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Abstract—A distributed control method is proposed to simulta-
neously optimize the power sharing among sources of islanded dc
microgrids, while regulating the distribution bus voltage. During
the optimization process, an economic dispatch problem is solved
to minimize the total generation cost by setting the output pow-
ers of the dispatchable sources. To this end, the voltage set points
of individual dc–dc converters are adjusted using a voltage reg-
ulator and an optimizer, which regulates the average voltage of
the sources to establish the generation–consumption equality con-
straint and matches the incremental costs, respectively. Afterward,
the proposed optimizer is modified to exclude the sources from the
incremental cost consensus protocol upon reaching their genera-
tion limits, enforcing inequality constraints. This coregulation and
cooptimization paradigm is developed in a fully distributed fashion.
The dynamical model of the proposed controller is established. The
steady-state analysis verifies the fulfillment of the control objec-
tives, i.e., voltage regulation and cost minimization. Experimental
results verify the controller performance and validate its resiliency
against cyber and physical faults.

Index Terms—Cooperative control, dc microgrids, graph theory,
optimization.

I. INTRODUCTION

THIS paper provides a fully distributed control-theoretic
framework for simultaneous dynamic voltage regulation

and optimal resource utilization of islanded dc microgrids. The
U.S. Department of Energy defines microgrids a group of inter-
connected loads and distributed energy resources with clearly
defined electrical boundaries that acts as a single controllable
entity with respect to the grid [1]. Multiconverter dc distribu-
tion networks, also commonly referred to as islanded dc mi-
crogrids, are increasing in popularity as they offer an efficient
and reliable power delivery platform accommodating dc-native
emerging resources (e.g., photovoltaic), loads (e.g., electronic
loads, electric vehicle chargers, and LED lighting), and storage
elements (e.g., batteries) [2]–[5]. Islanded mode of operation
creates unique control challenges that have recently received
significant attention (e.g., [6]–[13]). The decision-making ob-
jectives in an islanded dc microgrid are to ensure operational
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stability, synchrony, and optimality [14]–[17]. Such objectives
are achieved, respectively, using load sharing [18], [19], volt-
age regulation [2], [20], [21], and minimizing the operating
costs or losses [22]–[24]. While load sharing and voltage regu-
lation of islanded dc microgrids have been studied in detail (e.g.,
[25]–[29]), the optimization frameworks, particularly economic
dispatch of resources, have not received proper considerations.
In addition, optimal operation and voltage regulation/load shar-
ing are conventionally managed at different temporal scales.
Finally, such decision-making tasks are handled by a central en-
tity, which exposes a single point of failure and limits expand-
ability. Since islanded dc microgrids are increasingly utilized
in resource-constrained safety/mission-critical application do-
mains, e.g., electric ships [30]–[41], electric aircraft [42]–[46],
or forward operating bases [47], optimal utilization of limited
resources, while using a resilient distributed decision-making
process, is of paramount value [48]–[53].

Although economic dispatch of ac transmission systems is
a classic concept [54], [55], its extension to dc microgrids is
very recent. The load demand must be carefully dispatched
among dc sources so as to minimize the total generation cost,
all while respecting the generation capacity of dc sources.
Quadratic cost functions of converter-augmented (dispatchable)
dc sources, with generation–demand equality and generational-
limit inequalities, are considered. The renewable resources, e.g.,
wind and solar, are considered nondispatchable and excluded
from the problem formulation as they are desired to produce the
maximum power. The optimization problem in dc microgrids
has been addressed from different perspectives in the literature.
For example, Meng, Dragicevic, Guerrero, and Vasquez [24]
have optimized the global efficiency of a dc microgrid by adjust-
ing droop gains. Economic dispatch in [56] dynamically tunes
droop coefficients to generate power from less costly sources.
In [23], the total system cost, including initial, operational, and
maintenance costs, is optimized. Linear and dynamic program-
ming approaches in [57]–[59] schedule microgrid operation at
hour (or day-ahead) timescales. The focus of this paper, in con-
trast, is on real-time voltage control and resource optimization.

Structurally, dc microgrids can be controlled in a centralized
[15], [60], decentralized [61], [62], or distributed fashion [18],
[63]. Centralized controllers expose a single point of failure, are
prone to modeling error, suffer from the curse of dimensional-
ity, and lack flexibility and expandability. Decentralized control
methods, e.g., droop mechanisms, are more reliable and mod-
ular. However, exchange of information, even limited, ensures
that converters share a common control objective and adequately
adapt to the changes in global information. Therefore, decen-
tralized methods alone cannot guarantee optimal operation of
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dc microgrids [18], [64], [65]. Distributed methods combine the
useful features of both centralized and decentralized approaches
using asynchronous information exchange via sparse commu-
nication with neighbor converters. This improves the reliability
and scalability, compared to centralized controllers, and system
performance, compared to decentralized controllers [66], [67].
Although distributed control of dc microgrids has garnered sig-
nificant attention lately (e.g., [14], [18], [63], [68], [69]), dis-
tributed optimization paradigms are yet to be explored for dc
microgrid applications. An exception is [64] that uses dynamic
consensus protocols to propagate the system-wide efficiency
information to minimize microgrid losses.

From a temporal perspective, real-time coordination and
steady-state optimization problems are usually handled on dif-
ferent timescales. Often slower and iterative optimization pro-
cess provides the reference point for real-time control [59], [70].
Such limiting assumptions are recently challenged in inverter-
based ac microgrids [71]–[73] or bulk ac power systems [74]–
[76]. However, the temporal gap between the optimality (e.g.,
economic dispatch of dc resources) and synchrony (e.g., voltage
regulation) has not yet been bridged for multiconverter dc mi-
crogrids. Accordingly, this paper unifies the voltage regulation
and resource optimization frameworks of a dc microgrid, in a
fully distributed fashion, such that the voltage set points to regu-
late dc bus voltages seek the solutions to the economic dispatch
of dispatchable dc resources. This is achieved using distributed
consensus protocols on incremental costs of dc resources, that
are defined as the slope of cost functions [25], and properly
incorporating such incremental costs in voltage controllers em-
bedded in individual converters networked on a communication
graph. The salient contributions of this paper are as follows.

1) The voltage control module of each dc–dc converter is
augmented with an additional voltage regulator and an
optimizer, both running local voting protocols to adjust
the corresponding voltage set points. While the optimizer
minimizes the total generation cost by having the incre-
mental costs of all the sources reach a consensus, another
protocol is run in the voltage regulator to tune the average
voltage of the sources to the desired voltage set point.

2) The coordination and optimization process happen simul-
taneously, which allows for the online optimization if the
cost functions or power limits of the sources change.
Moreover, the voltage controller simultaneously fulfills
the generation–demand equality constraint in the opti-
mization process.

3) The proposed framework is fully distributed; converters
share only the voltage and incremental cost information
with their neighbors on a sparse communication network.

4) The proposed controller offers resiliency against any fail-
ure in sources, converters, or communication links so
long as the graph of the remaining communication net-
work features a spanning tree. In addition, there is no
need for a priori knowledge (or knowledge update for)
the number of sources and their power limits. There-
fore, the controller provides a plug-and-play platform
for participating sources. The proposed method is lead-
erless, i.e., it does not rely on a leader node, which could

Fig. 1. Graphical representation of a distributed system with five active agents.

jeopardize a solution’s configurability and pose reliability
concerns if the leader node is compromised.

The rest of this paper is outlined as follows. Section II expli-
cates the graph theory and its applications in distributed control
systems. In Section III, the optimization problem is formulated.
Section IV unifies the distributed optimization and real-time
control paradigms. The system-level model, including the con-
verter models, power distribution network, controller/optimizer,
and communication network, is developed in Section V. The
steady-state analysis is provided in Section VI. The optimiza-
tion and coordination paradigms are verified on a dc microgrid
prototype in Section VII. Section VIII concludes the paper.

II. COOPERATIVE CONTROL FRAMEWORK: INTERACTION ON

GRAPHS

In a distributed control paradigm, the control agents exchange
data through a communication network. Graph theory is used
for graphical representation of the communication network in
multiagent systems [29], [77]–[80]. As shown in Fig. 1, a graph
is composed of a set of nodes, {ν1 , . . . , νN }, and a set of edges,
which represent control agents and communication links, re-
spectively. An edge connects a node to another node (i.e., its
neighbor). The set of all neighbors of the node νi is represented
by Ni . In a directed graph, the edge directions indicate the direc-
tion of information flow. The information exchange process in a
directed graph is not reciprocal, i.e., νj ∈ Ni does not guarantee
that νi ∈ Nj . A graph with N nodes can be represented by an
adjacency matrix

A = [aij ] ∈ RN ×N . (1)

The adjacency matrix represents the communication struc-
ture; aij > 0, if there is an edge from node νj to node
νi , and aij = 0 otherwise. The diagonal in-degree matrix is
D = [dij ] ∈ RN ×N , where dii , the in-degree of the node νi is
defined as the row-sum of the ith row of the adjacency matrix

dii =
N∑

j=1

aij . (2)

Then, the Laplacian matrix is defined as L = D − A with all
row-sums equal to zero

L
[
1 . . . 1

]T = 0. (3)

The out-degree of the node νi is defined as the column-sum
of the ith column of the adjacency matrix. If the number of in-
degrees and out-degrees are equal for each node, the Laplacian
matrix has all the row-sums and column-sums equal to zero
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and is said to be balanced. The Laplacian matrix has a zero
eigenvalue, e.g., λ1 , with the corresponding eigenvector v1 =
[ 1 . . . 1 ]T. A directed path is defined as a sequence of nodes
{ν1 , . . . , νr}, where there is a node from νi to νi+1 for every
i from 1 to r − 1. A graph is said to have a spanning tree
if it contains a node, called the root node, which has at least
one direct path to all other nodes. If a graph has a spanning
tree, λ1 = 0 is a nonrepeated eigenvalue, rank(L) = N − 1,
and the only solution to Lx = 0 is x = c[ 1 . . . 1 ]T, where c
is a constant. In the synchronization problem discussed in this
paper, the control agents are designed to hold Lx = 0 at the
steady state, where x = [x1 . . . xN ]T is a global vector. This
forces all the xis to reach a consensus at the steady state.

III. OPTIMIZATION PROBLEM DEFINITION

Optimizing the microgrid performance is considered from
minimizing the generational-cost perspective. Meanwhile, the
voltage regulation objectives are also preserved. Converter-
augmented sources in a dc microgrid are grouped into two cat-
egories: dispatchable sources where their output power can be
controlled, and nondispatchable sources where the output pow-
ers are set already. Examples of nondispatchable sources include
renewable energy resources, where the trivial optimal solution
is to set them to generate the maximum power. Such sources
are considered to have their own decentralized control systems,
which set their output power at the maximum level during the
normal operating condition, i.e., when there is demand for their
generation. Therefore, they can be modeled as a negative load
demand in an economic dispatch problem. The optimization
paradigm would then run on controllable sources. Similar to the
classic economic dispatch problem formulation in ac systems,
one can approximate the cost functions of dispatchable sources
with a quadratic function [54]

Ci(pi) = αi + βipi + γip
2
i (4)

where αi , βi , and γi are the coefficients of the cost functions of
source i, and pi is its output power. Then, the economic dispatch
problem can be formalized as

minimize C(p) =
N∑

i=1

Ci(pi)

subject to
N∑

i=1

pi = Pdemand − PND (5)

where N is the number of dispatchable sources in the micro-
grid, p = [p1 . . . pN ]T ∈ RN ×1 is the vector of output powers,
Pdemand is the total power demand of the microgrid, and PND
is the generated power of nondispatchable sources. The power
loss on distribution lines and the power limits of sources can

also be formulated into equality and inequality constraints

minimize
N∑

i=1

Ci(pi)

subject to
N∑

i=1

pi = Pdemand + Ploss − PND

pi,min ≤ pi ≤ pi,max (6)

where Ploss is the total distribution power loss, which is a func-
tion of the voltages and network resistances. In order to solve
the economic dispatch problem, the inequality constraints can
be first neglected [81]. Then, the Lagrange multiplier λ and the
Lagrange function [55] are defined to be minimized

L (p, λ) =
N∑

i=1

Ci(pi) + λ

(
Pdemand + Ploss − PND −

N∑

i=1

pi

)
.

(7)
The solution to the optimization problem is the stationary point,
i.e., where all the partial derivatives of the Lagrange function L
are zero [55]

⎧
⎪⎨

⎪⎩

∂L

∂pi
= 0 ⇒ dCi

dpi
= λ

∂L

∂λ
= 0 ⇒

∑N
i=1 pi = Pdemand + Ploss − PND .

(8)

In addition to satisfying the equality constraint, the incremental
costs of all the sources must be equal to λ. It should be noted
that Pdemand , Ploss , and PND are assumed constant (or slow
varying), as common in the optimization literature [81], [82].
One can define λi to be the incremental cost of source i, i.e.,

λi = βi + 2γipi. (9)

Accordingly, the first equation in (8) can be written as

λi = λ ∀i. (10)

It should be noted that the consensus value, λ in (10), is not
predefined, but varies with changes in the operating conditions,
e.g., load change or adding/removing sources. Therefore, (10)
can be written as

λi = λj ∀i, j (11)

which is demonstrated in Fig. 2. As an intuitive proof, one
can consider a case where λj > λk . If the generation of
source j is decreased by a small value δp, then that of
source k must be increased by the same amount to satisfy the
generation–consumption equality constraint. Then, the total cost
change is

δC =
N∑

i=1

dCi

dpi
δpi = −λj δp + λk δp

= δp(λk − λj ) < 0 (12)

which is negative. Therefore, the assumed operating point could
not be the optimum. After finding the point where (8) is satisfied,
the inequality constraints in (6) can be taken into account. If
one or more sources operate above (below) their limits, their
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Fig. 2. Matching the incremental costs among sources in the microgrid.
(a) Different incremental costs without communication among agents.
(b) Identical incremental costs using communication among agents.

output power must be set at the maximum (minimum) power
and excluded from (11). It should be noted that if the total
demand of the microgrid is so low such that all output powers
are set to the minimum, the equality constraint in (6) may not be
satisfied, as nondispatchable sources are assumed to operate at
their maximum power point. In that contingency, the renewable
sources shall no longer operate at their maximum power, as this
increases the average bus voltage of the microgrid. Accordingly,
a mode transition occurs in their control systems, switching
from a maximum power generation to voltage-control mode
[83], [84]. Interested readers can refer to different solutions
of voltage-mode control of renewable energy systems in the
literature, e.g., dc bus signaling [85], [86].

IV. UNIFYING OPTIMIZATION AND REAL-TIME CONTROL

A. Without Generation Limits

Without loss of generality, it is first assumed that all sources
are operating within their generation limits. The solution to the
economic dispatch problem is the point where all incremental
costs, λis, reach a consensus. Therefore, the controller must
solve a synchronization problem among incremental costs of
all sources. In order to satisfy the equality constraint, a voltage
controller regulates the average of the voltages of all sources
at a reference value. This reference could be either the rated
voltage of the microgrid, or a set point provided by the tertiary
controller. If the average voltage is regulated and the system is
stable, the equality constraint is automatically met at the steady
state. Otherwise, if the sum of power demand and loss is more
(less) than generated power, the source voltages’ would increase
(decrease).

The proposed control framework for the converter i is shown
in Fig. 3(a) and includes a voltage regulator and a basic op-
timizer, which does not consider the generation limits. The
converter cooperates with neighbors on a communication graph
with the adjacency matrixA = [aij ] ∈ RN ×N . The voltage con-
troller and the optimizer generate two voltage correction terms
δv1

i and δv2
i , respectively. These terms are added to the mi-

crogrid’s global voltage set point, vref , to generate the voltage

command for converter i, vi,com . It should be noted that vref is
considered to be the rated voltage for all the sources. However, it
can be generated by the tertiary control system of the microgrid,
which can be a distributed controller [14].

The voltage regulator at converter i, shown in Fig. 3(b), esti-
mates the average voltage of all the converters in a distributed
fashion and generates a voltage correction term to regulate this
estimated average on the global set point vref [18]. A dynamic
consensus protocol is used at node i to estimate the average of
all the voltages

v̄i = vi +
∫ t

0

∑

j∈Ni

caij (v̄j − v̄i) dτ (13)

vi is the output voltage of converter i, v̄i is the average voltage
estimated by agent i, and c is the coupling gain between the volt-
age regulator and the optimizer. This estimated average voltage
is compared with the global set point vref to generate an error
term, which is then fed to a PI controller, Hi(s), to generate the
voltage correction term δv1

i .
The proposed optimizer is shown in Fig. 3(c). It uses a local

voting protocol to generate a neighborhood error term for the
control agent i

ei =
∑

j∈Ni

aij (λj − λi) . (14)

The error term ei can be written as

ei = −λi

∑

j∈Ni

aij +
∑

j∈Ni

aijλj

= −diλi +
∑

j∈Ni

aijλj

= di

⎛

⎝−λi +
∑

j∈Ni

aij

di
λj

⎞

⎠ (15)

i.e., the incremental cost of agent i, λi , is compared with a
weighted average of its neighbors,

∑
aijλj /di , to generate the

error term ei . This error term is then processed through a PI
controller to generate a voltage correction term, δv2

i , to regulate
converter i. Therefore, if the incremental cost of source i is less
(more) than the average of its neighbors, the controller increases
(decreases) its voltage correction term which, in turn, increases
(reduces) the voltage set point, current, power, and incremental
cost of source i. Considering the same process for optimizers
of all agents and proper controller design, all error terms, eis,
become zero at the steady state. This results in a consensus of
λis, as will be shown in Section VI. Considering N agents in
the graph, (15) can be also written in a matrix format as

e = −Dλ + Aλ = −Lλ (16)

where e and λ are the vectors of all eis and λis, respectively. A,
D, and L are the adjacency, in-degree, and Laplacian matrices
of the communication graph, respectively.



MOAYEDI AND DAVOUDI: UNIFYING DISTRIBUTED DYNAMIC OPTIMIZATION AND CONTROL OF ISLANDED DC MICROGRIDS 2333

Fig. 3. Proposed distributed control structure. (a) Cyber and physical connections. (b) Controller at node i and voltage regulator at node i. (c) Basic optimizer at
node i.

B. With Generation Limits

If a source reaches its maximum (minimum) generation limit,
it can no longer participate in the voting protocol in (14). Instead,
it keeps its generation at the maximum (minimum) level. As
shown in Fig. 4(b), by modifying the proposed optimizer, instead
of sharing only one variable with all the neighbors, agent i sends
distinct variables to each neighbor, i.e., λ̄

j
i to agent j, which

is referred to as the modified incremental cost of agent i for
agent j. In addition, the communication graph is considered to
be undirected, and, therefore, agent i receives λ̄i

j from node
j. As seen in Fig. 4(b), a flag is considered for each node,
i.e., fi for node i. This flag is determined by comparing the
weighted average of data sent from neighbors to the minimum
and maximum incremental cost of each source. Having (9),
one can write the minimum and maximum incremental cost of
source i as

{
λi,max = βi + 2γipi,max
λi,min = βi + 2γipi,min .

(17)

The flag fi determines the data to be sent to the neighbors
using a logical multiplexer

λ̄
j
i =

⎧
⎪⎪⎨

⎪⎪⎩

λi , fi = 0
k �=j∑
k∈Ni

λ̄i
k

|Ni | − 1
, fi = 1.

(18)

In order to describe the operation of the modified optimizer,
two different scenarios are considered in Fig. 5. In Fig. 5(a),

source i is considered to operate within its limits and fi = 0.
Assuming all the neighbors of agent i to have the same operating
condition, all neighbors’ flags are zero, i.e., fj = 0 for all j ∈ Ni .
Consequently

λ̄i
j = λj ∀j ∈ Ni. (19)

Accordingly, the error term ei can be written as

ei = di

⎛

⎝−λi +
∑

j∈Ni

aij

di
λ̄i

j

⎞

⎠ = di

⎛

⎝−λi +
∑

j∈Ni

aij

di
λj

⎞

⎠

(20)
which is exactly the same local voting protocol in (15). In this
state, if the microgrid load is increased such that the new con-
sensus point λ is more than λi,max , but less than λj,max for all
j ∈ Ni , the weighted average term in (20) becomes more than
λi,max . Consequently, as shown in Fig. 5(b), two changes occur
in the control agent i: 1) the weighted average of the neigh-
bors in (20) is bounded to λi,max , and the error term becomes
equal to

ei = di (λi,max − λi) (21)

which regulates λi at λi,max through the controller Gi(s). Ac-
cordingly, the output power of source i, pi is regulated on pi,max .
2) The output of the hysteresis comparator in agent i becomes
1, which, consequently, makes fi equal to 1. Therefore, instead
of λi , the second term in (18) is sent to the neighbors. It should
be noted that in this case, agent i sends different data to each
neighbor. The data sent to neighbor j by agent i are the average
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Fig. 4. Controller block diagram with modified optimizer. (a) Complete con-
trol system at node i. (b) Modified optimizer.

of the data received from all neighbors of agent i, except for
agent j. Agent i plays the role of a bridge for its neighbors, i.e.,
neighbors of agent i remain connected and transfer data through
node i. This process is explained in detail later in this section.

Once the microgrid load is decreased and the weighted av-
erage of neighbors in (20) becomes less than λi,max again, the
output of the hysteresis comparator and fi become zero, and
the control strategy returns to the one shown in Fig. 5(a). The
hysteresis comparators are used to avoid chattering. A similar
change happens when a source reaches its minimum generation
limit.

Agent changes its control strategy upon reaching its genera-
tion limit, the operation of other agents can be considered as a
cooperative control with the basic strategy shown in Fig. 3(c) and
a modified adjacency matrix, whose dimension is one less than
the original adjacency matrix. This is demonstrated in Fig. 6,
where agent 3 reaches its generation limit. The communication
graph is considered to be undirected and all nonzero communi-
cation weights are assumed equal. As seen in Fig. 6(a), when all
the sources are operating within their limits, each agent sends
its incremental cost to its neighbors. The adjacency matrix is
symmetric, and therefore, the corresponding Laplacian matrix
is balanced. Assuming that one of the sources, e.g., Source 3, has
reached its maximum/minimum generation limit, its agent send
different data to its three neighbors, i.e., average incremental
costs of every two neighbors to the third neighbor. Accordingly,
the communication among agents can be shown, as in Fig. 6(b),
which has a corresponding adjacency matrix, with the entries
of the third column and the third row all equal to zero. As node
3 acts only as a bridge among its neighbors, the new data ex-

Fig. 5. Different scenarios of modified optimizer operation. (a) When Pi lies
within its limits. (b) When Pi reaches its upper limit.

Fig. 6. Changes in information exchange in optimizer upon reaching a source
to its generation limit.

change pattern among the nodes can be represented with a mod-
ified graph with one node less than the original graph. Fig. 6(b)
shows this modified communication graph, where node 3 is
eliminated, and its corresponding adjacency matrix A′, which
is still symmetric with a balanced Laplacian matrix.

V. DYNAMIC MODEL DEVELOPMENT

A system-level dynamic model, consisting of the proposed
controller/optimizer, communication network, and the physical
microgrid (power converters and power distribution network),
is developed. Using the resulting model, one can see if the
control objectives, i.e., voltage regulation and minimization of
total generational costs, are achieved.
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A. Dynamic Model of the Distributed Controller

A more general case where one source has reached its maxi-
mum generation limit is considered, e.g., source N . Therefore,
as shown in Section IV-B, the cooperation among the first N − 1
agents can be considered as a local voting protocol given in (14)
with a modified adjacency matrix, whose corresponding bal-
anced Laplacian matrix is represented by L′ ∈ R(N −1)×(N −1) .
This general case can easily be modified for the case where no
sources, or more than one source, have reached their genera-
tional limits. Similar to (16), (14) for N − 1 sources can be
written in the matrix format as

eN −1 = −L′λN −1 (22)

where eN −1 = [e1 . . . eN −1 ]T and λN −1 = [λ1 . . .
λN −1 ]T ∈ R(N −1)×1 are the vectors of errors and incremen-
tal costs for the first N − 1 agents, respectively. Using (21),
the corresponding error term for source N , that has reached its
maximum generation limit, can be written as

eN = dN (λN,max − λN ) . (23)

As (22) is a set of N − 1 scalar equations and (23) is a single
scalar equation, the combination of two equations can be written
as a set of N equations in a matrix format

e = − (L′′λ + DN (λ − λmax)) (24)

where e = [ e1 . . . eN ]T , λ = [λ1 . . . λN ]T , and λmax =[
λ1,max . . . λN,max

]T ∈ RN ×1 are the global vectors of er-
rors, incremental costs, and maximum incremental costs, re-
spectively. DN is an N × N matrix, whose (N,N) entry is dN

and other entries are zero. L′′ is defined as

L′′ =

⎡

⎢⎢⎢⎣

0

L′ ...
0

0 . . . 0 0

⎤

⎥⎥⎥⎦ . (25)

One can write (24) as

e = − (L′′ + DN ) λ + DN λmax

= −L+λ + DN λmax (26)

where L+ is defined as

L+ =

⎡

⎢⎢⎢⎣

0

L′ ...
0

0 . . . 0 dN

⎤

⎥⎥⎥⎦ . (27)

Then, one can write (26) in the frequency domain

E = −L+Λ + DN Λmax (28)

where E, Λ, and Λmax = λmaxs
−1 are the Laplace transforms

of e, λ, and λmax , respectively.
Similarly, (10) can be written as

λ = β + 2Γp (29)

where β =
[
β1 . . . βN

]T ∈ RN ×1 and Γ = diag{γi} ∈
RN ×N . In the frequency domain

Λ = B + 2ΓP (30)

where P and B = βs−1 are the Laplace transforms of p and β,
respectively. Using (28) and (30), the optimizer output can be
written as

ΔV2 = −GL+Λ + GDN Λmax

= −GL+ (B + 2ΓP) + GDN Λmax (31)

where ΔV2 is the Laplace transform of δv2 =
[ δv2

1 . . . δv2
N ]T ∈ RN ×1 and G = diag{Gi(s)} ∈ RN ×N is

the PI-controller matrix of the optimizer.
On the other hand, as shown in [18], the average voltage

estimation in (13) can be written as

V̄ = s (sIN + cL)−1 V = HestV (32)

where V̄ and V are the Laplace transforms of v̄ =
[ v̄1 . . . v̄N ]T and v = [ v1 . . . vN ]T ∈ RN ×1 , respectively.
IN and Hest ∈ RN ×N are the identity matrix and the estimator
transfer function, respectively. It is shown in [18] that if L is
balanced, then all elements of v̄ converge to the average of ele-
ments of v at the steady state. Then, the voltage controller can
be written as

ΔV1 = H
(
Vref − V̄

)
= H (Vref − HestV) (33)

where ΔV1 are Vref are the Laplace transforms of δv1 =[
δv1

1 . . . δv1
N

]T
and vref =

[
vref . . . vref

]T ∈ RN ×1 , re-
spectively, and H = diag{Hi(s)} ∈ RN ×N . Then, the com-
manded source voltages can be written as

Vcom = Vref + ΔV1 + ΔV2

= Vref + H (Vref − HestV)

− GL+ (B + 2ΓP) + GDN Λmax (34)

where Vcom is the Laplace transform of vcom =
[ v1,com . . . vN ,com ]T ∈ RN ×1 . Equation (34) expresses the
controller output Vcom in terms of its inputs, Vref , V, and
P, and concludes the controller modeling.

B. Combined Microgrid and Controller Models

The overall system model can be obtained by combining the
controller and microgrid transfer functions. The input of the
microgrid transfer function is Vcom and its outputs are V and
P. Then, the system-level transfer functions, which are from the
system input, Vref , to the desired outputs, i.e., Λ and V, can be
found. The voltage-controlled converters in microgrids can be
represented as

Vi = Gi,cl(s)Vi,com (35)

where Gi,cl(s) is the closed-loop transfer function of the con-
verter i. Vi and Vi,ref are the Laplace transforms of vi and vi,ref ,
respectively. Considering all converters, (35) can be written in
a matrix format as

V = GclVcom . (36)
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The admittance matrix of the microgrid, Y, carries the pa-
rameters of the distribution grid, and its entries are defined as

yij =

⎧
⎪⎪⎨

⎪⎪⎩

− 1
zij

, i �= j

∑
k

1
zik

, i = j
(37)

where zij and zii are the impedance between bus i and bus j
and between bus i and ground, respectively. It should be noted
that the output node of each source is considered as a bus in the
microgrid, and the number of buses is equal to the number of
sources. The source currents can be written as

I = YV = YGclVcom . (38)

Once the transfer functions from Vcom to V and I are found,
the transfer function from Vcom to P must be found to complete
the system-level modeling using (34). Since each source output
is the product of its voltage and current, the transfer function
from Vcom to the vector of output powers P cannot be found
directly. Instead, using small-signal modeling, the perturbation
of source power i, p̃i , can be written as

p̃i = V̄i ĩi + ṽi Īi (39)

where V̄i and Īi are the output voltage and current of source i
at the operating point, respectively, and ṽi and ĩi are their per-
turbations, respectively. Since the current perturbation is much
larger than that of the voltage, (39) can be written as

p̃i � V̄i ĩi . (40)

The output voltage of source i at the operating point is the rated
voltage of the microgrid, Vrated . Then, (40) can be written as

p̃i = Vrated ĩi ∀i. (41)

Accordingly, (34) can be written as

Vcom = Vref + H (Vref − HestV)

− GL+ (B + 2VratedΓI) + GDN Λmax . (42)

One can define C � 2VratedΓ and write (42) as

Vcom = Vref + H (Vref − HestV)

− GL+ (B + CI) + GDN Λmax . (43)

Substituting Vcom and I from (36) and (38), one can write (43)
as

G−1
cl V = Vref + H (Vref − HestV)

− GL+ (B + CYV) + GDN Λmax . (44)

Using (44), the vector of output voltages V can be expressed as

V =
(
G−1

cl + HHest + GL+CY
)−1

×
(
(IN + H)Vref − GL+B + GDN Λmax

)
(45)

where IN ∈ RN ×N is the identity matrix. Accordingly, the vec-
tor of incremental costs Λ can be written as

Λ = Bs−1 + CY
(
G−1

cl + HHest + GL+CY
)−1

×
(
(IN + H)Vref − GL+B + GDN Λmax

)
. (46)

Due to the presence of the terms B and Λmax , (45) and (46)
are not in the form of transfer functions from Vref to V and
Λ. However, B and Λmax may be considered as step inputs to
the system and the transfer functions of the system with three
inputs, Vref , B, and Λmax , can be found. One can express (45)
and (46) as

{
V = TvvVref + TvβB + TvλΛmax

Λ = TλvVref + TλβB + TλλΛmax
(47)

where the six transfer functions in (47) are given by

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Tvv =
(
G−1

cl + HHest + GL+CY
)−1 (IN + H)

Tvβ = −
(
G−1

cl + HHest + GL+CY
)−1 GL+

Tvλ =
(
G−1

cl + HHest + GL+CY
)−1 GDN

Tλv = CYTvv

Tλβ = IN + CYTvβ

Tλλ = CYTvλ.

(48)

It is noteworthy that when no source has reached its generation
limits, the transfer functions can be found by setting L+ and DN

to L and 0, respectively.

C. Design Guidelines

Without loss of generality, one can set the controller parame-
ters considering that no source has reached its generation limits.
Considering the transfer functions in (48), the design parameters
are the weights of communication links (equivalently Laplacian
matrix L), coupling gain c (equivalently estimator transfer func-
tion Hest), and controller transfer function matrices, H and G.
After setting the Laplacian matrix L and the coupling gain c, one
can design the voltage regulator and optimizer controller ma-
trices, H and G, to provide any desired asymptotically stable
dynamic response, where all the poles of (48) lie in the open left
hand plane (OLHP). More studies are performed in Section VII
on a microgrid prototype to demonstrate the controller design
process.

VI. STEADY-STATE ANALYSIS

The steady-state performance of the proposed controller must
be analyzed to validate the fulfillment of the control objectives,
i.e., voltage regulation and cost minimization. The voltage set
point vi,ref is considered to be the same for all agents (vi,ref =
vref ,∀i). Accordingly, Vref can be written as

Vref = 1vrefs
−1 . (49)

One can assume stability of the output voltages. Accordingly,
V is a type 1 vector (has one pole at the origin and some
other poles in the OLHP). Therefore, the final value theorem
can be used to find the steady-state value of the output voltages
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vector, vss ,

vss = lim
s→0

sV

= lim
s→0

(
sG−1

cl + sHHest + sGL+ CY
)−1

×
(
s (IN + H) 1vref − sGL+ β + sGDN λm ax

)
. (50)

Since the controller matrices G and H are diagonal PI ma-
trices, they can be written as G = GP + GIs

−1 and H =
HP + HIs

−1 , where GP , GI , HP , and HI are constant di-
agonal matrices carrying the proportional and integral gains
of the controllers Gi(s) and Hi(s) for all the agents. In addi-
tion, the dc gain of the closed-loop transfer functions Gi,cl(s)
in (35) is one, i.e, Gcl = IN . In addition, as shown in [18],
lims→0 Hest = QN , where QN ∈ RN ×N is the averaging ma-
trix, whose entries are all 1/N . Therefore, (50) can be written
as

vss =
(
HIQN + GIL+CYdc

)−1

×
(
HI1vref − GIL+β + GIDN λmax

)
(51)

where Ydc is the dc admittance matrix of the microgrid, where
all the inductors are shorted and all the capacitors are opened.
Defining the diagonal matrix RI = G−1

I HI , one can express
(51) as

(
RIQN + L+CYdc

)
vss = RI1vref − L+β + DN λmax .

(52)

Then, one can define a modified averaging matrix as

Q′
N =

⎡

⎢⎢⎢⎣

0

QN −1
...
0

0 . . . 0 0

⎤

⎥⎥⎥⎦ (53)

whereQN −1 is the (N − 1) × (N − 1) averaging matrix. Given
Q′

N , DN , and L+ , and since L′ is balanced, one can conclude
that Q′

N L+ = 0 and Q′
N DN = 0. Therefore, by multiplying

Q′
N from the left in the both sides of (52), one can write

Q′
N RIQN vss = Q′

N RI1vref . (54)

In addition, according to definition of the averaging matrix,
QN vss = 1 〈vss〉, where the scalar 〈vss〉 is the average of the
elements of vss , i.e., the average of the output voltages at the
steady state. Accordingly, (54) can be written as

Q′
N RI1 〈vss〉 = Q′

N RI1vref . (55)

Since Q′
N RI1 is a nonzero vector, one can conclude that

〈vss〉 = vref , i.e., the average of the output voltages is equal
to the global voltage set point of the microgrid.

On the other hand, (52) can be expressed as

RI1 〈vss〉 + L+ (β + CYdcvss) = RI1vref + DN λmax
(56)

or, equivalently

L+λss = DN λmax . (57)

Fig. 7. Experimental setup of a dc microgrid. (a) Autotransformers. (b) Iso-
lation transformers. (c) Rectifiers followed by dc–dc buck converters. (d) Re-
sistive loads. (e) Distribution lines. (f) Programming and monitoring computer.
(g) dSPACE DS1103 control boards.

Fig. 8. Electrical and cyber connections of the prototyped dc microgrid.

Substituting L+ from (27), one can write (52) as
{

L′λss
N −1 = 0

λss
N = λN,max .

(58)

Since the modified Laplacian matrix L′ has a spanning tree, the
first expression in (58) results in the same values for λss

1 to λss
N −1 .

Therefore, the incremental costs are balanced at the steady state
for sources that have not reached their limits. For a source N
that has reached its limit, the incremental cost (output power) is
regulated at its maximum value.

VII. EXPERIMENTAL VERIFICATION

A dc microgrid setup, including four energy sources and four
resistive loads as shown in Fig. 7, is prototyped to study the
performance of the proposed controller. Each energy source
is implemented using an isolation transformer, an autotrans-
former, and an ac–dc buck converter. The isolation transformers
are used to provide galvanic isolation, while the autotransform-
ers are used to adjust the input voltage of the converters. A
dSPACE DS1103 control platform is used to implement the pro-
posed control routines. Fig. 8 shows the schematic of electrical
connections of the microgrid and the sparse communication net-
work spanned among the sources. The distribution lines among
the sources are represented with π-models. The electrical spec-
ifications of the prototyped microgrid are tabulated in the Ap-
pendix. The buck converters’ parameters and the cost-function
coefficients of each source are also provided in the Appendix.
The communication links are all bidirectional. The communi-
cation weights are aij = aji = 1.25 for any pair of connected
agents (i, j). Other control parameters can also be found in the
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Fig. 9. Block diagram of the control system inside DS1103 platform.

Appendix. It should be noted that the proposed distributed con-
trol method is replicated in detail with separate modules on a
dSPACE control platform. The modular implementation of the
distributed system is shown in Fig. 9, where the control agents
and communication channel models are implemented in a fully
distributed fashion. Using this method of implementation, the
single dSPACE controller behaves as if there are a group of
physically separated controllers cooperating through communi-
cation links to handle the control objectives. Each module has its
own enable/disable control input, which allows us to replicate
the failure in different parts of the system. Using this setup, the
frequency-domain characteristics are studied. In addition, the
prototyped microgrid is simulated in MATLAB/Simulink using
PLECS blocksets. Then, the proposed controller performance
is verified through different cases studies, including simulation
and experimental, in two categories, i.e., normal operating con-
dition and faults.

A. Frequency-Domain Characteristics

To design the control parameters, the frequency response of
the transfer functions in (48) can be studied. For brevity, the
voltage transfer functions Tvv and Tvβ are studied. Without
loss of generality, it is assumed that none of the sources have
reached their limits. Since all elements of Vref are considered
to be the same, one can write

TvvVref = Tvv1Vref = TvvVref (59)

where element i of Tvv is the sum of elements on the ith row of
Tvv . For a system of four sources, Tvv is a 4-by-1 matrix. The
Bode diagrams of the four elements of this matrix are shown in
Fig. 10. The closed-loop transfer functions of individual con-
verters Gi,cl are first extracted experimentally; then, the transfer
functions are obtained using (48) and (59). As shown, all volt-
age transfer functions exhibit a similar response to the change of
voltage set point. The transfer function Tvβ is a 4-by-4 matrix
and the Bode diagrams of the four elements of its first column
are presented in Fig. 11, which are transfer functions from the
incremental cost coefficient B1 to all output voltages. As seen,
at low frequencies, the output voltage V1 has the largest response
to the perturbation of B1 compared to other three voltages. V2

Fig. 10. Transfer functions from the voltage set point Vref to output
voltages Vi .

Fig. 11. Transfer functions from cost coefficient B1 to output voltages Vi .

have a small amplitude response, but V3 and V4 has inverse
responses (−180◦ phase). It should be noted that since Vref is
not changed and the controller maintains the average (sum) of
voltages constant, the sum of four responses at low frequencies
(steady-state) must be zero, which can be seen in Fig. 11.

Next, the poles of the first element of Tvv are found using an
estimation of the transfer function in (48). It should be noted that
since the original transfer function has a high order, a second-
order estimation is obtained for this study. The movement of
the two poles of the system is shown in Fig. 12 as the nonzero



MOAYEDI AND DAVOUDI: UNIFYING DISTRIBUTED DYNAMIC OPTIMIZATION AND CONTROL OF ISLANDED DC MICROGRIDS 2339

Fig. 12. Pole movements, for the transfer function from Vref to V1 , as com-
munication weight change.

Fig. 13. Controller performance in cost minimization and voltage regulation.
(a) Voltages. (b) Powers. (c) Incremental costs. (d) Costs.

Fig. 14. Steep load change. (a) Voltages. (b) Powers. (c) Incremental costs.
(d) Costs.

communication weights of the network change from 1.25 to 2.5
(red asterisks show the poles at aij = 1.25). As seen, the system
has two real poles on the OLHP and they move toward origin as
the communication weights increase.

B. Performance Verification Under Normal Operation

The controller performance upon activation is verified in
Fig. 13. First, the proposed control system is disabled, and the
rated voltage of the microgrid is assigned as the set points of
all converters. Fig. 13(a) shows that all the output voltages are
initially regulated at 48 V. At t = 6.2 s, the proposed controller
is activated to adjust the output voltages, which accordingly
changes the output powers so that all the λis reach a consensus
at 3.85 ¢/W after a short transient time [see Fig. 13(a)–(c)]. It
can be seen in Fig. 13(d) that the total cost C, which is the sum
of four individual costs Ci , becomes less upon activating the
proposed controller.

Next, the controller efficacy, in a case of a steep load change,
is verified. As seen in Fig. 14, the controller is performing well
at the beginning, where a consensus on λis is established at
3.85 ¢/W. The load of the second converter, R2 , is changed



2340 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 32, NO. 3, MARCH 2017

Fig. 15. Simulation results for the same study of Fig. 14. (a) Voltages.
(b) Powers. (c) Incremental costs. (d) Costs.

from 16 to 5.3 Ω at t = 3.8 s. This increased load requires
more generation to maintain the equality constraint in (6). Ac-
cordingly, as seen in Fig. 14(a), the average output voltage is
maintained at the global reference voltage, 48 V. Therefore, the
output powers of all of the sources are increased so that the λis
reach a new consensus at 5.4 ¢/W after a short transient [see
Fig. 14(b) and (c)]. Given the increased total power, the total
cost has increased too, but it is still the minimum cost for the new
loading configuration [see Fig. 14(d)]. As shown in Fig. 14(a),
the load R2 is reduced from 5.3 to 16 Ω at t = 11.4 s, which
decreases the total power demand. Accordingly, the voltages go
back to their initial values, the output powers are decreased to
maintain the equality constraint in (6), and λis reach a consensus
at their initial values. The simulation results for the same test
are presented in Fig. 15 and show an acceptable match between
the simulation and experimental results.

To verify the controller performance in the presence of storage
units, the previous simulation setup is modified by adding a
battery at Bus 4. The battery is modeled by an internal voltage
source of 48 V and an internal resistance of 0.5 Ω. As seen
in Fig. 16, the battery provides (absorbs) energy for (from) the

Fig. 16. Simulation results for the same study of Fig. 14 with a battery added
at Bus 4. (a) Voltages. (b) Powers. (c) Incremental costs. (d) Costs.

microgrid and decreases (increases) the total generation cost,
when the voltage at Bus 4 is less (more) than 48 V. In addition,
the incremental cost matching is established during all the times.

Next, the controller performance, when a source reaches its
maximum generation limit, is studied. The third converter had
reached 240 W in Fig. 14(b). In the current study, the third
converter output is limited to 200 W. Once R2 is changed from
16 to 5.3 Ω at t = 5.4 s, all the output powers must increase
to maintain the equality constraint between the generation and
consumption. However, p3 cannot exceed its maximum limit
and is limited to 200 W [see Fig. 17(b)]. Accordingly, λ3 can-
not join the consensus with the other three λis and is regulated
at its maximum value, λ3,max = β3 + 2γ3p3,max = 4.6 ¢/W,
while the other λis reach a consensus at 5.8 ¢W. The new
consensus value is larger than that of the previous study be-
cause the three participating sources must generate more power
to compensate for the limitation imposed on the third con-
verter. In addition, Fig. 17(d) shows that the total generation
cost is slightly greater than that of the previous study (i.e.,
2548 ¢ compared to 2518 ¢). As seen in Fig. 17, the com-
munication among three participating agents for optimizer can
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Fig. 17. One source reaches its maximum generation limit. (a) Voltages.
(b) Powers. (c) Incremental costs. (d) Costs.

be represented with a modified graph with three nodes. It
should be noted that the communication graph used for both
optimization and voltage regulation remains the same graph
with four nodes. However, since the incremental cost of source
3 is not passed to its neighbors, the communication of the agents
for optimization is represented by a graph with three nodes. The
load resistance is changed back to 16 Ω at t = 18.1 s, which
causes all the states (e.g., voltages, currents, powers) to go back
to their initial conditions.

Next study verifies the controller performance in presence
of controllable loads. To this end, one of the resistive loads in
the system, i.e., R1 , is replaced with an electronic load set on
constant power mode with 200 W. The results are reported in
Fig. 18, where one of the resistive loads, i.e., R2 is changed
from 16 Ω to 5.3 Ω at t = 1 s, while the controller is enabled.
As seen in Fig. 18(c), incremental cost matching among sources,
which is established before the load change, is established again
after the load change, which accordingly modifies the source

Fig. 18. Controller performance in presence of constant power loads.
(a) Voltages. (b) Powers. (c) Incremental costs. (d) Costs.

voltages. The resistive load is changed back from 5.3 to 16 Ω
at t = 7.2 s, which causes the controllers to bring back all the
incremental costs to their initial values.

The controller performance, when the cost function is
changed, is reported in Fig. 19. The proposed controller is oper-
ating under the default condition, until t = 3.9 s when one of the
cost coefficients of source 1, i.e., γ1 , is changed from 0.017 to
0.011 ¢/W2 . As the generation cost of source 1 is decreased, its
incremental cost λ1 drops instantly [see Fig. 19(c)]. Therefore,
by changing the output voltages, source 1 increases its output,
while the other three sources decrease theirs to maintain the
generation–consumption balance [see Fig. 19(b)]. Accordingly,
the other three λis reach a new consensus with λ1 at 3.5 ¢/W.
As seen in Fig. 19(d), the total cost is reduced from 1463 to
1396 ¢. As shown in Fig. 19(a), the cost function coefficient of
source 1 is changed back to its initial value at t = 16.7 s, which
brings back the system to its initial condition.

Next, the effects of changes in communication links char-
acteristic, i.e., channel bandwidth and delay, on the controller
performance are studied. At the beginning of each experiment,
the controller in disabled (see shaded parts in Figs. 20 and 21)
and, then, becomes active. As shown in Fig. 20, a wide range



2342 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 32, NO. 3, MARCH 2017

Fig. 19. Controller performance with the change in the cost function.
(a) Voltages. (b) Powers. (c) Incremental costs. (d) Costs.

of communication bandwidths is selected in the experiments,
i.e., 100, 10, and 1 kHz, while the delay time is set to 20 ms.
Comparing the results of Fig. 20, no significant difference can
be observed. The controller performs well in load sharing for
all different bandwidths. Three different delay times, i.e., 0.02,
0.2, and 2 s, are selected to study the delay effect, while the
bandwidth is set to 1 kHz (see Fig. 21). No significant differ-
ence can be observed between performances for delay times of
20 and 200 ms. In both cases, the incremental cost matching
is established after short-time dynamics, preceding controller
activation. However, in the case of td = 2 s, the transients take
much longer to decay. However, the overshoots/undershoots re-
main intact and the controller performs well at the steady state.
Overall, it can be concluded that the controller performance has
immunity to delay times as long as 200 ms and bandwidths as
low as 1 kHz. Therefore, common communication protocols,
such as WiFi and UWB, are possible choices. Interested readers
are encouraged to read more details on communication links
characteristics in distributed systems in [79], [87], and [88].

Fig. 20. Effect of bandwidth of communication channel on controller
performance.

Fig. 21. Effect of communication delay on controller performance.
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Fig. 22. Controller response to the source failure. (a) Voltages. (b) Powers.
(c) Incremental costs. (d) Costs.

C. Performance Validation Under Faults

The plug-and-play capability of the proposed controller is ver-
ified next when the second converter has failed and recovered.
As shown in Fig. 22(a), the system is operating under normal
condition until t = 5.6 s, when the second converter has failed
and the communication links of Node 2 are disabled, which
modifies the communication graph (see Fig. 22). The voltage
controller regulates the average voltage of the other three sources
at 48 V. The remaining three sources increase their generation
to compensate for the failure of Source 2. Accordingly, their in-
cremental costs increase and reach a new consensus at 5 ¢//W.
Then, at t = 18.2 s, the failed source is recovered, which estab-
lishes its communication links, and reaches a new consensus at
the initial value of 3.85 ¢/W by changing the output voltages.

The last study verifies the controller performance when the
communication links are compromised. As seen in Fig. 23(a),
the microgrid is operating under normal conditions until t =

Fig. 23. Controller response to the link failure. (a) Voltages. (b) Powers.
(c) Incremental costs. (d) Costs.

TABLE I
ELECTRICAL SPECIFICATIONS OF THE PROTOTYPED MICROGRID

Item Value

Rated voltage 48 V
Distribution line resistance 1 Ω
Distribution line inductance 112 μH
Distribution line capacitance 44 nF
Converters’ rating 400 W

4.1 s, when the communication link 2-3 fails, although the
graphical connectivity remains intact and the controller remains
functional. Then, at t = 7.75 s, the communication link 3-4 is
also disconnected, which violates graphical connectivity and
isolates Node 3. All converters, however, maintain their pre-
vious output voltages. However, once R2 is changed from 16
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TABLE II
ELECTRICAL PARAMETERS OF BUCK CONVERTERS

Converter v in (V) Lo u t (mH) Co u t (mF) R (Ω)

Converter 1 100 3.10 2.10 23
Converter 2 90 3.11 2.12 16
Converter 3 80 3.09 2.07 29
Converter 4 70 3.12 2.19 18

TABLE III
COST FUNCTION COEFFICIENTS OF SOURCES

Source α (¢) β (¢/W) γ (¢/W2 )

Source 1 100 0.80 0.017
Source 2 120 0.65 0.012
Source 3 85 0.60 0.010
Source 4 90 0.90 0.018

to 5.3 Ω at t = 9.1 s, the third converter, which is graphically
isolated, cannot adapt its voltage for the new loading condition.
The other three sources adjust their voltages to increase their
generation and meet the additional demand. The three remain-
ing sources bring their incremental costs to a consensus, which
is suboptimal as expected when the graphical connectivity is
lost. Link 3-4 is retrieved at t = 20.3 s, which establishes the
graphical connectivity and leads to global consensus among λis.
Accordingly, the generation cost in decreased and the optimal
operating point is achieved. It can be seen that the proposed co-
operative controller performs well so long as the communication
graph remains connected. Finally, at t = 29.7 s, R2 is changed
back to 16 Ω and the system returns to its initial condition.

VIII. CONCLUSION

A distributed coordination and optimization paradigm is in-
vestigated to coordinate source voltages and optimally share
power among sources within a dc microgrid. The proposed
method solves an economic dispatch problem to optimize the
power sharing among sources by matching the incremental
costs of neighbor sources. A voltage regulator takes care of
the generation–demand equality constraint by regulating the av-
erage voltage of the sources, while an optimizer matches their
incremental costs. Both controllers are implemented in a fully
distributed fashion, and generate voltage correction terms which
are added to the rated voltage and provide the voltage set point
of dc–dc converters. The optimizer is modified to take care of
generation-limit inequality constraints by excluding the source
from the incremental-cost consensus protocol. A dynamic model
of the proposed controller is extracted, and the steady-state anal-
ysis is performed to validate the desired performance of the pro-
posed controller. The experimental results verify the efficacy of
the proposed controller in power sharing and under physical and
cyber fault conditions.

APPENDIX

Electrical specifications of the prototyped microgrid are tab-
ulated in Tables I. In addition, Electrical parameters of the buck
converters and the cost function coefficients of the sources are
tabulated in Tables II and III, respectively. The coupling gain
c is 20. The diagonal matrices of PI controllers of the voltage
regulator are

HP = 0.01 ×

⎡

⎢⎢⎢⎣

5 0 0 0
0 4 0 0
0 0 5 0
0 0 0 6

⎤

⎥⎥⎥⎦ , HI =

⎡

⎢⎢⎢⎣

1.2 0 0 0
0 1.3 0 0
0 0 1.1 0
0 0 0 1.4

⎤

⎥⎥⎥⎦

(60)
and those of the optimizer are

GP =

⎡

⎢⎢⎣

1.1 0 0 0
0 1 0 0
0 0 1.2 0
0 0 0 1

⎤

⎥⎥⎦ , GI =

⎡

⎢⎢⎣

7 0 0 0
0 7.4 0 0
0 0 6.6 0
0 0 0 7

⎤

⎥⎥⎦ .

(61)
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