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Mathematic Analysis of Omnidirectional Wireless
Power Transfer—Part-II Three-Dimensional Systems

Deyan Lin, Member, IEEE, Cheng Zhang, Student Member, IEEE, and S. Y. Ron Hui, Fellow, IEEE

Abstract—Part-II of this paper focuses on the mathematical
analysis of the 3-D omnidirectional wireless power transfer (WPT)
and also addresses the general principle of load detection. It
provides the mathematical forms of distributions of the input
power vector and output power vector, and demonstrates that the
geometry of such 3-D distributed space follows the revolution of
the Lemniscate of Bernoulli along its longitudinal axis. It pro-
vides the mathematical proof that the direction of energy transfer
for the maximum energy efficiency is always in line with that of
the maximum load power path in the 3-D space. Experimental
verification is included to confirm the 3-D omnidirectional WPT
theory.

Index Terms—Magnetic resonance, omnidirectional wireless
power, wireless power transfer.

I. INTRODUCTION

W IRELESS power transfer (WPT) systems using mag-
netic coupling and resonance have been studied and

used in many applications ranging from wireless charging of low
power applications (such as medical implants [1] and portable
electronics and [2]) to medium and high power application (such
as mobile robots and electric vehicles [3]). The majority of prac-
tical implementations of wireless power systems involve “direc-
tional” power flow [4], [5]. Omnidirectional power transfer has
been considered in [6]–[10]. O’Brien [6] and Jonah et al. [7]
consider the use of three orthogonal coils to form an omnidi-
rectional transmitter and similar three-orthogonal-coil structure
as the receiver. The 3-D receiver structure, however, does not
fit into many modern applications such as mobile phones and
RFID tags that require a planar (2-D) receiver structure. Omni-
directional wireless power systems with planar receivers have
been suggested in [8], [9], and [10]. It is noted that the WPT
systems in [8] and [9] are operated at about 10.8 and 190 MHz,
respectively. Such RF operation requires expensive RF power
amplifier to drive the transmitter coils. The WPT in [10] adopts
a sub-Mega Hertz operation and can be easily implemented with
existing and low-cost switched mode power supply technology.
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Fig. 1. Trajectory of the magnetic field vector at the center under controlling
scheme proposed in [6] and [10].

While the current control method in [8] does not offer genuine
omnidirectional feature, such limitation has recently been dealt
with in [10].

While generating magnetic field in an omnidirectional man-
ner offers great flexibility in free-positioning of the loads in a
3-D manner, such approach has been previously known to be
energy inefficient. The reason is that most of the magnet flux
flows into regions without the loads. For example, the magnetic
field is controlled to rotate in [6] and [10], covering the sphere to
ensure that the planar receiving coil always picks up power from
the transmitter regardless of its position near the transmitter, as
shown in Fig. 1. However, it can been seen from Fig. 1 that the
magnetic field vector points at the two pole areas more often
than other areas. Thus, a receiver placed at the pole area and at
other area will receive different amount of power.

A discrete magnetic field vector control method has been
proposed and successfully implemented in a 3-D omnidirec-
tional WPT system [10], [11] (Fig. 2). The omnidirectional
power flow control method in [10] and [11] involves a “track-
ing” mechanism to detect the load positions omnidirectionally
and a “firing” mechanism to focus the magnetic flux toward the
targeted loads. This approach enables an omnidirectional wire-
less power system to transfer power in a highly efficient manner.
The simulation and experimental plots of the input power and
load power vectors exhibit a 3-D dipole structure. Although ex-
perimental results have been positive in confirming the control
method, there is no theory that can fully describe this physical
phenomenon so far. This theoretical gap is filled in this paper.
This paper is an extended version of [16]. The theoretical basis
of the characteristics observed in simulation and experimental
results of the 3-D WPT system is provided. The analysis is
believed to be the first comprehensive theory for 3-D omnidi-
rectional WPT in accounting for the 3-D power vector plots and
their relationship to energy efficiency.
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Fig. 2. Three-orthogonal-coil structure for the proposed omnidirectional WPT
control method.

Fig. 3. Three-dimensional omnidirectional WPT system comprising three
orthogonal transmitter coils and a receiver coil.

Fig. 4. Amplitude modulation description of current I1 , I2 , and I3 , where |I|
is the magnitude of sinusoidal ac current I (a) the resultant current vector sphere
(b) the example of input current vector.

II. 3-D OMNIDIRECTIONAL WPT SYSTEM ANALYSIS

A WPT system comprising three orthogonal transmitter coils
and one receiver coil is shown in Fig. 3. Let the first (Red), the
second (Green), and the third (Blue) coil be the transmitter coils
orthogonal to each other, and the fourth (Red) coil be the receiver
coil. The three transmitter coils are fed with ac current sources
I1 , I2, and I3 through current control at the same frequency that
defines the rotating frequency of the resultant magnetic field.
For genuine omnidirectional WPT, nonidentical current control
must be adopted [6], [11], [12]. Based on the current amplitude
control [12], the three currents in the three transmitter coils are
set as

⎡
⎣

I1
I2
I3

⎤
⎦ =

⎡
⎣

sinθcosϕ
sinθsinϕ

cosθ

⎤
⎦ I (1)

where θ and ϕ are the angles related to the resultant current
vectorin a spherical coordinate system as shown in Fig. 4 and I
is a sinusoidal time function. In (1), the amplitude modulation

Fig. 5. Current vector plotted in space. (a) the resultant current vector sphere,
(b) the example of input current vector.

TABLE I
θ AND ϕ FOR FIG. 6

Time (10−4s) θ ϕ
I 1
|I |

I 2
|I |

I 3
|I |

t1: 0.0–0.5 30° 30° 0.433 0.250 0.866
t2: 0.5–1.0 45° 30° 0.612 0.354 0.707
t3: 1.0–1.5 60° 45° 0.612 0.612 0.500
t4: 1.5–2.0 60° 60° 0.433 0.750 0.500

functions of these three currents in the column vector are
set in this manner for a “per-unit” current vector system
because (sinθcosϕ)2 + (sinθsinϕ)2 + (cosθ)2 = 1. It should
be stressed that there are various forms of current amplitude
control for omnidirectional WPT systems. The choice of the
three amplitude modulation functions in (1) is made simply to
simplify the following analysis in a per-unit system.

These three current vectors I1 , I2, and I3 will form a resultant
unity current “vector” which will in turn generate a resultant
magnetic field vector. Such magnetic vector will point at the
same direction of the resultant current vector in Fig. 4. Non-
identical current control has been proposed to control θ and ϕ
in (1) in order to direct the resultant magnetic vector to point at
evenly distributed discrete points over the surface of a spheri-
cal surface as shown in Fig. 5. When the current vector can be
controlled to point at any of the N points that form the sphere,
omnidirectional WPT can be achieved [11]. Since the angles θ
and ϕ can be used to control the direction of the resultant current
vector, they are the control variables to control the direction of
the magnetic field vector. Table I shows four different vector
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directions defined by four sets of θ and ϕ. The three current
amplitudes for these four directions are plotted in Fig. 6. It can
be seen that in all cases, the amplitudes of the three currents are
not identical.

If the magnetic vector is controlled to scan over all the points
(N = 200) representing the spherical surface in sequence, the
amplitude modulation functions of I1 , I2, and I3 can be seen in
Fig. 7. Here, we assume that the scanning starts at the top of the
spherical surface. The sphere can be “sliced” into several layers.
So the amplitude modulation function of I3 (i.e., cosθ) moves
down in discrete steps in Fig. 7. As the layer moves from the
top to the equator of the sphere, the circumference increases and
is thus represented by more points. Then, such circumference
decreases progressively as the layer moves down to the bottom
of the spherical surface. For each layer (i.e., with a constant θ),
the amplitude modulation functions of I2 and I3 are sinusoidal
functions of ϕ as shown in Fig. 7.

Assuming Li is the self inductance of the ith coil, Ri is the
coil resistance of the ith coil, and Mij is the mutual inductance
between the ith coil and the jth coil, the magnetically coupled
coil system could be described in matrix equation [Eqn. (2)
shown at the bottom of the page].

In (2), U1 , U2, and U3 are the voltages of the current sources
I1 , I2, and I3 . In general, all the parameters in the matrix
equation (2) are known (e.g., Li,Ri and Mij could be mea-
sured or calculated [14]; Ci and Rload could be measured or
identified by evolutionary approach using measured input volt-
ages and currents at transmitter side [15]). The currents of the
three current sources I1 , I2, and I3 , and their angular frequency
ω are controlled by the transmitter circuit. Thus, U1 , U2 , U3,

and I4 , as well as the power flow from the three transmitters

to the receiver and the overall efficiency of power transmission
can be calculated.

In Fig. 5(a), each node represents an input current “vector”
Iin(i) , which has three components: I1 , I2, and I3 , with the same

frequency and phase, and
√

I2
1 + I2

2 + I2
3 = I2 , where I is a

constant value. In 3-D space as shown in Fig. 5(a), a node
with coordinates (I1 , I2 , I3) is used to represent three current
components I1 , I2 , I3 for the first, the second, and the third
transmitter coil, respectively. Since the magnitude of the vector
for each node being the same, one can choose a large number
(N) of uniformly distributed nodes in a spherical surface as
the targeted points for power transfer. If the magnetic vector
generated by the three transmitter coil currents can be directed
at any of these N points, omnidirectional WPT can be achieved.
For N = 200, Fig. 5(b) shows the ith node and the input current
vector with magnitude I, and direction defined by unit vector
ui , where

ûi =
(

I1i

I
,
I2i

I
,
I3i

I

)
(3)

and

Iin(i) = Iin(i) ûi (4)

Since the first coil, the second coil, and the third coil of the
transmitter are orthogonal to each other, M12 = M13 = M23 =
0, so (2) could be rewritten as [Eqn. (5) shown at the bottom of
page].

Substituting (1) into (5) leads to [Eqn. (6) shown at the bottom
of page].

⎡
⎢⎢⎢⎣

U1

U2

U3

0

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

R1 + j

(
ωL1 − 1

ωC1

)
jωM12 jωM13 jωM14

jωM12 R2 + j

(
ωL2 − 1

ωC2

)
jωM23 jωM24

jωM13 jωM23 R3 + j

(
ωL3 − 1

ωC3

)
jωM34

jωM14 jωM24 jωM34 R4 + Rload + j

(
ωL4 − 1

ωC4

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

I1

I2

I3

I4

⎤
⎥⎥⎥⎦

(2)

⎡
⎢⎢⎢⎣

U1

U2

U3

0

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

R1 + j

(
ωL1 − 1

ωC1

)
0 0 jωM14

0 R2 + j

(
ωL2 − 1

ωC2

)
0 jωM24

0 0 R3 + j

(
ωL3 − 1

ωC3

)
jωM34

jωM14 jωM24 jωM34 R4 + Rload + j

(
ωL4 − 1

ωC4

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

I1

I2

I3

I4

⎤
⎥⎥⎥⎦

(5)

⎡
⎢⎢⎢⎣

U1

U2

U3

0

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

R1 + jX1 0 0 jωM14

0 R2 + jX2 0 jωM24

0 0 R3 + jX3 jωM34

jωM14 jωM24 jωM34 R4 + Rload + jX4

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

Isinθcosϕ
Isinθsinϕ

Icosθ
I4

⎤
⎥⎥⎥⎦ (6)
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Fig. 6. Amplitudes of current I1 , I2 , and I3 at the four different directions
specified in Table I based on (1).

Fig. 7. Variations of the amplitude modulation functions of (1) as the magnetic
field vector moves from the top of the spherical surface progressively in discrete
steps to the bottom of the spherical surface.

where

X1 =
(

ωL1 −
1

ωC1

)
,X2 =

(
ωL2 −

1
ωC2

)
,

X3 =
(

ωL3 −
1

ωC3

)
,X4 =

(
ωL4 −

1
ωC4

)
.

A. Load Current Calculation

The last equation in (6) that is related to the load current I4
can be expressed as

jωM14Isinθcosϕ + jωM24Isinθsinϕ + jωM34Icosθ

+(R4 + Rload + jX4)I4 = 0. (7)

Putting I4 as the subject of the equation

I4 = − jωI

R4 + Rload + jX4

× (M14sinθcosϕ + M24sinθsinϕ + M34cosθ) (8)

where the amplitude is

I4 =
ωI√

(R4 + Rload)2 + X2
4

× |M14sinθcosϕ + M24sinθsinϕ + M34cosθ| (9)

Fig. 8. Load power: The surface of revolution of Lemniscate of Bernoulli
along the longitudinal axis.

B. Output Power Calculation

1) Pload : Load Power
With the expression of load current determined, the output

power can be obtained as follows

Pload = I2
4 Rload =

ω2I2Rload

(R4 + Rload)2 + X2
4

× (M14sinθcosϕ + M24sinθsinϕ + M34cosθ)2 (10)

The load power in (10) can be plotted as the surface of revo-
lution of Lemniscate of Bernoulli along the longitudinal axis as
shown in Fig. 8. It has a dumbbell shape.

The output power equation can further be expanded as

Pload =
ω2I2Rload

(R4 + Rload)2 + X2
4

× (M14sinθcosϕ + M24sinθsinϕ + M34cosθ)2

=
ω2I2Rload

(R4 + Rload)2 + X2
4

(√
M 2

14 + M 2
24

× sin
(

arctan
M14

M24
+ ϕ

)
sinθ + M34cosθ

)2

=
ω2I2Rload

(R4 + Rload)2 + X2
4

(
(M 2

14 + M 2
24)

× sin2
(

arctan
M14

M24
+ ϕ

)
+ M 2

34

)
sin2 (γ3−D + θ)

= I2RloadK3−D (ϕ)sin2(γ3−D + θ) (11)

where

γ3−D = arctan
M34√

M 2
14 + M 2

24 sin
(
arctan M 1 4

M 2 4
+ ϕ

) (12)

K3−D (ϕ ) =
ω2

(
(M 2

14 + M 2
24 )sin

2
(
arctan M 1 4

M 2 4
+ ϕ

)
+ M 2

34

)

(R4 + Rload )2 + X2
4

.

(13)

When sin2
(
arctanM 1 4

M 2 4
+ ϕ

)
= 1 and sin2(γ3−D + θ) =

1, i.e., arctanM 1 4
M 2 4

+ ϕ = π
2 or 3π

2 , and γ3−D + θ = π
2 or 3π

2 ,
Pload reaches its maximum value

Pload max = I2K3−D Rload (14)
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Fig. 9. Power picked up by the receiver: The surface of revolution of Lemnis-
cate of Bernoulli curve along the longitudinal axis.

where

K3−D =
ω2

(
M 2

14 + M 2
24 + M 2

34
)

(R4 + Rload)2 + X2
4

(15)

When sin2(γ3−D + θ) = 0, i.e., γ3−D + θ = 0or π, Pload
reaches its minimum value

Pload min = 0 (16)

2) Pout: Power Picked Up by the Receiver:
The output power is equal to the sum of the conduction power

loss in the receiver resonant-coil and the load power

Pout = I2
4 R4 + I2

4 Rload

=
ω2I2(R4 + Rload)

(R4 + Rload)2 + X2
4

× (M14sinθcosϕ + M24sinθsinϕ + M34cosθ)2

= I2(R4 + Rload)K3−D (ϕ)sin2(γ3−D + θ) (17)

Equation (17) also follows the surface of revolution of Lem-
niscate of Bernoulli along the longitudinal axis as shown in
Fig. 9. The volume of this dumbbell shaped figure is slightly
larger than that of the load power as shown in Fig. 8, because it
includes the I2

4 R4 term.

When sin2
(
arctanM 1 4

M 2 4
+ ϕ

)
= 1 and sin2(γ3−D + θ) = 1,

i.e., arctanM 1 4
M 2 4

+ ϕ = π
2 or 3π

2 , and γ3−D + θ = π
2 or 3π

2 , Pout
reaches its maximum value

Pout max = I2K3−D (R4 + Rload) (18)

When sin2(γ3−D + θ) = 0, i.e.,γ3−D + θ = 0or π, Pout
reaches its minimum value

Pout min = 0 (19)

C. Input Power Calculation

The input power is the sum of the conduction power losses in
the transmitter and receiver coils and the load power

Ploss1 = I2
1 R1 = I2R1sin2θcos2ϕ (20)

Ploss2 = I2
2 R2 = I2R2sin2θsin2ϕ (21)

Ploss3 = I2
3 R3 = I2R3cos2θ (22)

Ploss4 = I2
4 R4 (23)

Fig. 10. Total input power of the three transmitters: The surface of revolution
of deformed Lemniscate of Bernoulli along the longitudinal axis.

Pload = I2
4 Rload (24)

Pin = Ploss1 + Ploss2 + Ploss3 + Ploss4 + Pload

= I2R1sin2θcos2ϕ + I2R2sin2θsin2ϕ

+ I2R3cos2θ + I2
4 R4 + I2

4 Rload (25)

By substituting (9) into (25), equation (26) can be obtained

Pin = I2R1sin2θcos2ϕ + I2R2sin2θsin2ϕ + I2R3cos2θ

+
ω2I2(R4 + Rload)

(R4 + Rload)2 + X2
4

× (M14sinθcosϕ + M24sinθsinϕ + M34cosθ)2

(26)

If R1 = R2 = R3 = R,

Pin = I2R +
ω2I2(R4 + Rload)

(R4 + Rload)2 + X2
4

× (M14sinθcosϕ + M24sinθsinϕ + M34cosθ)2

= I2R + Pout

= I2R + I2(R4 + Rload)K3−D (ϕ)sin2(γ3−D + θ)

(27)

When sin2
(
arctanM 1 4

M 2 4
+ ϕ

)
= 1 and sin2(γ3−D + θ) = 1,

i.e., arctanM 1 4
M 2 4

+ ϕ = π
2 or 3π

2 , and γ3−D + θ = π
2 or 3π

2 , Pin
reaches its maximum value

Pin max = I2R + I2K3−D (R4 + Rload) (28)

When sin2(γ3−D + θ) = 0, i.e., γ3−D + θ = 0or π, Pin
reaches its minimum value

Pin min = I2R (29)

The input power in (24) can be represented as a 3-D dumbbell-
shaped figure as shown in Fig. 10. Its surface is formed by
the revolution of deformed Lemniscate of Bernoulli along the
longitudinal axis.
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D. Efficiency Calculation

The energy efficiency is equal to the ratio of the load power
and the input power

η =
Pload

Pin
=

I2RloadK3−D (ϕ ) sin2 (γ3−D + θ)
I2R + I2 (R4 + Rload )K3−D (ϕ ) sin2 (γ3−D + θ)

=
RloadK3−D (ϕ ) sin2 (γ3−D + θ)

R + (R4 + Rload )K3−D (ϕ ) sin2 (γ3−D + θ)
(30a)

or

η =
Rload

R
K 3−D (ϕ ) sin2 (γ 3−D + θ )

+ (R4 + Rload )
(30b)

When sin2
(
arctanM 1 4

M 2 4
+ ϕ

)
= 1 and sin2(γ3−D + θ) = 1,

i.e., arctanM 1 4
M 2 4

+ ϕ = π
2 or 3π

2 , and γ3−D + θ = π
2 or 3π

2 , η
reaches its maximum value, just as Pin does

ηmax =
Rload

R
K 3−D

+ (R4 + Rload)
(31)

When sin2(γ3−D + θ) = 0, i.e., γ3−D + θ = 0or π, η
reaches its minimum value

ηmin = 0 (32)

III. DUMBBELL-SHAPED INPUT POWER VECTOR PLOT AND ITS

IMPLICATIONS TO ENERGY EFFICIENCY AND LOAD DIRECTION

The analysis in Section II has important implications to the
energy efficiency and load power direction. Equations (14), (28),
and (31) indicate that the maximum values of the 1) load power,
2) input power, and 3) energy efficiency reach their respective
maximum under two conditions :

1) sin2
(
arctanM 1 4

M 2 4
+ϕ

)
=1 ⇒ arctanM 1 4

M 2 4
+ϕ= π

2 or 3π
2 .

2) sin2(γ3−D + θ) = 1 ⇒ γ3−D + θ = π
2 or 3π

2 .
(Note: the direction of the maximum load power means the

direction at which the load will receive maximum power. It may
not be identical to the physical dimension of the load itself.)

Two important conclusions can be drawn here. First, sending
the wireless power directly toward the targeted load power di-
rection is the most energy efficient method instead of sending
power to all directions. Second, such maximum load power di-
rection can be determined from the input power. Because only
the input power information is needed, control of the power
flow can theoretically be done on the transmitter side (without
wireless feedback from the load).

A. Mathematical Method

The use of the input power is of particular significance, be-
cause it can be measured on the transmitter circuit without mon-
itoring the loads. Therefore, the total input power plot can be
used to predict the maximum points for the load power, output
power, and efficiency, as well as the load direction as shown in
Fig. 11. Since ω, I, R, R4 , X4 are known or could be measured
previously, and ϕ could be fixed for the ease of resolving sub-
sequent equation set, there are only M14 , M24 , M34 , and Rload
to be identified in (27). Note the K3−D (ϕ) in (13) consists of

Fig. 11. Position of the dumbbell-shaped input power plot in the presence of
a loaded receiver coil-resonator.

these four unknowns and γ3−D consists of the three unknown
mutual coupling terms in (12). The four unknowns in the input
power function can be calculated in four measurements of to-
tal input power at different θ1 , θ2 ,θ3 ,θ4 theoretically as shown
in (33). As the output power and the energy efficiency plots
are surfaces formed by the revolution Lemniscates of Bernoulli
with the same longitudinal axis, the direction of the maximum
load power and thus the maximum energy efficiency can be
determined analytically

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Pin (θ1 ) = I2R + K3−D (ϕ )I
2 (R4 + Rload )sin2 (γ3−D + θ1 )

Pin (θ2 ) = I2R + K3−D (ϕ )I
2 (R4 + Rload ) sin2 (γ3−D + θ2 )

Pin (θ3 ) = I2R + K3−D (ϕ )I
2 (R4 + Rload ) sin2 (γ3−D + θ3 )

Pin (θ4 ) = I2R + K3−D (ϕ )I
2 (R4 + Rload ) sin2 (γ3−D + θ4 )

(33)

B. 2-Plane Method

An alternative way to find the maximum point for input power
is to use two perpendicular 2-D planes for cutting the dumbbell-
shaped input power plot, on the condition that these two
perpendicular planes cut through the origin. The intersection
of a flat 2-D plane and the surface of the input power vector plot
will form a deformed Lemniscate of Bernoulli. The full analysis
for this method is provided in the Appendix. The procedure of
this approach for finding the angle of the maximum input power
is:

1) Choosing a plane which passes through the origin of the
curved surface of input power vector plot. The intersection
of the 2-D plane and the 3-D surface should be deformed
Lemniscate of Bernoulli curve as shown in Fig. 12 (as an
example, the XY plane is chosen here).

2) Choose two current vectors belonging to the plane in Step
1, as shown in Fig. 13. Measure the total input power at
these two points. The total input power curve versus the
angle β will be a sinusoidal waveform with a dc offset
as shown in Fig. A1 with mathematical proof in the Ap-
pendix. As an example, β = 0 and β = π

2 are chosen as
the angles of these two chosen current vectors in Fig. 13.
Then, one can calculate the “local” maximum input power
direction on this plane. This local maximum input power
point is the projection of the “global” maximum input
power point on the chosen 2-D plane.
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Fig. 12. (a) 3-D diagram and (b) 2-D diagram of the first plane passing through
the origin of the curved surface of input power vector plot.

Fig. 13. Use of two current vectors to determine the local maximum power
on the first plane.

3) Choose a second plane that is perpendicular to the first one
and also passes through the origin. The intersection of this
vertical plane with the 3-D surface of the input power plot
will form another Lemniscate of Bernoulli as shown in
Fig. 14. It also includes the maximum input power point
calculated in Step 2.

4) Choose two current vectors belonging to the second plane
in Step 3, as shown in Fig. 15. Measure the input powers at
these two points. Again, the total input power curve versus
the angle β′ will be a sinusoidal waveform with a dc offset.
Then, one can determine the angle β′

m on the second plane,
at which the global maximum input power occurs. This is

Fig. 14. (a) 3-D diagram and (b) 2-D diagram of the second plane (perpendic-
ular to the first plane) passing through the origin of the curved surface of input
power vector plot.

Fig. 15. Use of two current vectors to determine the global maximum power
on the second plane.

the direction of the global maximum input power point.
This direction is in line with that for maximum energy
efficiency.

IV. EXPERIMENTAL VERIFICATIONS

Some experiments have been conducted to verify the theoreti-
cal results in Section II. The parameters used for the experiments
are: Transmitters’ diameters: d1 = d2 = d3 = 0.3 m, transmit-
ter winding turns: T1 = T2 = T3 = 11, the self-inductance of
the three transmitters are L1 = L2 = L2 = 82.03 μH, receiver
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Fig. 16. Experiment setup.

Fig. 17. Theoretical model: The coils are placed exactly the same location as
the simulation model. Red, blue, green, and violate coils stands for transmitter
x, y, z, and receiver coil, respectively.

coil diameter: d4 = 0.3 m, receiver coil winding turns: T4 =
11, the self-inductance of the receiver coil is L4 = 82.03 μH,
the distance between the centers of the transmitter and the re-
ceiver coil d = 0.3 m, C1 = C2 = C3 = C4 = 1 nF, trans-
mitter coil resistance R = 0.9998 Ω, receiver coil resistance R4
= 0.9998 Ω. Rload = 10 Ω and operating frequency f = 535 kHz
(ω = 3.36 × 106 rad/s), I = 0.424 A.

Fig. 16 shows the experimental setup. The locations of
the three transmitter coils and the receiver coil are shown
in the Fig. 17. The physical coordinates are used to provide
the theoretical results. The current amplitude control based on
(1) is used to produce a unity current vector (and their resultant
magnetic field vector) pointing at 200 evenly distributed points
as shown in Fig. 18(a). The ability of pointing at these 200 di-
rections by the magnetic field vector means that the transmitter
system has the genuine omnidirectional wireless power feature.
The practically measured transmitter coil currents are used to
generate the practical magnetic field vector pointing at these
200 directions. The measured points are plotted in Fig. 18(b).
The measurements are generally in good agreement with the
theoretical results.

When such unity current vector (and its resultant magnetic
field vector) is scanned over these 200 directions, the input
power and the load power of each vector are calculated from the
practical voltage and current measurements. The input power
vector plot and the load power plot can then be constructed for
comparison with the theoretical results.

Fig. 18. Surfaces formed by the 200 evenly distributed (a) theoretical and (b)
experimental current vectors in 3-D space.

Fig. 19(a) and (b) shows the theoretical and measured input
power plots. Both of them exhibit the similar dumbbell shapes.
The corresponding theoretical and measured plots of the load
power are included in Fig. 20(a) and (b), respectively.

Tests have also been conducted to demonstrate the 2-plane
method. The location of the receiver coil is placed with respect
to the three-coil transmitter in the direction expressed in the per-
unit vector as {0.7, 0.7, 0.14} in Cartesian coordinate system.
For simplicity, the xy plane is chosen as the first plane. The
normal of the first plane is therefore n1 : {0, 0, 1} in Cartesian
coordinate system. The currents of the three transmitting coils
are adjusted so that the vector of the central magnetic field
pivoted at the origin will rotate a complete cycle in discrete steps.
The total input power values (not per-unit values) associated
with the magnetic field vector in these discrete positions have
been recorded. The trajectory of the input power vector based
on 36 practical measurements on the first chosen XY plane is
plotted in Fig. 21. From this trajectory (which follows the shape
of a deformed Lemniscate of Bernoulli as explained previously),
the direction of the maximum power flow can be determined as
about 47° on this XY plane. Note that the per-unit X and Y
coordinates of the load are 0.7 and 0.7. The theoretical angle of
the maximum power flow should be 45°. However, considering
the tolerances of the system parameters and measurement errors,
the estimated angle of 47° on this XY plane is in good agreement
with the theoretical value of 45°. By displaying the trajectory
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Fig. 19. Plots of the (a) theoretical and (b) experimental total input power
vectors.

of the corresponding energy efficiency with that of the input
power vector, it can be seen from Fig. 22 that the direction of the
maximum power flow is in line with that of the maximum energy
efficiency. This set of practical results confirms the prediction
of the theory.

With the direction of the maximum input power vector P1
determined from the first plane, the second plane perpendicular
to the first can be chosen. In this case, the normal of the second
plane is n2 = n1 × P1 . Labeling the x and y axes as X′ and Y′

for the second plane, the corresponding intersection points of
this plane with the surface of the 3-D input power vector form
a trajectory curve as shown in Fig. 23. From this plot, the max-
imum power vector has an angle of 77° from the new Y′-axis.
The corresponding display of the input power and efficiency
trajectories are given in Fig. 24. Based on these measurements
and using the method included in the Appendix, the estimated
load direction is found to be {0.67, 0.71, and 0.21} in Cartesian
coordinate system. Considering the tolerances of system param-
eters and measurement errors, this estimated load direction is
consistent with the ideal set of {0.7, 0.7, and 0.14}.

V. CONCLUSION

Part-II of this paper deals with the theory for describing the
relationships among the total input power, output power, and the
energy efficiency for 3-D omnidirectional WPT systems. When
the 3-D omnidirectional system is driven by a rotating current

Fig. 20. Plots of the (a) theoretical and (b) experimental load power vectors.

Fig. 21. Trajectory of the input power vector over one cycle on the first XY
plane.

vector, the distributions of the total input power, load power,
and the efficiency form surfaces of a revolution of Lemniscate
of Bernoulli. It also shows that the direction of the maximum
input power vector is the same as that of the maximum energy ef-
ficiency. This interesting feature provides a useful tool to detect
the location of the load. A mathematical method and a 2-plane
method have been proposed to determine this direction of load.
Experiments have been conducted on a hardware prototype. The
experimental results have confirmed the validity of the theory.
This theory forms a theoretical foundation on which different
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Fig. 22. Trajectories of the input power vector and energy efficiency over one
cycle on the first XY plane. (Note: The first plane: ϕ = 47◦, the normal of the
plane is n1 : {0, 0, 1} in Cartesian coordinate system).

Fig. 23. Trajectory of the input power vector over one cycle on the second XY
plane.

Fig. 24. Trajectories of the input power vector and energy efficiency over one
cycle on the second XY plane. (Note: The second plane: θ = 77◦, the normal of
the plane is {0.7314, −.6820, 0} in Cartesian coordinate system).

control methods on such omnidirectional WPT system could be
evaluated in the future.

APPENDIX

The direction of the load can be obtained from the 2-plane
method based on the measurements of the total input power
Pin . To simplify the analysis, Pout is used at first because the
difference between Pin and Pout is only I2R according to (27).
For the Pout expression in (17), if using a plane to pass through
the origin with normal n = [abc] in Cartesian coordinate system
and to cut the surface of the output power, one will get a curve
defined by

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

Pout =
ω2I2(R4 + Rload)

(R4 + Rload)2 + X2
4

×(M14sinθcosϕ + M24sinθsinϕ + M34cosθ)2

ax + by + cz = 0.
(34)

From Fig. 4, the relationship between the Cartesian coordinate
system and the Spherical coordinate system should be (35) [13]

⎧
⎪⎪⎨
⎪⎪⎩

x = rsinθcosϕ
y = rsinθsinϕ
z = rcosθ
r =

√
x2 + y2 + z2

(35)

The value of Pout in Cartesian coordinate system is exactly
the same as that in Spherical coordinate r. So (34) can be trans-
formed into the Cartesian coordinate system as

{
Pout = r = K

(
M14

x

r
+ M24

y

r
+ M34

z

r

)2

ax + bx + cx
(36)

That is
{

Pout :
(
x2 + y2 + z2) 3

2 = K (M14x + M24y + M34z)2

ax + by + cz = 0
(37)

where

K =
ω2I2(R4 + Rload)

(R4 + Rload)2 + X2
4

(38)

In order to simplify the equation, a rotated coordi-
nates system where the normal of the plane being n′ =[
0 0

√
a2 + b + c2

]
can be used. This rotation will make

the cutting plane to be the XY plane in the new coordinate sys-
tem. The matrix formula used for rotating the normal vector and
the plane is

n′ = nAB =
[
0 0

√
a2 + b2 + c2

]
(39)

where

A =

⎡
⎢⎢⎢⎢⎢⎣

a√
b2 + a2

− b√
b2 + a2

0

b√
b2 + a2

a√
b2 + a2

0

0 0 1

⎤
⎥⎥⎥⎥⎥⎦

(40)
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Pout : (x′2 + y′2 + z ′2 )
3
2

= K

⎛
⎜⎜⎜⎜⎜⎜⎝

(acM14 + bcM24 − (a2 + b2 )M34 )x′ + (a
√

a2 + b2 + c2M24 − b
√

a2 + b2 + c2M14 )y′

+ (a
√

a2 + b2M14 + b
√

a2 + b2M24 +
√

a2 + b2cM34 )z ′
√

a 2 + b2
√

a 2 + b2 + c 2

⎞
⎟⎟⎟⎟⎟⎟⎠

2

z ′ = 0

(43)

B =

⎡
⎢⎢⎢⎢⎢⎢⎣

c√
c2 + b2 + a2

0
√

b2 + a2
√

c2 + b2 + a2

0 1 0

−
√

b2 + a2
√

c2 + b2 + a2
0

c√
c2 + b2 + a2

⎤
⎥⎥⎥⎥⎥⎥⎦

(41)

Every point p(x, y, z) in old coordinate system will be rotated
as well. The new coordinates p′(x′, y′, z′) should be

p′ = pAB (42)

After rotation, (37) becomes (43) shown at the top of the
page.

As the cutting plane is just the XY plane (z′ = 0) in Cartesian
coordinates system and θ′ = π

2 in Spherical coordinate system

Pout =
ω2I2 (R4 + Rload )

(R4 + Rload )2 + X2
4

×
((

acM14 − a2M34 + b (cM24 − bM34 )√
a2 + b2

√
a2 + b2 + c2

)2

+
(

aM24 − bM14√
a2 + b2

)2
)

×
(

sin

(
arctan

(
acM14 − a2M34 + b (cM24 − bM34 )√

a2 + b2 + c2 (aM24 − bM14 )

)
+ ϕ′

))2

= K ′ sin2 (γ ′ + ϕ′) (44)

where

K ′ =
ω2I2 (R4 + Rload)

(R4 + Rload)2 + X2
4

×
((

acM14 − a2M34 + b (cM24 − bM34)√
a2 + b2

√
a2 + b2 + c2

)2

+
(

aM24 − bM14√
a2 + b2

)2
)

(45)

γ′ = arctan
(

acM14 − a2M34 + b (cM24 − bM34)√
a2 + b2 + c2 (aM24 − bM14)

)

(46)

Finally, after applying (27), the equation for Pin in the rotated
coordinates is

Pin = I2R + Pout (47)

Fig. A1. Typical variation of the input power as a function of the angle of the
magnetic vector ϕ′.

= I2R + K ′ ∗ sin2 (γ′ + ϕ′)

where, K ′ and γ′ are constants.
A typical input power curve Pin as a function of ϕ′ is a

sinusoidal waveform with a known offset I2R as shown in Fig.
A1. One can use only two measurements of total input power at
different current vector angle ϕ′

1 , ϕ
′
2 to calculate K ′ and γ′, and

then predict the angle ϕ′
m at which the maximum input power in

the selected cutting plane occurs. From (11), (17), (27), and (30),
the load power, output power (power picked up by the receiving
coil), and the efficiency will reach their maximum point at the
same angle ϕ′

m .
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