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Offset-Free Robust Adaptive Back-Stepping Speed
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Synchronous Motor
Seok-Kyoon Kim, June-Seok Lee, Member, IEEE, and Kyo-Beum Lee, Senior Member, IEEE

Abstract—This paper proposes a speed-control law for a para-
metrically uncertain surface-mounted permanent magnet syn-
chronous motor (SPMSM) using a multivariable approach, which
robustly and optimally stabilizes the tracking error dynamics
using only the lower and upper bounds of the SPMSM parameters.
The contributions of this article are twofold. First, both the inner-
and outer-loop controllers are designed using a multivariable
approach; the back-stepping controller design method ensures
stability and the offset-free property. Second, it is shown that it is
possible to systematically assign the robust global stabilizing con-
trol gains by solving an optimization problem. The efficacy of the
proposed method is experimentally verified using a 3-kW SPMSM.

Index Terms—Parametric uncertainty, permanent magnet syn-
chronous motor (PMSM), robust speed tracking control, stability.

I. INTRODUCTION

B ECAUSE of their high efficiency, power factor, and den-
sity, permanent magnet synchronous motors (PMSMs)

have been considered as an alternative to traditional dc and
induction motors in many industrial applications [1]–[6].

Conventionally, it has been preferred to use the cascade speed
control strategy for designing the speed controller of the PMSM.
The cascade speed controller is comprised of the inner-loop cur-
rent controller and the outer-loop speed controller in a cascade
manner. Although both the inner and outer loop are designed to
stabilize their desired error dynamics, respectively, it is ques-
tionable that the whole closed-loop system (combining the inner
loop and outer loop) is also stable, which is a fundamental lim-
itation of the cascade control scheme. In order to overcome this
obstacle, recently, a multivariable approach has been introduced,
which is based on the nonlinear control strategies such as the
sliding mode control (SMC), model predictive control (MPC),
fuzzy control, adaptive control methods, etc.

The proportional-integral (PI) controller was mainly utilized
to control the inner and outer loop because of its simplicity [7],
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[8]. The PI gains were determined to meet the desired closed-
loop performance in the frequency domain, and the additional
feed-forward (F/F) compensation terms were introduced to im-
prove the current transient performance. To improve the closed-
loop performance in the time domain, various novel controllers
such as the deadbeat method [9] and the feedback linearizing
method [10], [11] for the inner loop have been developed. A ro-
bust control scheme [12] has been developed for the inner loop
to improve the closed-loop robustness, employing the conver-
gent state estimates of the disturbance observer. It is, however,
questionable that these control schemes can maintain satisfac-
tory closed-loop performance under parameter variations. To
maintain satisfactory closed-loop performance, regardless of the
disturbance caused by parameter variations and external noise,
SMC scheme [13] has been devised for replacing the inner-loop
PI controller, and there was another speed control algorithm
[14] based on the SMC method through the multivariable ap-
proach. The optimal time-domain performance of their closed-
loop system, however, should be found by tuning the control
gain using the trial-and-error method because there has been no
systematic way to assign the optimal control gain. It has been
reported that the recent MPC methods in [15] and [16] provides
a faster transient performance than the existing methods with
the closed-loop optimality in some sense. However, there has
been no proof that closed-loop systems controlled by the MPC
method remains optimal in the presence of parameter uncertain-
ties. There have been several fuzzy logic controllers [17], [18],
adaptive speed controller [19], and back-stepping controllers
[1], [20]–[25] based on the multivariable approach. Fuzzy logic
control schemes [17], [18] consider all parameter uncertainties;
however, the closed-loop stability has been proven only under
the assumption that the control input is bounded at all times,
and these schemes might require a heavy online computational
effort. Although the adaptive speed-control law suggested in
[19] considers all parametric uncertainties of the PMSM, it re-
quires feedback regarding the accelerated speed, which is hard
to access in practice. The adaptive back-stepping speed-control
scheme in [1] guarantees that the PMSM speed follows its ref-
erence, estimating the resistance, mechanical friction, and load
torque online; however, this controller needs to know the true
values of inductance and flux, and its control gains should be
tuned for a satisfactory closed-loop performance through a trial-
error method. Although the other adaptive back-stepping meth-
ods presented in [20] and [21] handles the uncertainties of the
all parameters, there was no systematic way of determining
the optimal closed-loop performance. In particular, the recent
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adaptive back-stepping method in [21] presented a method to
avoid the singularity problem while estimating all of the elec-
trical and mechanical parameters; this method attempted to en-
hance the closed-loop robustness against load torque using the
sigma-modification terms for both the integrator and the adapta-
tion law. However, there was no guarantee that the offset errors
in the tracking errors are removed. The rest of the back-stepping
methods [22]–[25] did not only consider the parameter varia-
tion of the inductance value but also offer any optimal method
to determine the control gains.

This article presents an adaptive back-stepping speed con-
troller design method for an surface-mounted PMSM (SPMSM)
via the multivariable approach in the presence of parametric
uncertainties, compensating for the inadequacies of the afore-
mentioned methods in the literature. The proposed method has
the same benefits in the result [21], and, in particular, the con-
trasts to previous result of [21] are divided into two parts: 1) the
offset-free property is guaranteed thanks to consider the vector
form of the PMSM dynamics instead of the scalar form, 2) an
optimal control gain can be determined by solving an optimiza-
tion problem under bilinear matrix inequality constraints, which
robustly stabilizes the closed-loop system despite the parameter
variations. The experimental results using a 3-kW SPMSM show
that the proposed method significantly enhances the closed-loop
performance relative to the classical cascade PI scheme.

II. SPMSM MODEL IN SYNCHRONOUS ROTATING d-q FRAME

In the synchronous rotating dq frame, the dynamics of the
SPMSM are described as follows [1]:

did(t)
dt

= −Rs

L
id(t) + Pω(t)iq (t) +

1
L

ud(t), (1)

diq (t)
dt

= −Pω(t)id(t) −
Rs

L
iq (t) −

Pλm

L
ω(t) +

1
L

uq (t),

(2)

dω(t)
dt

= −B

J
ω(t) +

1
J

(
Te(iq (t)) − TL (t)

)
,

∀t ≥ 0 (3)

where id(t), iq (t), and ω(t) denote the d-frame current, the q-
frame current, and the rotor speed, respectively. The dq-frame
input voltages are denoted by ud(t) and uq (t), respectively,
which are treated as the control inputs. The electrical torque
Te(iq (t)) is given by

Te(iq (t)) :=
3
2
Pλm iq (t), ∀t. (4)

The electrical coefficients Rs , L, and λm represent the stator
resistance, inductance, and magnet flux, respectively. The me-
chanical coefficients B, J , and P denote the viscous friction,
rotor moment of inertia, and the number of pole pairs, respec-
tively. TL (t) refers to the load torque. Rs and L are the stator
resistance and inductance, respectively. λm is the permanent
magnet flux.

Note that it is difficult to always know the exact values of the
electrical and mechanical parameters, except for the number of

pole pairs P , because these values vary as the operating con-
ditions change (e.g., the reference speed and the temperature).
Moreover, the load torque TL (t) can also be abruptly changed
by an unexpected load failure. Thus, in the rest of the paper, it
is assumed that

1) All of the electrical and mechanical coefficients, except
for the number of pole pairs P , are unknown, but the
upper and lower bounds of these parameters are known,
i.e., there exist known positive constants Rs,min, Rs,max,
Lmin, Lmax, λm,min, λm,max, Bmin, Bmax, Jmin, and Jmax,
such that

0 < Rs,min ≤ Rs ≤ Rs,max, 0 < Lmin ≤ L ≤ Lmax,

0 < λm,min ≤ λm ≤ λm,max, 0 < Bmin ≤ B ≤ Bmax,

0 < Jmin ≤ J ≤ Jmax. (5)

2) The load torque TL (t) is unknown, but it can be decom-
posed as the sum of its dc component TL,0 and its bounded
time-varying component ΔTL (t), i.e.,

TL (t) = TL,0 + ΔTL (t), ∀t (6)

where |ΔTL (t)| ≤ β, ∀t, for some positive constant β.
3) The a-b-c (stationary) frame current, the SPMSM speed,

and the corresponding d-q frame current are accessible for
measurement.

Under these assumptions, a robust speed tracking control
scheme is designed in the following section using the state equa-
tion comprised of (1), (2), and (3).

III. SPEED CONTROLLER DESIGN

In this section, a robust speed tracking control law is devel-
oped for attaining the following control objective:

lim
t→∞

ω(t) = ωref and lim
t→∞

id(t) = id,ref (7)

for a given constant speed reference ωref and d-frame current
reference id,ref under parametric uncertainties. Note that the
current reference id,ref is given for a maximized value of the
torque-per-ampere within the rating speed operations; it is set to
zero in the case of an SPMSM [26], [27]. On the other hand, in
high-speed operation, id,ref is determined such that the steady-
state value of the control input is feasible, which is called field-
weakening control. In this study, it is assumed that the d-frame
reference id,ref is set to zero.

First, because the load torque TL (t) acts as a mismatched,
unknown disturbance in the speed dynamics (3), define the co-
ordinate transformation as

eiq (t) := iq (t) − iq ,ref(t), ∀t ≥ 0 (8)

with iq ,ref(t) being the virtual control input acting as the q-
frame current reference to be designed later. Defining the speed
tracking error as eω (t) := ω(t) − ωref, ∀t ≥ 0, with the speed
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reference ωref, and using the dynamic (1), it follows that:

c1 ėω (t) = −c2eω (t) + eiq (t) + iq ,ref(t) + pω

+w1,0 + w1(t), (9)

ėiq (t) = i̇q (t) − i̇q ,ref(t)

= −Pω(t)id(t) −
Rs

L
iq (t) −

Pλm

L
ω(t)

+
1
L

uq (t) − i̇q ,ref(t), ∀t ≥ 0 (10)

where the unknown positive constants c1 , c2 , and pω are defined
by

c1 :=
2J

3Pλm
, c2 :=

2B

3Pλm
, pω := −2Bωref

3Pλm
.

The disturbance signals w1,0 , w1(t) are defined as

w1,0 := − 2TL,0

3Pλm
, w1(t) := −2ΔTL (t)

3Pλm
, ∀t ≥ 0.

To stabilize the speed error dynamics (9), the virtual control
input iq ,ref(t) is chosen as

iq ,ref(t) = −kP,ω eω (t) − kI ,ω zω (t) (11)

żω (t) = eω (t), ∀t ≥ 0 (12)

where kP,ω and kI ,ω represent the control gains, respectively.
Now, substituting the virtual control input (11) and (12) into

the speed tracking error dynamics (9), we define the d-frame
current tracking error eid(t) := id(t) − id,ref, ∀t ≥ 0, and aug-
ment the two integrators for the tracking errors eid(t) and eiq (t)
as

żid(t) = eid(t), żiq (t) = eiq (t), ∀t ≥ 0

which transforms the error dynamics (9) and (10) into

c1 ėω (t) = −(c2 + kp,ω )eω (t) − kI ,ω z̃ω (t)

+eiq (t) + w1(t) (13)

˙̃zω (t) = eω (t) (14)

ėid(t) = −Rs

L
eid(t) +

1
L

ud,1(t)

+
1
L

(
ud,2(t) + p1q5(t)

)
(15)

ėiq (t) =
1
L

uq,1(t) +
1
L

(
uq,2(t) +

4∑
i=1

piqi(t)
)

+w2(t) (16)

żid(t) = eid(t) (17)

żiq (t) = eiq (t), ∀t ≥ 0 (18)

where ud1 (t), ud2 (t), uq,1(t), and uq,2(t) are given by

ud(t) = ud,1(t) + ud,2(t), uq (t) = uq,1(t) + uq,2(t), ∀t ≥ 0

and

z̃ω (t) := zω (t) − pω

kI ,ω
− w1,0

kI ,ω
, ∀t ≥ 0.

The unknown coefficients, pi , i = 1, . . . , 4, are defined by

p1 := L, p2 :=
3LPλm kP,ω

2J
− Rs

p3 := Pλm +
LBkP,ω

J
, p4 :=

LTL,0kp,ω

J

qi(t), i = 1, . . . , 5, denote available signals for feedback given
by

q1(t) := kI ,ω eω (t) − Pω(t)id(t), q2(t) := iq (t)

q3(t) := −ω(t), q4(t) := −1, q5(t) := Pω(t)iq (t) ∀t ≥ 0

and w2(t) refers to the disturbance signal defined by

w2(t) := −ΔTL (t)kP,ω

J
, ∀t ≥ 0.

The error dynamics, comprised of (13)–(18), can be written in
the simple vector form as follows:

ẋω (t) = Aω,K xω (t) + Bω,1xa(t) + Bω,dw1(t) (19)

ẋa(t) = Aaxa(t) + Bau1(t)

+
1
L

Bn

(
u2(t) + Q(t)p

)
+ Bdw2(t)

∀t ≥ 0 (20)

where the states xω (t), xa(t), and the control inputs u1(t), u2(t)
are given by

xω (t) :=

[
eω (t)

z̃ω (t)

]
, xa(t) :=

⎡
⎢⎢⎢⎢⎣

eid(t)

eiq (t)

zid(t)

ziq (t)

⎤
⎥⎥⎥⎥⎦

u1(t) :=

[
ud,1(t)

uq,1(t)

]
, u2(t) :=

[
ud,2(t)

uq,2(t)

]
, ∀t ≥ 0.

The matrices of the system (19) and (20) are defined as

Aω,K := Aω + BωKω ,

Aω :=

⎡
⎣−c2

c1
0

1 0

⎤
⎦ , Bω :=

⎡
⎣

1
c1

0

⎤
⎦

Kω :=
[
−kP,ω −kI ,ω

]
,

Bω,1 :=

⎡
⎣0

1
c1

0 0

0 0 0 0

⎤
⎦ , Bω,d :=

⎡
⎣

1
c1

0

⎤
⎦
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Aa :=

⎡
⎢⎢⎢⎢⎢⎢⎣

−Rs

L
0 0 0

0 0 0 0

1 0 0 0

0 1 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

, Bd :=

⎡
⎢⎢⎢⎢⎣

0

1

0

0

⎤
⎥⎥⎥⎥⎦

Bn :=

[
I2×2

02×2

]
, Ba :=

1
L

Bn

and the measurable matrix Q(t) and unknown parameter vector
p are given by

Q(t) :=

[
q5(t) 0 0 0

q1(t) q2(t) q3(t) q4(t)

]
, ∀t ≥ 0

p :=
[
p1 p2 p3 p4

]T
.

For stabilizing the system (19) and (20), consider the control
law described by

u1(t) := Kaxa(t) (21)

u2(t) := −Q(t)p̂(t), ∀t ≥ 0 (22)

where p̂(t) is an estimate of the unknown vector p, which is
tuned following the adaptation law given by

˙̂p = Γ
(
QT (t)BT

n Paxa(t) − σp̂(t)
)

, ∀t ≥ 0 (23)

with Γ = ΓT > 0, Pa = PT
a > 0, σ > 0 being design param-

eters. Then, the proposed control law (21) and (22) forces the
current error dynamics (20) to be governed by the dynamics

ẋa(t) = AK xa(t) +
1
L

BnQ(t)p̃(t) + Bdw2(t), (24)

˙̃p(t) = −Γ
(
QT (t)BT

n Paxa(t) + σp̃(t) − σp
)

,

∀t ≥ 0 (25)

where

AK := Aa + BaKa , p̃(t) := p − p̂(t), ∀t ≥ 0.

Now, we proceed to prove that the proposed control algorithm
(21) and (22) globally stabilizes the current error dynamics (24)
and (25), which simplifies the proof of the closed-loop stability.

Lemma 1: Define p1 := [Rs L ]T and let p1,i , i =
1, 2, . . . , 4, be all possible vectors obtained by substituting the
extreme values of the parameters, Rs , L, into the parameter vec-
tor p1 , and assume that the four matrix inequalities described
by

QaAT
a,i + YT BT

a,i + Aa,iQa + Ba,iY + 2αQa ≤ 0,

i = 1, 2, 3, 4 (26)

are solvable for some α > 0 and Qa = QT
a > 0, where

(Aa,i ,Ba,i) := (Aa ,Ba)
∣∣∣∣
p1 =p1 , i

, i = 1, . . . , 4.

Then, the control gain, defined as

Ka := YQ−1
a (27)

with setting Pa = Q−1
a for the adaptation law (23), globally

stabilizes the current error dynamics (24) and (25) for any Γ =
ΓT > 0, σ > 0.

Proof: Consider the positive definite function defined as

V (xa(t), p̃(t)) := xT
a (t)Paxa(t) +

1
L

p̃T (t)Γ−1 p̃(t), ∀t ≥ 0
(28)

where Qa = P−1
a solves the four inequalities in (26). Its time

derivative along the trajectory of the closed-loop current error
dynamics (24) and (25) is given by

V̇ = ẋT
a (t)Paxa(t) + xT

a (t)Pa ẋa(t) +
2
L

p̃T (t)Γ−1 ˙̃p(t)

=
(
AK xa(t) +

1
L

BnQ(t)p̃(t) + Bdw2(t)
)T

Paxa(t)

+xT
a (t)Pa

(
AK xa(t) +

1
L

BnQ(t)p̃(t) + Bdw2(t)
)

− 2
L

p̃T (t)
(
QT (t)BT

n Paxa(t) + σp̃(t) − σp
)

= xT
a (t)

(
AT

K Pa + PaAK

)
xa(t)

+
2
L

p̃T (t)QT (t)BT
n Paxa(t) + 2xT

a (t)PaBdw2(t)

− 2
L

p̃T (t)QT (t)BT
n Paxa(t)

−2σ

L
‖p̃(t)‖2 +

2σ

L
p̃T (t)p, ∀t ≥ 0.

Because the four linear matrix inequality (LMI) (26) result in
four inequalities

(
AT

K Pa + PaAK

)∣∣∣∣
p1 =p1 , i

= (Aa,1 + Ba,1Ka)T Pa + Pa(Aa,1 + Ba,1Ka) ≤ −2αPa

i = 1, 2, 3, 4

respectively, it holds that

AT
K Pa + PaAK ≤ −2αPa

for any Rs , L satisfying (5) based on the result in [28]. Thus, it
follows that:

V̇ ≤ −2αxT
a (t)Paxa(t) − 2σ

L
‖p̃(t)‖2

+2xT
a (t)PaBdw2(t) +

2σ

L
p̃T (t)p, ∀t ≥ 0.
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Since the two indefinite terms satisfy that

2σ

L
p̃T (t)p ≤ σ

L
‖p̃(t)‖2 +

σ

L
‖p‖2 , ∀t, (29)

2xT
a (t)PaBdw2(t) ≤ αxT

a (t)Paxa(t) +
1
α
‖P1/2

a Bdw2(t)‖2

≤ αxT
a (t)Paxa(t) +

1
α
‖P1/2

a Bd‖2w̄2
2

∀t ≥ 0 (30)

by utilizing Young’s inequality, i.e.,

2xT y ≤ ε‖x‖2 +
1
ε
‖y‖2 , ∀x,y ∈ Rn , ∀ε > 0

and the inequality

|w2(t)| ≤ w̄2 :=
β|kp,ω |

J
, ∀t ≥ 0

where β > 0 is a bound of ΔTL (t) defined in (6). The two
inequalities (29) and (30) yield that

V̇ ≤ −αxT
a (t)Paxa(t) − σ

L
‖p̃(t)‖2 + r − αxT

a (t)Paxa(t)

− σ

4λmax(Γ−1)
4
L

λmax(Γ−1)‖p̃(t)‖2 + r

≤ −αxT
a (t)Paxa(t) − σ

4λmax(Γ−1)
4
L

p̃T (t)Γ−1 p̃(t) + r

≤ −γV + r, ∀t ≥ 0 (31)

which implies the global stability of the closed-loop current
error dynamics (24), (25), where the positive constants γ and r
are defined as

γ := min
{

α,
σ

4λmax(Γ−1)

}
,

r :=
σ

L
‖p‖2 +

1
α
‖P1/2

a Bd‖2w̄2
2 (32)

and the second inequality comes from the following relation-
ship:

λmin(A)‖x‖2 ≤ xT Ax ≤ λmax(A)‖x‖2

∀x ∈ Rn , ∀ A = AT > 0

with λmin((·)) and λmax((·)) being the minimum and maximum
eigenvalues of the matrix (·), respectively. �

Remark 1: The controllability of the pair (Aa ,Ba) is a nec-
essary condition to guarantee the existence of a solution to the
four inequalities in (26), which can be verified by checking
whether its controllability matrix C := [Ba AaBa ](∈ R4×4)
has full rank or not. For instance,

rank(C) = rank
([

Ba AaBa

])

= rank

([ 1
L I2×2 ∗
02×2

1
L I2×2

] )
= 4,

∀Rs > 0, ∀L > 0

which indicates the controllability of the pair (Aa ,Ba).

Remark 2: Assuming p̃(t) = 0, ∀t, and defining

Vnom(xa(t)) := V (xa(t), p̃(t))
∣∣∣∣
p̃(t)=0

, ∀t ≥ 0

it follows from the inequality in (31) that:

V̇nom ≤ −α

2
Vnom − α

2
xT

a (t)Paxa(t) + r

≤ −α

2
Vnom

−
(

α

2
λmin(Pa) − r

‖xa(t)‖2

)
‖xa(t)‖2

≤ −α

2
Vnom,

∀‖xa(t)‖ ≥
√

2r

αλmin(Pa)
, ∀t ≥ 0

which implies that

‖xa(t)‖ ≤ e−
α
4 tκ(Pa)‖xa(0)‖,

∀‖xa(t)‖ ≥
√

2r

αλmin(Pa)
, ∀t ≥ 0 (33)

(for details, see Comparison Principle in [29]), where

κ(Pa) :=

√
λmax(Pa)
λmin(Pa)

.

The inequality in (33) dictates that, to maximize the decay ratio
of the current tracking error xa(t), it is desirable to determine
the control gain of (27) by solving the optimization problem
described by

max α
α>0,Qa =QT

a >0,Y
subject to (26) (34)

which can be easily solved using semidefinite programming
such as YALMIP and FMINCON of the MATLAB software.
The optimization problem described in (34) can be also used as
the current-loop control gain selection guideline. This result is
in contrast to the result in [21].

Remark 3: Thanks to the introduced integral action of (17)
and (18) with vector representations of (19) and (20), it is pos-
sible to guarantee the offset-free property that is given by

eid,∞ = 0, eiq ,∞ = 0

where eid,∞ and eiq ,∞ denote the steady-state values of eid(t)
and eiq (t), respectively, which is another contrast to the previous
result of [21].

Note that, since Lemma 1 asserts only that the proposed con-
trol law (21), (22) stabilizes the current tracking error dynamics
(20) for a subsystem of the closed-loop system (19), (20), it
is unknown whether the control law (21), (22) also stabilizes
the closed-loop system including the dynamics (19). Theorem
1 presents a method for assigning a robust stabilizing control
gain for the closed-loop system (19), (20), (21), and (22) using
the result of Lemma 1.

Theorem 1: Define p2 := [J λm B ]T and let p2,i , i =
1, 2, . . . , 8, be all possible vectors obtained by substituting the
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extreme values of the parameters, J , λm , and B, into the param-
eter vector p2 . Suppose that the assumption of Lemma 1 holds
so that it is acceptable to pick the stabilizing current-loop control
gain in the form of (27), and that there exists Qω = QT

ω > 0
such that it solves the inequalities[

F(Qω ,Yω , β) Bω,1

BT
ω ,1 −(α − β)Pa

] ∣∣∣∣
p=p2 , i

≤ 0, i = 1, 2, . . . , 8

(35)

for some β ∈ (0, α), where

F(Qω ,Yω , β) : = QωAT
ω + YT

ω Bω + AωQω

+BωYω + βQω

and the pair (α,Pa) is a solution to the four inequalities in (26).
Then, the speed control gain, which is determined by

Kω = YωQ−1
ω (36)

with the current control gain of (27) and the setting Pa = Q−1
a

for the adaptation law (23), globally stabilizes the closed-loop
system comprised of (19), (20), (21), and (22) for all Γ = ΓT >
0, σ > 0.

Proof: Define

xcl(t) :=

[
xω (t)

xa(t)

]
, ∀t ≥ 0, Pcl :=

[
Pω 02×4

04×2 Pa

]

and consider the composite positive definite function defined by

Vcl(xcl(t), p̃(t)) := xT
cl(t)Pclxcl(t) +

1
L

p̃T (t)Γ−1 p̃(t)

= xT
ω (t)Pωxω (t) + V (xa(t), p̃(t)), ∀t ≥ 0

where the positive definite function V (xa(t), p̃(t)) is defined in
(28). Then, its time derivative along the closed-loop trajectory
of the system (19), (20), (21), (22), and (23) is given by

V̇cl =
[
Aω,K xω (t) + Bω,1xa(t) + Bω,dw1(t)

]T

Pωxω (t)

+xT
ω (t)Pω

[
Aω,K xω (t) + Bω,1xa(t) + Bω,dw1(t)

]

+V̇

≤ xT
ω (t)

(
AT

ω ,K Pω + PωAω,K

)
xω (t)

+2xT
ω (t)PωBω,1xa(t) + 2xT

ω (t)PωBω,dw1(t)

−αxT
a (t)Paxa(t) − σ

L
‖p̃(t)‖2 + r

= xT
cl(t)

[
AT

ω,KPω + PωAω,K PωBω,1

BT
ω ,1Pω −αPa

]
xcl(t)

−σ

L
‖p̃(t)‖2 + 2xT

ω (t)PωBω,dw1(t) + r

≤ −βxT
cl(t)Pclxcl(t) −

σ

L
‖p̃(t)‖2

+2xT
ω (t)PωBω,dw1(t) + r, ∀t ≥ 0 (37)

for all parameters, J , λm , and B, satisfying (5), where the first
inequality is obtained using the inequality (31) of Lemma 1.
Note that, because the eight inequalities in (35) yield that

[
AT

ω,KPω + PωAω,K PωBω,1

BT
ω ,1Pω −αPa

] ∣∣∣∣
p=p2 , i

≤ −β

[
Pω 02×4

04×2 Pa

]
= −βPcl , i = 1, . . . , 8

the last inequality in (37) is satisfied due to the result of [28].
Furthermore, applying Young’s inequality to the indefinite term
of (37), we find that

2xT
ω (t)PωBω,dw1(t)

≤ β

2
xT

ω (t)Pωxw (t) +
2
β
‖P1/2

ω Bω,d‖2w̄2
1

≤ β

2
xT

ω (t)Pωxw (t) +
β

2
xT

a (t)Paxa(t) +
2
β
‖P1/2

ω Bω,d‖2w̄2
1

=
β

2
xT

cl(t)Pclxcl(t) +
2
β
‖P1/2

ω Bω,d‖2w̄2
1 , ∀t ≥ 0

which implies that

V̇cl ≤ −β

2
xT

cl(t)Pclxcl(t) −
σ

L
‖p̃(t)‖2 + rcl

= −β

2
xT

cl(t)Pclxcl(t)

− σ

4λmax(Γ−1)
4
L

λmax(Γ−1)‖p̃(t)‖2 + rcl

≤ −γclVcl + rcl , ∀t ≥ 0 (38)

where

γcl := min
{

β

2
,

σ

4λmax(Γ−1)

}
, rcl := r +

2
β
‖P1/2

ω Bω,d‖2 w̄2
1 .

Therefore, the closed-loop system is globally stable. �
Remark 4: Assuming p̃(t) = 0, ∀t, and defining

Vcl,nom(xcl(t)) := Vcl(xcl(t), p̃(t))
∣∣∣∣
p̃(t)=0

, ∀t ≥ 0,

it follows from the inequality in (38) that:

V̇cl,nom ≤ −β

4
Vcl,nom − β

4
xT

cl(t)Pclxcl(t) + rcl

≤ −β

4
Vcl,nom

−
(

β

4
λmin(Pcl) −

rcl

‖xcl(t)‖2

)
‖xcl(t)‖2

≤ −β

4
Vcl,nom,

∀‖xcl(t)‖ ≥
√

4rcl

βλmin(Pcl)
, ∀t ≥ 0
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Fig. 1. Structure of the proposed control law.

which leads to

‖xcl(t)‖ ≤ e−
β
8 tκ(Pcl)‖xcl(0)‖,

∀‖xcl(t)‖ ≥
√

4rcl

βλmin(Pcl)
, ∀t ≥ 0 (39)

(for details, see Comparison Principle in [29]), where

κ(Pcl) :=

√
λmax(Pcl)
λmin(Pcl)

.

The inequality in (39) indicates that, to maximize the decay
ratio of the tracking error xcl(t), it is desirable to determine
the control gain of (36) by solving the optimization problem
described by

max β
β>0,Qω =QT

ω >0,Yω

subject to (35) (40)

which can be easily solved using semidefinite programming
such as YALMIP and FMINCON of the MATLAB software.
The optimization problem of (40) can be also used as the speed-
loop control gain selection guideline. This is in contrast to the
result in [21].

Remark 5: The controllability of the pair (Aω ,Bω ) is a nec-
essary condition to guarantee the existence of a solution to the
eight inequalities in (35), which can be verified by checking
whether its controllability matrix Cω := [Bω AωBω ](∈ R2×2)
has a full rank or not. In particular,

rank (Cω ) = rank
([

Bω AωBω

])

= rank

⎛
⎝ 1

c1

⎡
⎣1 −c2

c1

0 1

⎤
⎦

⎞
⎠ = 2, ∀J, λm ,B > 0

which leads the controllability of the pair (Aω ,Bω ) .
Remark 6: The integral action introduced in the virtual con-

trol input (12) guarantees that the steady-state errors of the speed
tracking error eω (t) are zero in the actual implementation, which
is another contrast to [21].

Remark 7: The proposed control law presented in (11) and
(12) can be decomposed into two parts: the speed-control loop
and the current-control loop, which is shown in Fig. 1.

In this figure, the virtual control signal iq ,ref(t) used in (8)
can be interpreted as the q-frame current reference signal of
the classical cascade PI controller. Thus, it is easy to see that
the q-frame current can be limited by constraining its reference

signal iq ,ref(t) by applying the antiwindup method used in the
classical cascade PI method.

Remark 8: For the proposed control law (21), (22), (23), the
control gain selection guideline is recapitulated as follows:

1) solve the optimization problem (34) using semidefinite
programming with respect to variables α, Qa , and Y;

2) using the solution (α∗,Q∗
a ,Y∗) obtained in Step 1, cal-

culate the stabilizing current-control gain as

K∗
a = Y∗(Q∗

a)−1 ;

3) using the solution (α∗,Q∗
a ,Y∗) obtained in Step 1, solve

the optimization problem in (40) using semidefinite pro-
gramming with respect to variables β, Qω , and Yω ;

4) using the solution (β∗,Q∗
ω ,Y∗

ω ) obtained in Step 3, cal-
culate the stabilizing speed control gain as

K∗
ω = Y∗

ω (Q∗
ω )−1 ;

5) setting Pa = (Q∗
a)−1 for the adaptation law (23), tune the

adaptation gain Γ = ΓT > 0 until a satisfactory transient
response is achieved (trial-and-error method).

IV. SIMULATIONS

This section carries out the simulations using the PSIM soft-
ware in order to show the closed-loop robustness of the pro-
posed method against the parameter variations, comparing it to
the classical cascade PI method, which includes a F/F compen-
sation term. It was assumed that the true parameters of SPMSM
are given by

Rs = 2.2 Ω, L = 3.05 mH, λm = 0.477 Wb, P = 12,

J = 0.2 kgm2 , B = 10 Nm/rad/s, (41)

and a dc-source voltage Vdc at 450 V was chosen for operating
the three-phase inverter. The sampling and space vector pulse-
width modulation (SVPWM) periods were set to be 0.1 ms,
respectively. The configurations of the two closed-loop systems
are described in Fig. 2.

The lower and upper bounds of the SPMSM parameters were
chosen as follows:

Rs,min = 1.1 Ω(= 0.5Rs), Rs,max = 4.4 Ω(= 2Rs),

Lmin = 1.5 mH(= 0.5L), Lmax = 6.1 mH(= 2L),

λm,min = 0.2385 Wb(= 0.5 λm ),

λm,max = 0.954 Wb(= 2 λm ),

Jmin = 0.1 kgm2(= 0.5J), Jmax = 0.4 kgm2(= 2J),

Bmin = 5 Nm/rad/s(= 0.5B),

Bmax = 20 Nm/rad/s(= 2B),
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Fig. 2. Configuration of the implemented closed-loop system.

which yields the control gains of the current loop and speed loop
using the guideline described in Remark 8 as

Ka =

[
−11.07 0 −12536 0

0 −9.94 0 −7855

]

Kω =
[
−4.2 −124.6

]
,

Γ = diag

{
0.0001, 0.01, 0.01, 0.01

}
, σ = 1 × 10−10

with α = 300, β = 4

Pa =

⎡
⎢⎢⎢⎢⎣

0.0004 0 0.3325 0

0 0.0006 0 0.4722

0.3325 0 533.4 0

0 0.4722 0 661.1

⎤
⎥⎥⎥⎥⎦

Pω = 10−4 ×
[

1 1.2

1.2 363

]
,

Qa =

⎡
⎢⎢⎢⎢⎣

5200 0 −3.2 0

0 3806 0 −2.7

−3.2 0 0.004 0

0 −2.7 0 0.004

⎤
⎥⎥⎥⎥⎦

Qω = 104 ×
[

5.7 −0.18

−0.18 0.009

]

Y =

[
−16900 0 −10 0

0 −16500 0 −0.1113

]

Yω = 104 ×
[
−1.18 −0.31

]
.

The cascade PI speed-control scheme with the F/F compensation
term used for a comparison is described by

ud(t) = −kP,ideid(t) − kI ,id

∫ t

0
eid(τ)dτ

−Pω(t)L0iq (t), (42)

uq (t) = −kP,iq eiq (t) − kI ,iq

∫ t

0
eiq (τ)dτ

+Pω(t)
(

L0id(t) + λm,0

)
, ∀t ≥ 0 (43)

where eid(t) = id(t) − id,ref , eiq (t) = iq (t) − iq ,ref, ∀t ≥ 0,
and the q-frame current reference signal iq ,ref(t) is given by

iq ,ref(t) = −kP,ω eω (t) − kI ,ω

∫ t

0
eω (τ)dτ, ∀t ≥ 0. (44)

L0 ∈ [Lmin, Lmax] and λm,0 ∈ [λm,min, λm,max] denote the nom-
inal values of L and λm , respectively. For the selection of PI
gain values, we assumed that the nominal parameter values of
the SPMSM are

Rs,0 = 3.3 Ω (= 1.5Rs), L0 = 1.5 mH (= 0.5 L)

λm,0 = 0.7155 Wb(= 1.5λm )

B0 = 15 Nm/rad/s (= 1.5B)

J0 = 0.1 kgm2(= Jmin) (45)

which yields the inner-loop PI gains of

kP,id = L0ωc, kI ,id = Rs,0ωc

kP,iq = L0ωc, kI ,iq = Rs,0ωc (46)

where ωc stands for the cutoff frequency, which can be used as
a design parameter. The F/F compensation terms were also con-
structed using the nominal SPMSM parameters in (45). In this
experimental study, the cutoff frequency ωc was set to 1 kHz.
Note that it is easily verified that the PI gains of (46) consti-
tute the closed-loop transfer function G(s) from id,ref (iq ,ref) to
id (iq ) to be

G(s) =
ωc

s + ωc

provided that the nominal SPMSM parameters of (45) are the
same as the true values of (41), where s refers to the complex
variable. The outer-loop speed PI gains were chosen as

kP,ω =
2J0

3Pλm,0

(
ωcs −

B0

J0

)
, kI ,ω =

2J0ω
2
cs

15Pλm,0

so that the closed-loop transfer function Gω (s) from the input
ωref to the output ω given by

Gω (s) =
ω2

n

s2 + 2ζωns + ω2
n

holds as long as the nominal parameter values exactly equal to
their true values where ωcs denotes the bandwidth of the outer-
loop PI controller as the tuning parameter, and the two constants
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Fig. 3. SPMSM speed regulation performance comparison between the pro-
posed method and the PI method at the 100 r/min operation for a load torque
change.

Fig. 4. d-frame current behavior comparison between the proposed method
and the PI method at 100 r/min operation for a load torque change.

Fig. 5. q-frame current behavior comparison between the proposed method
and the PI method at 100 r/min operation for a load torque change.

ζ, ωn are defined as

ζ :=
√

5
2

, ωn =
ωcs√

5
.

The bandwidth parameter ωcs was tuned as ωcs = 250 Hz for
the best convergence rate with a tolerable overshoot.

The simulations were performed to compare the speed regu-
lation performances at the 100 r/min operation in regard to the
load torque variations where the load torque 50 Nm is applied
and, then, removed in a sequential manner.

In the first simulation, the parameters of the SPMSM block
in the PSIM software were chosen to be the same as the true
parameters described in (41). The resulting speed and current
responses are presented in Figs. 3–6, which shows that there is
no significant difference between the proposed method and the
PI method.

In the second simulation, the inductance value of the SPMSM
block in the PSIM software was changed from L = 3.05 mH to
L = 1.05 mH (= Lmin), and the rest of the SPMSM parameters
were left the same as the first simulation. Figs. 7–10 present
the corresponding speed and current responses, which turns out

Fig. 6. a-b-c frame current behavior comparison between the proposed
method and the PI method at 100 r/min operation for a load torque change.

Fig. 7. SPMSM speed regulation performance comparison between the pro-
posed method and the PI method at the 100 r/min operation for a load torque
change.

Fig. 8. d-frame current behavior comparison between the proposed method
and the PI method at 100 r/min operation for a load torque change.

Fig. 9. q-frame current behavior comparison between the proposed method
and the PI method at 100 r/min operation for a load torque change.

that the proposed method successfully keeps the closed-loop
performance the same as the first simulation result, but the PI
method fails. This difference may come from the control gain
assignment methods of the two control methods; the proposed
method systematically finds control gains by solving an opti-
mization problems of (34)–(40) taking the parameter variations
into account, yet the classical cascade PI method does not.
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Fig. 10. a-b-c frame current behavior comparison between the proposed
method and the PI method at 100 r/min operation for a load torque change.

Fig. 11. Hardware setup.

V. EXPERIMENTS

This section experimentally verifies the efficacy of the pro-
posed method under the same setting of the simulation section,
comparing it to the classical cascade PI method. To this end, a
3-kW SPMSM whose rated speed, rated load torque, and peak
current are 300 r/min, 95.5 Nm, and 8 A, respectively, was used
for this experiment; its true parameter are given the same as
(41), and a dc-source voltage Vdc was also set the same as the
simulation section. The hardware setup is shown in Fig. 11. A
digital signal processor TMS320F28335 with a sampling period
of h = 0.1 ms was utilized to implement the two speed-control
algorithms. The implementation of the SVPWM was synchro-
nized with the sampling period for guaranteeing stable operation
of the gate drivers. The SPMSM speed information was attained
using a rotary incremental encoder, shown in Fig. 11, through
the following procedure:

1) calculate the angle of the SPMSM through counting the
pulses generated from the encoder;

2) calculate the SPMSM speed by differentiating the angle
obtained from the previous step.

The controller parameters of the proposed method and the PI
method were left the same as the simulation section, except for
the outer-loop tuning parameter. The bandwidth parameter ωcs
of the outer-loop PI controller were set to be ωcs = 130 Hz for

Fig. 12. SPMSM speed tracking performance of the proposed method for a
ramp speed reference changing from −300 to 300 r/min.

Fig. 13. Behaviors of the parameter estimates.

the best convergence rate with a tolerable overshoot. To con-
strain the q-frame current, the standard antiwindup algorithm
was used for both control methods in their speed-loop PI con-
trollers of (11), (12), (44) where the current limit iq ,max was
selected as 8 A.

The first experiment was conducted to show the speed track-
ing performance of the proposed method with the current behav-
ior in the q-frame under no-load operation where the ramp speed
reference changed from −300 to 300 r/min. The resulting speed
and current responses are shown in Fig. 12 where the lower
panel of this figure enlarges the transient period from −300
to 300 r/min, and Fig. 13 shows the corresponding estimated
parameters. The experimental results show that the proposed
method successfully drives the PMSM speed to its reference
without offset errors as mentioned in Remark 3, and that it pro-
vides an acceptable forward/reverse operation mode switching
performance.

The second experiment was performed to evaluate the closed-
loop performance at 100 r/min under various load operation
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Fig. 14. Speed and current responses in the steady state for load torques
TL = 10 Nm, TL = 37.5 Nm, and TL = 75 Nm.

Fig. 15. Speed and current responses in the transient state for a step load
torque changing from TL = 0 Nm to TL = 75 Nm.

conditions. The steady-state responses of the speed and the cur-
rent are shown in Fig. 14 when the load torques TL = 10 Nm,
TL = 37.5 Nm, and TL = 75 Nm were applied.

Fig. 15 represents the transient responses of the speed and
the current under the step load changing from TL = 0 Nm to
TL = 75 Nm.

The transient speed tracking performances between the pro-
posed method and the PI method are compered in the final stage
of this experimental study under no-load operation where the
ramp speed reference changed from 0 to 100 r/min. Figs. 16–17
show the resulting speed and current responses, which indicate
that the proposed method considerably improves the current
tracking performance, despite parameter variations.

This result is obvious because the disturbance Q(t)p orig-
inated from the nonlinearities of SPMSM was systematically
treated by the additional control action Q(t)p̂(t) of (22). How-
ever, the PI method can degrade the closed-loop performance in
the transient period because it is impossible to completely can-
cel the nonlinearities in the SPMSM using F/F compensation
terms in the presence of parameter uncertainties.

Fig. 16. Speed and dq-frame current responses for the speed reference ωref =
100 r/min using the proposed method.

Fig. 17. Speed and dq-frame current responses for the speed reference ωref =
100 r/min using the classical PI method.

From these experimental results, we find that the proposed
method offers the following two advantages:

1) the proposed method provides a systematic way of choos-
ing the optimal stabilizing control gain, considering the
parameter variations;

2) the proposed method maintains satisfactory transient
closed-loop performance in real-world implementations.

VI. CONCLUSION

This article presents two contributions. The first is the de-
velopment of a control law based on the back-stepping method
to stabilize the both the inner and outer loop simultaneously
with the offset-free property. The second is the development of
a systematic method for finding the optimal, robust control gain
value, taking parameter variations into account. Finally, it has
been experimentally verified that the proposed method results in
satisfactory closed-loop performance in real-world implemen-
tations.
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