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Abstract—Averaged modeling is a commonly used approach
used to obtain mathematical representations of VSC-based sys-
tems. However, essential characteristics mainly related to the
modulation process and the harmonic distortion of the signals
are not able to be accurately captured and analyzed. The ex-
tended harmonic domain (EHD) has recently been seen as an al-
ternative modeling framework since it allows us to consider the
harmonic interaction explicitly. However, there is not a clearly
established methodology to derive the EHD models in the presence
of power electronic switches. This paper presents a generalized
methodology based on the switching instants to obtain large-signal
EHD models of VSC-based power systems. Three model order re-
duction approaches are also proposed to address the increased
size of the resulting EHD models. Analytic formulas of three
modulation techniques: sinusoidal pulse-width modulation, third
harmonic injection pulse-width modulation, and space vector
pulse-width modulation are provided to obtain the open-loop large
signal EHD models. A performance assessment of the proposed
modeling approach in respect to model size, the computational
time and the accuracy is presented based on simulations and ex-
perimental case studies. The obtained results show that the result-
ing EHD models are accurate and reliable, while the memory and
computation time are improved with the proposed model order
reductions.

Index Terms—Harmonics, modeling, sinusoidal pulse-width
modulation (SPWM), space vector pulse-width modulation
(SVPWM), third harmonic injection pulse-width modulation (TH-
PWM), voltage source converter.

1. INTRODUCTION

EW trends in grid integration of renewable energy sources,
N such as distributed generations, microgrids, and large
scale renewable power plants, foster the development of volt-
age source converters (VSC) based technologies in power sys-
tems [1]-[3]. The interconnected VSC-based applications has
brought challenges, mainly associated with harmonic interac-
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tion problems [4]-[8]. To deal with these problems, detailed
mathematical models for steady-state and transient analysis have
to be developed and properly used.

The difficulties in the modeling of the switching-based de-
vices, like the VSC-based systems, are due to their nonlinear
and discontinuous nature of their power switches. The switched
systems can be understood as a family of continuous dynamical
subsystems, where an active subsystem at every time interval
is selected based on commutation rules [9]. The interaction and
effects of commutating among subsystems are complex, since
the dynamics of the commutations are nonlinear and could be
at very high frequencies.

Averaged modeling has been widely used for power electronic
systems since it allows the transformation of these discrete
time-varying systems into continuous time-invariant systems.
In this way, the prevailing theory developed for continuous
time-invariant systems can be applied in their analysis and con-
trol [10]-[12]. The increasing penetration of power electronic
converters along with the increased power and voltage ratings
brought new challenges in respect to harmonic interaction with
power systems under both, steady-state and transient conditions
[5], [13], power quality standards compliance [14], stability
issues [4], [7], [8], among others. Although averaged modeling
has been widely used to address these challenges, mathematical
models that explicitly consider the harmonic interaction
between the interconnected switched systems are more suitable
to deal with them [15]-[17]. Examples of those are: dynamic
phasor modeling [18], dynamic state space modeling [19],
time-frequency modeling [20], extended harmonic domain
(EHD) modeling [21], also known as harmonic state space
(HSS) [22], and dynamic harmonic domain [23] modeling.

The EHD was proposed a decade for the analysis of power
systems in order to explicitly consider the harmonics in har-
monic distorted systems using a continuous dynamical model
[21]. Recently, this modeling approach was used in the power
electronics systems to address emerging issues such as interac-
tions between the paralleled converters [24], [25], the effect of
voltage distortion at the switching instants of power converters
[26], steady-state analysis and design of passive components
[3], harmonic impact on the converter controller stability [25],
optimal design [27], and design of VSC-based microgrids [28].

However the derivation of EHD models for power electron-
ics systems is not a trivial task. Some proposals have been
reported [29], in which the open-loop and closed-loop mod-
els of power electronic systems are addressed. These models
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are mainly based on the Fast Fourier Transform (FFT) and
simulations based on the harmonic injection method. As a result,
the model-order size (the number of considered harmonics) is
limited by the complexity and time consumption of the modeling
methodology. These methodologies do not show intuitive rela-
tion between the EHD models and the corresponding switched
models in the time domain, which could be directly implied
when proper functions are provided. Despite the great potential
offered by this modeling approach, shown by recently reported
applications, their usage for power electronic systems has been
limited due to the complexity for deriving and treating EHD
models which considers the switching harmonics.

In order to facilitate the use of the EHD modeling approach
for power electronics systems, this paper presents a generic, yet
easy-to-implement methodology to obtain the open-loop large
signal EHD models of VSC-based power systems. This pro-
posal is based on the switching instants calculation of the mostly
used PWM techniques. Analytic formulas for Sinusoidal-PWM
(SPWM), third Harmonic injection PWM (THPWM), and Space
Vector PWM (SVPWM) techniques are proposed and provided
as MATLAB functions in order to be transparently used. Three
simplification approaches to the obtained models are also pro-
posed to address the increased size of the resulting EHD models.
Those are based on well-known three-phase balance relation-
ships and the steady-state calculation obtained from the EHD
steady-state model. The proposed simplifications permit to ob-
tain accurate reduced-order EHD models for high switching
frequency converters. The model size, computational burden,
and model accuracy are compared among the proposed sim-
plified models, for which an experimental validation is also
presented. The obtained results show that the proposed model-
ing methodology leads to efficient, yet adequate EHD models,
while the memory and computation burdens are appropriately
addressed.

The paper is organized as follows. Section II presents the
EHD model fundamentals focusing on VSC-based systems.
Section III presents an universal LCL-VSC converter case study,
where the periodic switched time-domain model and the PWM
switching-instant-based model are used as the basis for devel-
oping the EHD model. In Section IV, the EHD model is de-
rived based on the time-domain models of previous section.
Section V presents the simplification methods for the derived
EHD models. Simulation and experimental validations along
with a discussion of the benefits offered by the EHD modeling
are provided in Section VI. Finally, the concluding remarks are
given in Section VII.

II. EHD MODELING
A. Dynamic Model

The EHD is a reference frame that allows the modeling
of electric power networks in steady state and transient state.
From the complex Fourier series, any periodic signal can be
expressed as

x(t) = Z X el kot (1)

k=—00
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where wy = 27 /Ty is the angular fundamental frequency of
period 1. X is the kth complex Fourier series coefficient of
x(t), given by

1 t

Xy = —
L T,

x(t)e IRt ar, 2)

A realizable representation of (1) is obtained if the limit of its
summation is a finite number h, which determines the maximum
harmonic order considered. In this way, the discrete nature of
certain signals (such as the switching signals of power switches)
can be treated as continuous by considering its finite complex
Fourier series representation. In this way any signal can be
conveniently expressed by

z(t) = G(H)X(?) 3)

where the vector G(t) is the time-dependent orthogonal basis
of the Fourier series defined by

—jwot Jwot
, € ,1e .

g(t) = [eﬁihwnt, L. ) ,ejhwot} 4)

and X (t) is a complex vector that contains the time-varying
complex Fourier series coefficients

L X)) (5)

In order to obtain the description of the generic time-variant
model in the EHD, two important operations has to be described:
the derivative of (3), -z (t), and its multiplication with a peri-
odic function, a(t)z(t). The derivative, 4z (t) is given by

d

(1) = GOX(1) + 61X (1) ©)

where G(t) can be conveniently described by

G(t) = G(t)D @)

with D as the EHD derivative matrix defined by

D= dlag (—jth7 ey —jw(), O,ju)()7 e ,jhw()) . (8)
Hence, (6) is rewritten as
4o =g (DX(t) + X(t)) . )
dt

The product of a periodic function a(t) with x(t) is expressed
in the EHD, as

(10)

where [A] has a Toeplitz structure, which is formed with the
complex Fourier series coefficients of a(t), arranged in the
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following form:

[Aw) Ay ) ]
Agy '
' A) Ay
[A] = Ay Ay Ay A A
Ay Ag) :
S Al
I Ay Apy A

(1D
From now on this notation (bold capital letter between square
brackets) will be used to describe an EHD variable as expressed
in (11). A direct implication of (10) is the multiplication by a
constant ¢ z(t). In this case the product is given by

ca(t) = GO[CIX(t) = G(1)LX (1)

where I; is the identity matrix of size (2h + 1 X 2h + 1).
VSC-based systems are usually expressed as state-space time-
domain switched models generically expressed in the form

2(t) = a(t)x(t) + b(t)u(t)
y(t) = e(t)a(t) + e(t)u(t)

where () contains the state variables; matrices a(t), b(t), ¢(t),
and e(t) are formed from the system topology information and
they include the passive parameters and switching functions;
u(t) and y(t) contain the input and output functions, respec-
tively. Notice that although discontinuous, by the usage of PWM
to generate the switching signals, all the involved signals present
a periodic steady state with a fundamental period 7.

For a time-domain switched model, which explicitly consid-
ers the switching functions on its formulation in the form of (13),
an equivalent state-space EHD representation can be written as

12)

13)

X(t) = AX(t) + BU(t)
Y(t) = CX(t) + EU(¢) (14)

where A = ([A] — D), B=[B], C =[C], and E = [E]. No-
tice that for periodic switching signals, those are the constant
state-space matrices of an LTI system.

The equation system in (14) contains the core equations of
the EHD. Under this modeling domain, each time-domain state
variable is replaced by 2h + 1 state equations that correspond
to the harmonic contents of each time-domain state variable.

B. Steady-State Calculation

One of the key characteristic of the EHD modeling is the
straightforward calculation of the steady-state solution, which
is equivalent to the Harmonic Domain model of the system
[30]. This can be obtained by solving the system (14), when the

dynamic is zero (X = 0) as follows:
X, = A" (BU). (15)

From the EHD steady-state solution, many useful applica-
tions can be proposed. The direct and most common is the
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Fig. 1. LCL filter based VSC.

steady-state initial condition calculation of the system, which
may be difficult to obtain in the time-domain. More advanced
applications are derived from this characteristic such as the cal-
culation of the steady-state modulation parameters, exact design
of passive components and their derived analysis [3] and also
doing optimal design [27], [28].

III. TIME-DOMAIN SWITCHED MODEL
OF VSC-BASED SYSTEMS

As stated in the previous section, one of the key features of
the proposed EHD model is the direct relationship between the
time-domain switched models and EHD models. The proposed
EHD modeling methodology uses this relationship to directly
derive EHD models from their time-domain counterparts. In
order to illustrate this modeling methodology the LCL-filtered
VSC shown in Fig. 1 is considered. In this schematic system
the bold variables represent three-phase elements vectors, i.e.,
i, = [ig, g, i4.]7 . The modulation block could be selected to
work with three PWM-based modulation techniques: 1) SPWM,
2) THPWM, and 3) SVPWM. As a result of the modulation
block, signal s provides the discontinuous switching functions
of each leg of the converter. Notice that this is a generic system
proposal, which depends on the considered parameters and can
work as rectifier, inverter, or compensator.

A. Time-Domain Switched Model

The time-domain switched model from which the EHD model
is derived is given by

ii — _REﬂi —|—&i _LV _~_LV
at?’~  Lg, ’  Lp, © Lg, ' Lg °
il—&i RE‘l—i—lv gv

at T LY Lo LTI

d, 1. 1.

e Tt o

d S . 1 1.

Svge = il ———vge + =i 16
dtvlc Cdclc RL CVdcvd(/_FCvch ( )

where the grid and converter equivalent resistances are given by
Rp, = Ry + Ry, + Rq and Rp, = Ry + Ry, respectively.
Similarly, the grid equivalent inductance is given by Lp, =
L, + L,. The switching functions contained in thee phase sig-
nal s = [s,,5,,s.]” are used to calculate ac to dc transfer
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function of the converter, which is depicted in the model by

g = [Ga, 9, gc]T and it is given by
%:%,ﬁi%ii with z=a,bc. (17

Notice that the behavior of model in (16) is entirely defined by
the value of the switching function s. A complete description in
both, time-domain, and EHD models, should include the source
of such functions in the model. Since sinusoidal PWM tech-
niques are the most used to generate them, the following section
focus on their time-domain modeling towards the derivation of
EHD models.

B. PWM-Based Switching Functions

The main basis of three phase sinusoidal PWM modulation is
the comparison of a modulation signal s™ = [s™, s, s™|7 witha
carrier signal c(t) with a fixed switching frequency fo, = my fo,
where my is the frequency modulation index and fy, = 1/Tj
is the fundamental frequency. If analytic descriptions of the
carrier and the modulation signals are available, discontinuous

switching functions can be described as follows:

1 s™>c(t)
Sy =

0 s <et)

xZ

for x=ua,b,c. (18)

Although discontinuous, (18) provides a time-domain for-
mulation of the switching signals which explicitly considers the
modulation process by means of the modulation signal. This
description is valid for any modulation technique as long as a
proper analytic description of its modulation signals is provided.
A generic analytic description of sinusoidal PWM modulation
signals is given by [31]:

s = Cmygsin (wt +6) +e  for (19)

x=a,b,c

where wy = 27 fy and the fixed parameters which determine the
specific modulation technique are C' as a modulation gain and e
as an injected harmonics term. The input parameters that change
the characteristics of the modulation signals are the modulation
index m,, € [0, 1] and the phase shift € [—, 7). Specifications
for the three modulation techniques are given below:

1) Sinusoidal PWM: This is the basic modulation technique
for which no injected harmonics are considered and no mod-
ulation gain is required. Hence, for this modulation technique
e=0and C = 1.

2) Third Harmonic Injection PWM: In this modulation tech-
nique the modulation gain is C'= 2/+/3 and the injected har-
monic term is given by ¢ = ;’1/"? sin (3¢).

3) Space Vector PWM: For this modulation technique the
modulation gain is C'=2//3 and the injected harmonics
term is given by e = —(m},, + mi..)/2, considering m},,. =
max (m’,m’,m;) and m};, = min (m}, m*, m?).

min

IV. EHD MODELING OF A VSC-BASED SYSTEM

Any time-domain switched model, such as the described by
(16), can be directly transformed into an EHD model by applying
the derivative, periodic multiplication, and constant multiplica-
tion properties derived in (9), (10), and (12), respectively. For
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the presented study case system in Fig. 1, the resulting EHD
domain model is given by

d Rg Ry 1
—I,=(— *I;. — D3 ) I, —I, I, ——1,,V
dt g ( LEg ds 3) 9 + LEﬂ 13 LEg ds f
1
+ ﬂIdB V,
d R, R,
—I.=—I,1 ——1;. — D3 | I.
dt @¢W+( L, % O
1 G
+ L*Id3 A\ [L ]Vdc
d 1 1
—Vi=—I1,1,——1I,I. —D3V,
dt f Cf ds g Cf d3 e 3Vf
d ~ 1
Ve =1, 4+ (- I,—D) Vi + —I,1,
dt ¢ Cac +< Ry, Cac " ) d+cdcd

(20)

where I, = [L,0, L5, L,0]7, I = Lo, Ly, Ic]?, and I, are
mapping the EHD variables from the time-domain grid current
iy, converter current i, and dc current source i, respectively.
Similarly V; = [Vo, Vi, Vi)t Vi = [V, Vi, Vi T,
and V. are the EHD variables mapped from the time-domain
voltages v, v, and vy, respectively. The time-domain switch-
ing signals s and g are mapped as the matrices arranges

[S.] (G
[S]=|[S] | and [G]=|[Gi] |, @21
[S.] (G

respectively, and they are formed with the harmonic content of
their time domain counterparts. The coupling term is defined as
Y= [Sa]Ia + [Sb]Ib + [S(‘}Ic

Each EHD variable is a vector formed the complex Fourier
coefficients of its corresponding time-domain variable. The size
of each EHD variable, and the overall order of the EHD model is
determined by the maximum fundamental frequency harmonic
considered to form the EHD variables, defined as A. The EHD
model, as expressed in (20), is a generic model which is valid
for any modulation technique or employed switching method.
Although similar in structure, particular EHD models are ob-
tained for each case since the switching matrices [S] and [G]
are formed with the particular harmonic content of their cor-
responding time-domain switching signals. Notice that if those
are not periodic, the resultant switching matrices are time vary-
ing. However for sinusoidal PWM-based modulation techniques
with fixed modulation variables, e.g., m,, 6, and my, the har-
monic content of the EHD switching matrices is constant. Under
these assumptions, the EHD system model (20) is an LTI rep-
resentation of the case study system which explicitly contains
all the harmonic relationships among their electrical variables
derived from the used modulation technique.

In this way, the derivation and further implementation of the
EHD model (20) relies on an efficient way to calculate its switch-
ing matrices. For sinusoidal PWM modulation techniques, the
harmonic content of the time-domain switching signals can be
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calculated with common methods such as FFT methods [22]
and/or double Fourier series analysis [32]. As a part of the pro-
posed EHD modeling methodology, an alternative to derive the
harmonic content of the switching signals is proposed. This is
based on the time domain formulation of the switching signal
(18) which explicitly considers the characteristics of the modu-
lation signal as described in (19).

A. Modeling of PWM Techniques in the EHD

The consideration of specific modulation techniques on the
EHD models is obtained by considering the harmonic content of
the time-domain switching signals into their switching matrices.
For any periodic time-domain switching function, the complex
series Fourier formula in (1) can be used to calculate its harmonic
content. Since the switching signals only hold values of zero or
one, their behavior is can be stated by the time instants when
their value toggle, where the nth switching instant is denoted as
(ty(n))» With z = (a, b, c). In this way, the kth complex Fourier
coefficient of a time-domain switching signal is given by

1 :
— ST (e s(0) = 0
5 jrk ot 2
z (k) — 1 2m s .
_ 1 n,+167jwn/ftm(n) s(0)=1.
jmk ;( ) )

Each switching instant is the time when the carrier signal
¢(t) and the modulation signal m}'(¢) are equal. By using the
time-domain description of the modulation signal proposed in
(19), an approximation formula to solve this equation for the
nth switching instant is given by [33]

s 7(71)”*lmp(t.’l,(n)fa(,,))Jrl

i et . _
t.z'(n,) Lsml; —(~L)ntim, ,5(0) 0
r(n)

i+
¢ —(=1)"my, (t}

1 _
x(n) — Z_ sm ;(”) (n) ")) 1
) = ;5(0)=1

d .m|n
atSeli My

z(n)

(23)
where i is the iteration number to calculate the solution of each
switching instant, three iterations is enough to obtain an accurate
solution. The guess value of the iterative solution is given by
tg(n) = a(y), Where a(,) is the nth time when the slope of the

(2n—1)Ty

carrier signal changes and is given by a(,) = T

and m,,

is the slope of the carrier signal given by m,, = 4;% Notice that
the number of switching instants to calculate is 2my and by
definition ¢, (2., , +1) = Tp and t,(o) = 0.

In this way, (22) offers a generic, light, and easy pro-
grammable methodology to obtain the harmonic content of the
switching signals. This formulation can be directly extended to
consider nonideal modulation conditions, such as modulation
frequencies not multiples of the fundamental frequency, dead
time band, and also regular sampling. Based on this method-
ology, other converter topologies, along with their particular
modulation schemes, can be modeled in the EHD, as long as
the switching signals of their equivalent time-domain switched
models are available to be described in terms of switching
instants.
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Fig. 2. wq. voltage under different simulation parameters. (a) EHD solution.
(b) Time-domain solution.

TABLE 1
TEST SYSTEM SIMULATION PARAMETERS

Parameter Value Parameter Value
L, (mH) 1 R, (02) 0.1
L, (mH) 0.1 Ry, () 0.1
L, (mH) 1 Rr, () 0
Cy (uF) 100 Ry () 0.1
Crlr (MF) 1000 RL (Q) (o)
Vs (V) 500 is (A) 0
fo (Hz) 60 m, 0.7
my 15 6 (rad) —-0.2

In order to illustrate this proposal, the MATLAB functions for
the calculation of the switching times and the Toeplitz switching
function matrices [S,] and [G, ], considering the three modula-

tion techniques, are provided in the supplementary download-
able files.

B. Implementation of EHD Model

From the EHD modeling perspective, one of the key parame-
ter is the number of considered harmonics, denoted as h. Large
values of h result in highly accurate signals at the cost of very
large models, which can be difficult to handle and slow to simu-
late. Small values of h lead to a convenient model but with low
accuracy.

In order to show the impact on the selection of this parameter,
Fig. 2(a) shows the simulation results of the model considering
different values of h using the parameters shown in Table I.
Notice that as small is the value of / less accuracy regarding the
harmonic information is retained by the model. The special case
of h =1 is equivalent to the widely used average model, since
only the fundamental frequency is considered. For this particular
case, the average model simulation (EHD with h=1) shows a
noticeable difference in both, the harmonic content of the signal
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TABLE II
NUMBER OF DIFFERENTIAL EQUATIONS FOR SIMPLIFIED EHD MODELS

Model my =9 my =15 my =27 my = 45 my =63
h =101 h =151 h =271 h =451 h =631
EHD 3P 2030 3030 5430 9030 12630
EHD 1P 812 1212 2172 3612 5052
EHD IP ES 237 357 637 1057 1477
EHD 1P AS 209 261 227 175 159

and the steady-state value, compared with the higher order EHD
models due to the disregard of the harmonic information.

In Fig. 2(b) a simulation of the time domain model, using the
trapezoidal numerical integration method, is also presented to
show the numerical oscillations due to the inconsistent initial
conditions introduced by the discontinuous switching functions,
for different step sizes 7. Notice that, in the EHD model the
stiffness is not an issue since the switching signals are decom-
posed into the switching matrices as continuous signals. In order
to show the straightforward implementation of the EHD model,
using the proposed modeling approach along with the provided
functions, MATLAB-based functions used to simulate, both the
EHD model and the time domain model, are also provided in
the supplementary downloadable files.

Some of the advantages that the EHD model offers are shown
in Fig. 2. Notice that even for small values of h, the signals
show a periodic behavior, which is not the case for time-domain
simulations under large time steps. Another advantage is that an
equivalent model of the average model is contained in the EHD
model, which can be obtained by considering » = 1. Also, for
fixed modulation parameters, the steady state can be obtained
by solving the algebraic equation system when the dynamics
are equal to zero. In fact, for this condition, the EHD model can
be expressed as a linear state-space model, as expressed in (15),
and allows its usage in dynamic and steady-state studies and
analyses by taking advantage of this LTI structure which con-
siders all the harmonic cross-coupling interactions. Notice that
despite the size, any VSC-based system is able to be modeled
by time-domain switched models for which equivalent EHD
models can be derived by using the proposed methodology to
obtain the harmonic content of their switching matrices from
the calculation of the time-domain switching instants.

However, one of the main limitations of EHD modeling is
its increased size when the maximum considered harmonic A is
high. Since the switching frequency of the PWM block is the
main source of harmonics it is usually of interest to consider this
effect. In such case as rule of thumb a selection b = 10m isrec-
ommended. Table II shows the order model of the three-phase
model (EHD 3P) for different values of h as the modulation
frequency increases. The increased order model of the obtained
EHD models could derive into unfeasible implementations due
to the associated long computational times, despite their advan-
tages over the time-domain model.

V. SIMPLIFIED EHD MODELS

The following sections present the basis and assumptions that
support three proposed simplifications, which in some cases are
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able to be combined, depending on the characteristics of the
system. All of the proposed simplifications consider already
constructed EHD complete models as a base on which the mod-
ulation is already included on their EHD switching matrices.
This results in generic simplifications, which can be used inde-
pendently on the topology or modulation technique used.

A. EHD Single Phase Model (EHD IP)

This simplification is proposed for the balanced three-phase
conditions, for which the following relationships for currents,
voltage and switching functions, respectively, are satisfied:

—jk2m —jkdx

Lygy = Logye™ 3 Iy = Logye 3 (24)
—jk2 —jkdx

Voiry = Vagye™? Veay = Ve ? (25)
—jk2m —jkar

Spky = Sapye” ? Seky = Sarye” 3 (26)

and therefore only one phase of each three-phase signals is
enough to represent the system.

An efficient and compact implementation requires the deriva-
tion of appropriate EHD matrices. In order to illustrate this
situation, consider the EHD 3P model (20). For the balanced
operating conditions, the ac EHD state variables I,, I., and
'V can be directly referred to one phase, since those are inher-
ently decoupled. However, for the dc voltage EHD state variable
V. the ac EHD vectors are not explicitly decoupled. In order
to propose an equivalent decoupled equation, let us define the
coupling term in the dc EHD state variable as

[7] = [Sa]Ia + [Sb]Ib + [Sc]Ic~
Hence, the dc voltage EHD 1P state equation is given by
d [T.]

1
dt %7 3C * (_RL Cac

27

1
I, — D) Vi + =—1,1;

Cvdc
(28)
where [T';] is a simplified matrix obtained from the relation
v =3[, ]I, = 3[T,]T;, = 3[I'.]L., which is defined by
P _ {Sf;““” for m=0,+6,+12,...,+h 29)
0 for m#0,46,+£12,...,+h
with T as the nth row of [T';] and S? is the nth row of [S,],
forxz = a,b,c.

In general, the balanced three-phase systems can always be
referred to one phase by obtaining appropriate one phase rela-
tionships of the ac coupling terms in the three-phase models,
such as [I'] in (28). Table II shows the size model reduction for

the study case model compared with the complete three-phase
model (EHD 3P).

B. EHD Exact Simplified Model (EHD ES)

This simplification proposal is based on previously known
harmonic pattern of the PWM modulation techniques, i.e., for
my selected as an odd multiple of three, odd and triplen har-
monic components vanish. For the dc voltage, this m selection
results in the cancellation of all nonmultiple of six harmonics.

This harmonic cancellation allows us to simply eliminate
the trivial differential equations of the zero harmonics from an
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already constructed EHD 3P or EHD 1P model. The resulting
simplified model will have the same structure and EHD variables
as the original; but considering a reduced order size on its EHD
variables, rather than the original size of 2h + 1. In this way,
each EHD variable has to be accompanied by a harmonic in-
dex vector, which contains the harmonic number of each EHD
variable elements, to perform analysis and reconstructions to
time-domain signals. All the previously defined differentiation
and multiplication operations required in order to construct the
EHD model have to be reformulated to consider the index vector
of each variable. As a result, a simplified model with a reduced
number of differential equations is obtained. Table II shows the
obtained order model for different values of h of the test sys-
tem, where a dramatic reduction in the number of differential
equations is obtained without compromising the accuracy of the
system solution.

C. Approximate Model EHD (EHD AS)

This simplification proposal has the same elimination princi-
ple of the EHD ES and, as in this case, the resulting simplified
model will have the same structure and variables as the original.
The main difference is that instead of eliminating the differen-
tial equations based on the previous knowledge, a steady-state
solution of the EHD 3P model or EHD 1P model is obtained
with (15) to determine the state variables that have low sig-
nificance into the model and eliminate them, based on certain
discriminator value.

This simplification proposal can be applied to systems that
do not meet the balanced conditions and/or systems where the
harmonic response is not able to be predicted from the reference
operating conditions.

The adequate selection of the discriminator value is essential
to obtain accurate results on this simplification proposal. It is
recommended to define it in terms of the fundamental harmonic
of the signal under analysis. In general a discriminator value
below of 1 x 10~* p.u. maintains adequately the characteristics
of the system and reduces dramatically the order of the result-
ing EHD model, as shown in Table II. Notice that in contrary to
the previous approaches, this simplification proposal could have
different order models depending on the used modulation tech-
nique. Results of Table II consider only the SPWM modulation
technique since there are not significant variations compared
with the others PWM techniques.

D. Comparison and Snalysis of EHD Models

In order to compare the computational effort improvement
offered by the proposed simplified EHD models, a simulation-
based test bench is proposed. The system used in the performed
simulations for all the EHD and time-domain models is the
presented in Fig. 1, considering the parameters of Table I, except
the my value which is given in Table III for each case. In this
way, the required time to perform a simulation of 0.5 s for
the different proposed EHD models is used as performance
parameter. In addition, the simulation time for the time-domain
switched model in (16) is included to compare the proposed
simplifications against this well established model. For the EHD
models, the simulations are performed using MATLAB ODE
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TABLE III
SIMULATION TIME IN SECONDS OF THE TEST SYSTEM FOR EHD AND
TIME-DOMAIN MODELS

Model Technique my =9 my =15 mj; =27 my; =45 mjy = 63
EHD 3P SPWM 845 5783 53389*  370310" 1324600"
THPWM 850.4 5812 53684  372480" 1335900"
SVPWM 853.8 6312 63503*  474860" 1789300"
EHD 1P SPWM 100.3 368.2 3992.3 23404 75642*
THPWM 99.4 360.8 2411.1 23414 103840*
SVPWM 96.8 358.2 2400.2 23345 103420*
EHD IPES  SPWM 12.6 20.9 176.6 2094 6630
THPWM 9.7 21.6 117.4 2471 10578
SVPWM 9.4 21 115.8 2300 10221
EHD IPAS  SPWM 10.5 17.64 24.7 36 527
THPWM 9.2 16 24.7 43.6 573
SVPWM 8.9 16.5 332 58.1 80
T-D sw™* SPWM 17.6 31.8 453 74.0 89.3
THPWM 16.9 31.2 42.1 63.3 86.9
SVPWM 517 63.0 90.1 136.8 189.6

*obtained by curve fitting ** Time-domain switching model

45 built-in solver using default options considering a maximum
harmonic h = 10 x mf + 1. For the time-domain models the
ODEI15s built-in solver with default options was used since this
algorithm offers good simulation results for stiff models. Since
the simulations for the EHD 3P and EHD 1P models with large
values of h require prohibitive computation times, those are
estimated using the available information. The results of this
analysis are given in Table III.

As shown in Table III, the EHD 1P AS is the fastest model
and its performance is comparable in simulation time with the
time-domain switched model. Although the main intention of
EHD models is not focused on simulation, these results give
an insight of the level of simplification obtained with the EHD
simplified proposals. The benefits of the EHD AS model were
previously demonstrated by the size of their models as shown in
Table II. The size represents less than 1.3% of the conventional
EHD model (EHD 3P) for the case when h = 631. In this case,
the simulation time of the EHD 1P AS model is improved around
100 and 22 000 times compared with the conventional EHD 3P
model, for the smallest and largest value of h, respectively.

In respect to the model accuracy, it is important to point
out that the EHD 3P, EHD 1P, and EHD 1P ES models have
exactly the same response without any loss of information, and
for h > 10my, these solutions practically overlap with the time-
domain model solution. For the EHD 1P AS model, there is some
loss of information due to the neglected harmonics; however,
this is negligible compared with the extremely reduced order
gained. The presented case has an average normalized mean
square error of 4.782 x 10~* on the EHD 1P AS model solution
against the EHD 3P solution.

If used properly, the EHD AS model offers the best tradeoff
between size and accuracy compared with previous proposals,
although it requires additional computational effort to calculate
the EHD steady state. The EHD ES model is best suited for
cases with well-known switching operating conditions and its
implementation does not require any further calculations, how-
ever its size is bigger than the EHD 1P AS. If it is required to



5914

=—=EHD 3P, 1P, 1P ES—EHD 1P AS Simulink]

400
200

i, current (A)

-200

-400 L L
0 0.015 0.02

time (secs)
()
1w : : : : : :
=
< 10?
El
g
2100 l k-th harmonic
<3 [k =1---k=13—k =17k = 29—k = 31 —--k = 43
1 1 T T T T
0 0.005 0.01 0.015 0.02 0.025 0.03
time (secs)
(®)
Fig. 3. Validation of dynamic response of EHD models. (a) Comparison

against time-domain simulation. (b) Harmonic evolution.

analyze the phase unbalances, the EHD 1P AS and ES are not
an option and the EHD 3P ES or AS should be used.

VI. EHD MODELS EVALUATION
A. EHD Models: Dynamic Evolution

The dynamic responses of all the derived EHD models are
evaluated and compared against a switched model implemented
in Simulink SimPowerSystems. For this purpose consider the
system of Fig. 1 with the parameters of Table I. Fig. 3(a) shows
the time-domain transient response comparison converter cur-
rent i., between the EHD models simulation, with h = 150,
and the simulink model simulation with T, = 1 x —10~7 s. All
the simulations consider the initial conditions equal to zero for
the time-domain and EHD state variables. Notice that EHD 3P,
EHD 1P, and EHD 1P ES models are exactly equal in their re-
sponse for which only one waveform is used to represent them.
Fig. 3(b) shows the dynamic evolution for the most relevant
converter current harmonics. Notice that dynamics of individ-
ual harmonics is the natural response of the EHD models, their
reconstruction into time domain-signals, such as presented in
Fig. 3(a), require additional processing by using the complex
Fourier formula given in (1).

From Fig. 3 it can be seen that all the EHD models have
accurate dynamic responses compared with the time-domain
switched model. This validates their performance under dy-
namic conditions.

B. EHD Models: Experimental Validation

An experimental setup is used to validate the steady state of
the proposed EHD models and this considers the circuit given
in Fig. 1 with the parameters of Table IV using the SPWM
technique. The response is compared with the simulation result
of the EHD 1P AS model with the same parameters, considering
h = 210 and a discriminator value of 1 x 10~* pu. The EHD
1P AS model is used to validate all the EHD model proposals
since, as explained previously, the difference between them is
negligible for the selected discriminator value.
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TABLE IV
PARAMETERS FOR EXPERIMENTAL VALIDATION

Parameter Value Parameter Value
fo (Hz) 60 Ve (V) 33.26
Cyc (WF) 922 is (A) 0
Ry (Q) 1.75 L4 (mH) 0.44
Ry (o) 112.3 mg 0.8020
my 21 0 (rad) —0.18
L, (mH) 6.3 Ry, () 1.57
L. (mH) 113 Ry, () 2.51
Cy (uF) 33 Ry () 3.78

Ei

ME ——— JUSET _ -"l

Fig. 4. Experimental setup.

The experimental setup considers an open-loop control strat-
egy with fixed modulation parameters, i.e., amplitude m, and
phase angle 6, referred to the point of common coupling. The
phase synchronicity is obtained by means of a phase-locked-
loop implemented on a real time digital simulator (RTDS) along
with the user interface to set the modulation parameters. The
modulation signals generated in the RTDS are the inputs to the
analogue PWM. Fig. 4 shows the general layout of the experi-
mental setup.

The EHD 1P AS model, referred to phase a, of the experi-
mental setup is given by

%Igu = ( fﬁ: I, — D> I, + LR—;IdI% - LL%Idea
+ L—;Idvsa

%Lza = i’—jldlgu + (— iE Iy — D> L, + LLCIdea
- [(;j—:]Vdc

%Vfa = CifIdIgﬂ — C,LfIdIca DVy,

jtvdc %1 <—ﬁ1d - D) Vae + C%CIdIs.

(30)



ESPARZA et al.: MODELING OF VSC-BASED POWER SYSTEMS IN THE EXTENDED HARMONIC DOMAIN

i, current (A)

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016
time (secs)
(@
g 1
-1
g0
g
3
R 1
N I I I 1 I I I I
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016
time (secs)
(b)
Fig. 5. Simulated and experimental i, current signals for Fig. 1 system.

(a) Measurement. (b) EHD solution.

-

N

< 9

i)

%D

2 of 1
S

g

5201 g
= | I I I I I

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016
time (secs)
(a)

< 9

[

El

= 0F N
g

20 -
s I I I I I I I

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016
time (secs)
(W]

Fig. 6. Steady-state waveforms of the pcc voltage for Fig. 1 system.

(a) Measured waveform. (b) EHD solution.

Figs. 5 and 6 show the comparison of the measured waveforms
against the EHD solution, for the i,, current and the phase a
voltage at PCC, respectively.

Figs. 5 and 6 show a high level of agreement between the
EHD model solution and the real system performance. These
results show that the harmonic effects produced by the nonlinear
switching process are effectively retained by the simplified EHD
model.

A comparison of the harmonic content for the simulated and
experimental signals are presented in Fig. 7. It can be seen
how the EHD model retains most of the harmonic information
regarding the switching process, compared with the harmonic
content of the experimental waveform. The differences between
the simulations and experiments are the result of the deviations
of the real operation for the VSC from the assumed modeling
conditions, like the Thevenin grid equivalent, balanced oper-
ation, linear and lumped passive components, ideal switches,
ideal switching process, among others. Despite the small differ-
ences, the overall level of attachment of the EHD model is in
general terms excellent since it closely retains the information of
the dominant harmonics in a continuous time-invariant fashion
model. Hence, detailed and accurate analysis and simulations
can be performed over the real system since all the relationships
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Fig.7. Simulated and experimental harmonic content signals comparison: i
(a) and vpcc (b).

of the dominant harmonics are considered in an reduced order
model with an LTI fashion.

C. Discussion of the Results

The EHD model is an accurate state-space fashion model,
which under certain conditions presents an LTI form. This model
has the characteristic of explicitly considering each harmonic
of the time domain variables as an individual state variable. As
shown by the validations, it can be very accurate to represent the
physical system in both, steady-state and dynamic conditions.

The average modeling has been so far enough to carry out
many of the regular design and analysis tasks in power elec-
tronic systems. However, the increasingly growing necessity of
explicitly considering the effects of the switching process in
the models of power electronic converters, calls for the consid-
eration of harmonic-based models, such as the proposed EHD
model.

Despite the methodology and simplification provided in this
work, the EHD models are still a little more complex and their
derivation and handling require more effort than the averaged
models. In this sense its usage should be justified by the ne-
cessity to analyze the harmonic phenomena not able to be cap-
tured by the average modeling, such as fast computation of the
steady-state solution, optimal component design, parameters es-
timation, and harmonic stability, among others. Notice that the
provided EHD modeling methodology results in a large signal
model, which under certain considerations can be behave as an
LTI model. From this modeling approach, further EHD small
signal derivations are able to be proposed, in order to address lin-
ear analysis of well-known issues like harmonic stability prob-
lems caused by dynamic harmonic interaction between multiple
closed-loop power converters.

VII. CONCLUSION

This paper has presented a structured methodology for the
modeling of VSC-based power electronic systems in the EHD.
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This contribution is based on the calculation of the switching
instants, and therefore, reliable, and efficient explicit formulas
were proposed for three different PWM techniques, i.e., SPWM,
THPWM, and SVPWM. As an example, a grid-connected three-
phase VSC-based system with an ac LCL-filter was modeled
both in the time-domain and in the EHD, to show the straight-
forward relationship between both modeling frameworks, and
the advantages offered by the EHD over the time-domain model.

Three simplified modeling approaches were proposed to deal
with the increased size of the conventional EHD models. A
comparison among them has been performed using a simulation-
based test bench on which the benefits, in terms of computational
effort, model size, and accuracy were shown. The results have
revealed a size reduction of the proposed simplified modeling
approaches up to 98.7% respect to the conventional EHD. Con-
sequently, the simulation times of the proposed simplifications
are up to 22 000 times faster than the conventional EHD. Be-
sides, one of the proposed EHD modeling approaches has come
to a swifter simulation time than the time-domain switched
model.

Experimental validations of the most simplified model (EHD
1P AS) were carried out in which its high level of accuracy
was clearly demonstrated through the waveforms and spectrum
comparisons.
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