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Speed Control of the Surface-Mounted
Permanent-Magnet Synchronous Motor Based

on Takagi–Sugeno Fuzzy Models
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Abstract—The speed control of the surface-mounted permanent-
magnet synchronous motor (SPMSM) based on Takagi–Sugeno
(T–S) fuzzy models is designed and implemented in this paper.
In motor drive speed control, proportional-integral controller is
generally applied. However, the tracking performance and load
regulation capability should be compromised in the designing
process of the controller. This study develops a speed controller
based on the T–S fuzzy model with good tracking ability and
load variation regulation. First, the dynamic model of an SPMSM
is demonstrated and the load torque variation is treated as
disturbances. Accordingly, the speed control strategy is developed
based on the T–S fuzzy model. The defuzzification process and
parallel distributed compensation are introduced. The ability of
disturbance suppression and the Lyapunov stability of this system
are established and analyzed. The controller gains are obtained
via the linear matrix inequality toolbox. The speed control and all
essential procedures are realized by the microcontroller Renesas
RX62T. The tracking performance and load regulation capability
are verified by the experimental results.

Index Terms—Linear matrix inequality, permanent-magnet
synchronous motor, speed control, T–S fuzzy.

I. INTRODUCTION

P ERMANENT-MAGNET synchronous motors (PMSM)
[1] can be widely found in the applications of electric

vehicles (EV) [2]–[4], hybrid electric vehicles [4], elevators
[5], wind energy conversion systems [6], compressors [7], and
flywheel energy storage systems (FESS) [8]. The merits of a
PMSM include high-power density, robust structure, low main-
tenance cost, and high conversion efficiency. The categories of a
PMSM can be divided into surface-mounted PMSM (SPMSM)
[9] and interior PMSM (IPMSM) [10], [11] according to the
embedding type of its permanent magnet. For the application
of low-torque ripple, an SPMSM is adopted. For higher torque
generating capability, an IPMSM is generally selected. Magnet
designs [12], [13] of the PMSM are also proposed to minimize
the torque ripple and optimize the performance.

Dynamic control is essential to obtain good driving perfor-
mance of a PMSM. In the literatures, current control [14], direct
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torque control [15], and speed control [16] are implemented ac-
cording to the objective of a PMSM drive. With the advancement
of a modern control theory, many nonlinear control techniques
are proposed to deal with the nonlinearity of the PMSM drive
system. For example, adaptive control [17] is proposed to con-
trol the speed of a PMSM with load inertia variation. Sliding
mode control [18] is utilized in designing an observer to estimate
the velocity and load of an SPMSM. The designed sliding mode
controller yield better performance when the sampling period
is increased. Robust control [19] with speed estimator is devel-
oped to achieve good speed trajectory tracking performance un-
der the presence of disturbances. The fuzzy logic controller [20]
is combined with the proportional-integral controller to obtain
good performance under both transient and steady-state condi-
tions. Internal model control [21] with fuzzy adaptive law is de-
signed to automatically tune the parameter of speed controller.
Furthermore, to deal with the uncertainties and disturbances,
fuzzy neural network [22], disturbance observer feedforward
compensation [23], and high-gain observer [24] are proposed to
enhance the performance of the controller. In recent years, the
Takagi–Sugeno fuzzy [25] (T–S fuzzy) is also implemented in
the PMSM drive system. However, large load torque variations
of the PMSM are not treated. The speed control developed in
this paper is designed based on the T–S fuzzy models to deal
with a large load torque variation. The load torque variation
is considered as disturbances of the PMSM drive system. In
traditional PID control, the controller parameters should be ad-
justed according to the variations of system parameters. With
the proposed control, good tracking and regulation capabilities
can be obtained without adjusting any controller parameter. The
power rating of the established PMSM drive is 4.5 kW, which
is suitable for the applications of EV, FESS, and compressors.

In this paper, the system configuration of the developed
SPMSM drive is first introduced. Next, the nonlinear dynamic
models of the SPMSM are demonstrated. The speed controller
is designed based on T–S fuzzy models of an SPMSM and
the load torque variation is considered as disturbances. Further-
more, the nonlinear system of the SPMSM is approximated into
several linear subsystems via the IF–THEN rules. The controller
gains of the linear subsystems are designed by using a parallel
distributed compensation (PDC). The stability of the proposed
speed controller is proved via Lyapunov theorem. Finally, the
controller gains are obtained by the linear matrix inequality
(LMI) toolbox. The tracking performance and the speed regula-
tion under large torque variation are verified by the experimental
results.
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Fig. 1. System configuration of the developed SPMSM drive system.

II. SYSTEM CONFIGURATION AND DYNAMIC MODELS

Fig. 1 shows the system configuration of the developed
SPMSM drive system. A permanent-magnet synchronous gen-
erator with braking driver is served as the source of load torque.
The variation of load torque can be adjusted by the braking
driver. Three-phase winding currents and encoder signals are
sensed and properly filtered. The encoder signals are used to
calculate the rotor speed and position. The feedback current sig-
nals are transformed to rotor reference frame (dq-frame). The
rotor speed command, actual rotor speed, and dq-frame currents
are implemented in the proposed speed control algorithm. The
control efforts (vq , vd) generated by the speed controller are
transformed to stationary reference frame. The duty ratios of
the six power switches are determined by space-vector pulse-
width modulation. All the control and transformation schemes
are digitally realized by the microcontroller Renesas RX62T.

The voltage equations of an SPMSM expressed in rotor ref-
erence frame can be written as

vq = rsiq + Lq i̇q + ωrLdid + ωrλm

vd = rsid + Ldi̇d − ωrLq iq (1)

where vq and vd are dq-frame voltages, iq and id are dq-frame
currents, rs is winding resistance, Lq and Ld are dq-frame in-
ductances, ωr is electrical rotor speed, and λm is flux linkage
established by the permanent magnet.

The mechanical equation of a SPMSM is

Te = J

(
2
P

)
ω̇r + B

(
2
P

)
ωr + TL (2)

where Te is the electromagnetic torque generated by SPMSM,
J is the inertia of SPMSM system, B is the damping coefficient
of SPMSM system, TL is the load torque, and P is the number
of magnetic poles.

Moreover, the electromagnetic torque generated by an
SPMSM is

Te =
(

3
2

)(
P

2

)
[λm iq + (Lq − Ld)iq id ] . (3)

For the SPMSM, q-axis inductance is close to d-axis induc-
tance (Lq

∼= Ld). The electromagnetic torque in (3) can be sim-
plified as

Te =
(

3
2

)(
P

2

)
λm iq . (4)

The state equations of the SPMSM can be obtained by sum-
marizing (1)–(4)

i̇q =
1
Lq

(vq − rsiq − ωrLdid − ωrλm )

i̇d =
1
Ld

(vd − rsid + ωrLq iq )

ω̇r =
1
J

[(
P

2

)
(Te − TL ) − Bωr

]

=
(

3P 2

8J
λm iq −

B

J
ωr −

P

2J
TL

)
. (5)

It is obvious that the state equations of an SPMSM are non-
linear. The speed controller based on T–S fuzzy models will be
derived via these equations.

III. DESIGN OF SPEED CONTROLLER BASED ON T–S
FUZZY MODELS

In the T–S fuzzy models, the nonlinear system of an SPMSM
is represented by several linear subsystems according to the
model rules

Model rules i :

If z1 (t) is Mil and . . . and zp (t) is Mip

then ẋ(t) = Aix(t) + Biu(t) (6)

where Mip is the fuzzy set, x(t) are the state variables, u(t) are the
control inputs, Ai , Bi are the state matrices of the subsystem, and
ωr will be selected as zp(t) to represent the nonlinear system.
After defuzzification, the fuzzy system of an SPMSM can be
expressed as

ẋ(t) =
r∑

i=1

hi (z (t)) {Aix (t) + Biu (t)} (7)

where

hi(z(t)) =

∏r
j=1 Mij (zj (t))∑r

i=1
∏r

j=1 Mij (zj (t))
(8)

and Mij (zj (t)) is the grad of membership.
The PDC controllers corresponding to the model rules can be

expressed as

Control rules i : If Z1 (t) is Mi l and . . . and zp (t) is Mip

then u(t) = −
r∑

i=1

hi (z (t)) Kix (t). (9)

The close-loop system can be obtained by substituting (9)
into (6)

ẋ(t) =
r∑

i=1

r∑
i=1

hj (z (t)) hj (z (t)) {Ai − BiKj}x (t) (10)
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To ensure the tracking capability of the speed controller, a
new state variable is defined

xe(t) =
∫

[r (t) − y (t)] dt (11)

where

y(t) = ωr (12)

and r(t) is the desired value of ωr .
By combing (5) and (11), the state equations of a SPMSM

are

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

ω̇r

i̇q

i̇d

ẋe

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−B

J

3P 2λm

8J
0 0

−λm

Lq
− rs

Lq
−Ld

Lq
ωr 0

0
Lq

Ld
ωr − rs

Ld
0

−1 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

ωr

iq

id

xe

⎤
⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0

1
Lq

0

0
1
Ld

0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎣ vq

vd

⎤
⎦+

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−PTL

2J

0

0

r

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(13)

ẋ(t) = Ax(t) + Bu(t) + η(t)

y(t) =
[
1 0 0 0

]
x(t) = Cx(t) (14)

where η(t) are disturbances of the system.
For convenience, the disturbances are further represented by

η(t) =

⎡
⎢⎢⎢⎢⎢⎣

−PTL

2J

0

0

r

⎤
⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎣

− P

2J
0 0 0

0 0 0 0

0 0 0 0

0 0 0 1

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

TL

0

0

r

⎤
⎥⎥⎥⎥⎦ = Ev(t)

(15)
where v(t) are the disturbance signals of the system.

The state equations in (14) are rewritten as

ẋ(t) = Ax(t) + Bu(t) + Ev(t). (16)

The rated speed ωr of the developed SPMSM drive system is
753.98 rad/s. The membership functions of ωr are demonstrated
in Fig. 2(a). N is the membership function of rule 1, N̄ is the
membership function of rule 2, d is the minimum value of ωr ,
and D is the maximum value of ωr . The membership functions
can be represented as

N =
1

D − d
ωr +

−d

D − d
, N̄ = 1 − N. (17)

Fig. 2. (a) Membership functions of ωr , (b) weighting of the membership
functions.

For a particular value of ωr , the weightings of the membership
functions can be found

w1 = n, w2 = n̄ (18)

H =
2∑

i=1

wi, hi =
wi

H
(19)

where w1 is the grade of the membership function N and w2 is
the grade of the membership function N̄ . The controller gain Ki

in (9) and the weightings hi in (19) are used in the close-loop
speed controller to control the speed of the SPMSM.

IV. SYSTEM STABILITY ANALYSIS

According to the state equations expressed in (16), the
SPMSM system based on T–S fuzzy models with disturbances
can be obtained

ẋ(t) =
r∑

i=1

hi (z (t)) {Aix (t) + Biu (t) + Eiv (t)}

y(t) =
r∑

i=1

hi (z (t)) Cix (t). (20)

Define the H∞ performance index

sup
‖v (t)‖2 �=0

‖y(t)‖2

‖v(t)‖2
≤ γ, 0 ≤ γ ≤ 1 (21)

where γ represents the ability of disturbance suppression of the
SPMSM drive system.

Lemma: Assume that there is a positive definite matrix P =
X−1 , which makes the following LMI condition be feasible:
[see (22) shown at the bottom of the next page], where

X> 0,M=KX,i < js.t.hi(z(t)) ∩ hj (z(t)) �= ϕ. (23)

Then, the designed speed controller

u(t) =
r∑

i=1

hi (z (t))Kix (t) (24)

can ensure the speed tracking error converge to zero.
Proof: Assume that there is a quadratic form function

V (x(t)) = xT (t) · P · x(t), P = X−1 > 0 and γ > 0 for all
time t, then the LMI condition is

V̇ (x(t)) + yT (t)y(t) − γ2vT (t)v(t) ≤ 0. (25)
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Properly and carefully substituting (20) and (24) into (25)

ẋT (t)Px(t) + xT (x)P ẋ(t) + yT (t)y(t) − γ2vT (t)v(t)

=
r∑

i=1

hi(z(t)) {Aix(t) + Biu(t) + Eiv(t)}T Px(t)

+xT (x)P
r∑

i=1

hi(z(t)) {Aix(t) + Biu(t) + Eiv(t)}

+
r∑

i=1

r∑
j=1

hi(z(t))hj (z(t))xT (t)CT
i Cjx(t)−γ2vT (t)v(t)

=
r∑

i=1

r∑
j=1

hi(z(t))hj (z(t))
[
xT (t) vT (t)

]
⎡
⎢⎢⎢⎢⎣

(Ai − BiKj )T P

+P (Ai − BiKj )

+CT
i Cj

PEi

ET
i P −γ2I

⎤
⎥⎥⎥⎥⎦
[

x(t)

v(t)

]
. (26)

By using (26), the LMI condition in (25) is expressed as
Equation (27) shown at the bottom of the page can be rewritten

as:⎡
⎢⎢⎢⎢⎢⎢⎣

−
r∑

i=1

r∑
j=1

hi (z(t))hj (z(t))[(Ai − BiKj )T P

+P (Ai − BiKj )]
−P

r∑
i=1

hi (z(t))Ei

−
r∑

i=1
hi (z(t))ET

i P γ2I

⎤
⎥⎥⎥⎥⎥⎥⎦

−

⎡
⎣

r∑
i=1

hi (z(t))CT
i

0

⎤
⎦
[

r∑
i=1

hi (z(t))Ci 0
]
≥ 0. (28)

Applying the Schur Complement

A − BT CB < 0 ⇔
[

A BT

B C

]
< 0. (29)

TABLE I
MOTOR PARAMETERS OF THE SPMSM

poles Rs Ld
∼= Lq Back EMF constant rated speed rated torque rated power

8 0.24 Ω 2.014 mH 99.79 V/k·r/min 1800 r/min 23 N·m 4.5 kW

Then, (28) is rewritten as (30) shown at bottom of the next
page

For convenience, the LMI condition (30) shown at bottom of
the next page is expressed as (31) shown at bottom of the next
page

According to (31) shown at bottom of the next page, the new
LMI condition becomes

If the LMI in (32) shown at bottom of the next page are
multiplied on both sides of the matrix with

⎡
⎣X 0 0

0 I 0
0 0 I

⎤
⎦ . (33)

The LMI condition shown in (22) is obtained.
By using the LMI condition in (22) and let γ = 0.8, the

following controller gains are obtained

K1 =

[−0.00425 0.00246 0.00811 −2.596

0.00495 −0.00281 0.0024 −0.1602

]

K2 =

[
−0.00475 0.00246 0.00811 −2.616

0.00515 −0.00081 0.0004 −0.1582

]
. (34)

V. EXPERIMENTAL RESULTS

The experimental setup of the developed SPMSM drive sys-
tem is shown in Fig. 3. The motor parameters are listed in Table I.
The specifications of the SPMSM drive are shown in Table II.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎛
⎜⎝−1

2

⎛
⎜⎝

AiX − BiMj + XAT
i − MT

j BT
i

+AjX − BjMi + XAT
j − MT

i BT
j

⎞
⎟⎠
⎞
⎟⎠ −1

2
(Ei + Ej ) −1

2
X (Ci + Cj )

T

−1
2

(Ei + Ej )
T γ2I 0

1
2

(Ci + Cj ) X 0 I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
≥ 0 (22)

⎡
⎢⎢⎢⎢⎢⎢⎣

−
r∑

i=1

r∑
j=1

hi(z(t))hj (z(t))[(Ai − BiKj )T P

+P (Ai − BiKj ) + CT
i Cj ]

−P
r∑

i=1
hi(z(t))Ei

−
r∑

i=1
hi(z(t))ET

i P γ2I

⎤
⎥⎥⎥⎥⎥⎥⎦
≥ 0 (27)
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Fig. 3. Experimental setup of the developed SPMSM drive system.

TABLE II
SPECIFICATIONS OF THE SPMSM DRIVE

Rated power 5 kW DC-link voltage 380Vd c

rated voltage 220Vrm s Dc-link capacitance 5600 μF
rated current 13.1Arm s switching frequency 20 kHz

Fig. 4. Starting from stall at TL = 12.5 N·m: (a) full waveforms of
(ωr , ω∗

r , TL ), (b) expansion waveforms of (ωr , ω∗
r , TL ).

A. Starting From Stall

The measured waveforms of the SPMSM starting from stall at
half-rated load torque (12.5 N·m) and rated load torque (23 N·m)
are shown in Figs. 4 and 5, respectively. It is obvious that the

Fig. 5. Starting from stall at TL = 23 N·m: (a) full waveforms of
(ωr , ω∗

r , TL ), (b) expansion waveforms of (ωr , ω∗
r , TL ).

Fig. 6. Speed command tracking waveforms of the SPMSM from 600 r/min→
1200 r/min→ 1800 r/min→ 1200 r/min→ 600 r/min.

SPMSM can be successfully started from stall to rated speed at
different load torque conditions.

B. Speed Command Tracking

Fig. 6 shows the speed command tracking waveforms of
the SPMSM from 600 r/min→ 1200 r/min→ 1800 r/min→
1200 r/min→ 600 r/min. Fig. 7(a) and (b) shows the speed
command tracking waveforms of the SPMSM from 900 r/min→
1000 r/min→ 900 r/min at TL = 23 N·m and TL = 15.3 N·m,
respectively. It can be observed that the SPMSM speed can

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−
r∑

i=1

r∑
j=1

hi(z)hj (z)[(Ai − BiKj )T P

+P (Ai − BiKj )]
−P

r∑
i=1

hi(z)Ei

r∑
i=1

hi(z)CT
i

−
r∑

i=1
hi(z)ET

i P γ2I 0
r∑

i=1
hi(z)Ci 0 I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
≥ 0 (30)

r∑
i=1

r∑
j=1

hi(z)hj (z)

⎡
⎢⎢⎢⎢⎢⎢⎣

− 1
2

⎧⎨
⎩

(Ai − BiKj )T P + P (Ai − BiKj )

+(Aj − BjKi)T P + P (Aj − BjKi)

⎫⎬
⎭ − 1

2 P (Ei + Ej ) − 1
2 (Ci + Cj )T

− 1
2 (Ei + Ej )T P γ2I 0

1
2 (Ci + Cj ) 0 I

⎤
⎥⎥⎥⎥⎥⎥⎦
≥ 0. (31)
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Fig. 7. Speed command tracking waveforms of the SPMSM from 900 r/min→
1000 r/min→ 900 r/min: (a) at TL = 23 N·m, (b) at TL = 15.3 N·m.

Fig. 8. Speed regulation under load torque variations at ωr = 1800 r/min:
(a) TL = 0 → 12.5 N·m, (b) TL = 12.5 → 0 N·m.

Fig. 9. Speed regulation under load torque variations at ωr = 1200 r/min:
(a) TL = 0 → 12.5 N·m, (b) TL = 12.5 → 0 N·m.

correctly track the speed command at different speed and load
torque conditions.

C. Load Torque Regulation

To verify the dynamic performance of the proposed speed
control due to load torque variation, the speed regulation

Fig. 10. Speed regulation under load torque variations at ωr = 600 r/min:
(a) TL = 0 → 12.5 N·m, (b) TL = 12.5 → 0 N·m.

TABLE III
SPEED OVERSHOOT AND SPEED UNDERSHOOT OF THE SPMSM UNDER LOAD

TORQUE VARIATION AT DIFFERENT SPEED CONDITIONS

waveforms at different speed commands under load torque
variations TL = 0 → 12.5 → 0 N·m are shown in Figs. 8–
10, respectively. It can be observed from the results that the
speed is well regulated under large load torque variations. The
speed overshoot and speed undershoot of the SPMSM under
load torque variation at different speed conditions are listed in
Table III. The speed overshoot and undershoot is less than 4
r/min at all conditions.

VI. CONCLUSION

The speed control of the SPMSM based on T–S fuzzy models
is developed in this paper. The nonlinear dynamic models of the
SPMSM are implemented in the design of speed controller. The
system stability of the proposed speed controller is analyzed.
Experimental results verify the performance of starting from
stall, speed command tracking, and load torque variation. The
SPMSM can be started from stall to rate at different load torque
conditions. Furthermore, the speed command tracking can be
achieved at various speed and load torque conditions. The speed
is also well regulated under large load torque variations via the
proposed speed controller. The speed overshoot and undershoot
are quite small under load torque variation.

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
2

{
(Ai − BiKj )T P + P (Ai − BiKj )

+(Aj − BjKi)T P + P (Aj − BjKi)

}
−1

2
P (Ei + Ej ) −1

2
(Ci + Cj )T

−1
2
(Ei + Ej )T P γ2I 0

1
2
(Ci + Cj ) 0 I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
≥ 0. (32)
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