parameter are studied. Furthermore, extensive analy-
ses are performed to study the effect of the transformer leakage
inductance and the output capacitor ESR on the stability bound-
aries of the control parameter. The accuracy of the model and the
theoretical analyses are validated by simulation and experimental
results. The proposed model of the digitally controlled DAB con-
verter can accurately predict the stability boundaries, which can
be effectively applied to the design of the system parameters and
guarantee stable operation of the converter.

Index Terms—Dual active bridge (DAB) converter, discrete-time
modeling, nonlinear dynamics, stability analysis.

I. INTRODUCTION

POWER electronic converters continue to evolve as an indis-
pensable part in many electronic circuits. However, nonlin-

ear dynamics such as period doubling bifurcation [1], [2], Hopf
bifurcation [3], [4], and chaos [1], [2], [4] are affluent in these
converters. In practice, as these abnormal operations increase
the switching stress of the converter and affect the transmis-
sion efficiency, a better understanding of the system under all
possible operating conditions is needed to help provide useful
guidelines for a reliable design, thereby keeping the bifurcations
far enough from the operating conditions in parameter space and
improving its performance.
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DC–DC converters are some of the most widely used cir-
cuits in power electronics and many researchers have devoted
to the dynamic behavior in dc–dc converters over the past sev-
eral decades [5]–[10]. Recently, the development of renewable
energy storage [11], plug-in hybrid electric vehicles [12], unin-
terruptible power supply systems [13], and smart grids [14] has
increased the popularity of the bidirectional dc–dc converters.
Compared with other bidirectional dc–dc converters, the dual
active bridge (DAB) converters have been taken more attention
because of its advantages on galvanic isolation, zero-voltage
switching (ZVS), high power density, high efficiency, and sym-
metric structure [15], [16]. Thus, this converter has been exten-
sively analyzed and design methodology [17], control strategies
[18], [19], and modulation strategies [20] have been proposed.
However, due to the existence of switching nonlinearity and
control delay [21], the complex dynamics in the DAB convert-
ers, which can deteriorate the performance and bring instability,
have not been studied in the existing literature.

To study the dynamics in a DAB converter, an appropriate
model should be developed. Generally, the dynamics in con-
verters can be analyzed based on the state-space averaged model
or the discrete-time model [4], [22], [23]. The averaged model
has each circuit variable averaged within one switching period.
Thus, this approach does not consider the switching details and
is only useful to detect the slow-scale dynamics of the system.
However, the discrete-time model can predict the state variables
at one sampling time based on previous samples. As a result,
the discrete-time model can predict both the slow- and fast-scale
dynamics of the system.

Establishing a conventional averaged model in a
DAB converter is not appropriate as the leakage inductance
current is alternating and current ripple cannot be negligible.
Thus, in [24], a simplified reduced-order averaged model is
established by neglecting the conduction loss and the output
capacitor ESR. This model averages the inductance current in
each state interval. In [25] and [26], the small-signal model of
the DAB converter is developed by averaging and perturbing
the output current. The three models above are all derived by
averaging the steady-state current and thus neglect the induc-
tance current dynamic. In [27], a generalized averaged model,
which uses several terms in the Fourier series of state vari-
ables, is established. If high accuracy of this model is required,
the order of the system will be evidently increased. Many
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researchers have also made much effort to establish discrete-
time models for DAB converters. In [28], a discrete-time aver-
aged model averaging the value of the output voltage over half
switching period is obtained. This model can be updated every
half switching period and is suitable for half period control.
In [29], a discrete-time small-signal model without considering
the output capacitor ESR is developed. In [30] and [31], due to
the symmetry of the leakage inductance current and the output
voltage in steady state, the discrete-time models for half pe-
riod control are established in a half switching period. In [32],
a discrete-time model is established to accurately describe the
instability of a DAB converter. And analysis is performed to
study the effects of the output capacitor ESR and the control
parameter on the stability of the system.

In this paper, to optimize and simplify the calculation process
in [32], a bilinear approximation method of the matrix exponen-
tial proposed in [33] is added and the process of calculating the
steady-state point is improved. This model is called the bilin-
ear discrete-time model. The bilinear discrete-time model takes
into account the output capacitor ESR and considers the digital
control delay and sample-and-hold process. Using the bilinear
discrete-time model established in this paper, the bifurcation
point when the system becomes unstable is accurately predicted
in terms of the bifurcation diagrams and the eigenvalues of the
Jacobian matrix. Furthermore, extensive analyses are performed
to study the effects of the leakage inductance and the output ca-
pacitor ESR on the stability boundaries of the control parameter.
Then, a comparison between the bilinear discrete-time model
and three other models is made under the same conditions and
the simulation results prove that the bilinear discrete-time model
is more accurate.

The rest of the paper is organized as follows. In Section II,
the system description of a digitally controlled DAB converter
is given. In Section III, the bilinear discrete-time model is es-
tablished to describe the system. Then, in Section IV, with the
bilinear discrete-time model, the stabilities of the DAB converter
versus several parameters are analyzed and the margins of sta-
bility curve are obtained. Also, a comparison with three other
models is made to prove the accuracy of the proposed model. In
Section V, simulation and experimental results are shown based
on the numerical parameters to verify the theoretical analysis.
Finally, conclusions are provided in Section VI.

II. SYSTEM DESCRIPTION

The DAB converter is a topology with the advantages of
decreased number of devices, high power density, high power
efficiency resulting from ZVS, and low cost. The DAB converter
can be used in systems that require galvanic isolation and bidi-
rectional power flow ability between two dc buses with different
voltage levels.

The schematic of a digitally controlled DAB converter is
shown in Fig. 1, including a power stage and a digital controller.
The power stage consists of a high-frequency transformer with 1:
n turn ratios and two H-bridges. The high-frequency transformer
provides the required galvanic isolation and voltage matching
between two voltage buses. The transformer leakage inductance

Fig. 1. Diagram of a digitally controlled DAB converter.

Fig. 2. Operation waveforms in the steady state.

L serves as the instantaneous energy storage device. Take the
power flow from V1 side to V2 side as an example. V1 is the
input dc voltage and V2 is the output dc voltage. Rt is the
sum of the on-resistors of switches, the transformer winding
resistances, and the line resistance. Co is the output capacitor.
RC is the output capacitor ESR. The converter operates at a
fixed switching frequency fs .

The control strategy of a DAB converter can be classified in
the following methods:

1) the single-phase-shift (SPS) control;
2) the extended-phase-shift (EPS) control;
3) the dual-phase-shift (DPS) control;
4) the triple-phase-shift (TPS) control.
For simplicity, this paper only analyzes the SPS control,

which is also the most widely used control strategy for DAB con-
verters [11], [16], [34]. In the SPS control, the cross-connected
switch pairs in both H-bridges are switched in turn to generate
phase-shifted square wave voltages vp and vs with 50% duty
ratio to primary and secondary sides of the transformer. A phase
shift angle ϕ between vp and vs can be adjusted to control the
power flow. The operation waveforms in steady state when ϕ is
positive are shown in Fig. 2 and the power flows from the V1
side to the V2 side. There are four intervals in one switching
period and the converter operates symmetrically in each half
period, with two state intervals.

A digital controller which consists of output-voltage feedback
and one-step-delay control is adopted in this system. The output
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Fig. 3. Operation waveforms in the steady state and the oscillating state.

voltage V2 is sampled by the controller at the beginning of each
switching period and is compared with the voltage reference.
Under the control of the controller and the saturator element,
the phase shift ϕ is calculated and loaded at the beginning of the
next switching period. The saturator element controls the range
of ϕ, which is from 0 to π/2.

If one parameter in circuit is inappropriate, the phase shift
angle ϕ may keep oscillating and the system may lose stability
such as in Fig. 3. The blue solid line is the steady-state inductor
current waveform, and Φ is the steady-state value of phase shift.
The red solid line is the oscillating inductor current waveform
and ϕn+1 , ϕn+2 are the oscillating phase shift. It can be ob-
served from the red solid line that the inductor current is not
symmetrical about half switching period and may have much
wider amplitude if the oscillation is more intense, which can
cause transformer saturation and audible noise. Also, the induc-
tor current oscillation results in the output voltage oscillation
and decreases the quality of power supply. All of these can have
undesirable impact on device stress and are generally not pre-
ferred. So establishing an appropriate model and studying the
dynamics and stability of the digitally controlled DAB converter
is necessary.

III. BILINEAR DISCRETE-TIME MODELING

A. Derivation of the System State Equations

The model in this paper is derived by assuming that transistor
switching transients are negligible. The input capacitance is
usually relatively large. Therefore, the dynamics of the input
capacitor are not considered in this paper. To proceed with the
bilinear discrete-time modeling of the converter, the system state
equations are derived first. Corresponding to the subintervals
tn1 − tn4 in Fig. 2, the system exhibits four possible states
during a switching period given by

Subinterval tn1 : S1 , S4 , S6 , S7 are ON; S2 , S3 , S5 , S8 are
OFF;

Subinterval tn2 : S1 , S4 , S5 , S8 are ON; S2 , S3 , S6 , S7 are
OFF;

Subinterval tn3 : S2 , S3 , S5 , S8 are ON; S1 , S4 , S6 , S7 are
OFF;

Subinterval tn4 : S2 , S3 , S6 , S7 are ON, S1 , S4 , S5 , S8 are
OFF.

Equivalent circuits during each subintervals tn1 − tn4 are
drawn in Fig. 4. The system state equations of the converter in
the four subintervals take the form as

ẋ(t) = Aix(t) +BiV1 (1)

Fig. 4. Equivalent circuits during subintervals tn 1 , tn 2 , tn 3 , tn 4 . (a) Subin-
terval tn 1 . (b) Subinterval tn 2 . (c) Subinterval tn 3 . (d) Subinterval tn 4 .

where x(t) = [ iL vC ]T is a state vector, Ai and Bi are sys-
tem matrices and vectors, V1 is input voltage source, and i
= 1, 2, 3, 4 considers the four subintervals in one switching
period.

If the output capacitor ESR is considered during the mod-
eling, the matrices Ai and vectors Bi are expressed as
follows:

A1 = A4

=

⎡
⎢⎢⎢⎣
−n

2Rt +RoRC / (Ro +RC )
n2L

Ro

nL (RC +Ro)

− Ro

nCo (Ro +RC )
− 1
Co (Ro +RC )

⎤
⎥⎥⎥⎦

A2 = A3

=

⎡
⎢⎢⎢⎣
−n

2Rt +RoRC / (Ro +RC )
n2L

− Ro

nL (RC +Ro)

Ro

nCo (Ro +RC )
− 1
Co (Ro +RC )

⎤
⎥⎥⎥⎦

(2)

B1 = B2 =
[

1
L

0
]T
, B3 = B4 =

[
− 1
L

0
]T
. (3)

Then if the output capacitor ESRRC is not considered (RC =
0 Ω), the matrices Ai are expressed in a rather simple way in
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Fig. 5. State variables iteration relationship.

(4) and the vectors Bi are as same as (3).

A1 = A4 =

⎡
⎢⎢⎣
−Rt

L

1
Ln

− 1
nCo

− 1
CoRo

⎤
⎥⎥⎦ ,

A2 = A3 =

⎡
⎢⎢⎣
−Rt

L
− 1
Ln

1
nCo

− 1
CoRo

⎤
⎥⎥⎦ . (4)

B. Derivation of the Bilinear Discrete-Time Modeling

To obtain the map model of the digitally controlled DAB con-
verter, the most widely used discrete-time modeling of switching
dc–dc converters is adopted. The discrete-time model is derived
from regular sampling of the state variables of the continuous-
time dynamics without making quasi-static approximation such
as small ripple and high switching frequency. Modeling of this
system can be divided into two parts, including the part of the
power stage and the digital control system as shown in Fig. 1.
During the modeling, the two cases that whether the ESR RC

is considered are discussed. However, the modeling processes
of the power stage in the two cases are exactly the same. So the
difference will just be discussed separately in the modeling of
the digital control system.

The power converter has four switching states in one switch-
ing cycle, as shown in Fig. 2. Let the initial conditions
of x and V2 at the beginnings of the nth and the (n+1)th
switching cycles be denoted as xn = [iLn Vcn ]T , V2n and
xn+1 = [iL(n+1) Vc(n+1)]T , V2(n+1) , respectively. A discrete-
time model can be derived in each switching state by the state
variables, which can be expressed as (5) and Fig. 5 illustrates
the iteration relationship of the state variables in one switching
period.

xn1 = fn1 (xn , ϕn ) = eA 1 tn 1 xn + ψ1V1

xn2 = fn2 (xn1 , ϕn ) = eA 2 tn 2 xn1 + ψ2V1

xn3 = fn3 (xn2 , ϕn ) = eA 3 tn 3 xn2 + ψ3V1

xn+1 = fn4 (xn3 , ϕn ) = eA 4 tn 4 xn3 + ψ4V1 (5)

where

tn1 = tn 3 = ϕn/(2 · fs · π),

tn2 = tn4 = 1/(2 · fs) − ϕn/(2 · fs · π)

ψ1 =
∫ t1

0
eA 1 tn 1B1dt = A−1

1 (eA 1 tn 1 − I)B1

ψ2 =
∫ t2

0
eA 2 tn 2B2dt = A−1

2 (eA 2 tn 2 − I)B2

ψ3 =
∫ t3

0
eA 3 tn 3B3dt = A−1

3 (eA 3 tn 3 − I)B3

ψ4 =
∫ t4

0
eA 4 tn 4B4dt = A−1

4 (eA 4 tn 4 − I)B4 . (6)

Based on Fig. 5 and (5), the discrete-time model of the power
stage in one switching cycle, denoted as ff dt , can be written as

xn+1 = ff dt (xn , ϕn )

= ftn4 (ftn3 (ftn2 (ftn1 (xn , ϕn ))))

= eA 4 tn 4
{
eA 3 tn 3

[
eA 2 tn 2

(
eA 1 tn 1 xn + ψ1V1

)
+ ψ2V1

]

+ ψ3V1} + ψ4V1

= F (ϕn )xn +G (ϕn )V1 (7)

where

F (ϕn ) = eA 4 tn 4 · eA 3 tn 3 · eA 2 tn 2 · eA 1 tn 1 ,

G (ϕn ) = eA 4 tn 4 · eA 3 tn 3 · eA 2 tn 2ψ1 + eA 4 tn 4 · eA 3 tn 3 · ψ2

+ eA 4 tn 4 · ψ3 + ψ4 . (8)

So the discrete-time model of the power stage is obtained and
can be expected highly accurate. However, the model involv-
ing matrix exponentials is too complex and difficult to use for
control design. Conventionally, the model can be simplified by
replacing the matrix exponentials by their first-order approxi-
mation, i.e.,

eA 1 tn 1 = I +A1tn1 , e
A 2 tn 2 = I +A2tn2

eA 3 tn 3 = I +A3tn3 , e
A 4 tn 4 = I +A4tn4 . (9)
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Fig. 6. Block diagram of a digital controller.

Then, an approximate conventional bilinear model is obtained
and is in a much simpler form. Nevertheless, the approximation
(9) requires that ‖A1tn1‖, ‖A2tn2‖, ‖A3tn3‖, and ‖A4tn4‖ be
small simultaneously. Since these four conditions usually do not
hold at the same time, the resulting model can be expected to
have limited accuracy. Considering this, a bilinear approxima-
tion method of the matrix exponential [33] is used to approxi-
mate the matrix exponentials involved in (7) by expanding them
around the steady-state operation phase shift, as

eA 1 tn 1 = eA 1 TΦ eA 1 (tn 1 −TΦ ) ≈ eA 1 TΦ (I +A1 (tn1 − TΦ))

eA 2 tn 2 = eA 2 (Ts /2−TΦ )eA 2 (tn 2 −Ts /2+TΦ )

≈ eA 2 (Ts /2−TΦ ) (I +A2 (tn2 − Ts/2 + TΦ))

eA 3 tn 3 = eA 3 TΦ eA 3 (tn 3 −TΦ ) ≈ eA 3 TΦ (I +A3 (tn3 − TΦ))

eA 4 tn 4 = eA 4 (Ts /2−TΦ )eA 4 (tn 4 −Ts /2+TΦ )

≈ eA 4 (Ts /2−TΦ ) (I +A4 (tn4 − Ts/2 + TΦ)) . (10)

where TΦ = Φ/2πfs and Φ is the steady-state phase shift. Note
that the remaining matrix exponentials in (10) do not involve
the control variables and hence can be computed before-hand
as constant matrices. Then an approximate but accurate bilinear
discrete-time model is obtained in (11) by substituting (10)
into (7).

xb(n+1) = Fb (ϕn )xbn +Gb (ϕn )V1 . (11)

The detailed block diagram of the closed-loop digital con-
troller is shown in Fig. 6. For simplicity, take a proportional
controller as an example and k is the controller proportional co-
efficient. The controller modeled here considers one step control
delay. First, the controller samples the output voltage V2 period-
ically at the starting time t = nTs of each switching cycle and
then compares it with the reference output voltage Vref to obtain
the voltage error. Furthermore, the error goes through k and the
saturation to get a phase shift angleϕ. The controller updates the
phase shift angle command ϕ at the starting time t = (n+ 1)Ts
of the next switching cycle. The discrete-time model of the dig-
ital control system can be expressed as (12), from which it can
be observed that this discrete-time model can deal with the time
delay accurately. If a more complicated control method is con-
sidered, the digital controller modeling process can be modified
but the analysis method in the following steps can also be used.

ϕn+1 = k (Vrefn − V2n )

= k (Vrefn − Vexxbn) ϕn+1 ∈ [0, π/2] . (12)

If the output capacitor ESR RC is not considered, the sam-
pling voltage V2n is equal to the iteration variable Vcn . So Vex

can be written as

Vex =
[
0 1

]
. (13)

If the output capacitor ESR RC is considered, the sampling
voltage V2n is relevant to both the iteration variable Vcn and
the inductance current iLn at the time of t = nTs , and Vex is
expressed as

Vex =
[−RoRC / (Ro +RC ) Ro/ (Ro +RC )

]
. (14)

Finally, the bilinear discrete-time model composed of (11)
and (12) can be rearranged and expressed in the formation of
(15). This model can be expected to be highly accurate and to
preserve all the essential characteristics of the converter.

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ibL(n+1) = [ 1 0 ]xb(n+1)

vbC (n+1) = [ 0 1 ]xb(n+1)

ϕ(n+1) = k
(
Vrefn −Ro/(Ro +RC ) · [−RC 1

]
xbn

)

ϕ(n+1) ∈ [0, π/2]

.

(15)

IV. STABILITY ANALYSIS OF THE DAB CONVERTER

The system parameters have great effects on the stability of
the whole system. If the system parameters are not suitable, the
inductor current and the output voltage may appear obvious os-
cillation phenomenon. As the system parameters are varied, how
a system changes from its fundamental operation to bifurcation
behavior is a question that needs to be figured out.

In this section, first, two bifurcation diagrams are drawn to
make a comparison between the two cases whether to consider
the output capacitor ESR RC . Then, the bifurcation type when
RC is considered is determined with the help of the eigenvalues
of the corresponding Jacobian matrix. Furthermore, the stabil-
ity boundary at different values of the controller proportional
coefficient k and RC is demonstrated. Meanwhile, while con-
sidering RC , the stability boundary at different values of k and
the transformer leakage inductance L is also demonstrated and
some conclusions are made at last.

A. Bifurcation Diagram Analysis

The bifurcation diagram is a powerful tool to investigate the
nonlinear phenomenon. In a bifurcation diagram, a periodic
steady state of a system is represented as a single point or several
points that equal to the periodicity of the system for a fixed
parameter, while the chaotic state of the system is represented as
numerous points because chaos means period infinity and does
not fall at the same position. Therefore, in such a bifurcation
diagram, the behavior change of a system is clearly shown when
a parameter is varied. From the theoretical point of view, any
circuit parameter can work as a bifurcation parameter.

In this section, the proportional coefficient k of the controller
is selected as the bifurcation parameter. The parameter k is varied
from 0.01 to 8 with a step of 0.01, while other parameters are
kept the same as illustrated in Table I.

Equations (5) and (12) can be used in MATLAB to obtain all
the points of the inductor current iL at each switching time. The
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TABLE I
SYSTEM PARAMETERS

Parameters Value Parameters Value

V1 30 V Ro 12.5 Ω
L 35.49 μH fs 20 kHz
Rt 0.38 Ω n 1
C 455 μF Vref 30 V
RC 0.45 Ω k 0.1–8

Fig. 7. Bifurcation diagram for inductor current using k as the bifurcation
parameter. (a) RC = 0 Ω. (b) RC = 0.45 Ω.

points at half of each switching period are chosen to draw the
bifurcation diagrams as shown in Fig. 7(a) and (b).

Fig. 7(a) is the case that RC is not considered. The system
jumps out of the stable period-1 state when the parameter k is
more than 1.81. Fig. 7(b) is the case that RC is considered and
equals to the value 0.45 Ω as shown in Table I. The system
jumps out of the stable period-1 state when the parameter k is
more than 0.55. In addition to this, with the increasing of k,
variation trend of the inductor current iL is obviously different.
In Fig. 7(a), the inductor current iL enters a state of chaos when k
is big enough. However, in Fig. 7(b), iL does not enter a state of
chaos when k is bigger than 3.86. Therefore, when the stability
of a DAB converter is analyzed, it is important to consider the
output capacitor ESRRC , which will help us accurately predict
the bifurcation point and development tendency.

B. Jacobian Matrix Analysis

The stability of the system and the bifurcation type can be
analyzed with the help of the eigenvalues of the corresponding
Jacobian matrix. If the eigenvalues have at least one absolute
value greater than 1, the system will be unstable. Considering the
analysis above, in the following sections, we will only discuss
the case that considers the output capacitor ESR RC in the
system. The Jacobian matrix can be obtained as shown in (16)
by taking the partial derivatives of (15). Finally, the eigenvalues
λJ 1 , λJ 2 , λJ 3 are the solutions of (17).

J (IL , VC ,Φ) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂ibL (n+1)

∂ibLn

∂ibL (n+1)

∂vbC n

∂ibL (n+1)

∂ϕbn

∂vbC (n+1)

∂ibLn

∂vbC (n+1)

∂vbC n

∂vbC (n+1)

∂ϕbn

∂ϕb(n+1)

∂ibLn

∂ϕb(n+1)

∂vbC n

∂ϕb(n+1)

∂ϕbn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(16)

det (λI − J (IL , VC ,Φ)) = 0. (17)

It should be mentioned that the stability analyses require
the Jacobian matrix expressed in (16) to be estimated in the
operation point (IL , VC ,Φ).X = [ IL VC ]T is the constant state
vector at the time t = nTs . Usually, this operating point is in
steady state and the state variables are symmetric. Thus, an
inverting quasi-identity matrix IHC can be defined to describe
the relationship of xn and xn2 in steady state as follows:

xn2 = IHCxn (18)

where IHC = [−1, 0; 0, 1] defines the symmetry of the state vari-
ables.

From Fig. 5, the discrete-time model of xn and xn2 can be
written as

xn2 = ftn2 (ftn1 (xn , ϕn ))

= eA 2 tn 2
(
eA 1 tn 1 xn + ψ1V1

)
+ ψ2V1 . (19)

Capitals are used to represent the steady-state values of the
subintervals tn1 − tn2 and exponential matrices in (6), as in (20)
and (21). Then the solution for the operating point (IL , VC ) can
be obtained by solving (18) and (19). The result is given in (23).
Then, the constant phase shift Φ is obtained by (24).

Tn1 = Φ/(2 · fs · π),

Tn2 = 1/(2 · fs) − Φ/(2 · fs · π) (20)

Ψ1 = A−1
1 (eA 1 Tn 1 − I)B1V1 ,

Ψ2 = A−1
2 (eA 2 Tn 2 − I)B2V1 (21)

eAi Tn i = I +AiTni + 0.5(AiTni)
2 (i = 1, 2) (22)

X =
(
IHC − eA 2 Tn 2 eA 1 Tn 1

)−1

× (
eA 2 Tn 2 Ψ1V1 + Ψ2V1

)
V1 (23)

Φ = k(Vref −Ro/(Ro +RC )[−RC 1]X). (24)

Stability and bifurcation analysis of the system will be carried
out with the control parameter k as an example. The process of
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Fig. 8. Trajectory of eigenvalues for various values of k.

TABLE II
EIGENVALUES AT L = 35.49 μH, RC = 0.45 Ω FOR VARIOUS VALUES OF k

k Eigenvalues λJ 1 -λJ 3 Absolute value Remarks

0.51 0.8987, 0.2041 ± 0.9319 0.8987, 0.9540 Stable
0.53 0.8975, 0.2047 ± 0.9519 0.8975, 0.9737 Stable
0.55 0.8964, 0.2052 ± 0.9715 0.8964, 0.9929 Stable
0.57 0.8953, 0.2058 ± 0.9908 0.8953, 1.012 Unstable
0.59 0.8943, 0.2063 ± 1.010 0.8943, 1.031 Unstable

calculating eigenvalues to detect the border of the stability and
instability can be summarized as follows: First for a given k,
the steady-state phase shift angle Φ is calculated by substituting
(23) into (24). Calculation of Φ involves a transcendent equation
and it can be solved with the Newton iteration method. Then, the
calculated phase shift angle Φ is substituted in (23) to calculate
the steady-state vector X = [ IL VC ]. The calculated steady-
state operation point (IL , VC ,Φ) is obtained and substituted
in (16) to calculate the Jacobian matrix. Finally, eigenvalues
are calculated through (17). The border between stability and
instability will be obtained by gradually increasing k to calculate
the eigenvalues. The process is performed in MATLAB, as it
allows matrix exponential computation and symbolic derivation.
To speed up the calculation process, matrix exponential in (21)
can be replaced by (22).

When L = 35.49 μH andRC = 0.45 Ω, the control parameter
k is swept from 0.31 to 0.65 with a step of 0.02. The trajectory
of the eigenvalues around the unit circle is shown in Fig. 8.
Meanwhile, the eigenvalues around the border of the unit circle
are presented in Table II. From the three eigenvalues, it can be
remarked that two conjugate eigenvalues vary with k, while the
third one remains almost unchanged. Two conjugate ones exceed
the unit circle when k is greater than 0.55, so the system exhibits
Hopf bifurcation. A Hopf bifurcation is a local bifurcation in
which a fixed point of a dynamical system loses stability, as
a pair of complex conjugate eigenvalues of a continuous-time
system cross the complex plane imaginary axis or a pair of
complex conjugate eigenvalues of a discrete-time system cross
the unit cycle [10], [35].

In this paper, the system is a discrete-time system and a
pair of conjugate eigenvalues crosses the unit cycle when the
parameters are not chosen appropriately. So the system exhibits

Fig. 9. Trajectory of eigenvalues for various values of L.

TABLE III
EIGENVALUES AT k = 0.4, RC = 0.45 Ω FOR VARIOUS VALUES OF L

L/μH Eigenvalues λJ 1 -λJ 3 Absolute value Remarks

26.5 0.8848, 0.1587 ± 0.9661 0.8789, 0.9790 Stable
26.0 0.8834, 0.1562 ± 0.9752 0.8774, 0.9876 Stable
25.5 0.8819, 0.1536 ± 0.9843 0.8758, 0.9962 Stable
25.0 0.8805, 0.1511 ± 0.9934 0.8804, 1.005 Unstable
24.5 0.8789, 0.1485 ± 1.0003 0.8789, 1.011 Unstable

Fig. 10. Trajectory of eigenvalues for various values of RC .

Hopf bifurcation and low-frequency oscillations appear in the
waveforms.

In order to further illustrate that the choices of the system
parameters have great effect on the stability of the system, the
leakage inductor L and the output capacitor ESR RC are taken
as the bifurcation parameters. First, keep the control parameter
k equal to 0.4 and RC equal to 0.45 Ω, and let L sweep from
20 to 50 μH with steps of 0.5 μH. The trajectory of eigenvalues
around the unit circle is shown in Fig. 9. The eigenvalues around
the border are presented in Table III. From the three eigenvalues,
it can be remarked that two conjugate eigenvalues vary with L
while the third one remains almost unchanged. It is the conjugate
ones that exceed the unit circle when L decreases. Thus, the
system exhibits Hopf bifurcation when L is less than 25.5 μH.
Then, keep k equal to 0.4 and L equal to 35.49 mH, and let RC

sweep from 0.4 to 0.8 Ω with steps of 0.02 Ω. The trajectory
of eigenvalues around the unit circle is shown in Fig. 10. The
eigenvalues around the border are presented in Table IV. From
the three eigenvalues, it can be remarked that two conjugate
eigenvalues vary with RC while the third one remains almost
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TABLE IV
EIGENVALUES AT k = 0.4, L = 35.49 MH FOR VARIOUS VALUES OF RC

RC /Ω Eigenvalues λJ 1 -λJ 3 Absolute value Remarks

0.66 0.9254, 0.1527 ± 0.9641 0.9254, 0.9762 Stable
0.68 0.9268, 0.1490 ± 0.9762 0.9268, 0.9875 Stable
0.70 0.9282, 0.1453 ± 0.9879 0.9282, 0.9985 Stable
0.72 0.9294, 0.1418 ± 0.9992 0.8804, 1.009 Unstable
0.74 0.9307, 0.1383 ± 1.010 0.8789, 1.020 Unstable

Fig. 11. Trajectory of eigenvalues for various values of k.

unchanged. It is the conjugate ones that exceed the unit circle
when RC increases. Thus, the system exhibits Hopf bifurcation
when RC is greater than 0.7 Ω.

Considering all above, the following summaries are made.
1) For lower values of k or RC or higher values of L, two

conjugate eigenvalues are located within the unit circle
indicating the fixed point is a stable focus.

2) As k orRC increases or L decreases, two conjugate eigen-
values get close to the unit circle and at a critical value,
the two conjugate ones crosses the cycle, which implies
an unstable focus.

C. Margin of Stability Curve

In the industry, the usual acceptable operation state is period-
1 operation state, at which any bifurcations are avoided. If there
is a Hopf bifurcation growing up in the system, the system will
suddenly operate at a long-period limit cycle. The output voltage
and inductor current will have much wider amplitude, which
have undesirable impact on device stresses and are generally
not preferred. In practice, bifurcations can affect the transfer
efficiency and switching stress of the converters. Therefore, it is
necessary to draw a bifurcation boundary that can be important
for practical design to avoid the occurrence of such undesirable
bifurcations.

In our study of the stability of the DAB converters above, it
is discovered that the output capacitor ESR RC and the leakage
inductance L have greater influences on the system than any
other parameters in the circuit. Therefore, the critical values of
k at which the bifurcations occur are most dependent on the
values of RC and L. Thus, the stability boundary of k, RC , and
L in three-dimension is shown in Fig. 11. In order to clearly

Fig. 12. Trajectory of eigenvalues for various values of L.

Fig. 13. Trajectory of eigenvalues for various values of RC .

observe the effect of the value of L and RC on critical value of
k, the plane stability boundary of k andRC when L = 35.49 μH
and the plane stability boundary of k and L when RC = 0.45 Ω
are respectively shown in Figs. 12 and 13.

Then, the following observations and summaries are
made.

1) From Fig. 11, it can be observed that if the value ofRC is
low and the value of L is high, the stability range of k will
be extended greatly.

2) Observed from Fig. 12, whenRC = 0 Ω, the critical value
of k is equal to 1.81. When RC = 0.45 Ω, the critical
value of k is equal to 0.55. They are consistent with the
observations from Fig. 7.

3) Observed from Fig. 12, RC has great effect on the
stability of the system, as the critical value of k is ex-
panded significantly when RC is decreased. This phe-
nomenon points out that it is quite necessary to consider
RC when we design parameters for a DAB converter in
practice.

4) It can be observed from Fig. 13 that L also has great effect
on the stability of the system, as the critical value of k
is expanded significantly when L is increased. However,
the value of L cannot be very large when considering the
power transmission.
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Fig. 14. Equivalent block diagram of the digitally controlled DAB converter.

Fig. 15. Eigenvalues trajectory comparison when L = 35.49μH. (a) Trajectory
of the eigenvalues. (b) Details of the eigenvalues.

D. Comparison With Different Models

For comparison, the eigenvalues predicted by three different
models with the same operating parameters given in Table I are
shown in Figs. 15 and 16.

1) Model (a) is presented in [25], which is derived from the
steady-state output current with Rt and the output capac-
itor ESR RC neglected. In this section, in order to make
a better contrast, RC is included in the s-transfer function
from the phase shift to the output voltage GV2 ϕa(s).

2) Model (b) is presented in [27], which is derived based on
several terms in the Fourier series of state variables with
the output capacitor ESRRC included. Then an s-transfer
function GV2 ϕb(s) is derived directly.

3) Model (c) is the discrete-time small-signal model which
is originally presented in [29] with the output capacitor
ESR RC neglected. In this section, the resonant transi-
tion intervals are neglected and RC is included. Then, a
z-transfer function GV2 ϕc(z) can be obtained directly.

Fig. 16. Eigenvalues trajectory comparison when L = 24.56μH. (a) Trajectory
of the eigenvalues. (b) Details of the eigenvalues.

To observe the position of the eigenvalues versus the unit
circle, the z- transforms GV2 ϕa(z) and GV2 ϕb(z) of GV2 ϕa(s)
and GV2 ϕb(s) should be developed first. Then, the closed-loop
transfer function Gcj is derived from Fig. 14 and expressed in
(25). The eigenvalues are the poles of (25).

Gcj =
kz−1GV2 ϕj (z)

1 + kz−1GV2 ϕj (z)
, j = a, b, c. (25)

In order to compare the accuracy of predicting the critical
value and the bifurcation type among the proposed model and
the three selected models, we select two leakage inductances
with different values and take the control parameter k as the
bifurcation parameter. First, keep the leakage inductance value
L equal to 35.49 μH and let k sweep from 0.45 to 0.65 with steps
of 0.02. The eigenvalues trajectories of the four models around
the unit circle are shown in Fig. 15.

Model (a) is found by averaging and perturbing the steady-
state output current, that is, this model neglects the induc-
tance current dynamic and Gca(z) has only two eigenvalues.
In Fig. 15(a), one eigenvalue moves out of the unit cycle from
(–1, 0), while the other one remains practically unchanged. Thus,
this model cannot predict the critical value and the bifurcation
type precisely.
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Model (b) uses the first coefficients of iL as the state variable,
so Gcb(z) is a four-order equation and has four eigenvalues.
Two of the eigenvalues stay inside the unit cycle and the other
two conjugate eigenvalues exceed the unit circle when k in-
creases. The system exhibits Hopf bifurcation when k is greater
than 0.55.

The closed-loop transfer function Gcc(z) of Model (c) is
a three-order equation and has three eigenvalues. One eigen-
value stays inside the unit cycle and the other two conju-
gate eigenvalues exceed the unit circle when k increases.
The system exhibits Hopf bifurcation when k is greater than
0.51.

The critical value of k in model (c) is less than the value 0.55,
while the critical value of k in model (b) is equal to 0.55. And
0.55 is a critical value of k predicted by the proposed model
in this paper. It seems that model (b) and the proposed model
have the same ability to predict the critical value. Then, we can
keep L equal to 24.56 μH and let k sweep from 0.30 to 0.50
with steps of 0.02. In Fig. 16, we can see that the critical values
of k in model (b) and (c) are respectively 0.34 and 0.36, while
the critical value of the proposed model is 0.38. In Section V,
simulation result will prove that when L is equal to 35.49 or
24.56 μH, the system is stable until k is greater than 0.55 or
0.38. Thus, the proposed model gives the most accurate critical
values of k.

V. SIMULATION AND EXPERIMENTAL VERIFICATIONS

In order to verify the theoretical analysis, simulations and
experiments are carried out in this section.

A. Simulation Results

According to Fig. 1, the model of the system is built in MAT-
LAB/Simulink. The “sample time” in the unit delay and sum
module is set as Ts to simulate the time delay and the sampling
and holding process.

First, when leakage inductance L = 35.49 μH, the simulation
results when k = 0.55 and 0.57 are shown in Fig. 17. It can be
observed that the system is stable when k = 0.55 and unstable
when k = 0.57, which is consistent with the analysis of Fig. 8.
The simulation results also prove that the system is stable when
control parameter is inside the stability range in Fig. 12 and
unstable in the opposite range.

Subsequently, in order to prove the effect of the leakage in-
ductance value on the stability of the system, a transformer, of
which leakage inductance value is 24.56 μH, is applied in the
system. Then, the simulation results when k = 0.38 and 0.40 are
shown in Fig. 18. It can be observed that the system is stable
when k = 0.38 and unstable when k = 0.40, which is consistent
with the analysis of Fig. 13.

Finally, from the simulation results, it can be concluded that
when L is equal to 35.49 or 24.56 μH, the system is stable until
k is greater than 0.55 or 0.38. The two critical values prove that
the proposed model is more accurate than the three models listed
in Section IV.

Fig. 17. Simulation results (L = 35.49 μH). (a) Inductor current when k =
0.55. (b) Inductor current when k = 0.57.

Fig. 18. Simulation results (L = 24.56 μH). (a) Inductor current when k =
0.38. (b) Inductor current when k = 0.40.

B. Experimental Verifications

Furthermore, an experimental platform with the same design
parameter values used in the simulation is designed to validate
the numerical and simulation results.



SHI et al.: BILINEAR DISCRETE-TIME MODELING AND STABILITY ANALYSIS OF THE DIGITALLY CONTROLLED DAB 8797

Fig. 19. Experimental platform.

Fig. 20. Experimental results (L = 35.49 μH). (a) Inductor current and output
voltage when k = 0.52. (b) Inductor current and output voltage when k = 0.5.

Fig. 19 shows the platform. Power MOSFETs IXFK102N30P
are applied to all the switches S1 − S8 . The inductor and the
transformer are made of litz wire and the capacitor is composed
of five electrolytic capacitors. The output voltage is sensed
and modulated by output voltage modulating circuit, where
the voltage transducer LV25-P is used. Then, the output sig-
nal from the modulating circuit is given to the ADC channel
of a TMS320F28335 DSP controller, where the voltage control

Fig. 21. Experimental results (L = 24.56 μH). (a) Inductor current and output
voltage when k = 0.35. (b) Inductor current and output voltage when k = 0.40.

algorithm is implemented. The bipolar 12 bit ADC in the DSP
accepts a maximum of ±3 V. For compatibility, the sensed out-
put voltage is scaled down to less than +3 V using output volt-
age modulating circuit. The controller provides the necessary
switching signals to the driver circuit. The driver circuit uses
1ED020I12-F driver ICs with the necessary circuit to provide
isolation and amplification. Additionally, the Pearson wideband
current monitor is used to measure the inductor current iL , and
the Agilent mixed-signal oscilloscope MSO7054A is employed
to capture the measured waveforms.

The experimental results with the leakage inductance L =
35.49 μH are shown in Fig. 20. When k = 0.52, the system is
stable and there is no dc component in the inductor current iL .
When k = 0.58, the system is unstable and obvious oscillations
appear in the output voltage V2 and the inductor current iL . The
experimental results with the leakage inductance L = 24.56 μH
are shown in Fig. 21. The phenomena when k = 0.35 and k =
0.40 are the same as described above.

The experimentally measured waveforms clearly depict the
same dynamical behavior as the analytical and simulation re-
sults, and it is obvious that there are low-frequency oscillations
on the waveforms of the inductor current and the output voltage
when k is greater than the critical value. Meanwhile, it is proved
that the critical value of k is smaller when L is smaller. Further-
more, it is proved that when the system is unstable, the inductor
current is not symmetrical about half switching period and has



8798 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 32, NO. 11, NOVEMBER 2017

much wider amplitude, which results in transformer saturation
and noise. The oscillation of the output voltage also decreases
the quality of power supply. All of these have undesirable im-
pact on device stresses and are generally not preferred. Due to
the impact of core loss, various parasitic elements, dead effect,
and device model imperfections, the experimental waveforms
do not have the same amplitude exactly as in simulation results,
and there exists small deviations of k between experimental re-
sults and theoretical predictions. Then owing to the sampling
error and noise jamming from adjacent modules, there are weak
oscillations when k = 0.52 and k = 0.35.

VI. CONCLUSION

The nonlinear dynamics of a digitally controlled DAB con-
verter is investigated in this paper. A bilinear discrete-time
model is derived for the digitally controlled DAB converter with
output voltage closed-loop control. The theoretical analyses in-
dicate that Hopf bifurcation can take place when the system
loses its stability with higher values of the control parameter or
the output capacitor ESR or lower values of leakage inductance.
Furthermore, it is also found that the output capacitor ESR and
the leakage inductance can greatly affect the stability region of
the control parameter. The critical value of the control parameter
is expanded significantly when ESR is decreased or the leakage
inductance is increased. It points out that it is quite necessary to
consider the output capacitor ESR and the leakage inductance
when designing parameters for a DAB converter in practice.

The above analysis in this paper is very helpful when ana-
lyzing the nonlinear dynamics of the digitally controlled DAB
converters. Using the model in this paper, determining the effect
of the circuit parameters on digitally controlled DAB converters
is very practical and convenient. Meanwhile, the stability region
provides useful guidelines for the appropriate design of the con-
verter by keeping bifurcations far enough from the operating
conditions in parameter space.
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