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Mathematical Analysis of Omnidirectional Wireless
Power Transfer—Part-I: Two-Dimensional Systems
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Abstract—This two-part paper aims at providing the basic math-
ematical theory of omnidirectional wireless power transfer (WPT).
Based on current vector control, the magnetic field vector can be
generated and pointed at any direction, thus achieving genuine
omnidirectional wireless power flow. Part-I of this paper contains
the mathematical analysis of the two-dimensional (2-D) system.
The 2-D analysis shows that the total input power and the system
energy efficiency of the WPT system can be expressed as functions
of the angle of the input magnetic field vector. These functions fol-
low the Lemniscates of Bernoulli on the 2-D plane. The directional
nature of such curves provides the crucial information of the loca-
tions of the receivers so that the wireless power can theoretically be
directed to the loads efficiently. The 2-D theory is presented here
with the support of experimental verification. Understanding the
2-D omnidirectional WPT theory would make it relatively easy to
appreciate the three dimensional one reported in Part IL.

Index Terms—Magnetic resonance, omnidirectional wireless
power, wireless power transfer.

1. INTRODUCTION

HE wireless power transfer (WPT) system based on mag-
T netic resonance for short- and mid-range power transfer
was reported by Nicola Tesla a century ago [1]. With the ma-
turity of power electronics for providing high-frequency power
supply and the availability of Litz wire for the coil resonator with
a high quality factor in the 1980’s, WPT has got the required
technologies and attracted a lot of attention. WPT research and
developments have been applied to medical implants [2]-[5],
inductive power transfer systems [6]—-[9], and wireless charging
systems for portable equipment such as mobile phones [10]-
[15]. While most of the previous works focus on directional
WPT, the idea of using orthogonal coils for omnidirectional
WPT is addressed in [16], which highlights the point that iden-
tical currents in the orthogonal coils will not lead to true omni-
directional WPT. This point is also confirmed with experiments
in [17]. Recent advancements in the control principles of true
omnidirectional WPT have been reported in [18].
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Fig. 1. Two-dimensional omnidirectional WPT system with a loaded receiver
coil resonator.

So far, there is still a lack of theoretical understanding of
omnidirectional WPT. Parts I and II of this paper aim at provid-
ing the theoretical basis on which two-dimensional (2-D) and
three-dimensional (3-D) omnidirectional WPT systems can be
analyzed so that their characteristics can be identified and ex-
plored. In Part-I, a theoretical analysis of 2-D omnidirectional
WPT is presented. This paper is an extended version of [22]. It
analyzes the relationships of the input power, output power, and
energy efficiency for any angular position between the load and
the magnetic field vector generated by two orthogonal trans-
mitter coils. It is demonstrated that by using proper current
control, “rotating magnetic field vector” can be generated and
that the total input power, output power, and energy efficiency
of the system follow the Lemniscates of Bernoulli. Under the
said operating conditions, the energy efficiency of the whole
system should reach maximum point or minimum point just
as the sinusoidal-shaped input power reaches its maximum or
minimum point along the angular position. Therefore, this phe-
nomenon could be used to locate the positions of the receivers
with only a few measurements on the input (transmitter) side.
Consequently, wireless power can be directed to the receivers
in an energy efficient manner. These features derived from the
theory have been practically identified in an experimental setup.

II. THEORETICAL ANALYSIS OF 2-D OMNIDIRECTIONAL WPT

A 2-D WPT system is shown in Fig. 1, in which the first (red)
coil and the second (green) coil are two orthogonal transmit-
ter coils, and the third (pink) coil is the receiver coil loaded
with a series resonant capacitor and a resistive load Rjgaq.
The use of orthogonal transmitter coils for omnidirectional
WPT systems has previously been addressed in [16], [17], and
[21]. Orthogonal coils have theoretically no mutual inductance.
The nonidentical current control reported in [17] and [21] cre-
ate a rotating resultant magnetic field vector in 2-D and 3-D
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Fig.2.  Schematic diagram of the two orthogonal transmitter coils and a typical
rotating magnetic field vector.

omnidirectional manners. It has been pointed out that identical
currents in the two orthogonal coils cannot generate the rotating
magnetic field vector in a truly omnidirectional manner [16],
[17]. The nonidentical current method has been proposed to
ensure genuine omnidirectional WPT. For a 2-D WPT system,
the two orthogonal transmitter coils are excited with two non-
identical ac current sources I; and I, in order to generate the
magnetic field vector. There are different forms of nonidentical
currents that can generate the rotating magnetic field vector for
omnidirectional WPT. In this analysis, these two current sources
have the same frequency and phase, but are different in terms of
their amplitude modulation functions. Mathematically

Li|  |cost
{IJ o [Sinﬁ] I

where cosf) and sinf are the amplitude modulation functions of
I; and I, respectively; 6 is the physical angle of the resultant
magnetic field vector on the 2-D plane as shown in Fig. 2, and /
is a sinusoidal time function. The resultant magnetic field vector
is the vectorial sum of the two individual magnetic field vectors
formed by the two current-excited transmitter coils as shown
in Fig. 2, where 0 is the angle and 0° < 6 < 360°. Assuming
that the receiver can be placed around the transmitters with its
plane facing the center of the transmitter coils (i.e., the origin
of the coordinates of the transmitter coils) as shown in Fig. 3,
then, the receiver will always pick up power; hence, a 2-D
omnidirectional WPT system can be formed.

The coupled circuit equation of the three-coil WPT system
is given in (2) as shown at the bottom of the page. U; and
U, are the equivalent voltages of the transmitter circuits that

ey
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Fig. 3. Geometrical relationship of a loaded receiver coil resonator in a 2-D
omnidirectional structure.
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Fig. 4. Energy efficiency of the 2-D WPT system when the receiver-load is
placed around the origin of the two transmitter coils (which are excited with
another nonidentical current control with the two currents of the same magnitude
and a phase difference of 90°). [17], [18].

provide the current sources I; and I, for the two transmitter
coils. If all the parameters in the matrix in (2) are known (i.e.,
L;, R;, and M;; could be measured or calculated [19], C; and
Rjpaq could be measured or identified by evolutionary approach
using measured input voltages and currents at the transmitter
side [20]), then, Uy, Uy, I3, the power transmitted from the
two transmitters to the receiver, and the overall efficiency of the
power transmitting can be calculated.

Fig. 4 shows the simulated energy efficiency results against
the angular position for a 2-D omnidirectional WPT system in
which the two transmitters are driven by two current sources
which have the same magnitude but with a phase difference
of 90°. (Note: this is another form of the nonidentical current

. 1 . .
U1 Rl +7 (WLl — m) jleg ]leg 11
UQ = jwM12 RQ -|—j (ng - wsz) jwM23 IQ (2)
0 . : . I
JwMi3 JwMas R3 + Rioad +J (WLs - ﬁ) ’



LIN et al.:

1.0
0.9
0.8 -
0.7
0.6 -
0.5 -
0.4 -
0.3
0.2
0.1
0.0

Efficiency

R e R e el B

90 135 180 225 270 315 36
0 (Degree)

I
[

Fig. 5. Efficiency when the magnetic vector is rotating around the origin and
the load is placed at 45°.

method used in [17].) The energy efficiency is obtained by plac-
ing the load in different angles over 360° in the presence of a
rotating magnetic field vector. The parameters used for the sim-
ulation are: the two transmitter coil diameters are d; = 0.3 m
and dy = 0.3 m, the number of turns in the transmitter coils
are 71 = 11 and To = 11, the self-inductance values of the two
transmitters are L1 = Ly = 82.03 pH, the receiver coil’s diam-
eter is d3 = 0.3 m, the number of turns of the receiver coil is T3
= 11, the self-inductance of the receiver coil is L3 = 82.03 uH,
the distance between the transmitters’ center and the receiver’s
center is d = 0.3 m, C; = Cy = C3 = 1 nF, the transmitter coil
resistances are Ry = Ry = 0.9998 (2, the receiver coil resistance
is R3 = 0.9998 (), the load resistance is Rj,,q = 10 €2, the op-
erating frequency f = 535 kHz (w = 3.36 * 10° rad/s), and the
transmitter coil current magnitude is 0.15 A. The position of the
receiver is expressed in polar coordinates: d £ «, where « is the
angle as shown in Fig. 3.

This kind of rotating magnetic field will ensure that the load(s)
at any direction on the 2-D plane can pick up power [17], [18].
It is the simplest form of a 2-D omnidirectional WPT system,
although it is not necessarily the most efficient way to power the
load, especially when there is only one load in the plain (because
the rotating magnetic field vector will point at a range of angles
where there is no load). When there is only one receiver in
the WPT system, it is better to direct the magnetic field vector
to point directly at the receiver in order to achieve the optimal
performance [17], [18]. Fig. 5 shows the energy efficiency of the
same setup when the resultant magnetic vector generated by the
input current I; and I» as shown in (1) rotating around the origin
along with 6 increasing, and the receiver’s position is placed at
« = 45° as shown in Fig. 3, where d = 0.3 m. The maximum
efficiency in Fig. 5 is much higher than the maximum efficiency
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Comparison of Figs. 4 and 5 indicates that the optimal strategy
is to scan the magnetic field vector to detect the load positions
(omnidirectional load detection) and then to focus the power
toward the load directions (directional power flow control) as
explained in [21].

Since the two transmitter coils are orthogonal to each other,
M5 = 0. Equation (2) could be rewritten as (3) shown at the
bottom of the page.

After substituting (1) into (3)

U, R+ 35X, 0 JwMus
Uy | = |0 Ry + 7 X5 JwMoag
0 JwMi3 JwMss  Rs + Rigaa + 7 X3
IcosO
x | Isinf 4)
I3
where
X = (wly — ! X9 = (wly — ! X
1= 1 (A)Cl y A2 — 2 UJCQ y A3

1
Lo — ——
wis wC’3

A. Load Current Calculation

From (4), it can be shown that

ju)MlglCOSG —|—jwM23[sin9 + (Rg + Rload +jX3)Ig =0

©)

Rearranging (5) leads to

Jwl .
I; = — - M;5cos0 + Myssinf 6
s RS + Rload +.7X3 ( " 2 ) ( )
or
Jwl/ Mz, + M2, . ( My )

3= — —2gin | atan——= + 0 7
’ R3 + Rioad + 7 X3 23 2

where the amplitude of 3 is
Tw\/M}E + M3
wy Miy + My, _ sin <
\/(R3 + Rioaa)? + X3

Equation (8) provides the load current information.

M,
I3 atanM—l?’ + 0

23

) o

B. Output Power Calculation

1) Poaa: Load power

The load power can be expressed as
Rigaaw® (M7 + M3;)
(Rs + Rioad)? + X3

-Pload = I;?Rload = -[2 <

which is shown in Fig. 4. The calculations of the input power wsin? [ at My ! 9)
and output power as well as the efficiency will be shown below. e Moy (
U, R+ (WLl - m) 0 JwM3 I,
U, | = o Ry +j (wla = 55 ) jw My I, 3)
0 . . . I
JwMis JwMas R3 + Rigad +J (WL3 - wlT}) ’
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Fig. 6. Load power plot (in the form of a Lemniscate of Bernoulli).

Equation (9) can be simplified as (10), which is in the form of
a Lemniscate of Bernoulli as shown in Fig. 6. The load power
is represented in Fig. 6 as a vector with a magnitude and a
direction. The positive direction is defined by the right-hand
rule of the current flowing in a coil

Pload = Kz_pI” Rigaasin® (yo_p +0) (10)
where
MQ(MQ‘ + MZ)
- i3 23 11
P (R + Rioaa)® + X3 4b
M3
_p = atan—— 12
Yo-D Vs (12)

When sin® (vo_p +0)=1,ie,v_p+0= %or 37”, Pioaa
reaches its maximum value

-Pload,max = K27D IQRload (13)

When sin?(yo_p +60) =0, ie.,y2-p +0 =0o0rm, Poaq
reaches its minimum value

Poad_min =0 (14)
2) P,y Power Picked Up by the Receiver
The equation of the power transferred to the receiver is
Pyt = I3 Rs + I§ Rioaa
= Ky_pI*(Rs + Rioaa)sin® (12-p +0)  (15)

It can be seen that the power received is also a Lemniscate
of Bernoulli, as shown in Fig. 7. Again, the output power is
represented as a vector with a magnitude and a direction.

When sin’(y,_p +6) =1, ie.yo.p +6 = g or 37 Pt
reaches its maximum value

Pout,max = K27DIQ(R3 + Rload) (16)
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Fig. 7. Plot of the power picked up by the receiver (in the form of the Lem-
niscate of Bernoulli).

When sin’(yo_p +60) =0, ie.,y2p+60=0o0rm, P,y
reaches its minimum value

Pout,min =0 (]7)

C. Input Power Calculation

The power losses in the two transmitter coils and the receiver
coil are

Posst = IT Ry = I? Rycos™0 (18)
Ploss2 = Iz Ry = I? Rysin®6 (19)
Pows = IRy (20)
The load power is
Pioad = I3 Riad (21
The total input power is therefore
Py = Ploss1 + Poss2 + Plosss + Pload (22)

Substituting (8) and (18)—(21) into (22) results as follows:

(R3 + Rigaq)w? (M7y + M3y)
(R3 + Rioaa)? + X2

P,=1T ((Rlcos26’ + Rysin®6) +

x sin® (atan%—;z + 9)) (23)
Equation (23) can be reexpressed as follows:
Py = I*(Ri + (Ry — Ry)sin®0
+ Ky-p(Rs + Ripaa)sin®(ye-p +0))  (24)
If Ry = Ry =R, then
Py = IR+ Ky _pI*(R3 + Ripaa)sin®(y2-p +60)  (25)

It is a deformed Lemniscate of Bernoulli in which the de-
formation occurs near the origin of Fig. 8. It should be noted
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Fig. 8. Plot of the input power (in the form of a deformed Lemniscate of
Bernoulli).

that the difference between (15) and (25) is the term I°R in the
right-hand side of (25). This extra PR term is the reason for the
deformation of the Lemiscate near the origin.

When sin®(vo-p +6) =1, ie,y2-p +0=Z%or2l, P
reaches its maximum value as

Pin,max = [2 (R + K27D (RS + Rload))

When sin’(y, p +60) =0, ie,yo.p+0=0orm, Py
reaches its minimum value as

(26)

Hn,min - 12 R (27)

D. Efficiency Calculation
The energy efficiency is mathematically expressed as
Pload _ Ky p I? Ripaa sin (72—D + 6)
-Pin 12R+ KQ—DIQ(R3 +R10ad)Sin2(’72—D +9)
Ky_p Rigaasin® (y2-p +6)
R+ Ky-p(Rs + Riaa)sin® (12-p +0)
Rluad

R
oot T (s + Rioaa)

When sin’(yo p +6) =1, ie,yop+0= Forsr,
reaches its maximum value, just as P, does. Thus

Rload
+ (R3 + Rload)

hmax = —pR (29)

Ky p

When sin?(vy,_p +6) =0, ie, 4_p+0=0orm, n
reaches its minimum value

Thmin = 0 (30)

Figs. 6-8 could also be represented in the Cartesian coordi-
nate system. As an example, Fig. 9 shows the simulated results
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Fig. 9. Energy Efficiency plots when the receiver is placed at different angle

« and the receiver’s center d = 0.3 m, and the two transmitter coils producing
a rotating magnetic field.

of the energy efficiency for the 2-D omnidirectional WPT sys-
tem in the Cartesian coordinate system with fixed transmitters—
receiver distance d = 0.3 m and angular positions of 0°, 45°,
90°, and 135°.

E. Physical Implications of the Input Power in the Form
of the Lemniscate of Bernoulli

Since input power can be measured on the transmitter side, its
Lemniscate of Bernoulli offers important information in relation
to the direction of the load, load resistance, and the load power.
Considering (11) and (12) in relation to (25), the input power
equation in (25) consists of five known parameters (w, I, R, R3,
and X3) and three unknown variables (M3, Ms3, and Rj,,q). The
three unknowns can be theoretically calculated by measuring the
input power at three different angles 6, , 65,03

Pyi = PR+ Ky pI*(R3 + Rigaa)sin® (yo—p + 61)
Py = I’R+ Ky_pI*(R3 + Rigaa)sin® (yo_p + 62)

Py =IPR+ Ks_pI*(Rs + Rigaa)sin® (ya_p + 03)
(31)
With the load resistance R),,q determined, the angular loca-
tion of the load can also be found. To illustrate this idea, first
rewrite (25) as

Py, =I*R+TI?Ay psin®(y,_p +0) (32)

where As_p is a constant and As_p = Ko_p(Rs + Rioad)-
The total input power curve versus 6 is a sinusoidal relationship
with a known offset 12 R. One can use only two measurements
of the total input power at different current vector angles (61, 65)
to calculate Ay _p and v, _ p, then predict the angle 6,,,, at which
the maximum input power will be achieved. From (10), (16),
and (29), it can be observed that the load power, the output
power (power picked up by the receiving coil), and the energy
efficiency will reach their maximum at the angle 6,,, as the input
power does. Therefore, the angle of the load can be determined
theoretically. In practice, the locations of the loads can also be
determined by the power vectors reported in [21].

In the above analysis, it is assumed that the center of the
receiver coil faces the transmitter system. If the plane of the
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receiver coil is parallel to the 2-D plane of the 2-D WPT system
and passes the center of the transmitter coils (i.e., the origin of
the coordinates of the transmitter coils), the receiver will not
receive any power theoretically. This is an inherent limitation of
a 2-D WPT if the receiver consists of only one planar receiver
coil. To overcome this problem, two orthogonal coils can be
used to form the receiver coil as explained in [16].

F. Electromagnetic Position

The angle of the magnetic field vector # at which the max-
imum power flows may not be identical with the actual phys-
ical angle « of the receiver coil. The magnetic vector analysis
assumes that the magnetic flux generated by a coil flows in-
definitely along one direction in a straight line. In practice, the
magnetic flux will deviate from a straight path so that the lines
of flux will form closed return paths in the surrounding space
of the transmitter—coil system. The effects of the spatial distri-
bution of the magnetic field can be accounted for in the mutual
inductance calculation of the system model [19]. Based on the
mathematical model of the 2-D WPT system (including the ef-
fects of the spatial distribution), the predicted angular positions
(at which the maximum power flows) are plotted against the
physical angular positions of the receiver coil (with the receiver
coil plane facing the central of the 2-D transmitter—coil system)
in Fig. 10. It can be seen that there is deviation between the
angular angle of the maximum power flow and the physical an-
gular position of the receiver coil, except at 45°, 90°, 135°, and
180°. At these four angles, the symmetry of the magnetic flux
patterns generated by the two transmitter coil currents leads to
the cancellation of the effects caused by the spatial distribution
of the magnetic fields. Despite the fact that the maximum power
flow angle may not be exactly the same as the physical angle, a
general control technique for omnidirectional WPT systems has
been developed [21]. This method involves a scanning process
in which the magnetic vector is generated to point at discrete
angles in a uniform manner (in a circular space for a 2-D sys-
tem and a spherical space for a 3-D system). By recording the
power associated with each vector, the direction(s) at which the
power flow is required can be determined in a practical system.
Directional power flow can then be used to focus WPT toward
the targeted load area(s) in an energy-efficiency manner.

III. EXPERIMENTAL VERIFICATIONS

The 2-D omnidirectional WPT system shown in Fig. 3 has
been setup. The receiver coil is placed at the angular positions at
0°,45°,90°, and 135° for practical evaluation. The experimental
results are included in Figs. 11 to 18 with the same parameters
for simulation in Section II. In these figures, Figs. 11, 13, 15, and
17 are the measured total input power and efficiency against the
magnetic vector angle 6 for the receiver position angles of 0°,
45°, 90°, and 135°, respectively. The corresponding measure-
ments of the Lemniscate of Bernoulli plots for the total input
power for these four angular positions of the receiver coil are
shown in Figs. 12, 14, 16, and 18, respectively. In these four fig-
ures, the power is represented in the vector form. The positive
value of the input power means that the coil provides power to

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 32, NO. 1, JANUARY 2017

1 1 1 1 1 1 1
T L

[ 1 1 1 1 = Predicted

(]
AT S S S 7 T S S 78
% 1 1 1 1 1 1 1
e ! S
5 | I R 4
-‘:;n' 90' ————— r—— r-———""r=-——7"1T-~"~""~"1°¢/~""T-"~"~=7"°
(=} 1 1 1 1 1 1 1
R N7 SUE S S SN S
2 1 1 1 1 1 1
® 30 L A bbb L
é 1 1 1 1 1 1
0 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350
Physical angular position (a, degree)
(b)

Fig. 10. (a) Relative location of the receiver coil with the two orthogonal
transmitter coils (with the receiver coil facing the central of the transmitter coil
system and moved along the dashed circle). (b) Predicted angle of maximum
power flow against the physical angle of the receiver coil [corresponding to
various positions in Fig. 10(a)].
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Fig.11.  Total input power and efficiency when the receiver fixed at the position
of 0° and the two transmitters producing a circular rotating magnetic field.

the receiver coil at its “positive” direction, while the negative
value of the input power means that the coil provides power to
the receiver coil at its “negative” direction. The direction of the
transmitter coil is defined by the right-hand rule according to
the current direction reference of the coil. It is noted that these
Lemniscates of Bernoulli confirm that the power flow is directed
to the directions of the loaded receiver coil positions.

The theoretical results based on the 2-D WPT theory are com-
pared with the experimental ones in Figs. 19 and 20. Fig. 19(a)
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Fig. 13. Total input power and efficiency when the receiver’s angle « is fixed

at the position of 45° and the two transmitters producing a circular rotating
magnetic field.
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Fig. 14.  Measured Lemniscate of Bernoulli curves for total input power at the
angle receiver position = 45°.

shows the experimental input power over 360° on the 2-D plane
with the receiver placed at four different angular positions. The
corresponding theoretical results are included in Fig. 19(b). It
can be seen that the theoretical and experimental have good
agreements. The slight differences are believed to be due to
the minor differences between the practical system parameters
and the theoretical ones (such as the capacitances C;, Cy, and
C3, the resistances Ry, Ry, and R3, and the calculated self-
inductances of the three coils or mutual inductances between
the coils). Fig. 20(a) shows the experimental results of the
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Fig. 15. Total input power and efficiency when the receiver’s angle « is fixed
at the position of 90° and the two transmitters producing a circular rotating
magnetic field.
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Fig. 16. Measured Lemniscate of Bernoulli curves for total input power at the
angle receiver position = 90°.
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Fig. 17.  Total input power and efficiency when the receiver’s angle « is fixed
at the position of 135° and the two transmitters producing a circular rotating
magnetic field.

energy efficiency over 360° on the 2-D plane with the receiver
placed at four different angular positions. The corresponding
theoretical results are shown in Fig. 20(b). Again, they exhibit
good agreements.

In each comparison of the total input power and efficiency, it
can be seen that the total input power is sinusoidal over the 360°,
while the maximum power points coincide with the maximum
energy efficiency points.

These comparisons in Figs. 19 and 20 confirm that the anal-
ysis of the input power and energy efficiency based on the
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Fig. 18.  Measured Lemniscate of Bernoulli curves for total input power at the
angle receiver position = 135°.
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Fig. 19. Experimental and simulated total input power when the receiver’s
angle « is fixed at the position of 0°, 45°, 90°, and 135° and the two trans-
mitters producing a circular rotating magnetic field. (a) Experimental results.
(b) Simulated results.

2-D omnidirectional WPT theory is correct. Obviously, using
the measured input power to indicate the angular position of
the load and to predict the maximum efficiency direction is
feasible.

IV. CONCLUSION

This paper provides a theoretical analysis on the relationships
between the total input power, load power, output power, and
efficiency for 2-D omnidirectional WPT systems. It is proved
that, the total input power of a 2-D omnidirectional WPT system
is a sinusoidal function of the angle of the rotating current vector
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Fig.20. Experimental and simulated efficiency when the receiver’s angle « is

fixed at the position of 0°, 45°, 90°, and 135° and the two transmitters producing
acircular rotating magnetic field. (a) Experimental results. (b) Simulated results.

on the 2-D plane. The functions of the total input power, load
power, output power, and energy efficiency are Lemniscates of
Bernoulli. The profile of the energy efficiency of the system
approximately follows that of the total input power. According
to our analysis, the maximum energy transfer and maximum ef-
ficiency direction is independent of the load resistance, and also
independent of the operating frequency. Thus, one can predict
the load position by making only a few measurements. In the
best case, two measurements are sufficient to locate the load
direction. Once the exact direction of the load in an omnidirec-
tional WPT system is obtained, one can predict the performance
of the system and choose the optimized driving strategy such as
maximum power transfer or maximum efficiency. It should be
noted that all measurements can be obtained on the transmitter
side. This analysis method can be extended to 3-D omnidirec-
tional WPT systems.
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