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Abstract—This paper presents a comprehensive time-domain
analysis of series resonant converters operating with phase-shift-
modulated full-bridge above resonance. Closed-form formulas for
all quantities are derived using two methods: the commonly used
fundamental harmonic approximation as well as a precise time-
domain analysis considering the effect of all the harmonics. De-
tailed analytical method describes steady-state behavior of the
converter in three mutually exclusive and collectively exhaustive
modes of operation based on continuity of the resonant inductor
current: a discontinuous mode and two continuous modes. The
difference between two continuous modes is in the existence of nat-
ural zero-voltage switching in the leading leg of the full bridge.
Quantitative predictions of the key quantities from two methods
are compared and the accuracy of the first harmonic approxi-
mation is examined. The time-domain approach provides useful
insights for design considerations with no need to know the load
value. It precisely determines closed-form equations for the bound-
ary conditions of the three operation modes. An adaptive passive
auxiliary circuit is suggested to guarantee zero-voltage switching
for the entire operating conditions. Experimental results from a
100 W prototype confirm the predicted time-domain behavior and
achievement of soft switching using the proposed auxiliary circuit.

Index Terms—Adaptive auxiliary circuit, continuous current
mode (CCM), dc–dc converter, discontinuous current mode
(DCM), full bridge, passive auxiliary circuit, series resonant con-
verter (SRC), time-domain analysis, zero-voltage switching (ZVS).

I. INTRODUCTION

DC/DC series resonant converters (SRCs) have been in-
troduced decades ago as high-efficiency power converter

topologies [1]. Recently, the trend toward miniaturization of
power converters (especially in transportation) and availability
of wide band-gap devices have revived the attention to reso-
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nant converters [2]–[10]. In addition, the emerging technology
of wireless power transfer applies the resonant converter con-
cepts extensively [11]–[16]. The advantages of the SRC are:
intrinsic low switching losses (which allows operating at higher
switching frequencies), taking advantage of inevitable parasitic
inductances as a part of resonant tank, lower electromagnetic
interference (EMI) levels, higher power density, a single capac-
itor as output filer, flat efficiency versus load, and intrinsic short
circuit protection due to having the resonant inductance in series
with the load.

An output-voltage-regulated SRC works on the basis of volt-
age split between a lossless impedance (the resonant tank) and
an energy-absorbing equivalent ac resistance (which resembles
the dc load) in a way that the voltage across the latter remains
constant. Study of square wave frequency-controlled SRC in
frequency domain is provided in [17] for continuous current
mode (CCM) and more completely in [18]–[20]. State-plane
diagram is another common analysis method [21]–[24]. Time-
domain analysis is a powerful analysis method and is utilized in
[25]–[32] and with a loosely coupled transformer in [33]. The
dynamic behavior of the square wave SRC is analyzed in the
time domain as well in [34]–[36]. In a SRC with variable fre-
quency control technique, a wide range of operating frequencies
is needed to achieve output voltage regulation against variations
in input voltage or load level (and still at no-load conditions
the output voltage regulation is not achievable). This wide fre-
quency variation brings disadvantages such as severe constraints
on the gate drivers, difficult EMI filter design due to the wide
frequency spectrum, and nonlinearities due to variable ratio of
deadtime/switching period.

For the aforementioned disadvantages of variable frequency
control, a fixed-frequency control method is favored. Driving the
resonant tank by a full-bridge structure allows for several modu-
lation schemes other than frequency modulation [37], [38]. For
pulse width and phase-shift modulations, the existence of two
operation modes based on the continuity of the resonant tank
current is reported in [39]. Results in [39] are for operating at the
exact resonant frequency, obtained by a time-domain analysis.
Boundary conditions are also specified in [39] which are valid
solely for operating at the resonant frequency. Having two dis-
tinct CCMs for above resonant operation is shown in [40] with-
out a time-domain analysis or a criterion for the mode boundary
conditions. In [41]–[43], three modes are distinguished without
closed-form equations for the mode boundaries. The presence
of two kinds of boundaries between discontinuous current mode
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Fig. 1. SRC with full-bridge inverter and full-bridge diode rectifier.

(DCM) and continuous modes are reported in [44] using time-
domain analysis without differentiating between two continuous
modes. The boundary conditions in this reference are provided
as functions of the output power level above which converter
will enter to the continuous mode. This method of representing
boundary conditions is difficult to use in practice.

In this paper, the time-domain method of Safaee et al. [45] is
extended and the following aspects are addressed: exact closed-
form equations for all the circuit parameters in three operational
modes are extracted for all possible values of voltage ratio and
phase shift. Analytical formulas for the power, mode boundaries,
and triple point are derived. Also, equations for the point with
the highest power and the point with the largest leading leg
current during transition are obtained. None of these equations
require the quality factor which is a load-dependent parameter.

This paper is organized as follows: in Section II, the gen-
eral SRC with phase-shift modulation and wide output range
is introduced and the assumptions are clarified. In Section III,
analysis of SRC in steady state using fundamental harmonic ap-
proximation (FHA) is provided and three operation modes, their
boundary conditions, and main equations are derived. Section
IV provides the detailed time-domain analysis of all main quan-
tities for the three modes of operation. Section V includes exact
equations for the boundary conditions and triple points. Section
VI includes an objective comparison between the predictions of
the same converter under FHA and with time-domain methods.
Section VII provides the experimental results confirming the
analytical predictions and Section VIII discusses the effect of
nonzero drain–source capacitance and deadtime.

II. SRC

An SRC circuit using a full-bridge inverter is depicted in Fig.
1. The input voltage Vin passes through the EMI filter and feeds
the dc bus of the inverter (EMI filter and the dc bus capacitor
are not shown in Fig. 1). The switch leg labeled by A (B) on its
ac node is composed of switches S1L and S1U (S2L and S2U )
and is referred to as the leading (lagging) leg throughout this
paper. The transformer is connected between the ac nodes of the
inverter and has a primary-secondary turns ratio of n : 1. The
resonant tank includes an inductor L and a capacitor C, and
is the interface between the transformer and the rectifier diode
bridge. The rectified current is filtered by a dc capacitor Cout ,
to generate the output voltage Vout .

The common approach in study of SRC is as follows. The
analysis starts by assuming that the values of these quantities
are known: Vin , L, C, n, fSW (inverter switching frequency),
RL (load resistance), and ϕ (the phase-shift angle, in the case of
a phase-shift modulated full-bridge inverter in SRC). Then, cal-
culation is done to have Vout , P (power), IL max (resonant tank
peak current), ILrms (resonant tank effective current), VC max
(resonant capacitor peak voltage) and more. IL max and VC max
are needed to select the components with sufficient margins.
ILrms is required to evaluate the conduction losses for thermal
design. This approach needs approximations to have an analytic
prediction of Vout . The FHA is widely used here, which is based
on the second-order bandpass filter behavior of the series con-
nection of the resonant inductor and capacitor. Due to operating
close to the resonant frequency (to have a low overall voltage
drop across the tank), FHA assumes that the current in the tank
has a sinusoidal waveform. An equivalent ac resistor Req is
introduced to calculate the voltage split between the lossless
impedance of the resonant tank at the switching frequency, Z,
and Req . Then, the voltage across Req is obtained which can
determine Vout .

The achieved formula for Vout is an approximated one and its
accuracy should be justified. Although it is possible to consider
the higher harmonics, the equations will be in the sigma format
and getting insights from them is not straightforward. Also, the
predicted Vout depends directly on RL , often hidden in another
parameter named as the quality factor. In practice, RL is not a
part of the converter and its information is not available to the
controller; therefore, the formula for Vout as function of RL is
not directly applicable for controller design.

The approach in this paper meets the following requirements:
1) exact analysis of SRC considering the effect of all the

harmonics in a set of closed-form equations;
2) prediction of P , IL max , ILrms , VC max and zero-voltage

switching (ZVS) condition of the converter analytically
only based on the values known to the controller, with no
need to know load resistance or quality factor;

3) precise determination of three distinct modes of operation
and closed form formulas for the boundary conditions;

4) objective assessment of the precision of FHA predictions.
The following assumptions are considered for the analysis:
1) all passive components in the circuit are ideal with no

equivalent series resistance, the load resistance ensures
reaching the steady-state operation;

2) the transformer is linear, lossless, and its magnetizing
current is negligible, the leakage inductance of the trans-
former is absorbed in the resonant inductance;

3) the converter switching frequency is constant and greater
than the resonant frequency;

4) the converter uses the phase-shift modulation scheme and
has settled in steady-state operation;

5) output capacitor is large and output voltage is constant
with no ripple. The variation range of Vout is from zero to
Vin .

Assumption 1 is based on the fact that in an SRC with a
high efficiency (>90%) all the components in the current path
from the source to the load should be designed with minimum
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series resistances. This is true for the input capacitor, switches,
transformer, resonant tank elements, rectifier diodes, output ca-
pacitor and printed circuit board. The newer generations of
semiconductor devices and capacitors have significantly re-
duced series resistances. If any of the elements has a large resis-
tance sufficient to impact the governing time-domain equations
of the converter, it will also severely reduce the total converter
efficiency. Therefore, as we are studying the voltage gain and
soft switching of properly designed SRCs, it can be assumed
that the series resistances are negligible.

Assumption 2 tells us that the transformers in SRCs are usu-
ally designed to have minimum losses and this requires selecting
the maximum flux density of the magnetic core in the linear re-
gion of the B–H curve. Also, for a proper transformer with
a tight coupling between primary and secondary windings, the
magnetizing inductance is often at least two orders of magnitude
larger than the leakage inductances. Thus, as far as the voltage
gain and soft-switching aspects are concerned, the magnetizing
current can be safely neglected.

In practice, the specifications of an output-voltage-regulated
dc–dc converter usually guarantee less than 1% for the maxi-
mum peak-to-peak voltage ripple at the output terminal. In an
SRC, the output capacitor provides the low impedance path
for the ac component of the rectified current after the diode
bridge. This requires the output capacitor to have a low equiva-
lent resistance and reactance at double the switching frequency.
Therefore, in steady state, we can ignore the variations in Vout .
This is the rationale of Assumption 5.

III. ANALYSIS OF SRC IN STEADY STATE USING FHA

In this paper, an approach is selected which is slightly differ-
ent than (and fully equivalent to) the aforementioned one. The
rationale is as follows: in steady-state operation, the converter
has settled down at the desired level of Vout known to the con-
troller via feedback. Also, Vin is sampled and known by the
controller. The approach here is to start from the known Vin and
Vout (instead of Vin and RL ) and calculate the main quantities.
First, the essential parameters of the converter are defined

ω0 =
1√
LC

, Z0 =
√

L/C , ωSW =
2π

T

M =
Vout

Vin/n
, r =

ωSW

ω0
(1)

where ω0 , Z0 , ωSW , T, M, n, and r are the angular res-
onant frequency, characteristic impedance, angular switch-
ing frequency, switching period, dc voltage ratio, primary-to-
secondary turns ratio of the transformer, and frequency ratio,
respectively.

A. CCMs

Typical voltage and current waveforms of SRC operation
using FHA are shown in Fig. 2. Symbol ϕ is the phase shift
between the ac voltages of the leading leg, vA , and that of lagging
leg, vB , in radians, which is controlled by the control unit. Also
θFHA in Fig. 2 is the phase angle between the symmetry axes

Fig. 2. Major voltage and current waveforms of SRC using FHA.

of vAB and vEF . Hereafter, all quantities with subscript FHA
indicate the fundamental harmonic approximation. The dashed
lines in Fig. 2 depict the fundamental harmonics of vAB and
vEF denoted by vAB FHA and vEF FHA .

Due to the large magnetization inductance of the transformer,
there is only one possibility for the resonant current to flow, i.e.,
through the rectifier bridge. Therefore, the SRC is operational
only if the condition Vin ≥ nVout or equivalently M ≤ 1 is
satisfied (neglecting an anomalous operation reported in [46]).
There is no dc component in iL (a pure sinusoidal waveform).
Note that vEF is in phase with iL due to the existence of the
rectifier bridge and therefore vEF has a 50% duty-cycle.

Another aspect of having the sinusoidal resonant current iL
under FHA is that the transferred power from AB side to EF side
depends only on the first harmonics of vA ′B ′ = vAB /n and vEF ,
denoted by vA ′B ′ FHA and vEF FHA , and their higher order har-
monics do not contribute in the transferred power. Therefore, it
is possible to continue the study using the phasors of vA ′B ′ FHA
and vEF FHA in the calculations, �VA ′B ′ FHA and �VEF FHA , re-
spectively. The amplitudes of the phasors are

∣
∣∣�VA ′B ′ FHA

∣
∣∣ =

4
π

V · Vin

n
sin

ϕ

2
∣∣∣�VEF FHA

∣∣∣ =
4
π

Vout =
4
π
· Vin

n
M. (2)

Fig. 3 shows the phasor diagram of �VA ′B ′ FHA , �VEF FHA , and
�IL FHA . The angles are compatible with the selection of the
rising moment of vA as t = 0 in Fig. 2. Due to the rectifier
bridge, the phasors �VEF FHA and �IL FHA are always parallel.
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Fig. 3. Phasor diagram of major voltages and resonant current under FHA.

From Fig. 3, the angle θFHA can be calculated as follows:

cos θFHA =

∣∣∣�VEF FHA

∣∣∣
∣∣
∣�VA ′B ′ FHA

∣∣
∣

=
M

sin ϕ
2

. (3)

Equation (3) determines the range of validity of the FHA. For
a continuous current to exist the ratio of M/ sin ϕ

2 must satisfy
0 ≤ M ≤ sin ϕ

2 . Having this condition in place, the amplitude
of the resonant current phasor can be calculated from Fig. 3

∣
∣
∣�IL FHA

∣
∣
∣ =

∣
∣
∣�VA ′B ′ FHA

∣
∣
∣ sin θFHA

Z
=

4
πZ

· Vin

n
sin

ϕ

2
sin θFHA

=
4

πZ
· Vin

n

√
sin2 ϕ

2
− M 2 (4)

where the value of the impedance Z is

Z = LωSW − 1
(CωSW )

= Z0

(
r − 1

r

)
. (5)

Therefore
∣∣∣�IL FHA

∣∣∣ = Ibase ×
4r

π2 (r2 − 1)
·
√

sin2 ϕ

2
− M 2 (6)

with Ibase defined in and used throughout this paper

Ibase
Δ=

π

Z0

(
Vin

n

)
. (7)

Also, the active power is

PFHA =
1

2Z

∣∣∣�VA ′B ′ FHA

∣∣∣
∣∣∣�VEF FHA

∣∣∣ sin θFHA

=
8M

π2Z
·
(

Vin

n

)2

sin
ϕ

2
sin θFHA

=
8

π2Z

(
Vin

n

)2

M

√
sin2 ϕ

2
− M 2 (8)

which can be represented as

PFHA = Pbase ×
4rM

π2 (r2 − 1)

√
sin2 ϕ

2
− M 2 (9)

with Pbase defined in (10) and used hereafter

Pbase
Δ=

2
Z0

(
Vin

n

)2

. (10)

The ac equivalent resistance and the dc load resistance which
absorb the power PH 1 are

Req FHA =
PFHA∣∣∣�IL FHA

∣∣∣
2
/2

=
MZ

√
sin2 ϕ

2 − M 2
(11)

RLoad FHA =
V 2

out

PFHA
=

(MVin/n)2

8M
π 2 Z

(
V in
n

)2
√

sin2 ϕ
2 − M 2

=
π2MZ

8
√

sin2 ϕ
2 − M 2

=
π2

8
Req FHA (12)

which is compatible with the standard frequency-domain anal-
ysis of SRCs.

The zero-crossing moment of iL FHA when it goes from
negative to positive (negative to positive) values, denoted by
tZC iL ↗ FHA (tZC iL ↘ FHA ), is found as

tZC iL ↗ FHA =
1

ωSW

(ϕ

2
+ θFHA − π

2

)

tZC iL ↘ FHA = tZC iL ↗FHA +
T

2
. (13)

And the IL tv A ↗ FHA in Fig. 2 is

IL tv A ↗ FHA =
∣∣
∣�IL FHA

∣∣
∣ cos

(ϕ

2
+ θFHA

)
. (14)

The maximum voltage of the resonant capacitor is

VC max FHA =
4

π (r2 − 1)

√
sin2 ϕ

2
− M 2 ·

(
Vin

n

)
. (15)

So far, it clear that the selected approach describes the entire
behavior of the converter. To show that this approach is equiva-
lent to the common approach in predicting the voltage gain (i.e.,
M ) as a function of Vin and RL , we use the definition of quality
factor as

Q =

√
L/C

8
π 2 RL

=
π2

8
× Z0

RL
. (16)

Power is governed by

P =
(Vout)

2

RL
=

4
π2 M 2Q × Pbase . (17)

By substituting Pbase from (9) in (17), M can be calculated
as

MFHA =
sin ϕ

2√
Q2(r − 1/r)2 + 1

(18)

which is a well-known equation for SRC under FHA.

B. DCM

Equation (3) reveals that the converter operates in DCM when
the condition sin ϕ

2 ≤ M ≤ 1 holds. Because the basis of the
FHA is on assuming a sinusoidal waveform for the resonant
current, which is continuous versus time by definition, no pre-
dictions for DCM can be expected from FHA.



7718 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 31, NO. 11, NOVEMBER 2016

C. Mode Boundaries

The boundary condition of DCM and CCM modes can be
found from (3). The specific ϕ where the condition M = sin ϕ

2
holds is denoted by ϕDCM CCM FHA and is given by

ϕDC CCM FHA (M) = 2 sin−1M. (19)

Substituting M = sin(ϕDCM CCM FHA/2) in (3) leads to
θFHA = 0. At this condition, |�VA ′B ′ FHA | − |�VEF) FHA | = 0
which means that �IL FHA is identical to zero. The immediate
consequence is

PDCM CCM FHA (M) = 0. (20)

CCM can be further split to two distinct modes based on the
sign of IL tv A ↗ FHA in (14). The mode with IL tv A ↗ FHA > 0 is
called CCM1 and the mode with IL tv A ↗ FHA < 0 is named as
CCM2. The boundary between CCM1 and CCM2 can be found
from tZC iL ↗ FHA = 0 (due to the selection of the rising edge
of vA as t = 0 in Fig. 2). The value of ϕ at this point is named
as ϕCCM1 CCM2 FHA and is given by

ϕCCM1 CCM2 FHA (M) = 2 sin−1
√

M. (21)

Substituting ϕCCM1 CCM2 FHA in (8) results in

PCCM 1 CCM 2 FHA (M ) = Pbase ×
4rM

√
M (1 − M )

π2 (r2 − 1)
(22)

∣
∣∣�IL CCM 1 CCM 2 FHA

∣
∣∣ =

4
πZ

· Vin

n

√
M (1 − M )

= Ibase ×
4r

√
M (1 − M )

π2 (r2 − 1)
. (23)

1) Continuous Current Mode 1 (CCM1): In this mode
IL tv A ↗ FHA has positive values. This means that the lead-
ing leg does not have natural ZVS operation in this mode.
In other words, the transition from turning off of S1L and
turning on of S1U does not happen with ZVS which requires
IL tv A ↗ FHA to be sufficiently negative (to provide energy to
change/discharge the drain–source capacitors of the switches).
Having IL tv A ↗ FHA > 0 means that the negative-to-positive
zero-crossing moment of iL happens before the rising edge
of vA , or tZC iL ↗ FHA < 0. The condition to be in CCM1 mode
is

2 sin−1M = ϕDCM CCM FHA (M) ≤ ϕ (M)
≤ ϕCCM1 CCM2 FHA (M) = 2 sin−1

√
M.

(24)
Equations (4)–(14) are valid for this mode of operation.
As the values of IL tv A ↗ FHA in this mode are positive, it

is possible to find the specific operating point where the max-
imum IL tv A ↗ FHA occurs. The importance of this maximum
current point is discussed in following sections for designing
an auxiliary circuit to ensure ZVS. By substituting θFHA from
(3) in (4) |�IL FHA | is found and then from (14) IL tv A ↗ FHA is
determined. The maximum IL tv A ↗ FHA happens at

ϕIL t v A ↗ m a x F H A =
π

3
and MIL t v A ↗ m a x F H A =

√
3

4
.

(25)

Note that under FHA the location of this maximum point does
not depend on r. The maximum IL tv A ↗ FHA is

IL tv A ↗ max FHA =
1

2πZ
· Vin

n

= Ibase ×
r

2π2 (r2 − 1)
. (26)

The IL tv A ↗ max FHA value does vary by r through the de-
pendence of Z on r given in (5).

2) Continuous Current Mode 2 (CCM2): In this mode,
IL tv A ↗ FHA is negative and the leading leg operates under ZVS
because IL tv A ↗ FHA provides the energy needed for chang-
ing/discharging the drain–source capacitors of the switches.
Having ILtv A ↗ FHA < 0 means that the negative-to-positive
zero-crossing moment of iL happens after the rising edge of
vA or tZCiL ↗FHA > 0. The condition to be in CCM2 mode is

2 sin−1
√

M = ϕCCM1CCM2FHA (M) ≤ ϕ (M) ≤ π. (27)

All (4)–(14) are again valid for this mode of operation.
The maximum power point occurs in CCM2. From (8) it is

clear that PFHA increases at higher ϕ numbers; therefore, the
maximum power happens at ϕ = π. Maximum power form (8)
is

MPm a x F H A =
1√
2

and Pmax FHA =
4

π2Z

(
Vin

n

)2

= Pbase ×
2r

π2 (r2 − 1)
. (28)

Similar to the case of the maximum current point in (25), the
location of the maximum power point does not change by r.
Equation (28) also reveals that dependence of Pmax FHA on r
is only through variation of Z with r as given in (5). From (12)
and (16) with (28), we find

RL Pm a x F H A =
π2

8
×

(
r2 − 1

)

r
Z0 (29)

QPm a x F H A =
r

r2 − 1
. (30)

RL Pm a x F H A and QPm a x F H A represent the load resistance and
quality factor at the maximum power point under FHA. Equa-
tions (12) and (29) give

RL Pm a x F H A =
π2

8
× Z. (31)

Also from (5) and (31)

Req Pm a x F H A = Z (32)

which is expected because for a voltage split between ac resistors
Z and ReqFHA the power delivered to latter is maximum when
the condition in (32) holds.

Following the representations in [23], the boundaries are
visualized in Fig. 4 which is a plane of operating points with
0 ≤ M ≤ 1 and 0◦ ≤ ϕ ≤ 180◦ on the horizontal and verti-
cal axes, respectively. The lower boundary belongs to DCM–
CCM1 border and is predicted by (19). The upper boundary is
the CCM1–CCM2 boundary and is governed by (21). Based
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Fig. 4 Mode boundaries predicted by FHA. Points of IL tv A ↗ m ax in CCM1
and Pm ax in CCM2 are shown.

on FHA, mode CCM1 separates DCM and CCM2 regions for
all M values. The maximum ILtv A ↗ FHA point in CCM1, from
(25), and the maximum power point in CCM2, from (28), are
also shown in Fig. 4. The boundaries and maximum points are
independent of r, based on FHA. These predictions are in accor-
dance with [23] and [24]. The readers are encouraged to refer
to the accompanied “SRC_Modes” calculator described in the
Appendix.

This section revealed that FHA correctly predicts three dis-
tinct modes with analytical predictions for the phasors of the
voltages and the resonant tank current, the soft-switching con-
ditions, and the power. FHA however cannot describe the con-
verter behavior in DCM which requires a more precise analysis.
Such precise method can also determine the validity range of
the FHA predictions. The next section provides the time-domain
analysis of the SRC.

IV. ANALYSIS OF SRC IN STEADY STATE USING EXACT

TIME-DOMAIN APPROACH

In this section, the time-domain approach is used to analyze
the behavior of SRC under phase-shift modulation for the widest
output voltage range and to complete the previous studies in
[45]. The selected approach is to solve the time-domain state
equations and to find functions for the state variables iL (t) and
vC (t) using the properties such as piecewise continuity and half-
cycle antisymmetry (resulted from the steady-state operation).

A. DCM

There are three intervals in each half-cycle of SRC operating
at DCM and the equivalent circuits for them are depicted in Fig.
5. Typical voltage and current waveforms are shown in Fig. 6.
The other half-cycle is known from the half-cycle antisymmetry

1) Interval 1: 0 ≤ t ≤ T
2 × ϕ

π : The switching cycle starts
with interval 1 at the rising (falling) edge of GS 1U (GS 1L ). At
t0 = 0, the inductor current ILt0 is zero due to the discon-
tinuous nature of the inductor current in this mode, and thus
tZCiL ↗ = 0. The resonant capacitor has the voltage of VC t0 to
be determined. vA ′B ′ is equal to Vin/n and vEF is equal to Vout .

Fig. 5. Equivalent circuits for a half-cycle of DCM.

Fig. 6. Major voltage and current waveforms for DCM.

Both iL and vC increase toward positive values
[

Z0 iL (t)
vC (t)

]

=

[
− sin ω0 t

cos ω0 t

]

VCt0 +

[
sin ω0 t

1 − cos ω0 t

](
Vin

n
− Vout

)

(33)
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with ω0 and Z0 defined in (1). This interval terminates at t1 =
T
2 × ϕ

π when the rising (falling) edge of GS 2U (GS 2L ) happens.
At this moment, iL and vC reach ILt1 and VCt1 , by inserting
t = T

2 × ϕ
π in (33)

[
Z0IL t1

VC t1

]

=

⎡

⎢
⎣
− sin ω0

(
T ϕ
2π

)

cos ω0

(
T ϕ
2π

)

⎤

⎥
⎦VC t0

+

⎡

⎢
⎣

sinω0

(
T ϕ
2π

)

1 − cos ω0

(
T ϕ
2π

)

⎤

⎥
⎦ (1 − M)

Vin

n
. (34)

2) Interval 2: T
2 × ϕ

π ≤ t ≤ tZCiL ↘: During interval 2, vA ′B ′

is zero while vEF is still equal to Vout , as depicted in Fig. 5.
At the beginning of this interval, iL is at its maximum and then
decreases, however vC continues to rise

[
Z0iL (t)

vC (t)

]

=

[
cos ω0t

′ − sin ω0t
′

sin ω0t
′ cos ω0t

′

][
Z0ILt1

VCt1

]

−
[

sinω0t
′

1 − cos ω0t
′

]

Vout (35)

where t′ = t − T
2 × ϕ

π . This interval finishes at t2 = tZCiL ↘
when the iL reaches to zero and vC reaches to VC t2

VC t2 =
[
sin ω0

(
tZC iL ↘− T

2
· ϕ

π

)
cos ω0

(
tZC iL ↘− T

2
· ϕ

π

)]

×
[
Z0IL t1

VC t1

]

−
[
1−cos ω0

(
tZC iL ↘− T

2
· ϕ

π

)]
M

Vin

n
. (36)

3) Interval 3: tZCiL ↘ ≤ t ≤ T
2 : Immediately after tZCiL ↘,

the rectifier diodes turn off and vEF drops to VC t2 . This is equal
to the capacitor voltage; thus, the inductor voltage is zero and
iL remains at zero. vC remains equal to VC t2 . vA ′B ′ is zero as
well

[
Z0i (t)
v (t)

]
=

[
0

VCt2

]
. (37)

This interval is finished by falling (rising) edge of GS1U
(GS1L ) at t3 = T/2 where iL and vC reach to negative of their
values at t = 0

[
Z0ILt3
VCt3

]
=

[
0

VC t2

]
= −

[
Z0ILt0
VCt0

]
. (38)

Using (33) to (38), we obtain VCt0DCM = VC tv A ↗DCM and
tZCiL ↘DCM as

VC tv A ↗ DCM = −
(1 − M ) sin2 ϕ

2r

M − sin2 ϕ
2r

· Vin

n
(39)

tZC iL ↘ DCM

=
T

2
× ϕ

π
+

2
ω0

tan−1 2M (1 − M ) sin ϕ
r

(2M 2 − 2M + 1) cos ϕ
r
− 1 + 2M

. (40)

Fig. 7. Equivalent circuits for a half-cycle of CCM1.

And tZCiL ↗DCM is zero which is expected in the DCM. The
active power is

PDCM (r,M,ϕ) = Pbase ×
rM (1 − M) sin2 ϕ

2r

π
(
M − sin2 ϕ

2r

) . (41)

B. CCM1

Similarly, there are three intervals in each half-cycle of SRC
operating at CCM1 and the equivalent circuits for them are
depicted in Fig. 7 with the typical voltage and current waveforms
shown in Fig. 8. In this mode, the value of ILtv A ↗ is positive.
This means that tZCiL ↗ < 0.

1) Interval 1: 0 ≤ t ≤ T
2 × ϕ

π : The switching cycle starts
with interval 1 at the rising (falling) edge of GS 1U (GS 1L ).
At t0 = 0, the initial values for iL and vC are ILt0 > 0 and
VCt0 < 0, respectively. vA ′B ′ is equal to Vin/n and vEF is equal
to Vout . Both iL and vC increase toward positive values

[
Z0iL (t)

vC (t)

]

=

[
cos ω0t − sin ω0t

sin ω0t cos ω0t

][
Z0ILt0

VCt0

]

+

[
sin ω0t

1 − cos ω0t

](
Vin

n
− Vout

)
. (42)

This interval terminates at t1 = T
2 × ϕ

π when the rising
(falling) edge of GS2U (GS2L ) happens. At this moment, iL
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Fig. 8. Major voltage and current waveforms for CCM1.

and vC reach ILt1 and VCt1 , by inserting t = T
2 × ϕ

π in (42)

[
Z0IL t1

VC t1

]

=

⎡

⎣
cos ω0

(
T
2 · ϕ

π

)
− sin ω0

(
T
2 · ϕ

π

)

sin ω0
(

T
2 · ϕ

π

)
cos ω0

(
T
2 · ϕ

π

)

⎤

⎦
[

Z0IL t0

VC t0

]

+

⎡

⎣
sin ω0

(
T
2 · ϕ

π

)

1 − cos ω0
(

T
2 · ϕ

π

)

⎤

⎦ (1 − M )
Vin

n
. (43)

The symbol θ in Fig. 8 represents the phase difference be-
tween the symmetry axes of vAB and vEF .

2) Interval 2: T
2 × ϕ

π ≤ t ≤ tZCiL ↘: During interval 2, vA ′B ′

is zero while vEF is still equal to Vout , as depicted in Fig. 7. iL
reduces but vC rises

[
Z0iL (t)

vC (t)

]

=

[
cos ω0t

′ − sin ω0t
′

sin ω0t
′ cos ω0t

′

][
Z0ILt1

VCt1

]

−
[

sin ω0t
′

1 − cos ω0t
′

]

Vout (44)

with t′ = t − T
2 · ϕ

π . This interval terminates at the moment
when iL reaches to zero, denoted by tZCiL ↘ which also satisfies
the relation tZCiL ↘ = tZCiL ↗ + T

2 . At this moment, iL and vC

reach to ILt2 and VCt2 , by inserting t = tZCiL ↘ in (44)

VC t2 =
[
sin ω0

(
tZC iL ↘− T

2
· ϕ

π

)
cos ω0

(
tZC iL ↘− T

2
· ϕ

π

)]

×
[

Z0IL t1

VC t1

]

−
[
1 − cos ω0

(
tZC iL ↘ − T

2
· ϕ

π

)]
M

Vin

n
. (45)

3) Interval 3: tZCiL ↘ ≤ t ≤ T
2 : Immediately after tZCiL ↘,

vEF drops to −Vout . iL becomes negative and vC reduces. vA ′B ′

remains at zero
[

Z0iL (t)

vC (t)

]

=

[
− sin ω0t

′′

cos ω0t
′′

]

VCt2 +

[
sin ω0t

′′

1 − cos ω0t
′′

]

Vout

(46)
where t′′ is t − tZCiL ↘. By of falling (rising) edge of GS1U
(GS1L ) at t3 = T/2, this interval is finished. At this moment,
iL and vC reach to negative of their values at t = 0

[
Z0IL t3

VC t3

]

=

⎡

⎣
− sin ω0

(
T
2 − tZC iL ↘

)

cos ω0
(

T
2 − tZC iL ↘

)

⎤

⎦ VC t2

+

⎡

⎣
sin ω0

(
T
2 − tZC iL ↘

)

1 − cos ω0
(

T
2 − tZC iL ↘

)

⎤

⎦M
Vin

n
. (47)

Due to half-cycle antisymmetry, we have

[
Z0ILt3

VCt3

]

= −
[

Z0ILt0

VCt0

]

. (48)

To find three unknowns ILt0 , VCt0 , and tZCiL ↘, we use (42)–
(48) and find

IL t0 CCM 1 = − 1
Z0 cos π

2r

{
sin

ϕ

2r
cos

( π

2r
− ϕ

2r

)

+ M sin
( π

2r
− ω0 tZC iL ↘ CCM 1

)}
· Vin

n
(49)

VC t0 CCM 1 = − 1
cos π

2r

{
sin

ϕ

2r
sin

( π

2r
− ϕ

2r

)
+ M

[
cos

π

2r

− cos
( π

2r
− ω0 tZC iL ↘ CCM 1

)]}
· Vin

n
(50)

whereas tZCiL ↘CCM1 is

tZC iL ↘ CCM 1 =
1
ω0

{
π

2r
+

ϕ

2r
+ cos−1

[

M
sin

(
π
2r

)

sin
(

ϕ
2r

)

]}

> 0.

(51)
Here, we rename ILt0CCM1 as ILtv A ↗CCM1 and VCt0CCM1

as VC tv A ↗CCM1 to clearly state their importance in the ZVS of
the leading leg. Thus

IL tv A ↗ CCM 1 = Ibase
−1

π cos π
2r

{
sin

ϕ

2r
cos

( π

2r
− ϕ

2r

)

−M sin

(
ϕ

2r
+cos−1

[

M
sin

(
π
2r

)

sin
(

ϕ
2r

)

])}

. (52)



7722 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 31, NO. 11, NOVEMBER 2016

Knowing tZCiL ↘ = tZCiL ↗ + T
2 , we get

tZC iL ↗CCM 1 =
1
ω0

{

− π

2r
+

ϕ

2r
+ cos−1

[

M
sin

(
π
2r

)

sin
(

ϕ
2r

)

]}

< 0.

(53)
Having ILtv A ↗CCM1 > 0 is equivalent to the lack of ZVS for

the leading leg transition, vA ↗.
Parameter θ is found to be

θCCM1 = rcos−1

[

M
sin

(
π
2r

)

sin
(

ϕ
2r

)

]

. (54)

The active power is

PCCM1 (r,M,ϕ) = Pbase ×
rM

π cos π
2r

√
sin2 ϕ

2r
− M 2sin2 π

2r
.

(55)
As the values of ILtv A ↗CCM1 in this mode are positive, it

is possible to find the point where its maximum occurs, by
substituting tZCiL ↘CCM1 from (51) in (49). The maximum
ILtv A ↗CCM1 occurs at

ϕIL t v A ↗ m a x = (2 − r)
π

3

MIL t v A ↗ m a x
=

sin
(2 − r) π

6r√
2 sin

π

2r

√

1 + sin
(2 − r) π

6r
. (56)

Note that here in contrary to the prediction of FHA the lo-
cation of this maximum current point directly changes with
r. The value of IL tv A ↗ max can be found by substituting
ϕ = ϕIL t v A ↗ m a x and M = MIL t v A ↗ m a x into (49).

CCM1 mode does not necessarily occur for any combination
of (r,M,ϕ). The condition is provided later in the paper.

C. Continuous Current Mode 2 (CCM2)

There are three intervals in each half cycle of SRC operating
at CCM2 with the equivalent circuits in Fig. 9 and the typical
voltage and current waveforms in Fig. 10. In this mode, ILtv A ↗

is negative. Therefore, tZCiL ↗ > 0.
1) Interval 1: 0 ≤ t ≤ tZCiL ↗: The start of switching cycle

with interval 1 is at the moment of rising (falling) edge of
GS 1U (GS 1L ). At t0 = 0, the initial values for iL and vC are
IL−t0 < 0 and VC−t0 < 0, respectively. vA ′B ′ and vEF are Vin/n
and −Vout , respectively. iL increases toward positive values but
vC still gets more negative. The state equation is

[
Z0iL (t)

vC (t)

]

=

[
cos ω0t − sin ω0t

sin ω0t cos ω0t

][
Z0IL t0

VC t0

]

+

[
sin ω0t

1 − cos ω0t

](
Vin

n
+ Vout

)
. (57)

At t1 = tZCiL ↗ , this interval finishes when iL reaches to
zero. vC is VCt1 , by inserting t = tZCiL ↗ in (57)

VC t1 =
[
sin ω0tZC iL ↗ cos ω0tZC iL ↗

]
[

Z0IL t0
VC t0

]

+ (1 − cos ω0tZC iL ↗) (1 + M) V in
n .

(58)

Fig. 9. Equivalent circuits for a half-cycle of CCM2.

Fig. 10. Major voltage and current waveforms for CCM2.
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2) Interval 2: tZCiL ↗ ≤ t ≤ T
2 × ϕ

π : After tZCiL ↗, vEF
jumps to Vout and vA ′B ′ remains at Vin/n. iL becomes posi-
tive and vC starts rising toward positive values

[
Z0iL (t)

vC (t)

]

=

[
− sin ω0t

′

cos ω0t
′

]

VC t1

+

[
sin ω0t

′

1 − cos ω0t
′

](
Vin

n
− Vout

)
(59)

where t′ = t − tZCiL ↗. This interval finishes at rising (falling)
edge of GS1U (GS1L ) at t2 = T

2 × ϕ
π . iL and vC are ILt2 and

VCt2 , respectively, by inserting t = T
2 × ϕ

π in (59)

[
Z0IL t2

VC t2

]

=

⎡

⎢
⎢
⎣

− sin ω0

(
T

2
· ϕ

π
− tZC iL ↗

)

cos ω0

(
T

2
· ϕ

π
− tZC iL ↗

)

⎤

⎥
⎥
⎦VC t1

+

⎡

⎢⎢
⎣

sin ω0

(
T

2
· ϕ

π
− tZC iL ↗

)

1 − cos ω0

(
T

2
· ϕ

π
− tZC iL ↗

)

⎤

⎥⎥
⎦

× (1 − M)
Vin

n
. (60)

3) Interval 3: T
2 × ϕ

π ≤ t ≤ T
2 : During interval 3, vA ′B ′ is

zero while vEF is equal to Vout . iL reduces but vC rises
[

Z0iL (t)

vC (t)

]

=

[
cos ω0t

′′ − sin ω0t
′′

sin ω0t
′′ cos ω0t

′′

]

×
[

Z0IL t2

VC t2

]

−
[

sin ω0t
′′

1 − cos ω0t
′′

]
Vout

(61)

where t′′ = t − T
2 × ϕ

π .
This interval terminates at t3 = T/2 when the falling (rising)

edge of (GS1U GS1L ) happens
[

Z0IL t3

VC t3

]

=

⎡

⎢⎢
⎣

cos ω0

(
T

2
− T

2
· ϕ

π

)
− sin ω0

(
T

2
− T

2
· ϕ

π

)

sin ω0

(
T

2
− T

2
· ϕ

π

)
cos ω0

(
T

2
− T

2
· ϕ

π

)

⎤

⎥⎥
⎦

×
[

Z0IL t2

VC t2

]

−

⎡

⎢
⎢
⎣

sin ω0

(
T

2
− T

2
· ϕ

π

)

1 − cos ω0

(
T

2
− T

2
· ϕ

π

)

⎤

⎥
⎥
⎦M

Vin

n
.

(62)

At t3 = T/2, iL and vC reach to negative of their values at
t = 0

[
Z0ILt3

VCt3

]

= −
[

Z0ILt0

VCt0

]

. (63)

To find three unknowns ILt0 , VCt0 , and tZCiL ↗, we use (57)–
(63) to obtain

IL t0 CCM 2 = − 1

Z0 cos
π

2r

{
sin

ϕ

2r
cos

( π

2r
− ϕ

2r

)

−M sin
( π

2r
− ω0 tZC iL ↗ CCM 2

)}
· Vin

n

(64)

VC t0 CCM 2 = − 1

cos
π

2r

{
sin

ϕ

2r
sin

( π

2r
− ϕ

2r

)
− M

[
cos

π

2r

− cos
( π

2r
− ω0 tZC iL ↗ CCM 2

)]}
· Vin

n

(65)

whereas tZCiL ↗CCM2 is

tZCiL ↗CCM2 =
1
ω0

⎧
⎨

⎩
ϕ

2r
− sin−1

⎡

⎣
M sin

π

2r

cos
( π

2r
− ϕ

2r

)

⎤

⎦

⎫
⎬

⎭
.

(66)
Again we rename ILt0CCM2 as ILtv A ↗CCM2 and VCt0CCM2

as VC tv A ↗CCM2 to show their importance in the ZVS of the
leading leg. Thus

IL tv A ↗ CCM2 = Ibase
−1

π cos
π

2r

sin
ϕ

2r
cos

( π

2r
− ϕ

2r

)

+ Ibase
M

π cos
π

2r

sin
( π

2r
− ϕ

2r

+ sin−1

⎡

⎣
M sin

π

2r

cos
( π

2r
− ϕ

2r

)

⎤

⎦

⎞

⎠ . (67)

From tZCiL ↘ = tZCiL ↗ − T

2
, we can get tZCiL ↘. Parameter

θ is

θCCM2 =
π

2
− r sin−1

⎡

⎣
M sin

π

2r

cos
( π

2r
− ϕ

2r

)

⎤

⎦ . (68)

The active power is

PCCM2 (r,M,ϕ) = Pbase
rM

π cos
π

2r

×
[√

cos2
( π

2r
− ϕ

2r

)
− M 2sin2 π

2r

− cos
π

2r

]
. (69)

The maximum power for a specific (M, r) happens when ϕ is
the largest. After substituting ϕ = π in (55) and differentiating



7724 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 31, NO. 11, NOVEMBER 2016

MPm a x is found as

MPm a x C C M 2 =
X

2
√

2 sin
π

2r

X =

√

4 − cos2 π

2r
− cos

π

2r

√
cos2 π

2r
+ 8 .

(70)

The value of Pmax can be found by substituting ϕ = π and
M = MPm a x into (69). In contrary to the case of FHA, the
location of this maximum power point changes directly with r.
The load resistance at this point is

RLPm a x C C M 2 =
π

2r
cot

π

2r
× X

√
8 − X2 − 2

√
2 cos

π

2r

Z0

(71)
with X introduced in (70).

Similar to the case of (18), the time-domain analysis can
predict M in each mode as a function of Vin and RL . Using Q
from (16), we define parameter k as

k =
4Q

πr
=

π

2r
× Z0

RL
. (72)

By substituting Pbase from (17) in (41), (55), and (69), M in
each mode can be calculated as

MDCM =
1

2k2

[
(1 − k)2

(
sin2 ϕ

2r

)2
+ k

]
sin2 ϕ

2r
(73)

MCCM1 =
1

√
k2cot2 π

2r
+ 1

(74)

MCCM 2

=
−k +

√
k2 +

(
k2 + tan2 π

2r

) (
cos2

( π

2r
− ϕ

2r

)
− cos2 π

2r

)

k2 + tan2 π

2r

.

(75)

Due to possibility of only one mode per each combination
of ϕ, r, and RL (through k), the calculated M from (73)–(75)
should be examined with the criteria in Table II to find the correct
M value as well as the mode at which the converter operates for
this combination of ϕ, r, and RL .

V. MODE BOUNDARIES IN TIME-DOMAIN APPROACH

A. DCM–CCM1 Boundary

The DCM–CCM1 boundary is the situation where the res-
onant capacitor voltage at t = 0, VCt0 , becomes equal to the
negative of the load voltage,−Vout . Substituting VC t0 = −Vout
into (39), we obtain the boundary phase shift ϕDCM CCM1 as

ϕDCM CCM1 (r,M) = rcos−1 (1 − 2M 2) . (76)

At this border line, the power is governed by (77) which is
different than prediction of PDCM CCMH 1 (M) = 0 in (20)

PDCM CCM1 (r,M) = Pbase × rM 2

π
. (77)

B. DCM–CCM2 Boundary

The DCM–CCM2 boundary is the case where tZC iL ↘DCM
in (40) reaches to T/2. Having tZC iL ↘DCM = T/2 in (40), we
find the boundary phase shift ϕDCM CCM2 as

ϕDCM CCM2 (r,M) =
π

2
+ rsin−1

[
(2M − 1) sin

π

2r

]

M + cos
π

r
> 0. (78)

At this border line, the power is governed by

PDCM CCM2 (r,M) = Pbase
rM

2π cos
π

2r

×
[√

1 −
[
(2M − 1) sin

π

2r

]2
− cos

π

2r

]

(79)
for 1 > M > −cos

π

r
.

C. CCM1–CCM2 Boundary

The CCM1–CCM2 boundary is the situation tZC iL ↘CCM1 in
(51) reaches to T/2. Substituting ILt0 = 0 and tZC iL ↘CCM1 =
T/2 into (49), the boundary phase shift ϕCCM1 CCM2 is calcu-
lated as

ϕCCM1 CCM2 (r,M) =
π

2
+ rsin−1

[
(2M − 1) sin

π

2r

]

M + cos
π

r
< 0. (80)

At this border line, the power is given by

PCCM1 CCM2 (r,M) = Pbase
rM

2π cos
π

2r

×
[√

1 −
[
(2M − 1) sin

π

2r

]2
− cos

π

2r

]

− cos
π

r
> M > 0. (81)

Similarity between predictions of (78) and (80) indicates that
when CCM1 exists, CCM1–CCM2 boundary prevails DCM–
CCM2 boundary.

Table I summarizes the boundary conditions between the
three modes. Note that the criterion to distinguish between
DCM–CCM2 and CCM1–CCM2 boundaries is provided in the
rightmost column of Table I. Knowing M and r is sufficient to
decide between the predictions of (78) and (80). Table II shows
the criteria for each mode.

The boundaries predicted by time-domain analysis are visu-
alized in Fig. 11 on the same (M,ϕ) plane as in Fig. 4. Both
Fig. 4 and Fig. 11 predict that at ϕ = π or the square wave-
form situation, the converter operates at CCM2 for all M values.
This explains why in early days of SRC initial research using
square wave and frequency modulation the CCM1 mode was
not frequently reported. In contrary to FHA which did not pre-
dict any boundary between DCM and CCM2, the DCM–CCM2
boundaries predicted by time-domain analysis are evident in
Fig. 11.
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TABLE I
MODE BOUNDARY CONDITIONS AND FORMULA

Boundary Condition Formula Criterion

DCM–CCM1 VC 0 = −Vo u t ϕD C M C C M 1 = rcos−1 (1 − 2M 2 ) −

DCM–CCM2 iL (T /2 ) = 0 ϕD C M C C M 2 = π
2 + rsin−1 [

(2M − 1) sin
(

π
2 r

)]
− cos π

r < M < 1

CCM1–CCM2 iL (T /2 ) = 0 ϕC C M 1 C C M 2 = π
2 + rsin−1 [

(2M − 1) sin
(

π
2 r

)]
0 < M < − cos π

r

TABLE II
CRITERIA FOR MODES

Mode Criterion 1 Criterion 2

CCM2 π
2 + rsin−1 [

(2M − 1) sin
(

π
2 r

)]
< ϕ −

CCM1 rcos−1 (1 − 2M 2 ) < ϕ < π
2 + rsin−1 [

(2M − 1) sin
(

π
2 r

)]
− cos π

r < M < 1

DCM ϕ < π
2 + rsin−1 [

(2M − 1) sin
(

π
2 r

)]
− cos π

r < M < 1

ϕ < rcos−1 (1 − 2M 2 ) 0 < M < − cos π
r

Fig. 11. Mode boundaries predicted by time-domain analysis for r = 1.1, 1.3, and 1.5. Points of IL tv A ↗ m ax in CCM1 and Pm ax in CCM2 are shown.

Similar to Fig. 4, the maximum IL tv A ↗ point occurs in CCM1
and the maximum power point happens in CCM2. The bound-
aries and maximum points are explicitly dependent of parameter
r as given in Table I. The extra criterion on M distinguished
between DCM–CCM2 and CCM1–CCM2 boundaries that have
the same formula.

In general, the area of CCM1 region in Fig. 11 is less than
the similar area in Fig. 4 and at higher r the gets smaller. The
readers are encouraged to run the accompanied “SRC_Modes”
calculator described in the Appendix.

A triple-point is the only operating condition where are
three modes coexist. At the triple point ϕCCM1 CCM2 and
ϕDCM CCM1 are equal; thus, using (76) and (80), we obtain

Mtriple point = −cos
π

r
, ϕtriple point = π (2 − r) . (82)

Figs. 12 and 13 illustrate the locus of triple points, as
Mtriple point and ϕtriple point versus r. In both figures, the locus
separates the region with all three modes (below the curve) from
the region with only DCM and CCM2. Knowing two of ϕ, M ,
and r is sufficient to have the entire behavior of SRC, mode of
operation, possibility of having CCM1, and the soft-switching

Fig. 12. M versus r with triple points.

condition. And it is not necessary to use power levels to know
the mode boundaries, as suggested in [44].

In the next section, the numerical predictions of FHA and the
time-domain approaches for key quantities are cross-examined
in detail.
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Fig. 13. ϕ versus r with triple points.

VI. COMPARISON OF FHA AND TIME-DOMAIN

ANALYSIS APPROACHES

This section provides an objective comparison between the
predictions of the same converter under FHA and with time-
domain methods. All the values are represented as normalized
using base values given in (7) and (10).

The first harmonic approximation assumes the current in the
resonant tank to be sinusoidal with the frequency equal to the
switching frequency. Due to the continuous nature of a sinu-
soidal waveform, FHA cannot provide insight for the quantities
in DCM mode. Also FHA does not differentiate between CCM1
and CCM2. The first row of Fig. 14 shows the normalized power
predicted in (9) for r = 1.1, 1.3, and 1.5. Under FHA, the lo-
cations of the maximum current point and the maximum power
point, given in (25) and (28), respectively, do not depend on r.

Time-domain analysis explains both the continuous and dis-
continuous modes. The second row of Fig. 14 shows the power
predicted in (41), (55), and (69) for the same three r values.
Similar to FHA, the maximum power point occurs at ϕ = π in
CCM2, predicted in (70), depends explicitly on r and shifts to
lower M numbers at higher r values. The third row of Fig. 14
shows the difference between power predictions. For majority
of (M,ϕ) plane, FHA predicts a higher power which can reach
up to 28% of excessive power estimation.

Fig. 15 illustrates the normalized maximum current predic-
tions of FHA and time-domain approaches which are important
factors in selecting the semiconductors of the circuit. Both the
methods evaluate similar currents for a short circuit (M = 0)
with square waveform voltage (ϕ = π). Also, in both meth-
ods, the current reaches zero at M = 1 which is compatible
with the SRC accepted as a step-down converter (neglecting
an anomalous step-up operation reported in [46]). Similar to
the case of power, generally FHA has higher maximum current
predictions that reach up to 35% of difference.

Knowledge of RMS current is required for thermal design
of the converter. Fig. 16 depicts the normalized RMS current
predictions of FHA and time-domain approaches. Similar to the
case of maximum current, both methods find similar currents
for M = 0 and ϕ = π. Again FHA predicts larger RMS that
reach up to 20% of difference. Comparing Fig. 15 with Fig.

16 shows that the regions of overestimation or underestimation
have different patterns for IL max and IL rms .

Fig. 17 shows the normalized maximum voltage across the
resonant capacitance which is required to select the correct ca-
pacitor rating. As expected, the highest voltage occurs at lower
r with M = 0 and ϕ = π, which is the situation of highest
current passing through the resonant capacitor. At this point, the
capacitor voltage can reach up to six times the dc voltage. This
can be important to select the capacitor with correct voltage
margins if the short circuit events are expected to be frequent
for the converter. Again FHA predicts larger capacitor voltage
up to 100% larger.

The first row of Fig. 18 shows the normalized IL tv A ↗ FHA
predicted in (14) for r = 1.1, 1.3, and 1.5. The dashed lines sep-
arate CCM1 and CCM2 where IL tv A ↗ FHA goes from positive
to negative, generating ZVS. Knowing the largest IL tv A ↗ FHA
in CCM1 allows selecting the optimum value of auxiliary cur-
rent to ensure soft switching for the entire operating points
of the converter, for example, following the approach in [47].
Second row of Fig. 18 depicts the maximum IL tv A ↗ that is ob-
tainable by inserting ϕ and M from (55) into (52). Comparing
these figures show that the location of the maximum IL tv A ↗

is predicted differently in FHA and in time-domain methods.
In addition, FHA predicts much larger IL tv A ↗ compared to
the estimate of time-domain approach. Therefore, an auxiliary
current designed based on FHA will inject unnecessarily large
current to the ac node of the leading leg which incurs unwanted
conduction losses.

VII. EXPERIMENTAL RESULTS

Experimental verification of the merits of the proposed ana-
lytic predictions is provided in this section. The specifications
of the prototype converter are given in Table III.

To consider the voltage drop of output diodes
Vout = Vout nom + 2 ∗ 0.7 = 49.4 V and P = Pout nom ∗
49.4
48 = 103 W. We select n = 2, r = 1.1, and ϕV in m in =

150◦ = 5π
6 rad. From (1)

MV in m in =
Vout

Vin min/n
=

49.4
120/2

= 0.8233

MV in m a x =
Vout

Vin max/n
=

49.4
180/2

= 0.5489.

Inserting ϕV in m in , MV in m in , and r in (69) gives
Pbase V in m in = 131.35 W. from (10), we find Z0 = 54.82 Ω.
Selecting fSW = 250 kHz results in ω0 = 1.4280 Mrad/s
and from (1) we reach to L = 38.4 μH and C = 12.8 nF.

Due to loss of ZVS in CCM1, an adaptive auxiliary circuit is
adopted as shown in Fig. 19 (introduced in [47]).

For r = 1.1, (56) gives ϕIL t v A ↗ m a x = 54◦. Also, from
Fig. 18, we have IL tv A ↗ max = 0.162 Ibase . For Vin = 180 V
from (7), we have Ibase = 5.16 A which gives IL tv A ↗ max =
0.84 A. The design formula for Laux from [47] is

Laux <
TVin

16IL tv A ↗ max/n

(
1 − 1

π
ϕIL t v A ↗ m a x

)
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Fig. 14. Prediction of P/Pbase percentage for r = 1.1, 1.3, and 1.5 bases on FHA (first row) and time-domain analysis (second row). White lines indicate
mode boundaries. Difference in predictions is given in third row.

Fig. 15. Prediction of IL m ax /Ibase percentage for r = 1.1, 1.3, and 1.5 bases on FHA (first row) and time-domain analysis (second row). Solid lines indicate
mode boundaries. Difference in predictions is given in third row.
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Fig. 16. Prediction of IL m ax /Ibase percentage for r = 1.1, 1.3, and 1.5 bases on FHA (first row) and time-domain analysis (second row). Solid lines indicate
mode boundaries. Difference in predictions is given in third row.

Fig. 17. Prediction of VC m ax /(Vin /n) percentage r for r = 1.1, 1.3, and 1.5 bases on FHA (first row) and time-domain analysis (second row). Solid lines
indicate mode boundaries. Difference in predictions is in third row.
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Fig. 18. Prediction of IL+ t v A ↗/Ibase percentage for r = 1.1, 1.3, and 1.5 bases on FHA (first row) and time-domain analysis (second row). Solid lines
indicate mode boundaries. Difference in predictions is given in third row.

Fig. 19. SRC with full-bridge inverter and full-bridge diode rectifier.

TABLE III
PROTOTYPE CONVERTER SPECIFICATIONS

Symbol Parameter Value

Po u t n o m Nominal output power 100 W
V in Input voltage 120–180 V
Vo u t n o m Nominal output voltage 48 V
fS W Switching frequency �200 kHz

which gives Laux < 75 μH. Table IV shows the real compo-
nents of the converter.

The deadtime, denoted by td , was 100 ns and the switches
were STW75NF30 with Rds(on)<70 mΩ in warm state (110 °C
junction temperature) and the effective drain–source capaci-
tance of Csb = 2 × 350 nF. Csb is the sum of charge equivalent

(and not the energy equivalent) capacitors of S1L and S1U (cal-
culated from [48, Fig. 9] using the method in [49, p. 247]) plus
the stray capacitance of the transformer seen at the primary [50],
[51]. Note that the value of 837 pF for Coss mentioned in [48]
should not be used for Csb [49]. MOSFET drivers were FOD3180.

When measured, the physical capacitor chosen as the resonant
capacitor showed an effective capacitance of 12.5 nF (which is
within its tolerance range). Therefore, the selection of fSW =
250 kHz means r = 1.065 and the tests are done using this r
value.

Figs. 20 to 22 provide the experimental waveforms, the pre-
dictions of FHA and time-domain methods and the measured
experimental values for operation in DCM, CCM1, and CCM2,
respectively. In each mode, there are two tests for Vin of 120
and 180 V, respectively. For the majority of the tests, the out-
put voltage was kept constant at the desired 49.4 V using an
electronic load model Sorensen slm 60v/15a/75w in constant
voltage mode.

Fig. 20 shows the main waveforms for DCM mode. FHA has
no prediction for this mode. For both tests for Vin equal to 120
and 180 V, there is a close agreement between the experimental
results of all the variables with the analytical predictions from
the time-domain method. The readers can refer to the accompa-
nied “SRC_Modes” calculator described in the Appendix.

Fig. 21 represents the experimental outcomes in CCM1 mode
when the auxiliary circuit is disconnected. The time-domain pre-
dictions are closer to the measurements than FHA predictions.



7730 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 31, NO. 11, NOVEMBER 2016

TABLE IV
PROTOTYPE CONVERTER COMPONENTS

Component Value

Switches STW75NF30
Drivers FOD3180
Main transformer ETD39, 3F3, 2:1 Leakage Inductance (Primary) <400 nH Magnetizing inductance (primary) > 5 mH
Resonant inductor RM10, 3F3, 19t, gap: 1 mm, 37 μH
Resonant capacitor Film MMKP 13 nF, 1600 Vdc
Rectifier diodes PDS5100
Output capacitor 250 μF, 100 V
Auxiliary inductors RM10, 3F3, 19t, gap: 0.5 mm, 70 μH
Auxiliary capacitors 100 μF, 100 V

Fig. 20. Experimental results in DCM mode at Vin of 120 V (left) and of 180 V (right). (r = 1.065).

An important observation that in CCM1 the time-domain anal-
ysis slightly underestimates the values of IL tv A ↗ while FHA
overestimates. The voltage spikes in vA ′ are the indication of
loss of ZVS without the auxiliary circuit connected. To get the
ZVS, the value of Laux was reduced from 70 to 51 μH (to
account for the underestimation).

Fig. 22 shows the experimental outcomes in CCM1 mode.
For the test at Vin = 120 V, we have Vout = 49.4 V; how-
ever, in the case of Vin = 180 V, it was not possible to keep
Vout at 49.4 V due to the restrictions of the available electronic
load. Therefore, the test at Vin = 180 V was performed using
a resistive load which resulted in Vout = 85.5 V. Again the
time-domain approach predictions are closer to the measure-
ment values compared with the FHA predictions. Similar to the
case of CCM1, the time-domain analysis predicts less negative
values for IL tv A ↗ compared with the measurement results. This
is also true for FHA in this mode. The reason for this difference
is believed to originate from the nonzero deadtime in the exper-
imental setup.

VIII. EFFECT OF NONZERO DRAIN–SOURCE CAPACITANCE

AND DEADTIME

Previously, it was mentioned that a negative IL tv A ↗ is re-
quired at tvA ↗ in order to have ZVS in the leading leg
because IL tv A ↗ < 0 provides the energy needed for chang-
ing/discharging the drain–source capacitors of the switches.
This means that IL tv A ↗ should charge a total effective capac-
itor denoted by Csb from 0 to Vin . Having a nonzero td , we
can assume that IL tv A ↗ remains essentially constant during td ;
therefore, the condition for a full ZVS (i.e., during td ) is

IL tv A ↗ < −CsbVin/td . (83)

The rationale behind this assumption is that the stored energy
in the resonant tank ensures the current flow during td provided
that td < T/20. Table V shows the different possibilities for
leading leg switching and their conditions. The case of “reduced
turn-ON switching losses” comes from the fact that if IL tv A ↗ is
not sufficiently negative, the voltage of Csb cannot change from



SAFAEE et al.: TIME-DOMAIN ANALYSIS OF A PHASE-SHIFT-MODULATED SERIES RESONANT CONVERTER 7731

Fig. 21. Experimental results in CCM1 mode at Vin of 120 V (left) and of 180 V (right). (r = 1.065).

Fig. 22. Experimental results in CCM2 mode at Vin of 120 V (left) and of 180 V (right). (r = 1.065). To keep the current levels within the range, the test for
Vin = 180 V is performed at Vout = 85.5 V.

0 to Vin during td (or during td ). This case would not happen if
Csb = 0.

The consequence of having a nonzero Csb is that now the
entire region of CCM2 does not have full ZVS, but it is di-
vided to two distinct regions with “reduced turn-ON switching
losses” and with ZVS. Fig. 23 depicts the actual (not normalized)
IL tv A ↗ values for our system with L = 13 μH, C = 12.5 nF,

Vin = 120 V, td = 100 ns, Csb = 2 × 350 nF, and r = 1.1,
1.3, and 1.5. The current threshold of −CsbVin/td = −0.84 A
is shown and the split of CCM2 region to two distinct regions
is illustrated. In addition, although we know from [49] that Csb
is voltage dependent, its values does not change much from
Vin = 120 to 180 V; therefore, Fig. 23 is not repeated for Vin =
180 V.
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TABLE V
LEADING LEG TURN-ON SWITCHING POSSIBILITIES AND THEIR CONDITIONS FOR FINITE DEADTIME

Possibility Condition Comment

No soft switching IL t v A ↗ > 0 Hard switching at tv A ↗

Zero current switching IL t v A ↗ = 0

Reduced turn-on switching losses 0 > IL t v A ↗ > −C s b V in /td ΔVC s b < V in during td

ZVS −C s b V in /td > IL t v A ↗ ΔVC s b = V in during td

Fig. 23. Time-domain prediction of IL tv A ↗ for Vin = 120 V, td = 100 ns, Csb = 2 × 350 pF and r = 1.1, 1.3 1.1, 1.3, and 1.5. CCM2 is divided to two
regions with “reduced turn-ON switching losses” and ZVS, separated at −0.84 A.

Fig. 24. SRC_Modes Panel.

It is important to note that everywhere in this paper the value
of ϕ is defined based on the power waveforms and not based
on the gate signals. The reason is that with a nonzero deadtime,
the time-wise compatibility between the power waveforms and
gate signals exists only when ZVS is maintained. When the
circuit operates without a full ZVS in the leading leg, there is
a mismatch between the gate signals and power waveforms as
large as the deadtime. This phenomenon is reported in [52] and
[53] for a different type of converter. Defining ϕ based on the

power waveforms eliminates the dependence of phase shift on
the soft-switching condition.

IX. CONCLUSION

A comprehensive time-domain analysis of phase-shift-
modulated SRCs operating above resonance is presented.
Closed-form formulas are derived using two methods of
FHA technique and the proposed time-domain analysis. Three
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mutually exclusive and collectively exhaustive modes of opera-
tion are identified. The accuracy of the first harmonic approxi-
mation is examined and closed-form equations for the boundary
conditions of the three operation modes are provided. An adap-
tive passive auxiliary circuit to guarantee ZVS for the entire
operating conditions is suggested. The predictions of both an-
alytical methods were examined by comparing to experimental
results from a 100 W prototype.

APPENDIX

This paper has an active content program, named as
“SRC_Modes” calculator to calculate and visualize the modes,
represent the waveforms and deliver the main quantities using
both FHA and time-domain approaches, as shown in Fig. 24.
The user selects values for L, C, n, Vin , r, M and ϕ where
there are individual sliders for r, M , and ϕ.

Note that all three files of the “SRC_Modes” calculator must
be in the same folder in order to run correctly. The file names
are:

1) SRC_Modes.m, the main m file to run;
2) SRC_Modes.fig, the fig file including the visual panel; and
3) Calc1.m, the function file including the calculations.
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