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Implementation of a Nonlinear Planar
Magnetics Model
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Abstract—A nonlinear lumped element model for planar mag-
netics is presented. This technique develops an equivalent cir-
cuit model for multilayer planar magnetic components using 1-D
analysis of Maxwell’s equations. Conducting layers are repre-
sented as impedance networks, while the insulating regions are
modeled as air-cored inductors. The equivalent circuit model is ex-
tended by representing the nonlinear magnetic core material as a
nonlinear impedance whose magnetization characteristic is based
on the Jiles–Atherton hysteresis model as well as modeling skin
and proximity effects in the conductors and current distribution
across windings, the improved model also integrates hysteresis loss
of the magnetic core and saturation effects. The technique can be
implemented in circuit simulation software. A prototype planar
transformer, using printed circuit boards to mount windings, was
characterized to validate the performance of the model. It is demon-
strated that the developed nonlinear model more accurately repre-
sents the characteristics of the experimental transformer compared
to the existing linear lumped element model. This includes the ef-
fect of core saturation on the input current and output-voltage
waveforms. The technique is generalized and can be applied to
many topologies and geometries.

Index Terms—Jiles–Atherton model, nonlinear magnetics
equivalent circuit, planar magnetics, printed circuit board (PCB)
transformer.

I. INTRODUCTION

P LANAR magnetics are widely used in high-frequency
power electronic converters in order to achieve high-power

density supplies. With larger surface areas, planar transform-
ers offer better thermal performance compared to conventional
magnetics. Using windings that are preformed on, for exam-
ple, printed circuit boards (PCBs), planar magnetics can be
mass-manufactured and integrated with circuitry with high re-
peatability. In addition, thinner and wider conductors assist in
reducing high-frequency losses due to skin and proximity ef-
fects. Due to these advantages, numerous studies have modeled
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planar transformers and inductors to predict and characterize
their performance and to improve their design.

Many of the studies have concentrated on modeling wind-
ing loss in high-frequency applications. The majority of these
models are based on the numerical model developed by Dowell
[1] for conventional transformers and applied to planar mag-
netics [2], [3] and nonsinusoidal current wave shapes [4]–[6].
These models are able to capture some of the parasitic compo-
nents of the windings, particularly the winding resistance and
leakage inductance. Other studies derived equivalent circuits of
the planar magnetic structure-based directly on 1-D analysis of
Maxwell’s equations. These studies include models based on
transmission lines [9] and optical systems analogies [10]. A
more intuitive and systematic approach to model planar mag-
netics was presented in [8]. Although differing in the approach
taken, all of these planar magnetics models enable the represen-
tation of multilayer magnetic structures with lumped element
models, which can be implemented in circuit simulation soft-
ware. With this type of model, proximity and skin effects, and
current distribution among windings can be predicted with less
intensive computation than that required by finite element anal-
ysis (FEA) software. For example, in [11], the current sharing
in a multilayer transformer was simulated using a lumped ele-
ment model in circuit simulation software and demonstrated a
60-fold reduction in computation time compared to FEA soft-
ware, while producing similar results. However, most of these
lumped element models concentrate on determining the winding
loss of the magnetic component. This is understandable, since
in high-power and high-frequency applications, winding losses
are usually more significant. In these lumped element models,
the core is represented as a lossless and linear component. In
linear models, the hysteresis and magnetic core losses are not
considered. In some cases, a loss component is added with a
core impedance that represents any loss unaccounted for the
total component loss [12], but nonlinear characteristics are still
not considered.

To model the dynamic and transient response of a magnetic
component, such as inrush current, subharmonic, and chaotic re-
sponses, the hysteresis of the magnetic core should be included
in a model. A number of studies show the advantage of using a
hysteresis model for dynamic system response [13]–[16]. How-
ever, most of these studies are used for low-frequency applica-
tions. For high-frequency models, winding loss was considered
as single loss impedance, if not neglected. The most commonly
used method to model hysteresis is the Jiles–Atherton (J–A)
model [17], which is adopted for this study. The J–A model was
chosen because of its systematic representation of the hysteresis
characteristic using first-order differential equations, which can
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be solved easily with minimum computational requirements.
Previous works have incorporated the J–A model to simulate
hysteresis of magnetic components, such as EMI filters [19],
[20] and transformers [21] in various software platforms. How-
ever, these works involve models for conventional wire-wound
devices and model the magnetics as a single core.

This paper presents a nonlinear planar magnetics model that
incorporates hysteresis characteristics into the lumped element
models presented in [8] and [10], which use a linear magnetic
core model. Although it was suggested in [8], to the best knowl-
edge of the authors, there has been no previous effort to incorpo-
rate a hysteresis model to the linear lumped element models for
multilayer planar magnetics. An added novelty of this method
is that the top and bottom limb of the transformer core are mod-
eled separately, which enables modeling of customized core
geometry and materials, for example, two half-cores with dif-
ferent material properties. The incorporation of the nonlinear
core model into the lumped element model integrates both the
magnetic core’s hysteresis loss and saturation effects, together
with the numerous advantages and capabilities of the existing
linear model, such as computation of winding loss and current
distribution in the windings. This systematic model can be im-
plemented in circuit simulation software like Simulink, which
provides a faster and cheaper alternative to FEA simulation
software. The performance of the model is validated by experi-
mental results using a prototype planar transformer. The model
was able to replicate the nonlinear behavior and saturation ef-
fects of the experimental transformer including nonsinusoidal
magnetizing current.

The paper is presented as follows. Section II presents the lin-
ear lumped element model used as basis of this paper. Section
III reviews the J–A model and incorporates it within the lumped
element model. The model’s implementation is described in
Section IV. Simulation results and comparison with the experi-
mental results are presented in Section V. Section VI concludes
the paper.

II. LINEAR LUMPED ELEMENT MODEL

FOR PLANAR MAGNETICS

A linear lumped model developed in [8] and [10] for pla-
nar magnetics is reviewed in this section. A multilayer pla-
nar magnetic component can be represented by an equivalent
circuit model whose impedances are calculated directly from
1-D-analysis of Maxwell’s equations. The model is based on
the assumption that the electromagnetic fields are parallel (tan-
gential) inside and between layers, as shown in Fig. 1(a). The
lumped element model is developed from a model of this single
layer and then repeated to model multilayer systems.

A. Single-Turn Conductor

Fig. 1(a) shows a single-turn conductor of length d and width
w. A voltage V is applied across the terminals of the conductor
layer and current I flows through the conductor. ET and EB

are the electric field running along the length on the top and
bottom faces of the conductor, respectively, while HT and HB

are the magnetic field along the width of the conductor, on the

Fig. 1. (a) One-turn conducting layer showing dimensional details and E and
H fields and (b) equivalent three-port impedance network of the single turn [8].

top and bottom faces of the conductor, respectively. Solving
the Helmholtz equation and using Ampere’s law yields a set of
equations, which captures the relationship between the E and H
field in (1) and (2) [23], which can be represented by the three-
port impedance network, Fig. 1(b). The values of the impedances
in Fig. 1(b) depend on the layer geometry and material properties
given in (3)

ET = ZaHT + Zb (HT − HB ) (1)

EB = Zb (HT − HB ) − ZaHB (2)

Zai =
γ(1 − e−γhi )
σ(1 + e−γhi )

; Zbi =
2γe−γhi

σ(1 − e−2γhi )
(3)

where γ = (1 + j)/δ is the propagation constant, δ =√
2/(μrμ0ωσ) is the skin depth of the material at the angu-

lar frequency, ω, μ0 is the permeability of free space, μr is the
material’s relative permeability, σ is the material’s conductivity,
and hi is the layer thickness.

B. Layer Ports

A layer port is the interface between the electrical and electro-
magnetic domain. The layer ports also allow connection between
layers. In [10]–[12], a coupler is used with ratio of mi

√
d/w,

where mi is the number of series-connected turns in layer i.
On the other hand, it is represented in [7] and [8] by an ideal
transformer with turns ratio, mi : 1. Both representations serve
the same purpose of coupling the electrical input to the electro-
magnetic fields, except that for the latter, all signals are in the
circuit domain, represented by currents and voltages.

C. Nonconducting Layers

Spacings and insulators are modeled by the impedance in (4),
where ai is the thickness of the space or insulator between layer
i and layer i + 1

ZSi = jωμ0ai. (4)

The magnetic core layer is represented by a single impedance

ZF i = jωμ0μrhF i (5)
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Fig. 2. Lumped circuit representation of a multilayer planar transformer. The primary windings are connected in parallel, while the secondary windings are
connected in series. (a) Physical transformer and (b) the lumped element representation as presented in [8].

where hF i is the thickness of either the top or bottom of the core
and μr is the relative permeability of the core material.

D. Modeling Multilayer Structures

The impedance networks are connected side-by-side as they
are arranged in the layer stack. Conducting layers connected
by cross-layer structures are represented by connecting their
input ports according to how they are connected in the physical
system. Thus, a magnetic structure, shown in Fig. 2(a), with
two primary conducting layers in parallel and two secondary
conducting layers in series, can be modeled as in Fig. 2(b). Here
the impedances are multiplied by a factor of d/w, magnetic fields
by w, and electric fields by d, to convert the electromagnetic
system to electric circuit domain for implementation in circuit
simulation software.

E. Assumptions and Limitations of the Existing Lumped
Element Model

The linear lumped element model presented in [8] and [10]
assumed that the legs of the core are short relative to the winding
breadth, and the core made of high-permeability material. Thus,
in computing Ampere’s law, it only considers the magnetic field
in the top and bottom part of the layers including the magnetic
core. However, for commercially available planar E-cores, the
core height is still significant and neglecting; it gives a large
deviation from actual measurements, as will be presented in
Section V.

In addition, the model only considered linear core character-
istics and loss-less impedances. As will be presented in Section
V, at high excitation, the existing linear lumped element model
cannot accurately represent the response of an experimental
transformer. A major contribution of this paper is the incorpo-
ration of the nonlinear characteristic of a magnetic material in
the linear lumped element model. With the proposed model,
hysteresis and saturation characteristics of magnetic materials
can be demonstrated and core loss can be derived. For this, the
J–A hysteresis model will be utilized as will be explained.

III. J–A HYSTERESIS MODEL

The nonlinear characteristic of the magnetic core is modeled
using the J–A hysteresis model [17], [18]. A review of the hys-
teresis model is presented in this section. The J–A model uses
the magnetic field H as the independent variable and magne-
tization M as the dependent variable. In the model, the total
magnetization M is composed of an irreversible and reversible
component

M = Mirr + Mev (6)

where Mirr is the irreversible magnetization and Mev is the
reversible magnetization.

The derivative of the irreversible magnetization against
magnetic field intensity is given by

dMirr

dH
=

Man − Mirr

k · sign
(

dH
dt

)
− α (Man − Mirr )

(7)



TRIA et al.: IMPLEMENTATION OF A NONLINEAR PLANAR MAGNETICS MODEL 6537

where sign is defined as sign (x) = 1 for x ≥ 0 and sign(x) =
−1 forx < 0. He is the effective magnetic field which is ex-
pressed as

He = H + αM (8)

where α is the interdomain coupling factor.
Man is the anhysteretic magnetization and described using

the Langevin function

Man = Ms

(
coth

He

a
− a

He

)
(9)

∂Man

∂He
=

Ms

a

[

1 − coth2
(

He

a

)
+

(
a

He

)2
]

(10)

where Ms is the saturation magnetic moment of the core material
and a is a shape parameter called domain density.

The derivative of the reversible magnetization against mag-
netic field is

dMrev

dH
= c

(
dMan

dH
− dM

dH

)
(11)

where c is the reversibility factor.
Using (6)–(11), the derivative of magnetization against mag-

netic field can be derived as follows:

Mrev = c (Man − M ) (12)

dM

dH
=

1
1 + c

Man − Mirr

sign
(
Ḣ

)
· k − α (Man − Mirr )

+
c

1 + c

dMan

dH

(13)

where Man − Mirr can then be expressed as (1 + c)
(Man − M) and k corresponds to pinning factor.

When using the equation Mrev = c (Man − Mirr ) instead of
(12), (13) can be expressed as (14) instead

dM

dH
= (1 − c) δ

Man − M

sign
(
Ḣ

)
k (1 − c) − α (Man − M )

+ c
dMan

dH

(14)
where

δ =

{
0, if sign

(
Ḣ

)
· (Man − M) ≤ 0;

1, otherwise.
(15)

The flux density B can be computed as

B = μ0 (H + M) (16)

where μ0 is the permeability of free space. The time-derivative
of the flux is

dΦ
dt

= μ0Ac
d (H + M)

dt
= μ0AC

dH

dt

(
1 +

dM

dH

)
(17)

where Ac is the cross-sectional area of the core perpendicular
to the magnetic path and

dM

dt
=

dM

dH
· dH

dt
(18)

can be solved using (14). In the above equations, a, α, c, k,
and Ms are J–A parameters, which will be determined by curve

Fig. 3. Prototype planar transformer. (a) Actual transformer prototype and
(b) transformer geometry and winding arrangement. The magnetic path length,
lm = 41.7 mm and the cross-sectional area of the center leg AC = 126 mm2.

fitting of measured hysteresis curves, as will be described in the
following section.

In the derivation of the impedance of the magnetic core in (5),
only the magnetic field through the core HF was considered and
the EMF was computed as in

dΦ
dt

=
dBA

dt
= dμ0μrhF

dHF

dt
. (19)

To account for the hysteretic characteristics of magnetic ma-
terials, we propose to include the magnetization M using (16)
instead and the resulting EMF will be

dΦ
dt

=
dBA

dt
= dμ0hF

d (HF + M)
dt

. (20)

IV. MODEL IMPLEMENTATION AND VERIFICATION

A. Experimental Setup

A high-frequency low-profile transformer with a turns ratio
of 1:6, was used to obtain experimental data. Fig. 3(a) shows
the prototype transformer used to obtain experimental data. The
winding was made of three double-sided 1.6 mm FR4 PCB with
35-μm-thick copper traces. PCBs were separated by 0.5-mm-
thick insulators. The primary winding is composed of two sets of
parallel connected windings, each with three turns of 2.4–mm-
wide copper traces. The secondary winding is composed of 18
turns of 0.4-mm-wide copper traces in two layers. The windings
are interleaved in a P-S-S-P configuration. The magnetic core is
a planar E–E core with dimensions shown in Fig. 3(b).

To acquire the B–H curve of the magnetic core, the experi-
mental setup in Fig. 4 was utilized. A sinusoidal input voltage
is supplied by a signal generator driving a power amplifier. The
secondary voltage vs and primary current ip are obtained us-
ing an oscilloscope with voltage and current probes and data
processed in MATLAB.
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Fig. 4. Experimental setup for acquiring magnetic field and flux density.

The magnetic field was derived directly from the input current
ip as the secondary side is left open-circuited, using

Hj =
Npip,j

lm
(21)

where Np is the number of turns in the primary and lm is the
magnetic path length of the core (41.7 mm). The flux density is
derived from the Faraday’s law, using the secondary voltage vs

referred to the primary side, to discount the effect of the winding
series impedance

Bj =
1

NAc

∑ Vs,j

n
Δt (22)

where Ac is the cross-sectional area of the center leg of the core,
N is the number of turns in the primary, n is the turns ratio, and
Δt is the sampling time.

B. Implementation of the Nonlinear Model

The transformer in Fig. 3 was modeled in Simulink, as shown
in Fig. 6. For the primary and secondary windings layers, (3)
was used, while for the insulators and PCB layers, (4) was used.
Instead of (5), nonlinear impedances, CoreTop and CoreBottom
were used to represent the top and bottom part of the magnetic
core, respectively. The J–A model implementation, outlined in
Fig. 5, was adopted and modified from [14]. For consistency
with the definition of the J–A model presented in Section III, H
was used as the independent variable instead, while M and B are
the dependent variables. This was implemented as a nonlinear
impedance using controlled voltage source shown in Fig. 6(b).
The control current represents the magnetic field through the
core, wHF T or wHF B . The voltage output is the electromotive
force (EMF) computed using (20). The J–A parameters used
to implement the model are shown in Table I. The parameters
were derived by curve-fitting experimental B–H curves using a
differential evolution-based algorithm as described in previous
work [16], [22]. The input to the model is a sinusoidal voltage
source Vpri which simulates the experimental primary voltage
with variable amplitude and variable frequency.

V. MODEL VALIDATION

An open-circuit test was conducted to acquire Vsec and Ipri
in Fig. 6, by applying a sinusoidal voltage Vpri with similar am-
plitude and frequency to the experimental input voltage. Fig. 7

Fig. 5. Flowchart for implementing the J–A model.

TABLE I
J–A PARAMETERS

a, A/m α , 1E-6 c k, A/m Ms, kA/m

38 18 0.61 35 433

shows the simulation results of the model using Fig. 6(b), a
modified model that will be explained subsequently, and their
comparison with experimental measurements. The output volt-
age of both models shows good agreement with experimental
results. However, a large deviation was found between the orig-
inal model and experimental primary current, as can be seen in
the lower half of the Fig. 7. This result was expected since in
the formulation of the original lumped element model, only the
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Fig. 6. (a) Implementation of the planar transformer model in Simulink. Vpri is a sinusoidal voltage source with variable voltage and frequency. Equivalent
model of the prototype PCB transformer. (b) Implementation of the nonlinear impedance for the core layer.

Fig. 7. Comparison of measured secondary voltage and primary current with
original and modified nonlinear model’s response. Input voltage Vp = 40 V,
frequency f = 50 kHz.

magnetic fields in the top and bottom limb of the transformer
are considered in [8]. It was assumed that the vertical legs are
composed of high-permeability materials and their lengths are
small. For instance, the magnetic component in Fig. 8(a) is mod-
eled in Fig. 8(b) using this assumption. Summing the currents
in Fig. 8(b) shows that mI1 = w(HF T − HF B ). The effective
magnetic path length is only twice the winding breadth width
w. This will be a valid assumption as long as the lengths of
the vertical limbs are significantly smaller than the width of the
core, which is not the case in the experimental transformer core.

To consider the vertical limbs, the current through the non-
linear impedance in Fig. 8(b) can be assumed to be (w + s)HF

instead. In this modified model, summing the currents shows
mI1 = (w + s)(HF T − HF B ), with the magnetic path length
lm = 2(s + w). Thus, for the implementation of the J–A model
in Fig. 5, the magnetic field H is computed by dividing the
current by (w + s) instead of just w. After modification, the
response of the model improved as shown in Fig. 7.

Fig. 9 shows the comparison between the modified nonlinear
planar magnetics model, experimental measurements, and the

Fig. 8. Planar magnetics with single layer of m-turn winding. (a) Physical
transformer showing magnetic path length lm and directions of magnetic field.
(b) original model representation. Za , Zb Zb , and Zspace are impedances given
by (3) and (4).

original linear lumped element model output at different input
voltages. It can be seen that the linear and nonlinear model gave
similar response with the experimental results at lower excita-
tion levels. However, as the excitation is increased, nonlinearity
in the experimental measurements becomes apparent and the
linear model’s output deviates from the experiment, particularly
the primary current. The developed nonlinear model’s response
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Fig. 9. Comparison between experimental measurement, linear model’s and developed nonlinear model’s responses at various input voltage, frequency, f =
50 kHz. (a) Vp = 5 Vpk , (b) Vp = 10 Vpk , (c) Vp = 20 Vpk , (d) Vp = 30 Vpk , and (e) Vp = 40 Vpk .

replicates the nonlinear characteristic of the experimental mea-
surements, as evident in Fig. 9. It was observed that the exper-
imental primary voltage exhibited nonlinear characteristics at
high-excitation levels, attributed to the limit in the power ampli-
fier used. To accurately simulate these cases, the experimental
input current was used in the simulation as excitation signal by
replacing Vpri in Fig. 6(a) with a current source. Fig. 10 shows
the response of the developed model compared to the experi-
mental results and the response of the linear lumped element
model using an experimental primary current as the excitation
signal. The developed nonlinear model replicates the experi-
mental measurements even with nonsinusoidal input current,
which the linear lumped model fails to do. It should be noted,
however, that the implementation of the nonlinear impedance

Fig. 10. Comparison between experimental measurement, linear model’s and
nonlinear model’s responses using experimental primary current as excitation
signal to the model, f = 50 kHz.
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Fig. 11. Comparison of flux density versus magnetic field curves for various input voltage, Vp frequency, f = 50 kHz. (a) Vp = 40 Vpk , (b) Vp = 30 Vpk , (c)
Vp = 20 Vpk , and (d) Vp = 10 Vpk .

added complexity to the model and hence results in longer sim-
ulation times compared to the linear lumped element model.
For instance, a 1 ms simulation time at 5 Vpk excitation of
the nonlinear model requires ten times more computation time
than the linear model. The nonlinearity of the developed model
was also validated by obtaining the B–H curve of the model’s
open circuit output using (21) and (22). The model’s B–H curve
shows good agreement with experimental results as shown in
Fig. 11. Deviations with the experimental measurements can be
attributed to the accuracy of acquiring the J–A parameters used
to build the model.

VI. CONCLUSION

This paper presents a technique to model nonlinear planar
magnetics. It is based on a lumped element model for planar
magnetics presented in [8] and [10]. The linear impedance of
the magnetic core is replaced with a nonlinear impedance using
the J–A hysteresis model. The model was able to replicate the
nonlinear behavior and the saturation effects of the experimen-
tal transformer including nonsinusoidal magnetizing current.
However, the electrical characteristics deviate from experimen-
tal measurement. This was attributed to the height of the core
not being negligible compared to the width, which was a ma-
jor assumption in the previous linear lumped element models.
Therefore, the model was modified to account for this addi-
tional magnetic path length. Upon modification, the developed
model’s response was similar to experimental measurements.

In conjunction with the capabilities of the linear lumped ele-
ment model, the developed model also simulates magnetic sat-
uration effects, which can be useful for the transient studies of

magnetic components. In addition, since the model captures the
hysteresis curve of the core, the hysteresis component of the core
loss can be readily acquired. However, these additional capabil-
ities result in complex implementation and more computational
time. The accuracy of the model is tied to the J–A parameters.
Thus, accurate determination of these parameters is essential.
Only the static J–A model was utilized in this study, and for bet-
ter accuracy and operation over a wider range of frequencies, the
dynamic J–A should be implemented. An additional capability
to be investigated further is the temperature dependence.
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