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Generalized Synchronous Optimal Pulse Width
Modulation for Multilevel Inverters
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Abstract—With the growing interest of the industry in high-
power medium-voltage multilevel inverters and the technological
limitation in high voltage power semiconductors switches, syn-
chronous optimal pulse width modulation techniques, originally
developed for two-/three-level inverters, became again a topic of in-
terest, now to optimize multilevel waveforms. This work proposes
a novel formulation for the problem of optimizing the modulation
pattern of multilevel converters, including in a single optimization
problem the decision of the directions for each step transition in
addition to the switching angles and, thus, completely defining the
optimized multilevel waveform at a given modulation index. In ad-
dition, experimental results are presented in order to demonstrate
the effectiveness of this optimized modulation technique exemplar
applied to a five-level NPC H-bridge feeding a permanent magnet
synchronous motor.

Index Terms—Inverters, multilevel systems, pulse width modu-
lation.

I. INTRODUCTION

HE ground concept for synchronous modulation schemes

based on a set of predefined (offline evaluated) optimized
switching angles emerged in the 1960s in order to make good
use of the low switching frequency allowed for the semicon-
ductor technology at that time. Initially, the technique was used
to completely eliminate a group of harmonics components in
two-level inverters, known as Selective Harmonic Elimination
(SHE) [1]. Soon later, Buja and Indri [2] proposed to do not
completely eliminate a limited group of harmonic components,
but instead to control a whole spectrum to minimize the har-
monic distortion of the current in a motor. This assumed the
motor mathematical model and waveform performance indexes
such as Total Harmonic Distortion (THD) and Weighted THD
(WTHD). This technique, also developed to two- and three-level
inverters, became known as Synchronous Optimal Pulsewidth
modulation (SOP), sometimes also referred as Optimized Pulse
Pattern. In the following decades, with the evolution of faster
power semiconductors enabling higher switching frequencies,
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the interest on SOP was virtually lost in low-voltage/-power
applications. Recently, with the advent of multilevel converters
for powering very high power medium voltage systems, which
are also subject to restrictions of low switching frequency, this
technique became again a topic of research interest [3]-[14].

The mathematical formulation for the optimization of two-
level inverters waveforms (and also three-level waveforms with
the restriction of use only positive levels within the positive
semicycle) is well establish and extensively studied [15]-[21].
The output waveforms can assume only two levels within a
semicycle, and consequently, consecutive switchings just tog-
gle the level of the output waveform such that the direction of
each step transition is imposed and well defined in the two- and
three-level cases. Thus, a two-level waveform is fully defined
by a set of switching angles & = {7, g, ..., ay } that holds
only the information about the transition angles. However, for
multilevel inverters with number of levels L larger than three,
each transition from intermediary levels can assume two direc-
tions. This results in additional degrees of freedom. Thus, for
the modulation of a multilevel inverter it is not enough to de-
fine the switching angles of the output waveform. The transition
directions are also needed. The original formulation for the two-
/three-level waveform optimization problem is such that optimal
switching angles o are obtained as the result of an optimization
problem that minimizes a given performance index computed
from the harmonic spectrum of the resulting waveform. This for-
mulation does not include the decision of the transition direction
and, thus, it cannot be directly used for optimizing multilevel
waveforms.

Since SOP techniques are based on the optimization of volt-
age harmonic spectra it is reasonable to assume that the degree
of freedom related to the transition directions appears in the
computation of the Fourier coefficients of the resulting wave-
form. An expression that defines the amplitude of each har-
monic components of the multilevel waveform as a function of
the instants of each commutation and their directions is desir-
able. A generic L-level waveform (for odd values of L) with NV
commutations within 0 < 6 < 7/2 and quarter-wave symmetry
can be decomposed by N unity step functions u(x), each one
phase shifted by «; and multiplied by an unitary coefficient
0 € {—1,+1} that defines the direction of the step at instant
ay, where k =1,2,..., N. Thus

Z(&u —Oék

k=1

0<O0<m/2 (1)

See http://www.ieee.org/publications_standards/publications/rights/index.html tor more intormation.
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Fig. 1. Waveform decomposition in IV elementary three-level signals.
where [(#) is the instantaneous voltage level of the output wave-
form and u(x) is the unity step function defined as

0
u(x) = {1

Fig. 1 illustrates this decomposition and the symmetry re-
lations that define the signals in a period, where f,(x) stands
for the function that defines the signal in the first quarter of
the period. It is important to notice that the signals &, are
simply a mathematical decomposition of the voltage output
waveform and are not independently physically synthesized by
different components of the power electronics structure of the
inverter.

The harmonic contents of the elementary signals & (6) that
composes the multilevel waveform are defined by

ifz <0

. 2
ifz >0 @

~ 4
& (0, 0) = ﬁécos(hak) 3)

where ék_h is the amplitude of the h-order harmonic component
of the signal & (0).

From (1) and (3) itis possible to find an expression that defines
the harmonic contents of a generic multilevel waveform with
quarter-wave symmetry as a function of the switching angles o
and transition directions ¢ as

R 4N
I (o, 0) = — Z 0y, cos(hay) @
k=1

where [, is the amplitude of the harmonic component of order h
of the inverter output waveform, N is the number of switchings
in a quarter of the waveform, and «, and J;. are, respectively,
the k-th elements of the set of switching angles «, and the set
of the signs that represent the direction of each step transition §
that define the waveform

a={aj,a,...;ay}, 0<a<ar<---<ay<m/2
6= {61762a"'751\“'}a 6k 6{7174»1} (%)

With (4) it is possible to evaluate the WTHD (6), or similar
performance indices, of the inverter output voltage waveform

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 32, NO. 8, AUGUST 2017

Iy 8W={t — 4.~} l

ey

e e

a1 g Qg g 5 O 5 Qp Gy O3 Gy Q5 Q6 o
2 2

(p5)
>0

S =N

o 4—>

S =N
S+

Iy 6W={+ —+ —++} ly 07={++—+——}
X w (v0)
iz P
SRS RRR N X
U(') a1 0z ag 7 a5 ag ,_fg 06 a1 az ag a7 a5 ag £=9
2 2
ly P={+ —++—+} Iy 870={t 4~ —+~}
X o) 1)
p P
SRERN X Iy
0(') ar 0z a3 a; a5 ag ,_fg 0('] araz a3 a; a5 ag E=€
2 2

ly 8P={++— .t} Iy 8P={t 4+~ —++}
2 2
1 rd) H_*_* 4_47 (8)
0(') a1 0z ag a7 a5 g 1=9 0('] a1 0z ag a7 a5 ag 1=9
2 2
Fig. 2. Eigth possible switching patterns for a waveform with L = 5 and

N = 6 and quarter-wave symmetry.

and use it as the objective function for the optimization prob-
lem. However, a minimization problem that must return the two
sets, angles set, and directions set, is a mixed integer nonlinear
problem. There is no efficient optimization algorithm for this
type of problem and nor it is possible to ensure a solution for
this kind of formulation

H 4 N 2
Owthd ((X, (5) = Z [hQ Z 5k’ COS(hOtk )] . (6)
h:(ig]q:l g k=1

To overcome this complexity Rathore et al. [22] introduced
the concept of switching structures, also known as switching
patterns. A switching pattern is a valid sequence of the direc-
tion of the step transitions along the waveform. Each switching
pattern completely defines the d set in (4) and (6). For instance,
a five-level inverter (L = 5) with six switching angles in a quar-
ter of the output waveform (/N = 6) has eight different valid
switching patterns as seen in Fig. 2.

Solving the optimization problem for a single switching pat-
tern, imposing 4, is mathematically similar to solving the prob-
lem of a two-/three-level waveform. Since the switching angles
« for a given modulation index M can be obtained by solving
the optimization problem for a defined switching pattern. The
remaining problem is to define the ideal switching pattern for
each modulation index M value, defined by

M e <0, 4> )
™

where V; is the amplitude of the fundamental output phase
voltage, F is the voltage of each voltage level, and L is the
number of phase voltage levels allowed by the converter power
structure.

Some authors [23]-[26] define a pattern and optimize the
switching angles assuming the chosen pattern gives acceptable
results. In fact, the optimal pattern is dependent of the mod-

2V

=T
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Fig. 3. Number of possible switching patterns for a L—level multilevel con-
verter with N commutations in a quarter of the fundamental period.

ulation index M that is part of one of the constraints of the
optimization problem and an optimal solution for the modulator
will change the pattern for different ranges of M. In order to
get an optimum set of switching angles and the optimal pattern
for each modulation index value, Rathore et al. [22] propose to
evaluate the optimization problem for the entire range of inter-
est of the modulation index M for each valid switching pattern
and then select the pattern and its corresponding switching an-
gles that give the optimum solution. This technique allows to
find the optimal solution, both, for the switching angles and
the switching patterns completely defining o and §. However,
the number of switching patterns and consequently the scale
of the optimization problem that must be solved can be im-
practically large for operation with a relatively high number of
commutations per cycle or for an inverter with a high number
of levels. The increase of the number of different valid patterns
for inverters with three-, five-, seven- and nine-level waveforms
for up to 20 commutations in a quarter of the fundamental pe-
riod is shown in Fig. 3. The number of valid switching patterns
graphically shown in Fig. 3 can be computed by (8), where A
is the adjacent matrix of the graph that represents the change of
level possibilities in the first quarter of the waveform using only
adjacent states. Thus

2-mod(L.2) LLEAJ

Npt = Z Z [A]j,i- (3)
j=1 =1

Other attempts to adapt the two-level optimized modulation to
multilevel ones were [22], [25]-[31]. Most of them use the con-
cept of switching patterns and/or impose unnecessary restric-
tions in order to simplify the optimization problem. Analytical
solutions of the optimization problem and selective elimina-
tion are explored in [23], [24], [32], however, to achieve these
analytical solutions various constraints are imposed on the prob-
lem, and even the selection of the objective function is limited
to minimize the THD of voltage rather than the current. This
work extends [14] approach and proposes a generalized for-
mulation of the optimization problem for multilevel waveforms
that does not use the concept of switching patterns and includes
the transition direction decision within thew optimization prob-
lem as an expansion of the search space of the optimization
variables.
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II. SOP MODULATION GENERALIZATION FOR MULTILEVEL
CONVERTERS

Since the direction of the steps of multilevel waveforms are
modeled as a set of binary variables (8), it turns the optimization
problem into a mixed integer nonlinear one. The adaptation for
the optimization problem formulation presented in this section
reduces this problem to a nonlinear problem without imposing
any simplification nor losing generality. The intrinsic symme-
tries of the problem are the basis for this.

An optimization algorithm to minimize (6), or a similar index
as a function of the Fourier coefficients, must return the opti-
mized values for both v and & that represent, respectively, the
set of angles (relative to the fundamental period) where the step
transitions occur and the transition directions.

A generalized expression to evaluate the amplitude of any
harmonic component of a multilevel waveform was presented
in (4). This expression is the central point for the optimization
problems based on harmonic components control and is the one
that holds the relationship between the two sets of variables
to be found. The cosine term in (4) is a direct consequence of
the choice of having the fundamental component of the output
waveform in phase with a sine signal with the same frequency.
Shifting the entire waveform by /2 rad, the fundamental com-
ponent of the waveform becomes in phase with a cosine signal,
and the expression for the harmonic content of the waveform is
now given by

Z(Sk sin(hay ). 9)

This reference shift adopted in the formulation turns the cosine
term in (4) into a sine term in (9) and the odd symmetry of the
function sine can be used to join the two set of variables o and
d as a new set of variable v with

4

— Zsin(hékak)

mh —

Zsm hye)

Iy (a,8) =

(10)

where

—m/2 < < 7/2 (1)

and since «y, is always positive and J; has only a sign infor-
mation with fixed amplitude, both oy, and d;, can be completely
reconstituted from -y, using

M = OpCy,

0<ap <m/2
o € {-1,+1}

ap = abs(wk),

ok = sign(yx), (12)

without losing information. This ensures that this procedure
does not affect the validity or generality of the optimization
problem formulation.

Expression (10) is valid only for odd level waveforms. Invert-
ers with even levels have lesser practical interest, but a similar
expression can be derived just adding a term %&) (0) that models
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the commutation from [= —1to ! = +1 at § = 0 for even level
waveforms. Thus

4 —y
— S, sin(hy) if L is odd
T

I(v) =

if L is even

(13)
The complete WTHD minimization problem of a generic odd
level waveform is then

o 16 [&
rrlyin Z i ;sin(h'yk)

h=6nF1
n e N*

4 N .
h Zk:l sin(hyy) +
2

/2 <, <m/2

4 ) .

- Z}CV:1 sin(y) = M
0<I(3) < (L-1)/2
A’Y S A"Ymin

subject to (14)

where H is the highest considered harmonic order, h is the
harmonic order, L is the maximum number of levels that the in-
verter can synthesize, NV is the number of switchings performed
in a quarter-wave, and [(7;") is the level of the waveform after
the transition at angle o, . The first constraint of (14) ensures the
validity of the range of the found angles, the second one sets the
amplitude of the fundamental component to achieve the desired
modulation index M, and the third ensures that the solution does
not use more levels than the inverter can synthesize. In fact, the
third constraint can be relaxed if M < 1. The fourth constraint
is the set of linear inequalities given by

0 1 -1 --- 0 - ~ Ay
< (15)

=1 —Ay

1 o r—Ay,

that ensure a minimum pulse width A+, avoiding double level
commutations. This linear inequalities also sort the elements
of ~, which is important since all elements permutations in =
are valid representations of a same waveform. This results in at
least N'! multiple global minimums that significantly increases
the complexity of the optimization problem.

The proposed algorithm does not impose the number of level
of the optimal waveform. It just limits the maximum number
of levels that can be used. The actual number of levels of the
optimal waveform is result of the optimization problem as a
consequence of the found optimal angles and switching direc-
tions and can assume any odd number lower than the maximum
number of levels imposed by constraints on the optimization
problem.

To validate this unified formulation of the optimization prob-
lem for a multilevel waveform, the solution found with this
formulation can be compared against the results found with the
technique that optimizes the switching angles individually for
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found by the proposed formulation (O'zlh ) against the conventional method

(0 gy is the minimum of all possible switching patterns p; . .. py, »)> €émphasize

the optimal switching pattern for each modulation index range.

all possible switching patterns. The proposed algorithm is not
expected to give better results than existing algorithms, but the
same optimal results obtained directly from a true multilevel
waveform optimization that includes in a single optimization
problem the direction of each switchings, in addition to the op-
timal angles. Fig. 4 shows the values of the objective function
obtained by numerically solving (14) and its equivalent formu-
lations with the conventional method [22] for the four possible
switching patterns of a waveform with N = 5 and L = 5. The
nonlinear numeric solvers pack KNITRO was used to solve the
optimization problems in both formulations. This comparison
shows that the proposed formulation is able to find the optimal
solution minimizing, in this case the WTHD of the waveform,
for the entire valid modulation index range, obtaining both the
optimal angles and the optimal switching pattern through the set
of variables -~y as a solution of an unified optimization problem.

Even though the new formulation is slightly more complex,
it is more flexible and leads to smaller optimization times,
which might be particularly important for a large number of
levels/switching times or for more complex metrics.

It is known that optimizing a multilevel waveform for in-
dexes like THD and WTHD often result in a set of optimum
switching angles with many discontinuities with respect to the
M axis. In order to reduce the occurrence of such discontinu-
ities, Rathore et al. [3] perform a post optimization that takes
advantage of a deficiency of nonlinear optimization algorithms
that cannot guarantee that the result is the global minimum,
which often is only a local minimal in the vicinity of the starting
point supplied to the algorithm. In this case, the last optimum
angles set and pulse pattern is adopted as starting point passed
to the numeric solver and the optimization problem is recalcu-
lated. In the present work such discontinuities are not forbidden
but penalized instead. Fig. 5 shows the algorithm used to per-
form such discontinuities penalization. Since it is a nonlinear
problem, there are no means to ensure that the result of the
optimization is a global minimum, so three different starting
points are provided to the numerical solver (multistart) to in-
crease the likelihood of finding a global minimum. The first
one is the optimal angles set previously obtained for a slightly
lower M as the approach in [3]. The other starting points are the
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Fig. 5. Optimal solutions discontinuities penalty algorithm.

equivalent switching angles generated by the carrier-based mul-
tilevel modulation techniques In Phase Disposition (IPD) and
Alternate Phase Opposite Disposition. Even though three start-
ing points have been used in the results obtained in this work,
more starting points could be used to further increase the prob-
ability of finding global minima. The choice of three starting
points was made empirically since tests with more starting points
did not show relevant improvements in the solutions for the met-
ric and scale of the optimized problems. The optimal angles that
result from these three starting points are tested for disconti-
nuities and a penalty is applied to the value of the objective
functions for the discontinuous ones. The post penalty results
are compared and the best result is chosen. This allows us to
control through the penalty factor §, how much better is the
harmonic distortion obtained with a discontinuous result so that
it is not discarded.

The majority of multilevel inverters are used within electric
motor drives and the inverter must be able to control its out-
put voltage amplitude and frequency in a wide range to drive
the motor with angular speed from zero up to rated value. In
the SOP schemes, unlike conventional carrier-based ones, the
switching frequency is dependent on the output fundamental fre-
quency, which means that during speed variations the switching
frequency is constantly changing. Thus, for low fundamental
output frequency the number of commutations per cycle N
can be increased to reduce distortion without over stressing the
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inverter with constant V/ f and maximum device switching frequency limited
at fow = 188 Hz.

semiconductor switches due to switching losses. Since a motor
operates with a nearly constant voltage per frequency (V/f)
relation, the switching frequency is proportional to M, and a
table with the values of the optimal ~ with variable discrete
values for N can be generated to provide the optimal modu-
lation with maximum frequency limitation for all the range of
voltage/fundamental frequency operation.

Fig. 6 shows the optimal « for modulation indexes 0.3 <
M < 1.1 with varying the number of commutations per cycle
from N = 12 down to N = 4. For very low output frequencies,
this technique of variable IV is not appropriate since N should
be changed too often for small changes of M and frequency.
This could result in several N changes within the period of
the fundamental depending on the increasing ratio of the out-
put frequency during the acceleration of the motor. A different
modulation technique such as a carrier-based one can be used
during the initial stage of the motor acceleration to solve that
for very low fundamental frequency. The modulation technique
can be switched to the SOP when the fundamental frequency
becomes greater than a predefined minimum value.

The modulation implementation is split into two steps, in a
similar way to what is done in Space Vector Modulation (SVM).
The first step is offline computed and determines the optimal
output voltage waveform for the entire M range (switching
table from Fig. 6) without worrying about how these waveforms
can be synthesized by the inverter and neither with its eventually
required internal energy balance. The second step is responsible
for, in real time, generating the gate signals for the controlled
switches that synthesize the given predefined waveforms and
simultaneously provide further inverter features, such as the
internal voltage balances by choosing the appropriate redundant
states. This can be performed in all power structures that have
enough redundant states to balance the dc-bus voltages without
distorting the output waveforms, including the NPC H-bridge.

III. EXPERIMENTAL RESULTS

A low-voltage 15 kW prototype of a five-level NPC H-bridge
inverter (HNPC) was built. The complete experimental setup
is seen in Fig. 7. It comprises the three-phase HNPC inverter
fed by three 12-pulse rectifiers and a 11 kW permanent magnet
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TABLE I
EXPERIMENTAL SETUP SPECIFICATIONS

12-Pulse Rectifier

fq 60 Hz Mains frequency

Vo 380 \Y% Rated primary rms voltage

Vs 120 \% Rated secondaries rms voltage

Vion, ave 290 to 320 \% dc links average voltage range
HNPC Inverter

L 5 - # of levels of phase voltage

M Oto 1.1 - Modulation index range

fi 0to 90 Hz Fundamental frequency range

fow 90 to 2160 Hz avg device switching frequency

Chon 2 mF Equivalent link capacitance

PMSM

P, 11 kW Rated shaft power

Ve 380 A" Rated line—to—line rms voltage

I, 19.2 A Rated rms current

fr 90 Hz Rated frequency

P 3 — # of pole pairs

W, 1800 rpm  Rated angular velocity

T, 58.4 Nm Rated torque

synchronous motor (PMSM) as load. The motor is mechanically
connected to a permanent magnet synchronous generator that
feeds a resistive load in order to generate the PMSM torque.
The system specifications are in Table I.

The SOP modulation scheme is a synchronous modula-
tion based on a lookup table (like Fig. 6) with the optimum

phase ¢

Experimental setup showing the five-level converter, its control board and rectifier transformer, as well as the PMSM machine lab bench and load scheme.

commutation angles and directions obtained from solving the
previously presented optimization problem (14). The real time
reconstruction of the phase voltages from a table of « and
the generation of the gate signals for the eight power elec-
tronic switches of each phase of the inverter is performed in the
control card.

The individual HNPC modules dc-link central point voltage
balance is achieved by choosing the appropriate intraphase re-
dundant states that tends to restore the balance based voltage
and current measurements in real time at each module. To act
on the balance only by choosing redundant states ensures that
the power stage of the inverter imposes to the load the optimal
output voltage waveform computed offline. The use of redun-
dant states does not lead to simultaneous switching of two or
more levels since only adjacent states are used. Fig. 8 shows
the state machine with which the states are chosen and how
each state affects the voltage balance. In the case of a five-level
HNPC only the states with levels +1 or —1 affect the dc-link
balance of each phase since for levels 42, —2, and 0 the dc-link
capacitors are not inserted in the path of the output current. For
example: a switching transition occurs that reduces the voltage
level of one of the phases from | = +2 (state 1) to [ = +1 (states
2 or 3). Both states (2 and 3) are adjacent to state 1. Choosing
accordingly the state 2 or 3 depending on the voltage unbalance
will act in opposition to the imbalance and since both (states 2
and 3) are adjacent to 1, no additional switching transitions or
level steps are needed.
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Fig. 8. Diagram of the possible states of a phase, the adjacency between them,
and how each state affects the dc-link voltage balance.
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Fig. 9. Output phase voltage signal reconstruction from -y and gate signal
generation.

The control and modulation algorithms are centralized and
run in a central control board based on a Digital Signal Con-
troller and a Field Programmable Gate Array. Each phase mod-
ule has its own local microcontroller, communicating with the
central control board through optic fiber links, similar to the plat-
form used in [33]. The gate signals of all controlled switches are
generated by the centralized modulator, in which the algorithm
described in Fig. 9 is implemented and signals are transmitted to
the local controllers which are responsible for the command of
the insulated gate bipolar transistor (IGBT) gate signals besides
performing local measurements and protection.

A comparison against three known modulation techniques
to evaluate the effectiveness of the proposed SOP modulation
for a wide switching frequency range was experimentally per-
formed. The first modulation is a synchronous SHE modulation
with cancellation of the (/N — 1) nontriplen lower order voltage
harmonic components [34]-[42]. As the multilevel SHE modu-
lation shares the same problem regarding the determination of
each transition direction as the SOP modulation, the « formula-
tion proposed in this work was also used in the SHE problem for-
mulation. This is done by adding a new set of constraints in order
to impose the required harmonic cancellation to the optimization
problem (14). This approach also ensures that the SHE switching
angles set used, among the multiple valid solution sets for which
the SHE requirements are met, is the one that leads to the lower
current distortion. This being the multilevel equivalent to what is
proposed by Agelidis et al. [41] for the two-level case. The sec-
ond modulation is a five-level seven-segments regularly sampled
SVM [43], [44]. The third is named here modified IPD (mIPD) is

6303
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Fig. 10.  Voltage output waveform examples for (a) SOP and (b) SHE mod-

ulation with N = 4 and M = 1.08, and (c) the line-to-line voltage harmonic
spectrum comparison between them.

a carrier-based and consists of an adaptation of the IPD modula-
tion for the HNPC, where the five-level phase voltage reference
waveform is generated by two three-level IPD modulators phase
shifted by 7 rad to balance the voltages and losses between the
two NPC legs that compose each module of the HNPC [44]. All
modulation techniques were implemented in the same prototype
and the experiments were carried out in very similar conditions,
with the same load, input voltage levels, and M.

Fig. 10(a) and (b) illustrates the waveforms generated by, re-
spectively, the SOP and the SHE modulators, both for N = 4
and M = 1.08. Fig. 10(c) shows the differences in the harmonic
spectrum of the line-to-line voltage for the two used modula-
tions in the case at hand. As expected, the SHE modulation
completely cancels the lower order harmonic components (in
this case h = 5,7, 11) at the expense of higher amplitudes of
some noncontrolled harmonic components (particularly A = 17
in this case). The SOP modulation does not cancel any harmonic
component but instead controls the amplitude of the spectrum
as a whole to minimize the total current harmonic distortion.

Experimental measurements of the THD,; of the motor cur-
rents for the system at rated conditions, with 380 V (M ~ 1.05)
and 90 Hz fundamental output voltage and mechanical shaft
power of 11.5kW at 1800 rpm, operating with SOP, SHE, SVM,
and mIPD modulations for a variety of switching frequencies
are presented in Fig. 11. The measurements were performed
with a power analyzer Yokogawa WT1800 and a oscilloscope
LeCroy 610Zi with, respectively, ADP305 and CP031 voltage
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Fig. 11.  Experimental results voltage and current waveforms with SHE, SOP,
and SVM modulation for a variety of switching frequencies with M = 1.05.

and current probes. Fig. 11 shows a phase voltage, a line-to-line
voltage and the motor current waveforms as well as the motor
currents trajectory in the a3 plane for some of the experiments.

The motor current average THD (THD;) measurements in-
clude up to the 50th harmonic (4.5 kHz). As expected the SOP
modulation presented the best results, with low levels of load
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Fig. 12. Experimental results comparison between SHE, SOP, SVM, and

mIPD modulation for a variety of switching frequencies with M = 1.05.

R e e
Fig.13.  Experimental results: two dc-link voltages v,, . and v, ., line voltage

vqp, and phase current 7, waveforms with the proposed SOP operating with
M = 1.05, fi =90 Hz, N = 4, and f5, = 180 Hz.

current harmonic distortion even for very low switching fre-
quency, i.e., THD; = 2.69% for N = 2, condition in which
each power semiconductor device operates at the same fre-
quency as the fundamental, with a device switching frequency
of fsw =90 Hz for a fundamental frequency of 90 Hz. The
SVM with switching frequency four times higher ( fg,, = 360 Hz
is equivalent to a sampling frequency of 1.44 kHz for the
HNPC) achieves only THD; = 3.29%. With the same de-
vice switching frequency (fsw = 360 Hz) the SOP modulation
presents a decrease in the current distortion of 43% with respect
to SVM, where THD; = 1.87%. The results are summarized
in Fig. 12.

Fig. 13 shows a line-to-line voltage and the a motor current
waveforms as well as the positive and negative dc-link voltages
that are actively balanced by choosing redundant states in the
second modulation step. Experimental results for the SOP mod-
ulation are presented in Fig. 14 for a variety of operating points
of Fig. 6 using a V/ f relationship given by

vt

fir
were R index stands for rated value and Mp = 1.05and f1 =
90 Hz. Results for different modulation indexes, fundamental
frequencies, and switching transitions per cycle are observed
as well as the current vector trajectories for each operating
condition.

(16)
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Fig. 14.  Experimental results showing voltage and current waveforms with the

proposed SOP for a variety of modulation indexes and fundamental frequencies
with constant V/ f.

IV. CONCLUSION

This work proposed a way to overcome the complexities of
optimizing the modulation of multilevel inverters. The presented
formulation does not use the switching patterns concept and,
thus, is a generalized formulation for the problem. It does so by
including the transition directions decision into the optimization
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problem as an expansion of the search space of the optimization
variables. A comparison of this technique with the conventional
one validated the formulation. The effectiveness of the proposed
technique was experimentally tested in a 3-phase HNPC feeding
a PMSM. These experiments were performed in a wide range
of commutations per cycle range that shows that the proposed
SOP formulation can deal with generic multilevel waveforms,
both with low or high number of switching patterns. The re-
sults with very few commutations per cycle show that the SOP
overcomes the limitations of nonoptimal modulations with a
THD; = 2.69% even when the IGBT's switch at the fundamental
frequency.

APPENDIX

The presented formulation used phase voltage waveforms.
Nonetheless, the line currents are ultimately generated by the
line-to-line voltages. However, the equivalent line-to-line volt-
age waveform composed by L levels phase waveforms with
N commutation per quarter-cycle has (2L — 1) levels and 2N
commutations per quarter-cycle results in a much larger opti-
mization problem without additional degree of freedom. The
following proves that optimizing the phase voltage waveform
considering only the nontriplen harmonic components is equiv-
alent to optimizing the line-to-line voltages.

The line-to-line voltage is defined from (1) as

N

') =) &)

k=1

1"°(0) = 1"(6) — —&(0—2n/3)] (17)

which has the harmonic contents given by

1< hm hm
— ; {sin (h*yk - F) + sin (h’yk. + ?)]

= \/—;Z: (hr)g

lab( ) _

(18)

with

2 0
h) = —=cos (h%) . 19
(1) = = cos (g (19)
Apart from the term g(h), (18) has the same form as (10).
In fact g(h) is the term that models the line-to-line voltage
spectrum triplen harmonics cancellations due to the 27 /3 phase-
shift between two phase voltages. Since

g(h = {1,3,5,7,9,11,13,15,17,...})

= {+1,0,-1,-1,0,+1,41,0,—1...}  (20)
it follows that:
jib (7)’ _ V3 ’l('y)‘ if h is odd and nontriplen @
0 otherwise

and as the phase angles of the harmonic components are not
relevant for the optimization process, the line-to-line waveform
is optimized when the spectrum of the phase components ac-
counting for only the nontriplen harmonics as done in (6).
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