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Abstract—The voltage low frequency oscillation (LFO), between
traction network and electric locomotives or electric multiple units
in high speed railway, is a typical phenomenon happening in cas-
cade systems with power electronic converters accessed, which
is regarded as the stability problem of a vehicle-grid (V2G) sys-
tem in general. To address the problem, the mathematical model
of the V2G system is deduced in detail first, and a generalized
dq-decoupled small-signal model of a single-phase pulse width
modulation rectifier is established in this process. Then, a novel
stability criterion based on forbidden region for dq-decoupled
multi-input multi-output cascade systems is proposed to analyze
the stability of the V2G system. The proposed criterion has less
conservatism than singular-value criteria and norm criteria, and
can be applied for systems with either high or low power factor.
The comparison with other criteria and simulation results verifies
that the proposed forbidden region-based criterion performs well
in the analysis of the critical condition of LFO. Moreover, the im-
pact factors of LFO, both grid parameters and vehicle parameters,
are researched based on the proposed stability analysis criterion
and the simulation verification, which provides design guidance for
the V2G system to restrain LFO.

Index Terms—Cascade system, forbidden region, low frequency
oscillation (LFO), pulse width modulation (PWM) rectifier, stabil-
ity, vehicle-grid (V2G) system.

I. INTRODUCTION

H IGH speed railway (HSR) has been taken into operations
more and more widely in recent years. The AC–DC–AC

drive system is popularly adopted by electric locomotives and
electric multiple units (EMUs) (hereafter called vehicles) in
HSR nowadays, which introduces the nonlinearity into the trac-
tion power system (TPS) owing to the use of power electronic
converters. The safety and stability of TPS are facing more
challenges. There have been some low frequency oscillation
(LFO) events happening between traction network (hereafter
called grid) and vehicles worldwide when multiple vehicles are
accessed to the grid [1]. LFOs resulted in traction blockade
accidents, which have obstructed the operation of HSR.
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LFO is a phenomenon that the grid voltage or grid current is
modulated by, rather than superimposed on a low frequency sig-
nal. A study on the fluctuation of the grid voltage by Wang and
Wu [2] indicated that the reason for LFO was the insufficiency
of the traction substation capacity, while most researchers held
the view that the cause for LFO was the mismatching between
the electrical parameters of traction network and the control pa-
rameters of line-side converters [3]–[5]. Menth et al. pointed
out that the number of locomotives in operation simultaneously
and the control parameters would cause the LFO [4]. Heising
et al. built a differential equation model of rotary converters
as the base of stability analysis for traction power supply sys-
tem [6], and they demonstrated that using multivariable control
could improve the stability of the vehicle-grid (V2G) system
[7]. Suarez et al. proposed a method to measure the input admit-
tance matrix of the vehicle, and found the critical condition of
LFO through stability analysis using Bode diagram [8]. Wang
et al. built a dq model of the V2G system to identify the system
as an underdamping one, and made a prediction of the stability
by utilizing dominant pole analysis [9].

To sum up, LFO is influenced by both electrical parameters
of grid and control parameters of line-side converters, that is
to say, LFO is not only power system related, but also power
electronics related. The phenomenon of LFO is similar to the
unstable phenomenon in other cascade power electronic systems
[10], which means that the LFO is actually caused by the cascade
structure of a power electronics-based system. As a specific
example of power electronics-based systems, the V2G system
is a power system–power electronic converter cascade system,
which needs deeper research from the perspective of the whole
system’s stability. However, most of the present researches lack
precise mathematical model of the V2G system. Wang et al.
deduced a mathematical model of vehicle and analyzed LFO
on a V2G system comprehensively, but the dq-decoupled model
of the line-side converter was not a generalized one, and they
only used the traditional dominant pole method to analyze the
stability, of which the calculation was complicated.

This paper rebuilds the mathematical model of the V2G sys-
tem and analyzes the stability from the whole system. Since
China Railways High-speed 5 (CRH5) EMUs using dq-current
control are taken for example [9], the grid voltage and current
are decoupled into dq frames. The V2G system is considered as
a multi-input multi-output (MIMO) cascade system.

For the MIMO cascade V2G system, the stability can be
analyzed considering the impedance specification, namely the
output impedance of the grid and the input admittance of the ve-
hicle. Some different methods were adopted based on impedance

See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
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specification, such as singular-value criterion (SVC) [11], [12],
norm criterion (NC) [11], [13], and d-channel criterion (DCC)
[14]–[16]. These methods are simpler than the traditional meth-
ods in calculation, such as Nyquist criterion, Bode diagram,
dominant pole, etc. However, SVC and NC have certain con-
servatism in stability analysis, while DCC is only suitable for
systems with high power factor. Wen et al. [17] proposed a
stability analysis method based on forbidden region [18]–[22],
which can be classified into DCC to some extent because the
coupling variables in d and q frames are neglected. Taken into
account that the power factor of the V2G system is less than one
when LFO happens, the coupling variables in d and q frames
cannot be neglected, hence DCC is not suitable for the analysis
of LFO. Therefore, this paper proposed a novel stability crite-
rion based on a different forbidden region from [17] to analyze
the stability of the system. The proposed criterion is suitable for
all kinds of dq-decoupled MIMO cascade systems. It not only
has less conservatism as compared to SVC and NC, but also can
be applied to systems with low power factor. Through the stabil-
ity analysis and simulation verification, the proposed criterion
shows good performance in stability analysis of the V2G system.
The factors that may influence LFO could be found, and how
they influence the stability could be depicted more precisely.

The rest of this paper is organized as follows: In Section II,
the dq-decoupled small-signal model of the V2G system is es-
tablished. In Section III, a novel stability criterion based on
forbidden region for a dq-decoupled MIMO cascade system is
proposed, and the stability of the V2G system with the proposed
criterion is analyzed. In Section IV, the simulation and the ex-
periment of LFO in a V2G system is realized to validate the
model and the analysis. In Section V, the results of the stabil-
ity analysis with different criteria and simulation are given and
discussed.

This paper analyzes the LFO problem happening in HSR
from the perspective of stability analysis of the whole V2G sys-
tem, which contributes to the stability research on dq-decoupled
MIMO cascade systems with power electronic converters ac-
cessed. On one hand, the generalized dq-decoupled small-signal
model of single-phase rectifier is established during the mathe-
matical modeling of the V2G system, which may be helpful for
the future research on the single-phase rectifiers with dq-current
control. On the other hand, the proposed forbidden region-based
criterion (FRBC) performs better in the stability analysis V2G
system than other criteria, and it can also be used in other MIMO
cascade systems for the stability analysis. In addition, the im-
pacts on LFO of different parameters are studied more compre-
hensively than those in [9], which can provide design guidance
for restraining LFO.

II. MATHEMATICAL MODELING OF V2G SYSTEM

In order to analyze the stability of the V2G system, a precise
mathematical model needs to be established first. In the V2G
system, the grid is a power system, while the vehicle is a power
electronic system, so the model of grid and the model of vehicle
should be considered respectively. As the grid and the vehicle
are cascaded, the closed-loop transfer function of the whole

Fig. 1. All-parallel double-tracked AT power supply.

Fig. 2. Equivalent circuit of all-parallel double-tracked AT traction network.

system can be obtained based on the output impedance of grid
and the input admittance of vehicle.

A. Output Impedance of Grid

The output impedance of grid is obtained by deducing
the equivalent impedance of traction network. At present,
all-parallel double-tracked AT power supply is the main style
of the traction network in China, whose diagram is shown
in Fig. 1.

The main calculation methods of traction network impedance
include equivalent circuit method [23] and generalized method
of symmetrical components [24]. Ma proposed a generalized
model of symmetrical components considering AT leakage reac-
tance [25]. The equivalent circuit of all-parallel double-tracked
AT traction network is shown in Fig. 2, where Z ′

AT is equal to
2ZAT for the AT leakage reactance is regarded as two reactance
of 2ZAT in parallel.

Based on [24], the unit impedance transformation of double-
tracked AT traction network is deduced in [25] as

Z0123 = A−1
4 ZCWU AFU CWD AFD A4 (1)

where CW and AF denote contact wire and AT feeder, respec-
tively. U and D denote uplink and downlink, respectively. The
formula of A4 is

A4 =

⎡
⎢⎢⎢⎢⎣

1 1 1 1

1 −1 1 −1

1 1 −1 −1

1 −1 −1 1

⎤
⎥⎥⎥⎥⎦

. (2)
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Fig. 3. Each power unit of CRH5 EMUs.

From the equivalent circuit in Fig. 2, the equivalent impedance
of all-parallel double-tracked AT traction network is deduced as

ZS =
1
4

[
(z0x + Z ′

AT)
z0 (DAT − x) + Z ′

AT

2Z ′
AT + z0DAT

(3)

+ z1 l + (z2 + z3) x

(
1 − x

DAT

)]

where x is the distance between the vehicle and the nearest
AT station forward, l is the distance between the vehicle and
the traction substation, and DAT is the distance between two
adjacent AT stations.

B. Input Admittance of Vehicle

The input admittance of vehicle can be obtained by deducing
a mathematical model of the vehicle. This paper takes CRH5
EMUs as the example. For the advanced dq current control is
adopted by CRH5 EMUs [9], the input voltage and current are
decoupled into dq frames, so the input admittance of CRH5
EMUs is also decoupled into dq frames. CRH5 EMUs have five
power units and the structure of each power unit [26] is shown
in Fig. 3.

In Fig. 3, the input admittance of the vehicle is only deter-
mined by the front-end pulse width modulation (PWM) rec-
tifiers. Since each power unit is regarded as two same PWM
rectifiers in parallel from the front end, if the input admittance
of each PWM rectifier is denoted by Y in , the input admittance
of each power unit is 2Y in . Assumed that there are m vehicles
accessed to the traction network and each vehicle has a power
units, for the power units in one vehicle and different vehicles
are all in parallel, the input admittance of all the vehicles can be
depicted as

Y L = 2maY in = nY in . (4)

With the back-end inverters and motors neglected, the load
of the two interlaced rectifiers can be equivalent to a constant
resistance Rd . The equivalent circuit of each rectifier is shown
in Fig. 4, where Ln and Rn are the equivalent inductance and
resistance respectively of the secondary winding of the traction
transformer, and Cd is the DC-link capacitor of the two inter-
laced rectifiers. Since Cd and Rd are supplied by the two same
rectifiers in parallel, for each rectifier, the load current is half of
that for double rectifiers. The equivalent capacitor and load for
a single rectifier are 1/2Cd and 2Rd , respectively.

Assumed that da and db denote the switch states of leg a and
leg b, respectively, the relationships among the input voltage en ,

Fig. 4. Equivalent PWM rectifier circuit of each power unit.

the input current in , and the DC-link voltage udc are

{
Ln

din
dt = en − inRn − (da − db) udc

1
2 Cd

dud c
dt = (da − db) in − ud c

2Rd

. (5)

Since dq current control is adopted, the input voltage en and
the input current in need to be decoupled into dq frames, which
are ed , eq , and id , iq . As we all know, the dq components
are obtained from the αβ components via Park transformation,
which is shown as

Tαβ−dq =

[
cos ωt sin ωt

− sin ωt cos ωt

]
(6)

where ωt is the locked phase of the input voltage en .
In the single-phase rectifier, if en and in are regarded as

components in α frame, there are no actual components in the
β frame. Therefore, the imaginary voltage and current in the β
frame are fabricated as 90° lagging behind the α components so
that (6) will make sense [27]. Through the inverse transformation
of (6), it follows that

vα = vd cos ωt − vq sin ωt, (7)

where v denotes the corresponding variable.
Supposed that en = eα , in = iα , da − db = dα , and substi-

tuting (7), (5) can be decoupled into dq frames as

⎧
⎪⎪⎨
⎪⎪⎩

Ln
did

dt = ed − idRn + ωLniq − ddudc

Ln
diq

dt = eq − iqRn − ωLnid − dqudc

1
2 Cd

dud c
dt ≈ 1

2 (ddid + dq iq ) − ud c
2Rd

(8)

where the third equation is obtained with an approximation for
the product of d component and q component is very small.
Therefore, the equivalent dq-decoupled circuit of Fig. 4 can be
obtained as shown in Fig. 5 according to (8). iM is the equivalent
current at DC-link.

At the fixed point, with capital letters, (8) can be depicted as
⎧
⎪⎨
⎪⎩

0 = Ed − IdRn + ωLnIq − DdUdc

0 = Eq − IqRn − ωLnId − DqUdc

0 = 1
2 (DdId + DqIq ) − Ud c

2Rd

. (9)

Since ωt is the locked phase of the input voltage en , through
Park transformation, it follows that eq is equal to zero, so does
Eq . Ed is equal to the amplitude of en . The PWM rectifier is
required to work under unit power factor, so Iq is also equal
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Fig. 5. Equivalent dq-decoupled circuit of the PWM rectifier.

to zero. Then, given the values of Ed and Udc , the steady-
state values of Id , Dd , and Dq can be obtained from (9), as
shown below⎧

⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Id =
Ed −

√
E 2

d − 4 R n
R d

U 2
d c

2Rn

Dd = Rn Ud c

Rd

(
Ed −

√
E 2

d − 4 R n
R d

U 2
d c

)

Dq = −ωLn

(
Ed −

√
E 2

d − 4 R n
R d

U 2
d c

)

2Rn Ud c

. (10)

In order to deduce the small-signal model of the rectifier,
each variable in (8) is regarded as a steady-state value plus a
small-signal value. Equation (8) can be rewritten as
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ln
d(Id + îd )

dt = Ed + êd −
(
Id + îd

)
Rn + ωLn

(
Iq + îq

)

−
(
Dd + d̂d

)
(Udc + ûdc)

Ln
d(Iq + îq )

dt = Eq + êq −
(
Iq + îq

)
Rn − ωLn

(
Id + îd

)

−
(
Dq + d̂q

)
(Udc + ûdc)

1
2 Cd

d(Ud c + ûd c )
dt = 1

2

(
Dd + d̂d

)(
Id + îd

)

+1
2

(
Dq + d̂q

)(
Iq + îq

)
− Ud c + ûd c

2Rd

(11)
where the variables with hats denote the corresponding small-
signal values.

With the steady-state values and the infinitesimal values of
two small-signal values’ product omitted, the dq-decoupled
small-signal model of the rectifier in matrix form can be ob-
tained as

d
dt

⎡
⎢⎢⎣

îd

îq

ûdc

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣
−R n

L n
ω −D d

L n

−ω −R n
L n

−D q

L n

D d
C d

D q

C d
− 1

C d R d

⎤
⎥⎥⎦

⎡
⎢⎢⎣

îd

îq

ûdc

⎤
⎥⎥⎦

+

⎡
⎢⎢⎣
−U d c

L n
0

0 −U d c
L n

Id
C d

Iq

C d

⎤
⎥⎥⎦
[

d̂d

d̂q

]
+

⎡
⎢⎢⎣

1
L n

0

0 1
L n

0 0

⎤
⎥⎥⎦
[

êd

êq

]

= A

⎡
⎢⎢⎣

îd

îq

ûdc

⎤
⎥⎥⎦ + B

[
d̂d

d̂q

]
+ C

[
êd

êq

]

(12)

where A, B, and C are the corresponding coefficient matrixes.

Fig. 6. dq current control of CRH5 EMUs’ PWM rectifier.

Fig. 7. Voltage loop control of CRH5 EMUs’ PWM rectifier.

Laplace transformation is applied to (12), resulting in

⎡
⎢⎣

îd

îq

ûdc

⎤
⎥⎦ = (sI3 − A)−1B

[
d̂d

d̂q

]
+ (sI3 − A)−1C

[
êd

êq

]
,

(13)
where I3 is a three by three unit matrix.

Equation (13) illustrates a generalized dq-decoupled small-
signal model of single phase PWM rectifier. d̂d and d̂q vary from
different control strategies. The diagram of dq current control
[28] adopted by CRH5 EMUs is shown in Fig. 6.

From Fig. 6, it follows that:

{
ud = 1

U ∗
d c

[ed − (i∗d − id) HI + iqωLn ]

uq = 1
U ∗

d c

[
eq −

(
i∗q − iq

)
HI − idωLn

] (14)

where i∗q is equal to zero, and i∗d can be obtained by the voltage
loop control shown in Fig. 7. U ∗

dc is the reference of DC-link
voltage. HI is the transfer function of the proportional-integral
(PI) controller in the current loop, which is

HI = KIP +
KII

s
. (15)

From Fig. 7, i∗d can be depicted as

i∗d = (U ∗
dc − udc) HU (16)

where HU is the transfer function of the PI controller in the
voltage loop, which is

HU = KUP +
KUI

s
. (17)

The sinusoidal pulse width modulation (SPWM) in Fig. 6
could be mapped to dq frames. [dd, dq ]

T is obtained through a
SPWM from [ud, uq ]

T directly. Assumed that the amplitude of
the carrier wave is UC , the relationship between [dd, dq ]

T and
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[ud, uq ]
T is

[
dd

dq

]
=

1
2UC

[
ud

uq

]
=

1
2

[
ud

uq

]
(18)

where UC is equal to one because of the normalization.
Combining (14), (16), and (18), it can be derived that

[
d̂d

d̂q

]
=

[
H I

2U ∗
d c

ωLn
2U ∗

d c

H I HU
2U ∗

d c

− ωLn
2U ∗

d c

H I
2U ∗

d c
0

]⎡
⎢⎣

îd

îq

ûdc

⎤
⎥⎦+

[ 1
2U ∗

d c
1

2U ∗
d c

]

×
[

êd

êq

]
(19)

= D

⎡
⎢⎣

îd

îq

ûdc

⎤
⎥⎦+ E

[
êd

êq

]

where D and E are the corresponding coefficient matrixes.
Substituting (19) into (13), it follows that
⎡
⎢⎣

îd

îq

ûdc

⎤
⎥⎦ =

[
I3 − (sI3 − A)−1BD

]−1
(sI3 − A)−1 (20)

× (BE + C)

[
êd

êq

]

= Giu−e

[
êd

êq

]
=

[
Gi−e

Gu -e

][
êd

êq

]

where Giu−e is defined as the transfer matrix from [êd , êq ]T to
[̂id , îq , ûdc ]T . Gi−e is a two by two block matrix and Gu−e is
a one by two block matrix.

Thus, the input admittance of the single PWM rectifier can
be depicted as

Y in =
î

ê
= Gi−e . (21)

From (4) and (21), the total input admittance of the vehicles
is a matrix in dq frames, which is depicted as

Y Ldq = 2maY in = nY in . (22)

C. Transfer Function Matrix of V2G System

Since the input admittance of vehicles is decoupled into dq
frames as Y Ldq , the output impedance of grid should also be
decoupled into dq frames, which is

ZSdq =

[
Rs + sLs −ωLs

ωLs Rs + sLs

]
(23)

where the values of the grid resistance and inductance need to
be converted to the secondary side of the traction transformer.
Thus, the V2G system can be considered as a MIMO cascade

Fig. 8. Topological graph of V2G cascaded system.

system, as shown in Fig. 8. From Kirchhoff’s voltage law, the
relationship between eS and iL is

eS − ZSdq iL = Y −1
Ldq iL . (24)

Then the closed-loop transfer function matrix of the V2G
system from eS to iL can be deduced from (24) as

Gcl = Y Ldq (I2 + ZSdqY Ldq )
−1 = Y Ldq (I2 + Ldq )

−1

(25)
where I2 is a two by two unit matrix. The return-ratio matrix is
defined as

Ldq = ZSdqY Ldq . (26)

III. STABILITY ANALYSIS OF V2G SYSTEM

Since the closed-loop transfer function matrix of the V2G
system is derived, the stability can be analyzed. For the MIMO
cascade system, the traditional stability analysis methods are
Generalized Nyquist Criterion (GNC) and Bode diagram, but
they are relatively more complicated than the later proposed
criteria, such as SVC and NC. However, the SVC and NC are
used with some conservatism. Therefore, the FRBC with less
conservatism is put forward in this section. With the FRBC, the
stability of a V2G system is analyzed on magnitude-frequency
diagram, which is clear and direct, and the critical unstable
number of vehicles can be obtained.

A. SVC and NC for dq-Decoupled MIMO Cascade System

For the dq-decoupled MIMO cascade system, the output
impedance of the front subsystem and the input admittance of
the after subsystem are assumed as

ZSdq =

[
Zdd Zdq

Zqd Zqq

]
(27)

Y Ldq =

[
Ydd Ydq

Yqd Yqq

]
. (28)

Then, the return-ratio matrix is

Ldq =ZSdq Y Ldq =

[
Zdd Zdq

Zqd Zq q

] [
Ydd Ydq

Yqd Yq q

]
=

[
Ldd Ldq

Lqd Lq q

]
.

(29)

Given the closed-loop transfer function as (25), according to
GNC, the system is closed-loop stable if and only if the sum
of anti-clockwise encirclements of the critical point (−1+j0)
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Fig. 9. Distribution limitation of the eigenvalues of Ldq for MISC,
SVC and NC.

by all the eigenvalues λi of Ldq is equal to the number of
right-half complex plane poles of Ldq [29]. The vehicle and the
grid subsystems are stable separately, that is to say, the poles
in the right-half complex plane of ZSdq and of Y Ldq are zero,
respectively. Hence, the stable condition of the V2G system is
that the sum of anti-clockwise encirclements of the critical point
(−1+j0) by all the eigenvalues λi of Ldq is zero.

Middlebrook’s impedance stability criterion (MISC) [30] can
be generalized in MIMO cascade system, namely, the system is
stable when all the eigenvalues of Ldq are in a unit circle around
the origin, as shown in Fig. 9. The SVC and NC proposed in
[11]–[13] are all based on MISC, which are shown in (30) and
(31) respectively.

The SVC in [11] and [12] is

σ̄ (ZSdq ) · σ̄ (Y Ldq ) < 1 (30)

where σ̄ denotes the maximum singular value of the matrix.
The NC advanced by Liu et al. [13] is

(‖ZSdq‖G · ‖Y Ldq‖sum < 1
) ∪ (‖Y Ldq‖G · ‖ZSdq‖sum < 1

)
(31)

where the G-norm and sum-norm are defined as

‖A‖G = max
i,j

|aij | (32)

‖A‖sum =
∑
i,j

|aij |. (33)

However, the constraint of the eigenvalues inside the unit
circle around the origin makes the SVC and NC be sufficient
conditions, which leads to certain conservatism of the stability
analysis. The conservatism shows the degree of the sufficiency.

B. FRBC for dq-Decoupled MIMO Cascade System

If the region outside the unit circle around the origin is re-
garded as the forbidden region of the eigenvalues of Ldq in
Fig. 9, then the conservatism can be decreased by reducing the
forbidden region. In contrast to Fig. 9, the forbidden region is
reduced to the left side of (−1+j0), as shown in Fig. 10, which
can still ensure the zero contour number of the eigenvalues of
Ldq around (−1+j0).

In order to limit the distribution area of the eigenvalues of
Ldq , Gerschogorin Disc Theorem (GDT) is used to estimate the
eigenvalues of a matrix. From GDT [31], the eigenvalue of a

Fig. 10. Reduced forbidden region of FRBC for MIMO cascade system.

Fig. 11. Relationship between the forbidden region of FRBC and the GDs
of Ldq .

matrix locates in a circle around the diagonal element, with a
radius of the sum of nondiagonal elements’ modules in the same
row. Thus, the eigenvalue λi of Ldq locates in the Gerschogorin
disc (GD) G1 or G2 in Fig. 11, which conforms to

|λi − Ldd | < |Ldq | or |λi − Lqq | < |Lqd | . (34)

From (34) and Fig. 11, the sufficient stable condition of the
system is

{
Re {Ldd} − |Ldq | > −1

Re {Lqq} − |Lqd | > −1
. (35)

On the other hand, for LT
dq and Ldq have the same eigenval-

ues, all the eigenvalues of Ldq are also in the GDs of LT
dq , which

are the column GDs of Ldq . Thus, the relationship is obtained
as follows:

|λi − Ldd | < |Lqd | or |λi − Lqq | < |Ldq | . (36)

It is followed from (36) that the sufficient stable condition of
the system is:

{
Re {Ldd} − |Lqd | > −1

Re {Lqq} − |Ldq | > −1
. (37)

All the eigenvalues of Ldq are located in the intersection of
the GDs and the column GDs of Ldq , which is the satisfaction
region for the stable system. Hence, the rejection region for the
stable system is the union of the rejection regions for (35) and
(37). However, there are still some stable systems’ eigenvalues
located in the rejection regions for (35) and (37) on account
of the sufficiency of the condition. The rejection region for the
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TABLE I
PARAMETERS OF V2G SYSTEM (CASE 1)

Parameters Values Parameters Values

ES 27.5 kV Cd 9 mF
RS 0.2 Ω Rd 25 Ω
LS 6 mH KU P 0.5
Rn 0.145 Ω KU I 5
Ln 5.4 mH K IP 2
Ud c 3600 V K I I 50

stable system could be reduced to the intersection of the re-
jection regions for (35) and (37). Thus, the satisfaction region
for the stable system can be expanded to the union of the re-
jection regions for (35) and (37), which further decreases the
conservatism. The obtained criterion for a stable system is
⎛
⎝
⎧
⎨
⎩

Re {Ldd} − |Ldq |+1 > 0

Re {Lqq } − |Lqd |+1 > 0

⎞
⎠ ∪

⎛
⎝
⎧
⎨
⎩

Re {Ldd} − |Lqd |+1 > 0

Re {Lqq } − |Ldq |+1 > 0

⎞
⎠

(38)

where the four subcriteria are

Re {Ldd} − |Ldq |+1 > 0 (38a)

Re {Lqq} − |Lqd |+1 > 0 (38b)

Re {Ldd} − |Lqd |+1 > 0 (38c)

Re {Lqq} − |Ldq |+1 > 0. (38d)

C. Stability Analysis With FRBC

With the proposed FRBC, the stability of the V2G system
can be analyzed. Proper parameters are selected to analyze the
stability of the V2G system, as shown in Table I (Case 1).
The impedance of grid is approximately calculated with (3), for
the accurate impedance is not able to be obtained. The electri-
cal parameters of CRH5 EMUs are considered as designed in
the actual products, and the control parameters are determined
through the simulation in the next section.

The proposed criterion shown in (38) can be depicted on a
magnitude-frequency diagram, as shown in Fig. 12, which dis-
plays the stability analyses when one, seven, and eight vehicles
are put into operation, respectively. The four lines, two blue
lines and two red lines, denote the four subcriteria respectively,
as shown in the legend of the figures. According to (38), the
system is stable if both of the blue lines or both of the red lines
are above zero.

In Fig. 12(a), all the four lines are above zero, thus the system
with one vehicle accessed is stable. As the number of vehicles
increases to seven, in Fig. 12(b), although the lowest point of
the blue solid line is below zero, both the red lines are still
above zero, so the system is also stable. But in Fig. 12(c), the
lowest points of the red dotted line and of the blue solid line
are both below zero, which indicates that the system becomes
unstable when the eighth vehicle is accessed to the grid. Thus,
it is found that the critical unstable number of vehicles under
Case 1 is eight.

Fig. 12. Stability analyses with FBRC under Case 1. (a) One vehicle accessed
to the grid: stable. (b) Seven vehicles accessed to the grid: stable. (c) Eight
vehicles accessed to the grid: unstable.

According to (29) and (38), ZSdq and Y Ldq play important
roles in the stability of the V2G system, which are related to
the grid parameters and the vehicle parameters respectively.
The influences of grid parameters and vehicle parameters are
analyzed through the stability analyses with FRBC respectively.

1) Influence of Grid Parameters: The resistance RS and in-
ductance LS of the traction network are the main factors of
ZSdq according to (23). Fig. 13 displays the stability analyses
with FRBC when RS changes under Case 1. Compared with
Fig. 12(c), Fig. 13(a) shows that when RS increases, the V2G
system with eight vehicles accessed becomes stable from un-
stable. In Fig. 13(b), when RS decreases, the V2G system with
seven vehicles accessed is still stable in contrast to Fig. 12(b).
But from the enlarged views, the lowest point of the red dotted
line in Fig. 12(b) is 0.115 above zero, while that in Fig. 13(b)
is 0.1011 above zero. It indicates that the decrease of RS will
destabilize the V2G system even if it does not cause apparent
change of stability in vehicle number. As a result, it is found that
larger RS benefits the stability of the whole system, but whose
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Fig. 13. Stability analyses with the FRBC when RS changes. (a) RS
= 0.3 Ω (increasing), eight vehicles accessed to the grid (Case 2a): sta-
ble. (b) RS = 0.1 Ω (decreasing), seven vehicles accessed to the grid
(Case 2b): stable.

Fig. 14. Stability analyses with the FRBC when LS changes. (a) LS = 8 mH
(increasing), seven vehicles accessed to the grid (Case 3a): unstable.
(b) LS = 4 mH (decreasing), eight vehicles accessed to the grid
(Case 3b): stable.

influence is very small for the variation of the lowest point of
the red dotted line is less than 0.02 when RS changes by 50%.

With the value of LS changing under Case 1, the stability
analyses are also carried out in Fig. 14. The later stability anal-
ysis figures only display the important region around the lower
values of the lines in the magnitude–frequency diagram for clear
and easy understanding. It is indicated that the increase of LS
would lead to instability by comparing Fig. 12 with Fig. 14.

The percentage change of LS is 33%, which is smaller than
that of RS . However, in Fig. 14(a), the lowest point of the
red dotted line changes from 0.115 to −0.1893 compared to
Fig. 12(b), and the lowest point of the red dotted line in Fig. 14(b)
changes from −0.0115 to 0.3363 compared to Fig. 12(c). The
variation of the red dotted line when LS changes is much larger
than that when RS changes. It is clear that the impact on the

Fig. 15. Stability analyses with the FRBC when Rn changes. (a) Rn =
0.2 Ω (increasing), eight vehicles accessed to the grid (Case 4a): stable. (b) Rn
= 0.1 Ω (decreasing), seven vehicles accessed to the grid (Case 4b): stable.

Fig. 16. Stability analyses with the FRBC when Ln changes.
(a) Ln = 7 mH (increasing), seven vehicles accessed to the grid (Case 5a):
stable. (b) Ln = 3 mH (decreasing), eight vehicles accessed to the grid (Case
5b): stable.

Fig. 17. Stability analyses with the FRBC when Cd changes. (a) Cd
= 12 mF (increasing), seven vehicles accessed to the grid (Case 6a):
stable. (b) Cd = 6 mF (decreasing), eight vehicles accessed to the grid
(Case 6b): stable.

stability of LS is much bigger than that of RS although the
impact trends of them are opposite. Hence, the impact of RS can
be ignored in contrast to LS . The longer the traction network is,
the more likely LFO is to occur.

2) Influence of Vehicle Parameters: In the vehicles, accord-
ing to (12), (15), (17), and (19)–(22), the possible impact factors
of Y Ldq are the electrical parameters Rn , Ln , Cd , and the PI
controller parameters KUP , KUI , KIP , KII . Here are given the
detailed analyses when these parameters vary.

The stability analyses with FRBC when Rn , Ln , and Cd
changes are presented respectively in Figs. 15–17. In Fig. 15(a),
the V2G system with eight vehicles accessed becomes stable
when Rn increases in contrast to Fig. 12(c). In Fig. 15(b), the
V2G system with seven vehicles accessed tends to be unstable
when Rn decreases in contrast to Fig. 12(b), because the lowest
point of the red dotted line moves from 0.115 to 0.0747. It is
indicated that the larger Rn benefits to the stability of the V2G
system. In Fig. 16(a), the increase of Ln makes the lowest point
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Fig. 18. Stability analyses with the FRBC when KUP changes.
(a) KUP = 1 (increasing), seven vehicles accessed to the grid (Case 7a):
unstable. (b) KUP = 0.1 (decreasing), eight vehicles accessed to the grid
(Case 7b): stable.

Fig. 19. Stability analyses with the FRBC when KUI changes. (a) KUI= 7
(increasing), seven vehicles accessed to the grid (Case 8a): unstable. (b) KUI= 1
(decreasing), eight vehicles accessed to the grid (Case 8b): stable.

Fig. 20. Stability analyses with the FRBC when KIP changes. (a) KIP = 2.5
(increasing), eight vehicles accessed to the grid (Case 9a): stable. (b) KIP = 1.5
(decreasing), seven vehicles accessed to the grid (Case 9b): unstable.

of the red dotted line closer to zero when seven vehicles are
accessed to grid, and in Fig. 16(b), the V2G system with eight
vehicles accessed becomes stable when Ln decreases in contrast
to Fig. 12(c). Therefore, smaller Ln is better for the stability of
the V2G system, whose influence is against Rn . Moreover, the
variation ranges of the red dotted line are in the same order of
magnitude when Rn and Ln vary, so the impacts of Rn and Ln
are almost the same.

Fig. 17 displays the stability analyses when Cd increases
and decreases. It can be found that smaller Cd makes the V2G
system becomes stable when eight vehicles are accessed to grid
in Fig. 17(b). However, the variation range of the red dotted line
when Cd changes by 33% is less than 0.02, which manifests that
the influence of Cd is very less compared to other parameters.

On the other hand, the parameters of PI controllers are also
the impact factors of LFO. Figs. 18–21 give the stability anal-
yses with FRBC when KUP , KUI , KIP , KII vary respectively.
According to Figs. 18, 19, and 21, it can be found that the sys-
tem with seven vehicles accessed to the grid becomes unstable

Fig. 21. Stability analyses with the FRBC when KI I changes. (a) KI I= 70
(increasing), seven vehicles accessed to the grid (Case 10a): unstable.
(b) KI I= 30 (decreasing), eight vehicles accessed to the grid (Case 10b): stable.

Fig. 22. Diagram of V2G system simulation model.

when KUP , KUI or KII increases, and the system with eight
vehicles accessed to the grid becomes stable when KUP , KUI
or KII decreases. Hence, larger KUP , KUI and KII do harm to
the stability of the V2G system. Moreover, Fig. 20 shows that
the system with seven vehicles accessed to the grid becomes un-
stable when KIP decreases, and the system with eight vehicles
accessed to the grid becomes stable when KIP increases, which
indicates that smaller KIP will destabilize the V2G system.

Above all, the critical unstable numbers of vehicles of the
V2G system under different cases can be obtained through sta-
bility analysis with FRBC, which are shown in Table II. To
manifest the advantage of the FRBC, the SVC of (30) and NC
of (31) are also used to analyze the V2G system’s stability re-
spectively. The detailed analysis process of SVC and NC is not
covered in this paper, but their analysis results are presented in
Table II, Section V for comparison.

IV. TIME-DOMAIN SIMULATION AND EXPERIMENT OF V2G
SYSTEM

To validate the mathematical model and stability analysis
method proposed in this paper, the time-domain simulation of
a V2G system with CRH5 EMUs accessed is realized by MAT-
LAB/Simulink. The simulation model in Fig. 22 reserves the
nonlinearity of the real V2G system. The grid is equivalent to a
resistor and an inductor. Different vehicles are accessed to the
grid at different times via the switches.

Through simulation, the phenomenon of LFO is reproduced.
Fig. 23 shows the waveforms of grid voltage, grid current and
DC voltage under Case 1. Five vehicles are accessed to the grid
at the beginning. At 3 s, the sixth vehicle is put into operation,
and 7 s for the seventh vehicle, 12 s for the eighth vehicle.

It is shown that the V2G system becomes unstable gradually
with more and more vehicles accessed to the grid in Fig. 23(a).
From the enlarged waveforms of LFO in Fig. 23(b), it can be
found that the amplitude variation tendencies of grid voltage
and current are opposite, and the fluctuation of DC voltage Udc
is synchronous with that of grid voltage US . In addition, the
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TABLE II
CRITICAL UNSTABLE NUMBERS OF VEHICLES FOR LFO UNDER DIFFERENT CASES

phase difference between the grid voltage and current goes with
the fluctuation of grid voltage, which means that there exists
reactive power which causes the fluctuation of grid voltage.

Fig. 24 shows the waveforms of LFO experiment [32]. Since
the experiment was carried out in the real railway at the fixed
substation, and the parameters of CRH5 were determined when
the vehicles were manufactured, the experimental parameters
were constant, and could not be changed easily. The only con-
trollable value was the number of vehicles. Besides, the control
parameters of real vehicles were also unknown. So the experi-
ment cannot validate the small-signal model and stability anal-
ysis method directly.

However, Fig. 24(a) and (b) shows that LFO happens when
the number of vehicles increases from 5 to 6 in the experiment,
and the LFO waveforms of the experiment in Fig. 24(b) and
(c) show the same characteristics as those of the simulation. It
indicates that the simulation can reveal the property of the real
V2G system.

V. RESULTS AND DISCUSSION

The stability analysis results with different criteria and the
simulation results under different cases are compared in this
section, which are all given in Table II. The impacts on stability
of grid parameters, vehicle electrical parameters, and vehicle
control parameters are also summarized according to the stabil-
ity analysis.

A. Discussion on the Stability Analysis Results of FRBC, SVC,
and NC

The simulation results in Table II can reflect the actual V2G
system’s stability. Through the comparison among the stability
analysis results with FRBC, with SVC, with NC, and the sim-
ulation results, the analysis results of SVC and NC are almost
the same except those under Case 7b, but are much smaller than
the simulation results. However, the analysis results of FRBC
are closer to the simulation results under different cases. It is
indicated that the FRBC performs better in the V2G system’s
stability analysis than the present SVC and NC, which is due to
the different limitation on the eigenvalues of Ldq . As introduced
in Section III, the SVC, NC and FRBC are all sufficient condi-
tions of stability. The conservatism of the criteria is determined
by the area of the forbidden region. The wider the forbidden
region is, the larger the conservatism is. In Fig. 9, the forbidden
region of SVC and NC is the outside region of the unit circle,
while in Fig. 10 the forbidden region of FRBC is the left side
region of (−1+j0). It is obvious that the forbidden region of
FRBC is much smaller than that of SVC and NC, which means
the limitation on the eigenvalues of SVC and NC is stricter
than that of FRBC, so the conservatism of FRBC is smaller.
For the conservatism reflects the degree of the sufficiency of the
criterion, the larger conservatism of SVC and NC makes their
stability analysis results farther from the simulation result.

FRBC is a sufficient condition, so its stability analysis re-
sult should have also been smaller than the simulation result.
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Fig. 23. LFO waveforms of grid voltage, grid current and DC voltage under Case 1. (a) LFO phenomenon with multiple vehicles accessed. (b) Enlarged
waveforms of LFO.

However, only under Case 3b, the FRBC result is smaller. Under
most cases, the FRBC results are equal to the simulation results.
It is because the criteria analysis results and simulation results
discretize the problem. One vehicle of CRH5 EMUs is equiv-
alent to ten PWM rectifiers, and the stability analysis result is
characterized by the number of vehicles, which is rounded up to
an integer. The conservatism of FRBC is small enough so that
the difference between its critical condition and the real critical
condition may be within one vehicle. Thus most of the stability
analysis results are equal to the simulation results when rounded
up to the integer. For example, under Case 2a, if the critical un-
stable condition is characterized by the number of rectifiers, the
result is 81 rectifiers, namely 8.1 vehicles. So the 8.1 vehicles
need to be rounded up to 9 vehicles. But there are also some
exceptions, like Case 4a and Case 5b. The FRBC cannot analyze
the critical condition correctly. It may be caused by the inaccu-
racy of the model due to the linearization. After all, there cannot
be an absolutely precise model. However, under the most cases,
the FRBC results show the same tendency as the simulation on
the whole, which can still verify the method is reasonable.

Since the stability analysis result is characterized by the num-
ber of vehicles, it is possible that the criterion analysis result
can reflect the stability change from the number of rectifiers but

cannot reflect the stability change from the visible number of
vehicles when some parameters vary. For example, under Case
2a, the increase of RS changes the simulation result from 8 to 9,
but does not change the SVC and NC results, which are still 5.
Apart from Case 2a, under most cases, the SVC and NC cannot
reveal the stability change, while FRBC can. As a result, the
FRBC can track the stability change more sensitively than SVC
and NC.

According to the simulation and analysis, the impacts of the
parameters are summarized in Table II. With the variation of the
parameters, the movement of the four lines on the magnitude–
frequency diagram of FRBC analysis can also show the impact
trend, as shown in Section III-C, which is in accordance with
the simulation. As for the parameters without obvious impact,
not all the analysis results are convincing enough because of
the inaccuracy of model. But based on the impact of the signifi-
cant parameters, the stability margin of the V2G system can be
considered and guaranteed by adjusting the parameters to the
direction that benefits the stability.

B. Margin Design Based on FRBC

From Table II, the stability analysis of FRBC performs well,
however which is just theoretical. If the FRBC is used to analyze
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Fig. 24. Experimental waveforms. (a) Stable waveforms of grid voltage, input current of one vehicle, and DC voltage when five vehicles are accessed. (b) LFO
waveforms of grid voltage, input current of one vehicle, and DC voltage when six vehicles are accessed. (c) LFO waveforms of grid voltage and grid current when
six vehicles are accessed.
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the stability of an actual V2G system, some difference between
the theory and the reality should be taken into account. For ex-
ample, the impedance of the real grid may be different from the
calculated impedance, RS and LS , for causes like environmental
conditions, wear of the wire, and so on. If the errors of calcu-
lated RS and LS are not considered, the FRBC may misjudge the
stability near the critical condition of the V2G system. There-
fore, the margin should be designed based on FRBC, which is
expressed as

⎛
⎝
⎧
⎨
⎩

Re {Ldd } −
∣∣Ldq

∣∣+1 > M

Re {Lqq } −
∣∣Lqd

∣∣+1 > M

⎞
⎠ ∪

⎛
⎝
⎧
⎨
⎩

Re {Ldd } −
∣∣Lqd

∣∣+1 > M

Re {Lqq } −
∣∣Ldq

∣∣+1 > M

⎞
⎠

(39)

where M is a proper positive number to show the margin. For
the precise error of the calculated impedance is uncertain, the
value of M cannot be determined quantitatively here, but it can
be adjusted to an appropriate value according to the specific
actual system.

VI. CONCLUSION

This paper analyzes the LFO problem in the V2G system by
mathematical modeling, stability analysis and simulation from
the perspective of the whole cascade V2G system. A generalized
dq-decoupled small-signal model of single-phase PWM rectifier
in the vehicle is derived, and a novel stability analysis criterion
based on forbidden region is put forward aiming at the V2G
system stability. Through the stability analysis on a cascade
V2G system and the simulation verification, some conclusions
can be drawn as follows.

1) The derived mathematical model of the V2G system is rea-
sonable and precise enough for the analysis of LFO about
the significant parameters’ impact. And the dq-decoupled
small-signal model of single-phase PWM rectifier in the
vehicle is a generalized one, which can be used for other
dq-decoupled single-phase PWM rectifiers with different
controls.

2) The proposed FRBC is a promotion of MISC for MIMO
cascade systems. It can be used in cascade systems with
either high or low power factor. In contrast to SVC and
NC, it has less conservatism, and provides more accurate
LFO analysis result in the V2G system. Besides, the FRBC
contributes to the stability analysis of other dq-decoupled
MIMO cascade systems.

3) Larger LS and smaller RS may cause LFO, but the impact
of LS is much bigger than that of RS . Thus, as the length
of traction network increases, the grid impedance is larger
and more likely to result in LFO.

4) As for vehicle parameters, the influences of Rn , Ln , and
Cd are not obvious. The control parameters are more sig-
nificant, and larger KUP , KUI , KII , smaller KIP would
lead to LFO.

This paper contributes to the stability analysis of complicated
cascade systems with power electronic converters accessed. And
the conclusions can provide design guidance for the V2G system
to restrain LFO.
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