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Abstract—Cascaded boundary-deadbeat controller can ensure
system stability of single-phase grid-connected inverter operated
under different grid conditions. However, it will require using
numerous sensors and may experience performance degradation
caused by unbalanced filter parameters in controlling a three-
phase three-wire inverter. Furthermore, the system is in vari-
able frequency operation. A boundary controller using second-
order switching surface with direct current tracking capability,
reduced number of current sensors, and fixed frequency operation
of three-phase three-wire grid-connected inverter with inductive-
capacitive-inductive (LCL) filter is presented. By applying the 60°
discontinuous pulsewidth modulation scheme for a fictitious de-
coupled dual-buck structure in each operation sector, two separate
sets of switching criteria for dictating the states of the switches
of two half-bridge legs are formulated. Such technique can avoid
dealing with the challenges caused by the interactions among three
independent current regulators. A switching table with null voltage
vectors excluded is designed to dictate the switching actions. Sen-
sitivities of the system transfer characteristics to the parametric
variations are investigated. A 3 kW prototype has been built and
evaluated under stiff- and weak-grid conditions. The experimental
results are favorably compared with theoretical predictions.

Index Terms—Boundary control, dc–ac power conversion, fic-
titious decoupled dual-buck converter, LCL filter, second-order
switching surface, three-phase inverters.

I. INTRODUCTION

MODERN grid-connected voltage source inverters (VSIs)
are required to assure its system stability under different

grid conditions, while high-order output filters, such as LCL
filter, are used to minimize their physical size [1]. They are
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necessary to deal with many intrinsic and extrinsic challenges,
such as oscillation due to filter resonance, uncertainty of the
grid condition, disturbances at the point of common coupling
(PCC), etc. Many prior arts, such as passive and active
damping techniques [2]–[10], have been proposed to tackle
filter resonance. Among them, active damping techniques are
popular, as they do not cause extra power loss and can adjust
the damping factor flexibly on digital controller. However,
their performance would sometimes degrade if the inverter
is operated under weak grid condition [11]. The resonance
frequency will vary as the grid-impedance changes. Thus, many
improved solutions, such as hybrid damping methods [12],
active damping with reduced computational delay [13], and
active damper installed at the PCC [14], have been proposed
to deal with the impact of the grid impedance on the system
performance. However, disturbances at the PCC caused by the
source or nonlinear loads would sometimes affect their normal
operations. Inverter with slow dynamics or poor harmonic
suppression would deteriorate voltage distortion at the PCC
[15]. Selective harmonic compensators and grid-impedance
estimation algorithm are usually used to alleviate such issue
[16]–[20]. Thus, many performance and design tradeoffs have
to be made in designing above-mentioned controllers.

Considering that nonlinear boundary control techniques
usually exhibit high operational stability under wide parametric
variations and superior dynamic behaviors, they would be
favorable in meeting the above-mentioned requirements. With
the recent advances in microelectronics and digital controllers,
more and more digital boundary control methods have been
reported [21], [22], [26], [29]–[31], [41]. They include hystere-
sis current control (HCC), direct power control (DPC), sliding
mode control (SMC), and boundary control with second-order
switching surface (BC2), to program the output current of
grid-connected VSIs. Their operating principle is based on
guiding the state variables to move along a predefined linear or
curved switching surface.

The HCC involves simple operations by guiding the inverter
output current to move along the predefined target point or
surface. It exhibits precise current tracking performance and
superior stability. To mitigate filter resonance, integration of
active damping techniques is needed [21]–[24]. As the intracy-
cle information of the state variables is included in the damping
function, it would interfere with the predefined switching

See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
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surface and thus tradeoff design should be taken. The DPC
utilizes the instantaneous output power information by multi-
plying the output voltage and current of the inverter to regulate
the switching states through a switching table [25]. However,
the product of the output current and voltage would lose the
phase information, intracycle information and even magnitude
information especially at near zero-cross point of them. Thus,
integration of the active damping function is also needed for
dealing with filter resonance [26]–[28]. The SMC usually
utilizes linear switching surface by composing the system state
variables and references to dictate the states of the switches
[29]–[31]. It exhibits the filter resonance mitigation capability,
high operational stability, and good harmonic suppression.
However, its output current tracking performance is susceptible
to the drift of circuit parameters. Thus, an additional integral or
resonant term of the state variables is usually introduced into
the sliding function to improve current tracking [31], [32].

The BC2 exploits second-order or curved switching surfaces
for the state variables to dictate the states of the switches [33].
It was followed by the development of the high-order switching
surface [34] and natural switching surface [35], exhibiting en-
hanced dynamic performance at start-up and under large-signal
transients. They have been proven to outperform the SMC with
linear switching surface, in terms of the settling time, steady-
state error, and dynamic response [36]. Such fast dynamic con-
trol concept has been attempted in controlling off-grid inverters
[34], [37], [38] and boost-type power factor (PF) correctors
[39], [40]. Recently, the BC2 has been extended to single-phase
grid-connected inverter with LCL filter by cascading a deadbeat
current controller (DBC) to regulate the grid current [41]. The
structure hybridizes the merits of the DBC for its simplicity in
the implementation and the BC2 for its superior fast dynamics.
It is proven that the BC2 avoids filter resonance and the DBC
advances the performance characteristics of the inverter under
different grid conditions. However, apart from requiring numer-
ous sensors and dealing with challenges caused by unbalanced
filter parameters, the cascaded BC2–DBC scheme also oper-
ates in variable switching frequency, due to coupling circuit
variables amongst phases, in controlling three-phase three-wire
inverter.

This paper will present a BC2 with:
1) direct current tracking capability;
2) reduced number of current sensors;
3) fixed frequency operation for three-phase three-wire grid-

connected inverter with LCL filter.
It retains the merits of performing wide control bandwidth

and high operational stability under different grid conditions.
By applying the 60° discontinuous pulsewidth modulation (60°
DPWM) scheme for a fictitious decoupled dual-buck structure in
each operation sector, two separate sets of the switching criteria
with fixed frequency operation for dictating the states of the
switches of two half-bridge legs are formulated. The tracking
error of the injected current is minimized by feedforwarding
the capacitor current error. A switching table with null voltage
vectors excluded is designed to dictate the switching actions to
alleviate common-mode voltage. The effect of unbalanced filter
parameters on the transfer characteristics of the entire inverter

system will be investigated. A 3-kW prototype has been built
and evaluated.

II. DERIVATION OF A FICTITIOUS DUAL-BUCK STRUCTURE

WITH 60° DPWM

Three-phase two-level grid-connected VSI has been com-
monly used in medium-power applications [11]. As shown in
Fig. 1, the equivalent PCS of a typical three-phase two-level
grid-connected VSI consists of a switching network and an
output LCL filter. L1 , L2 , and Cf are the inverter-side filter
inductor, grid-side filter inductor or the leakage inductance of
the isolating transformer, and filter capacitor, respectively. Lg

represents equivalent grid inductance. For simplicity, the fil-
ter parameters amongst phases are assumed to be balanced.
Thus, the inverter is modeled by the state-space equations
of
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where the neutral point of filter capacitors “o” is assumed to be
the common reference point.

Due to the three-wire configuration, the voltage and current
information in (1) is cross-coupled. By using three separate
sets of cascaded BC2–DBC with such coupling phase infor-
mation directly as presented in [41], it would introduce in-
terference in predicting the state trajectories and lead to wide
variation of switching frequency. In order to decouple the cir-
cuit variables amongst phases for the BC2 operation, a ficti-
tious dual-buck structure with 60° DPWM is proposed in the
following.

The operation of the switching network is divided into six
sectors over a line cycle. Such 60° DPWM is depicted in Fig. 2
[42]. Each sector has the switches of two half-bridge legs in
high-frequency switching. For example, the terminal voltage
ug,Bo or the inverter output voltage u1,Bo is the lowest in
Sector II. Thus, Sbn is ON and Sbp is OFF. The switch pairs
(Sap , San ) and (Scp , Scn) in the other two half-bridge legs are
switched complementally. In order to avoid actual measure-
ment of the inverter output voltage, the grid voltage is used
to define the operation sector. Minor phase difference between
the inverter output voltage and grid voltage is allowed [42].
Fig. 3(a) shows the simplified circuit when the inverter is in
Sector II.
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Fig. 1. PCS of three-phase two-level grid-connected inverter.

Fig. 2. Principle of 60° DPWM.

Fig. 3. Derivation of the fictitious DM decoupled dual-buck structure in Sector II. (a) Simplified circuit, (b) fictitious DM decoupled equivalent circuit.
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Let iC,AB = iC,A − iC,B and uC,AB = uC,Ao − uC,Bo , (1)
can be rewritten as
⎡
⎢⎣

i̇1,AB

i̇1,BC

i̇1,CA

⎤
⎥⎦ =

⎡
⎢⎣

i̇1,A − i̇1,B

i̇1,B − i̇1,C

i̇1,C − i̇1,A

⎤
⎥⎦

=
1
L1

⎧
⎪⎨
⎪⎩

⎡
⎢⎣

u1,AB

u1,BC

u1,CA

⎤
⎥⎦−

⎡
⎢⎣

uC,AB

uC,BC

uC,CA

⎤
⎥⎦

⎫
⎪⎬
⎪⎭

(2a)

⎡
⎢⎣

u̇C,AB

u̇C,BC

u̇C,CA

⎤
⎥⎦ =

1
Cf

⎡
⎢⎣

iC,A − iC,B

iC,B − iC,C

iC,C − iC,A

⎤
⎥⎦ =

1
Cf

⎡
⎢⎣

iC,AB

iC,BC

iC,CA

⎤
⎥⎦ (2b)

⎡
⎢⎣

i̇g ,AB

i̇g ,BC

i̇g ,CA

⎤
⎥⎦ =

⎡
⎢⎣

i̇g ,A − i̇g ,B

i̇g ,B − i̇g ,C

i̇g ,C − i̇g ,A

⎤
⎥⎦

=
1

L2 + Lg

⎧
⎪⎨
⎪⎩

⎡
⎢⎣

uC,AB

uC,BC

uC,CA

⎤
⎥⎦−

⎡
⎢⎣

u′
g ,AB

u′
g ,BC

u′
g ,CA

⎤
⎥⎦

⎫
⎪⎬
⎪⎭

. (2c)

It should be noted that the conversion given in (2), i.e.,
i1,AB = i1,A − i1,B , is purely a mathematical model without
physical interpretation. Such current subtraction is specifically
used to decouple the current regulation in the proposed con-
trol scheme. Based on (2), a fictitious decoupled differential-
mode (DM) parallel-connected dual-buck converter structure,
as shown in Fig. 3(b), can be derived. Similar fictitious circuit
structures can be derived for the rest of five sectors.

Define that the switching function of the switching network
is

SWk |k=a,b,or,c =

{
1 Skp is on and Skn is off

0 Skp is off and Skn is on
. (3)

Thus, there are eight possible inverter output voltage vectors,
�U0 = [0 0 0], . . . , and �U7 = [1 1 1], corresponding to eight
states �Sl = (SWaSWbSWc), l = 0, 1, . . . , 7, in which six are
active vectors and the other two are null vectors, and ‘1’ and ‘0’
denote uin/2 and −uin/2 at the inverter output with reference
to the mid-point ‘m’ of the dc bus, respectively. To reduce the
common-mode voltage (CMV), null vectors, including �U0 and
�U7 , with relatively high CMV are usually avoided [43].

III. CURRENT-MODE BC2 FOR THE FICTITIOUS

DUAL-BUCK STRUCTURE

Based on the fictitious dual-buck structure shown in Fig. 3(b),
two sets of BC2 switching criteria, one for each half-bridge leg,
are derived in this section. Each set includes two equations to
define the states of the switches in one leg. The formulated BC2
with reduced current sensing and fixed frequency operation is
in current mode and will track the grid current directly without
extra current regulation control.

Fig. 4 shows the architecture of the whole system, in which
the inverter-side inductor current i1,k , filter capacitor voltage

uC,ko , and grid voltage ug,ko are sensed by the controller, i and
j represent the labels AB, BC, or CA based on the result of
data mapping, Pref and Qref are the active and reactive reference
power to generate reference current, ig , ref ,i and ig , ref ,j , and
phase angle θg is given by the phase locked loop.

A. Derivation of the Switching Criteria With BC2

Fig. 5 shows the intracycle information between the ficti-
tious decoupled filter capacitor current iC,i and capacitor volt-
age uC,i , where i = AB,BC, or CA. uref ,i and iC,line,i are
the line-frequency components of uC,i and iC,i , respectively.
t1 , t2 , and t3 are switching instants. t+1 and t+2 are the time in-
stants infinitesimally after t1 and t2 , respectively. Based on the
derivation in Appendix A, the switching criteria for tracking the
reference voltage uref ,i are

σ2
i− = Ki,1(t)[uC,i(t) − uref ,i(t)]

−K0 [iC,i(t)2 − ΔI−,i(t)2 ] (4a)

σ2
i+ = Ki,2(t)[uC,i(t) − uref ,i(t)]

−K0 [iC,i(t)2 − ΔI+ ,i(t)2 ] (4b)

where Ki,1 and Ki,2 are instantaneous voltage information
across the inverter-side inductor during Mode-1 (σ2

i−) and
Mode-2 (σ2

i+) operations, K0 = L1/(2Cf ) are the control pa-
rameters determined by the nominal values of filter parame-
ters, ΔI−,i = iC,line,i − ΔiC,i and ΔI+ ,i = iC,line,i + ΔiC,i ,
and ΔiC,i is the hysteresis band of the capacitor current.

The switching criteria in (4) are used to regulate uC,i at the
reference voltage uref ,i . In [41], a DBC is cascaded with the
BC2 to perform current tracking function. That is, the DBC
generates uref ,i for the BC2 to regulate uC,i , so as to track the
grid current. However, it requires additional sensor for sensing
the grid current.

To eliminate sensing of the capacitor current and grid current,
and regulate the grid current, eq. (4) is modified as follows. iC,i

and uref ,i can be expressed as

iC,i(t) ∼= i∗C,i(t) = i1,i(t) − ig ,ref ,i(t) + ei(t)

= i1,i(t) − i∗g ,ref ,i(t) (5a)

uref ,i(t) = ug,i(t) + L2 [i∗g ,ref ,i(t)]
′ (5b)

where ig ,ref ,i is the grid current reference, i∗g ,ref ,i = ig ,ref ,i − ei

is the corrected reference, and ei is the line-frequency compo-
nents of the filter capacitor current error. Thus, the modified
grid current command i∗g ,ref ,i only includes the line frequency
component and its derivative in (5b) will not lead to noise am-
plification. ei is calculated by using the formula of

ei(t) = i∗C,line,i(t) − iC,line,i(t) (6)

where i∗C,line,i is the line-frequency component of the estimated
capacitor current, (i1,i − i∗g ,ref ,i). It can be extracted readily by
using a digital band-pass filter. iC,line,i is the calculated value
extracted by differentiating the line-frequency component of
uC,i . It should be noted that it is also possible to obtain iC,line,i

by differentiating the low-pass filtered component of uC,i but it
might lead to noise amplification and phase delay.
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Fig. 4. Architecture of the whole system.

Fig. 5. Typical intracycle waveforms and timing for uC ,i and iC ,i .
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TABLE I
Ki,1 AND Ki,2 IN DIFFERENT SECTORS

By putting (5) and (6) into (4), switching criteria that can
directly track the grid current are

σ2
i− = Ki,1(t){uC,i(t) − ug,i(t) − L2 [i∗g ,ref ,i(t)]

′}
−K0{[i1,i(t) − i∗g ,ref ,i(t)]

2 − ΔI−,i(t)2} (7a)

σ2
i+ = Ki,2(t){uC,i(t) − ug,i(t) − L2 [i∗g ,ref ,i(t)]

′}
−K0{[i1,i(t) − i∗g ,ref ,i(t)]

2 − ΔI+ ,i(t)2} (7b)

where the switching actions of Mode-1 and Mode-2 are specific
to a half-bridge leg and sector. For example, in Sector II, the
switching state in leg b is maintained at SWb = 0. Thus, by
using circuit variables with i = AB for leg a and i = BC for
leg c, two sets of switching criteria in (7) are used to dictate the
switching actions of legs a and c, respectively, in which two sets
of σ2

i− are employed for Mode-1 operation and two sets of σ2
i+

are employed for Mode-2 operation. For leg a, Mode-1 operation
corresponds to SWa = 1 and Mode-2 operation corresponds to
SWa = 0. Conversely, for leg c, Mode-1 operation corresponds
to SWc = 0, while Mode-2 operation corresponds to SWc = 1.
Moreover, different sectors and half-bridge legs have different
values of Ki,1(t) and Ki,2(t). Table I tabulates the values of
them in each sector.

By comparing (7) with (4), it can be observed that the ca-
pacitor current iC,i = i1,i − ig ,i has been replaced by the esti-
mated one i∗C,i = i1,i − i∗g ,ref ,i in (5a) and the capacitor volt-
age reference uref ,i is calculated by differentiating the current
reference i∗g ,ref ,i in (5b). Thus, the grid current ig ,i can be reg-
ulated at i∗g ,ref ,i (or ig ,ref ,i) indirectly by regulating the filter
capacitor voltage uC,i at uref ,i . Moreover, to minimize the er-
ror between ig and ig ,ref caused by such tolerance, an error
signal, ei , between the low-frequency component of i∗C and

the low-frequency component of iC , as shown in (6), has been
feedforwarded to modify the grid current reference ig ,ref to be
i∗g ,ref ,i , as presented in (5a), until ei tends to zero. Therefore,
the new switching criteria can track the grid current to the ref-
erence i∗g ,ref ,i (or ig ,ref ,i) indirectly without additional current
regulation. In other words, the proposed BC2 has become a
current-mode control scheme, while the traditional BC2 is in
voltage-mode control. In (7), inverter-side currents i1,i are mea-
sured, so they can also be used for protection purpose.

Based on the fictitious decoupled converter structure in
Fig. 3(b), the controlled circuit variables are decoupled.
Thus, the switching frequency is regulated by adjusting the
bands ΔI−,i = iC,line,i − ΔiC,i and ΔI+ ,i = iC,line,i + ΔiC,i ,
in which ΔiC,i is approximated by

ΔiC,i
∼= Δi1,i

∼= 1
2L1fSW uin

(uin |uC,i | − uC,i
2) (8)

where fSW is the switching frequency. Hence, fSW can be reg-
ulated readily by using uin and uC,i to adjust Δi1,i .

B. Intracycle Information Recovery Mechanism for uC,i

Small intracycle information of the filter capacitor voltage
uC,i in (7) is easily contaminated with undesired noises and
quantization errors in the sampling process. Thus, the distorted
intracycle information introduces inaccuracies in estimating or
predicting the state trajectories. To lessen such distortion, a
recovery mechanism for the intracycle information of the filter
capacitor voltage is proposed.

Based on (5a)

uC,i(t) =
1

Cf

∫
iC,i(t) dt ∼= 1

Cf

∫
[i1,i(t) − i∗g ,ref ,i(t)]dt.

(9)
By performing an integration of the high-frequency compo-

nent of (i1,i − i∗g ,ref ,i), the intracycle information of uC,i can be
extracted. The low-frequency component of uC,i can be sensed
by a voltage sensor. Fig. 6 shows the mechanism of extracting
the intracycle information. A high-pass filter (HPF) is first used
to extract the high-frequency component of the estimated capac-
itor current i∗C,i = i1,i − i∗g ,ref ,i . Then, its output is integrated
by using (9) with the nominal value of Cf ,Cf,N , to derive the
high-frequency component of uC,i , uC,HF ,i . uC,HF ,i is passed
to a loop to combine it with the low-frequency components
of uC,i , uC,LF ,i , to generate the estimated value of uC,i , u

∗
C,i .

uC,LF,i is obtained by integrating the error, ev,i , between u∗
C,i

and uC,i . In Fig. 6, the intracycle information of uC,i is retained
by differentiating the estimated capacitor current i∗C,i , while the
integrator performs like a low-pass filter to mitigate noise in-
terference. As the integration time constant Tin increases, the
noise level can be mitigated.

Thus, by replacing uC,i with u∗
C,i in (7), the switching criteria

become
σ2

i− = Ki,1(t){u∗
C,i(t) − ug,i(t) − L2 [i∗g ,ref ,i(t)]

′}
−K0{[i1,i(t) − i∗g ,ref ,i(t)]

2 − ΔI−,i(t)2} (10a)

σ2
i+ = Ki,2(t){u∗

C,i(t) − ug,i(t) − L2 [i∗g ,ref ,i(t)]
′}

−K0{[i1,i(t) − i∗g ,ref ,i(t)]
2 − ΔI+ ,i(t)2}. (10b)
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Fig. 6. Mechanism for recovering the intracycle information of uC ,i .

Fig. 7. MIMO inverter system under the condition of unbalanced filter pa-
rameters.

C. Switching Table for the BC2 With Null Vectors Excluded

As shown in Fig. 4, the control commands generated by the
BC2 are mapped into corresponding sectors before feeding into
the driving signals through a switching table. Moreover, consid-
ering the effect of the CMV, null vectors, including �U0 and �U7 ,
should be avoided [43]. Therefore, a switching table for the pro-
posed current-mode BC2 with null vectors excluded is tabulated
as shown in Table II and null vectors are replaced with adjacent
active vectors. In the table, ‘1’ or ‘0’ for i∗C,i(i

∗
C,j ), σ

2
i−(σ2

i+) and
σ2

j−(σ2
j+) denote the value larger or smaller than zero, which

dictates the switching states specific to a half-bridge leg and
sector. For example, in Sector II, the switching state in leg b
is maintained at SWb = 0. Switches in legs a and c are regu-
lated based on two separate sets of switching criteria, σ2

i−(σ2
i+)

and σ2
j−(σ2

j+), with i = AB and j = BC, respectively. Switch-
ing criteria σ2

i− and σ2
j− of Mode-1 operation are used only

when sgn(i∗C,i) = 0 and sgn(i∗C,j ) = 0, respectively. Similarly,
switching criteria σ2

i+ and σ2
j+ of Mode-2 operation are used

only if sgn(i∗C,i) = 1 and sgn(i∗C,j ) = 1, respectively. For ex-
ample, in Sector II, while sgn(i∗C,i) = 1 and sgn(i∗C,j ) = 1, σ2

i+
and σ2

j+ of Mode-2 operation are used to dictate the switching

states of legs a and c. Thus, �U5 is chosen if sgn(σ2
i+) = 1 and

sgn(σ2
j+) = 0.

In Table II, vectors printed in boldface represent the adjacent
active vectors to replace the null vectors. Two optional adjacent
active vectors in the table, such as �U1/4 in Sector II, mean that

either �U1 or �U4 can be chosen based on the vector at the last
sampling instant. For example, if previous vector is �U1 , the
corresponding adjacent active vector to replace the null vector
is chosen as �U1 . Similarly, �U4 is chosen if the previous vector is
�U4 . Either �U1 or �U4 can be selected if the previous vector is �U5 .
Such choosing criterion eliminates null vectors on the premise
of near constant switching frequency.

IV. PARAMETRIC SENSITIVITIES

The BC2 switching criteria formulated in Section III are based
on assuming that the filter parameters are the same and equal
their nominal values. However, due to the manufacturing tol-
erance, temperature, and aging effect, the filter parameters will
vary and drift. Thus, the system performance under filter param-
eter and grid impedance variations should be investigated.

Take i = AB as an example. Let αk ∈ (−0.2,+0.2), βk ∈
(−0.1,+0.1), and γk ∈ (−0.2,+0.2), (k = a, b, or c) be
the tolerances of the inverter-side filter inductor L1,k , fil-
ter capacitor Cf,k , and grid-side filter inductor L2,k , respec-
tively. Thus, L1,k = (1 + αk )L1,N , Cf,k = (1 + βk )Cf,N , and
L2,k = (1 + γk )L2,N . L1,N , Cf,N , and L2,N are the nominal
values of L1,k , Cf,k , and L2,k , respectively.

The transfer functions of the proposed controller, including
the BC2 and the intracycle information recovery mechanism as
introduced in Section III, are expressed as (i.e., i = AB)

ΔU ∗
C,AB(s) − ΔUg,AB(s) +

TSW

4(1 + αb)Cf,N
{[ΔI1,AB(s)

−ΔIg,ref ,AB(s)] + GR (s)[ΔIg,AB(s)

−ΔIg,ref ,AB(s)]} = 0 (11a)

ΔU ∗
C,AB(s) =

1
sTin+1

ΔUC,AB(s) +
Tin

(sTin+1)Cf,N

×
{

ΔI1,AB(s) − ΔIg,ref ,AB(s)

+GR (s)[ΔIg,AB(s) − ΔIg,ref ,AB(s)]

}
. (11b)

Detailed derivations of (11) are given in Appendix B.
ΔI1,AB(s),ΔUC,AB(s), and ΔUg,AB(s) in (11) can be de-

rived, by considering the state-space equations in (1) and (2)
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TABLE II
SWITCHING TABLE FOR THE CURRENT-MODE BC2 WITH NULL VECTORS EXCLUDED

sgn I II III IV V VI

(
i∗C , i

) (
i∗C , j

) (
σ 2

i +

) (
σ 2

i−
) (

σ 2
j +

) (
σ 2

j −
) (

i = BC

j = CA

) (
i = AB

j = BC

) (
i = CA

j = AB

) (
i = BC

j = CA

) (
i = AB

j = BC

) (
i = CA

j = AB

)

1 1 0 / 0 / �U5 �U1 �U6 �U4 �U3 �U2

1 �U1 �U4 �U5 �U2 �U2 �U3

1 0 �U3 �U5 �U4 �U6 �U6 �U1

1 �U3 �U4 �U5 �U2 �U6 �U1

0 0 / 0 �U1 �U1/4
�U5/6

�U2/4
�U2 �U3

1 �U5 �U1 �U6 �U4 �U3 �U2

1 0 �U3 �U4 �U5 �U2 �U6 �U1

1 �U3/5
�U5 �U4 �U6 �U3/6

�U1/2

0 1 / 0 0 / �U3/5
�U5 �U4 �U6 �U3/6

�U1/2

1 �U3 �U4 �U5 �U2 �U6 �U1

1 0 �U5 �U1 �U6 �U4 �U3 �U2

1 �U1 �U1/4
�U5/6

�U2/4
�U2 �U3

0 0 / 0 �U3 �U4 �U5 �U2 �U6 �U1

1 �U5 �U5 �U4 �U6 �U3 �U2

1 0 �U1 �U1 �U6 �U4 �U2 �U3

1 �U5 �U1 �U6 �U4 �U3 �U2

with the tolerances of filter parameters taken into account

ΔI1,AB(s) =

⎧
⎪⎪⎨
⎪⎪⎩

ΔIg,AB(s) + s2 [(L2,a + Lg )Cf,aΔIg,A (s)

−(L2,b + Lg )Cf,bΔIg,B (s)] + s[Cf,a ·
ΔU ′

g ,Ao(s) − Cf,b · ΔU ′
g ,Bo(s)]

⎫
⎪⎪⎬
⎪⎪⎭

(12a)

ΔUC,AB(s) = ΔU ′
g ,AB(s) + s(L2 ,a + Lg )ΔIg,A (s)

− s(L2 ,b + Lg )ΔIg,B (s) (12b)

ΔUg,AB(s) = ΔU ′
g ,AB(s) + sLgΔIg,AB(s). (12c)

Thus, a multiple-input-multiple-output (MIMO) system, in-
cluding ΔIg,AB(s),ΔU ′

g ,AB(s),ΔIg,B (s), and ΔU ′
g ,Bo(s), is

derived

ΔIg,AB(s) =

{
GI,AB(s)ΔIg,ref ,AB(s) + GV,AB(s)ΔU ′

g ,AB

(s)+GI,B (s)ΔIg,B (s)+GV,B (s)ΔU ′
g ,Bo(s)

}

(13)

where GI,AB ,GV ,AB ,GI ,B , and GV,B are given in (14a)–(14d)
shown at the bottom of the page,

Fig. 8. Frequency plots of GO ,AB (s) with different grid inductances.

in which

b1 =
TSW Tin

4(1 + αb)
, b0 =

[
TSW

4(1 + αb)
+ Tin

]
,

a3 =
TSW Tin(1 + λg )(1 + γa)(1+βa)L2,N Cf,N

4(1 + αb)
,

a2 ∼=
{

TSW (1 + λg )(1 + βa)
4(1 + αb)

+ Tin [(1+βa) + βaλg ]
}

× (1 + γa)L2,N Cf,N , a1 = (1 + γa)L2,N Cf,N ,

and λg is the ratio between Lg and L2 .

GI,AB(s) =
(sb1 + b0)[1 + GR (s)]

s3a3 + s2a2 + sa1 + (sb1 + b0)[1 + GR (s)]
(14a)

GV,AB(s) = − s[(sb1 + b0)(1 + βa) − Tin ]Cf,N

s3a3 + s2a2 + sa1 + (sb1 + b0)[1 + GR (s)]
(14b)

GI,B (s) = −{s2(sb1 + b0)[(1 + βa)(1 + γa) − (1 + βb)(1 + γb)] + s(γa − γb)}(1 + λg )L2,N Cf,N

s3a3 + s2a2 + sa1 + (sb1 + b0)[1 + GR (s)]
(14c)

GV,B (s) = − s(sb1 + b0)(βa − βb)Cf,N

s3a3 + s2a2 + sa1 + (sb1 + b0)[1 + GR (s)]
(14d)
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Fig. 9. Histogram distribution of the phase margin variation when Lg = 0.1 p.u. (a) αk ∈ (−0.2, +0.2), βk = 0, and γk = 0. (b) αk = 0, βk ∈ (−0.1, +0.1),
and γk = 0. (c) αk = 0, βk = 0, and γk ∈ (−0.2, +0.2). (d) αk ∈ (−0.2, +0.2), βk ∈ (−0.1, +0.1), and γk ∈ (−0.2, +0.2).

Fig. 10. Histogram distribution of the effect of harmonics in u′
g ,AB on grid current ig ,AB when Lg = 0.1 p.u. (a) Effect of 5th harmonic component. (b) Effect

of 7th harmonic component.

Under the balanced condition, i.e., αa = αb, βa = βb and
γa = γb , the grid current ig ,AB is only affected by the reference
current command ig ,ref ,AB and the corresponding grid voltage
u′

g ,AB . The transfer function from ig ,ref ,AB to ig ,AB , GI ,AB(s),
is the closed-loop gain of the control system, while the transfer
function from u′

g ,AB to ig ,AB , GV ,AB(s), represents the distur-
bance attenuation of grid current against grid harmonic voltage.
In the unbalanced condition, i.e., βa �= βb or γa �= γb , two ad-
ditional disturbances ig ,B and u′

g ,Bo from adjacent phase are
brought in, since GI,B (s) �= 0 and GV,B (s) �= 0 as shown in
(14c) and (14d). To distinguish them, GI,AB(s) and GV,AB(s)
are named as functions with balanced filter parameters, while

GI,B (s) and GV,Bo(s) are named as corrected functions due
to unbalanced filter parameters. Fig. 7 shows the relation-
ship of such MIMO system with the consideration of the
tolerances and possible unbalance of filter parameters, where
ΔU ′

g ,AB(s),ΔI ′g ,B (s), and ΔU ′
g ,Bo(s) represent the distur-

bance sources.
Based on the equation GI,AB(s), the open-loop gain from the

error signal of the grid current (ΔIg,ref ,AB(s) − ΔIg,AB(s)) to
the grid current ΔIg,AB(s), GO,AB(s), is given

GO,AB(s) =
(sb1 + b0)[1 + GR (s)]

s3a3 + s2a2 + sa1
(15)
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Fig. 11. Histogram distribution of the effect of harmonics in ig ,B on grid current ig ,AB when Lg = 0.1 p.u. (a) Effect of 5th harmonic component. (b)Effect of
7th harmonic component.

Fig. 12. Histogram distribution of the effect of harmonics in u′
g ,Bo on grid current ig ,AB when Lg = 0.1 p.u. (a) Effect of 5th harmonic component. (b) Effect

of 7th harmonic component.

Fig. 13. Hardware implementation with the DSP.

According to the nominal parameters tabulated in Table III,
the open-loop gain of the system under different values of Lg

is shown in Fig. 8. The system performance under a wide vari-
ation of grid inductance with λg varying from 0 to 4.3 (430%)
is studied. By using the capacitor current error (i.e., eAB ) feed-
forward given in (5a), the loop gain at the line frequency is
enhanced much and thereby the error between the current com-
mand ig ,ref ,AB and the grid current ig ,AB can be minimized un-
der filter parametric variation. Moreover, as Lg increases from

0 (λg = 0) to 0.1 p.u. (λg = 4.3), the phase margin can still be
maintained around 37°.

However, the tolerances and unbalance of the filter param-
eters would lead to the variation of the system performance
practically. Based on (14), it is known that not only the func-
tions under balanced filter parameters will be affected by the
tolerances of filter parameters but also the corrected functions
would be brought in and give impact on the injected current,
as shown in Fig. 7. Thus, the parametric sensitivities of the
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Fig. 14. Software flowchart in the DSP. (a) Main program, (b) low priority interrupt service routine, (c) high priority interrupt service routine.

Fig. 15. Experimental setup with variable grid inductance.

TABLE III
VALUES OF THE COMPONENTS USED IN THE INVERTER PROTOTYPE
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Fig. 16. Experimental waveforms with 60° DPWM.

system should be evaluated by analyzing the characteristics of
both functions under balanced filter parameters and corrected
functions. Assume that the tolerances of the filter parameters are
all Gaussian distributed. A Monte-Carlo analysis is conducted
on MATLAB to evaluate such parametric sensitivities to the
system performance.

Fig. 9 shows the histogram distributions of the phase margin
variation, due to manufacturing error and aging, which is valid
because the phase margin is a critical factor to study the system
stability based on Fig. 8. The horizontal axis represents the phase
margin at the worst-case condition of Lg = 0.10 p.u. The ver-
tical axis represents the number of samples with the considered
tolerances of filter parameters. The total number of samples used
in the simulation is 100 000. Fig. 9(a) shows the histogram gen-
erated for the case with αk ∈ (−0.2,+0.2), βk = 0, and γk = 0
(k = a and b). Fig. 9(b) shows the histogram generated for the
case with αk = 0, βk ∈ (−0.1,+0.1), and γk = 0. Fig. 9(c)
shows the histogram generated for the case with αk = 0, βk =
0, and γk ∈ (−0.2,+0.2). Fig. 9(d) shows the histogram gener-
ated for the case with αk ∈ (−0.2,+0.2), βk ∈ (−0.1,+0.1),
and γk ∈ (−0.2,+0.2). The phase margin is mainly affected by
the tolerance of L2,k compared with that of L1,k and Cf,k . The
maximum difference of the phase margin under the tolerance
of L2,k is about 10°. Considering all tolerances of L1,k , L2,k ,
and Cf,k , the variation of the phase margin increases to 15°,
which should be taken into account in the design procedure of
the controller parameters.

Similarly, Fig. 10 shows the histogram distributions of the
effect of the harmonic voltage in u′

g ,AB on grid current ig ,AB ,
where the effects of the major 5th and 7th harmonic voltage
are studied. The horizontal axis represents the normalized at-
tenuation rate |GV,AB(s)| at the worst-case condition of Lg =
0.10 p.u. Considering the effect of filter parameters tolerances,
most of the normalized attenuation rate of 5th and 7th harmonic
voltage is lower than 1.5% (or 0.015) and 2.5% (or 0.025),
respectively. For example, 5% distortion of 7th harmonic volt-

age would ideally lead to ∼1.2% grid current distortion for a
3 kW, 127 V, 50 Hz system, which is still maintained below the
statutory limit, THDi < 5%.

Similar analysis is conducted in the evaluation of functions
under unbalanced filter parameters. Figs. 11 and 12 show the
histogram distributions of the effects of the harmonic current in
ig ,B and harmonic voltage in u′

g ,Bo on ig ,AB , respectively. Under
balanced condition, there is no impact of ig ,B and u′

g ,Bo on ig ,AB
since GI,B (s) = 0 and GV,B (s) = 0. Under unbalanced condi-
tion with considered parameters tolerances, the effect of u′

g ,Bo
on ig ,AB is minor and can be hence ignored, while the effect
of harmonic current in ig ,B is significant due to large harmonic
attenuation rate. ig ,B is tracked to the sinusoidal reference cur-
rent ig ,B ,ref , which is included in ig ,AB ,ref (ig ,A,ref − ig ,B ,ref )
and ig ,BC,ref (ig ,B ,ref − ig ,C,ref ). Thus, there are few harmonic
components in ig ,B reflecting on ig ,AB .

Based on the above mathematical analysis, the proposed
control scheme can guarantee system stability and maintain
harmonic rejection capability of injected current even with
significant tolerances and unbalance of filter parameters, and
variable grid impedance.

V. EXPERIMENTAL VERIFICATIONS

A 3 kW, 127 V, 50 Hz prototype has been built and eval-
uated for demonstration purpose. The design parameters are
given in Table III. The filter parameters are chosen by adopting
the design method given in [2]. The prototype is supplied by
an external dc power supply EA-PSI 8500-30. The digital con-
troller is Texas Instruments TMS320F28335. Fig. 13 shows the
implementation on the DSP. The control flowchart is shown in
Fig. 14. The control laws are implemented with two interrupt
service routines, as depicted in Fig. 14(b) and (c). In the high
priority routine, circuit variables are measured with the sam-
pling frequency of 300 kHz. The sampling frequency of circuit
variables for the boundary control method is higher than the
switching frequency so as to keep tracking the state trajectories
precisely [37], [44]. The experimental setup with variable grid
inductance is presented in Fig. 15 and the inverter prototype is
connected to a 380 V, 50 Hz power grid through a star-delta
transformer. The following tests are studied.

A. Null Vector Excluded and Near Constant Frequency
Operation

Fig. 16 shows the inverter output current waveform with 60°
DPWM. Active bridges are controlled by the proposed current-
mode BC2 based on the switching table in Table II. The switch-
ing states in Sector VI are zoomed in Fig. 17(a). The null vectors
are avoided by using the proposed modulating scheme shown
in Fig. 17(b). Moreover, the switching frequency is shown to be
near constant by studying the period of every gate pulse shown
in Fig. 17(a).

However, if one uses three separate BC2–DBC controllers
by duplicating the methods in [41], the switching frequency is
varied even with a regulated band, as shown in Fig. 18, due to
the cross-coupled circuit variables amongst phases. Moreover,
numerous current sensors are required.
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Fig. 17. Voltage vectors with null vector excluded in Sector VI. (a) Zoomed switch states, (b) flow of voltage vectors.

Fig. 18. Comparison between original BC2-DBC scheme and proposed BC2 scheme. (a) Original BC2-DBC, (b) spectrum of gate pulses.

B. System Startup and Steady-State Waveforms

The startup performance is examined. Fig. 19 shows the sys-
tem startup waveform of the injected current, where the phase
of the terminal voltage ug,Ao has been locked before system
startup and thereby the PF of the injected current ig ,A is ensured
to be unity with the current-mode BC2 having filter capacitor
current error feedforward. Fig. 20 shows the steady-state wave-
forms. According to the spectrum of the modulating waveform
for Sap , the switching frequency is maintained around 5 kHz
owing to the decoupled modulating operation. The measured
total-harmonic-distortion (THD) of the terminal voltage and the
injected current are 1.9% and 1.8%, respectively.

C. Transient Performance

The transient performance of the inverter is investigated
under different grid inductances, when the PF command is
programmed to change from 1 to 0.707, and vice-versa. The
corresponding experimental waveforms are shown in Fig. 21.
It reveals that the response time of the proposed control is

Fig. 19. Startup waveforms.
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Fig. 20. Steady-state waveforms.

Fig. 21. Transient response under a sudden change of the PF command.
(a) Lg = 0.016 p.u. (b) Lg = 0.10 p.u.

Fig. 22. Transient behaviors under different grid-side filter inductance
drifting.

around 2 ms and 3.6 ms in the stiff and weak grid conditions,
respectively, matching with the mathematical model in Section
IV. The inverter operates well with reactive power injection
(PF = 0.707) owing to the equivalence of the bidirectional
dual-buck circuit based on Fig. 3(b). Since higher modulation
index is needed at the condition of PF = 0.707, more steady-
state current distortion is found both in the stiff and weak grid
conditions with reactive power injection. For example, the
THD of the injected current under the condition of PF = 1 and
0.707 in the weak grid increases from THDi = 2.0% at PF =
1 to THDi = 3.5% at PF = 0.707, which is still maintained
below the statutory limit, THDi < 5%.

Based on the theoretical analysis of filter parametric sensitiv-
ities in Section IV, the tolerance of L2 has impact on the phase
margin. In Fig. 22, its effect on the system transient behaviors
under the weak grid condition, i.e., Lg = 0.10 p.u., is studied.
It is observed that the transient performance with large L2 is
slightly better than small L2 . It is because the phase margin
increases much with larger L2 as shown in Fig. 9(c). The core
material of the grid-side inductor used in this test is Metglas@

AMCC from HITACHI [45], of which the permeability is rela-
tively constant within the operating zone.

D. Harmonic Rejection Capability

To study the harmonic rejection capability of the system, a
1.5 kW six-pulse rectifier is shunted at the point-of-common-
coupling (PCC) of a weak grid with Lg = 0.10 p.u. Fig. 23(a)
shows the waveforms of ug,Ao , ir,A , ir,B , and ir,C (the input
currents of the rectifier) with the inverter disabled. Serious os-
cillations appear at the terminal voltage and the input current
of the rectifier. That is because the standby inverter output filter
components, i.e., L2,k and Cf,k , are susceptible to the harmon-
ics brought in by the six-pulse rectifier. Such oscillations are
rejected effectively when the inverter is enabled as shown in
Fig. 23(b). The reason is that the filter resonance has been atten-
uated in the transfer characteristics as shown in Fig. 8. Results
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Fig. 23. Waveforms with a shunt six-pulse rectifier at the PCC. (a) With the
inverter disabled. (b) With the inverter enabled.

in Fig. 24 reveal that the effect of rich low order harmonics at
the terminal voltage on the injected current is also effectively re-
jected. For example, 6.4% and 3.2% harmonic voltage at 250 Hz
and 350 Hz leads to 2.0% and 1.1% harmonic current, respec-
tively, which matches with the theoretical analysis in Section IV.
Thus, by using the proposed control scheme, the injected cur-
rent (%THD = 3.9%) has much better quality than the terminal
voltage (%THD = 8.4%) even with a shunt six-pulse rectifier at
the PCC.

V. CONCLUSION

A BC2 controller that can directly track the output cur-
rent of three-phase three-wire grid-connected inverter with re-
duced current sensing and fixed frequency operation has been

Fig. 24. Spectrums of the terminal voltage and injected current with six-pulse
rectifier connected and Lg = 0.10 p.u.

proposed. The switching criteria are derived for current-mode
operation without requiring extra current regulation control.
Two separate sets of switching criteria are applied to a ficti-
tious decoupled dual-buck structure with 60°DPWM, capacitor
current error feedforward, and null vectors exclusion technique
in the switching table.

Even with significant tolerances and unbalance of filter pa-
rameters, the proposed control system can still maintain high
system stability and harmonic rejection capability under differ-
ent grid conditions. Moreover, it allows feeding reactive power
into the power grid, which would be favorable to the voltage
support function of the inverter. The system steady-state, tran-
sient, and harmonic rejection performances under stiff and weak
grids have been examined on a digitally-controlled 3 kW, 127 V,
50 Hz inverter prototype with an LCL filter.

APPENDIX

A. Derivations of (4)

When the switching intracycle information of circuit variables
is considered, the state equations in (2) can be approximated as
(i = AB, BC, or CA)

L1
d

dt
iC,i = L1

d

dt
(i1,i − ig ,i)

∣∣∣∣
d
d t ig , i

∼=0

∼= L1
d

dt
i1,i = u1,i − uC,i (A1a)

iC,i = Cf
d

dt
uC,i

∼= −Cf
d

dt
(u1,i − uC,i)

∣∣∣∣
d
d t u1 , i

∼=0

(A1b)

where the grid current ig ,i is fairly constant over the switching
period and the inverter output voltage u1,i in Mode-1 or Mode-2
is constant, which is +uin or 0, or −uin . Thus, in terms of the
switching surface, the derivatives of ig ,i and u1,i are assumed
to be zero.
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By multiplying the above two equations and integrating both
sides

L1

∫
iC,idiC,i

∼= −Cf

∫
(u1,i − uC,i)d(u1,i − uC,i). (A2)

By solving (A2) between t1 and t1
+ for one switching cri-

terion (Mode-1) or t2 and t2
+ for another switching criterion

(Mode-2) as shown in Fig. 5, it is obtained

L1 [i2C,i(t
+
1 ) − i2C,i(t1)] = −Cf {[u1,i(t+1 ) − uC,i(t+1 )]2

− [u1,i(t1) − uC,i(t1)]2} (A3a)

L1 [i2C,i(t
+
2 ) − i2C,i(t2)] = −Cf {[u1,i(t+2 ) − uC,i(t+2 )]2

− [u1,i(t2) − uC,i(t2)]2}. (A3b)

To facilitate the BC2 operation, (A3) is further simplified in
the following.

The time instants t+1 and t+2 are infinitesimally short after
t1 and t2 , respectively. Thus, based on Fig. 5, uC,i(t+1 ), uC,i

(t+2 ), iC,i(t+1 ), and iC,i(t+2 ) are rewritten as

uC,i(t+1 ) = uC,i(t+2 ) = uref ,i(t) (A4a)

iC,i(t+1 ) = iC,line,i(t) − ΔiC,i(t) (A4b)

iC,i(t+2 ) = iC,line,i(t) + ΔiC,i(t). (A4c)

Because the variables at the time instant t1 or t2 keep being
measured, t1 and t2 in (A3) can be replaced by t. Moreover, it
has u1,i(t+1 ) = u1,i(t1) and u1,i(t+2 ) = u1,i(t2). Thus, by sub-
stituting (A4) into (A3), the following equations can be derived:

L1{[iC,line,i(t) − ΔiC,i(t)]2 − i2C,i(t)} ∼= 2Cf [u1,i(t)

−uC,i(t)][uC,i(t) − uref ,i(t)] (A5a)

L1{[iC,line,i(t) + ΔiC,i(t)]2 − i2C,i(t)} ∼= 2Cf [u1,i(t)

−uC,i(t)][uC,i(t) − uref ,i(t)]. (A5b)

As tabulated in Table II, the information (u1,i − uC,i) in
(A5) is different in Mode-1 and Mode-2 operation specific to a
half-bridge and sector. Thus, the voltage-mode BC2 switching
criteria of (4) are derived by rewriting (A5).

B. Derivations of (11)

As derived in [41], in fixed switching frequency operation,
the small-signal models for Modes 1 and 2 in the current-mode
BC2 [(10)] are obtained (i.e., i = AB in Sector II)

Δu∗
C,AB(t) ≈ Δug,AB(t) − DABTSW

2(1 + αb)Cf,N
[Δi1,AB(t)

−Δig ,ref ,AB(t) + ΔeAB(t)] (A6a)

Δu∗
C,AB(t) ≈ Δug,AB(t) − (1 − DAB)TSW

2(1 + αb)Cf,N
[Δi1,AB(t)

−Δig ,ref ,AB(t) + ΔeAB(t)] (A6b)

where DAB = (t2 − t1)/TSW is the duty ratio of Mode-1 in
Fig. 5.

By adding (A6a) and (A6b) at both sides

Δu∗
C,AB(t) = Δug,AB(t) − TSW

4(1 + αb)Cf,N
[Δi1,AB(t)

−Δig ,ref ,AB(t) + ΔeAB(t)] (A7)

where ΔeAB can be written as

ΔeAB(t) = BPF0 [Δi1,AB(t) − Δig ,ref ,AB(t) + ΔeAB(t)]

− Cf,N
d

dt
{BPF0 [ΔuC,AB(t)]}

∼= BPF0 [Δig ,AB(t) − Δig ,ref ,AB(t)]

+ BPF0 [ΔeAB(t)] (A8)

in which BPF0 means a band-pass filter for extracting the line-
frequency component.

Transform (A7) and (A8) into s-domain and integrate them.
Thus

ΔU ∗
C,AB(s) − ΔUg,AB(s) +

TSW

4(1 + αb)Cf,N

×{[ΔI1,AB(s) − ΔIg,ref ,AB(s)] +
GBPF0 (s)

1 − GBPF0 (s)

× [ΔIg,AB(s) − ΔIg,ref ,AB(s)]} = 0 (A9)

where GBPF0 (s) is the transfer function of the band-pass filter.

Simplify (A9) by using GR (s) = GB P F 0 (s)
1−GB P F 0 (s) , the transfer

function of the current-mode BC2 in (11a) is derived. The HPF
in Fig. 6 is ignored in the model as it has a narrow bandwidth
(lower than 50 Hz) that does not affect the system stability and
can simplify the analysis. Then, the following equations are
obtained (i.e., i = AB in Sector II)

sCf,N · ΔUC,HF ,AB(s) = ΔI1,AB(s) − ΔI∗g ,ref ,AB(s)(A10)

sTin · ΔUC,LF ,AB(s) = ΔUC,AB(s) − ΔU ∗
C,AB(s) (A11)

ΔU ∗
C,AB((s) = ΔUC,HF ,AB(s) + ΔUC,LF ,AB(s) (A12)

By using (A10)–(A12), the transfer function of the intracycle
information recovery mechanism in (11b) is derived.
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