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Abstract—Digital current control of three-phase voltage-source
power electronic converters is analyzed. Special attention is paid
to the exact discrete time-domain modeling of inductive-resistive
current dynamics in the rotating reference frame whereas three
different regular sampling strategies are incorporated to the anal-
ysis. The exact system model motivates the development of a new
current control structure in the rotating reference frame that is
based on discrete time-domain analysis. Ideally, the new discrete
time-domain current controller leads to a full compensation of all
cross-coupling effects that appear in the controlled system. The ex-
perimental results (performed on a 22 kW test-bench) reveal that
even under test conditions an excellent decoupling capability of the
presented controllers is achieved.

Index Terms—Current control, digital modulation, discrete-time
systems, pulse width modulation (PWM) converters, sampling
methods.

I. INTRODUCTION

THE key role of three-phase ac-to-dc and dc-to-ac voltage-
source power electronic converters in electrical energy

and electrical drive systems is indisputable [1]–[4]. Nowadays,
power electronic converters are found in a wide range of applica-
tions, e.g., in adjustable speed drive systems, renewable energy
systems or in electrical energy conditioning systems. Basically,
two different areas of frequency operation at the converters ac-
side output terminals are identified: 1) constant frequency; and
2) variable frequency operation. Constant frequency operation
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is usually obtained when power converters are used in grid-tied
applications. Variable frequency converter operation is typically
attained in motor-tied applications.

Historically, two main schemes have become widely accepted
for the control of power converters: in grid-tied applications, the
voltage-oriented control (VOC) and in motor-tied applications
the field-oriented control (FOC). These control schemes are
characterized by cascaded control-loops whereas an inner cur-
rent control loop is superimposed by outer control loops. For
VOC, these outer control-loops are a dc-link voltage control and
(if needed) a reactive power control. For FOC, the outer control
loops consist of a torque (or speed) controller and (if necessary)
a flux controller. Moreover, the existing current control schemes
can be classified based on the pulse generation methods applied
to create the respective gate drive signals of the semiconductors
[5]. In this paper, the current control schemes are divided into
two groups: direct and indirect. The control scheme is classified
as direct current control if the current controller manipulates the
switching states directly. If a modulator is used to translate the
current controller output reference signals into the related semi-
conductor switching patterns, the control scheme is classified as
indirect current control [6].

In steady-state converter operation, a decoupled control of
active and reactive current components is achieved by introduc-
ing a control scheme in a rotating reference frame. For VOC,
this rotating reference frame is aligned to the grid-voltage phase
angle and for FOC this reference frame is aligned to the motor-
flux (stator-, rotor- or main-flux) rotational angle. However, in
transient state converter operation, i.e., in the presence of sud-
den load variations or high dynamic reference value changes
the decoupling capabilities of these aforementioned cascaded
control concepts are strongly dependent on the chosen current
control concept. For high performance or low pulse-frequency
applications, where a high demand of reference value tracking
and/or high disturbance value rejection abilities are required
the decoupling capabilities of the active and reactive current
components become a key parameter driving the overall control
design process.

Even though the outer control loops of VOC or FOC utilize
the voltage- or flux-orientation principle, the underlying current
controllers can be implemented in the stationary (αβ) reference
frame, e.g., presented in [7]–[9], or in the rotating (dq) reference
frame, e.g., presented in [10]–[14]. However, if the controller
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design and implementation is carried out conscientiously com-
parable current dynamics are achieved for the current control in
stationary or rotating reference frame [15], [16].

This research focuses on the current control in the rotating
reference frame whereas special attention is paid to achieve a
maximum decoupling capability between be current control of
the active- and reactive current components. In the early works
[17] and [18], the general problem of applying a standard propor-
tional integral (PI)-based current control into a FOC with vari-
able output frequency operation is addressed. One basic finding
of these studies is that the cross-coupling dynamics of current
controllers implemented in the rotating reference frame vary
with the output frequency at the ac-side terminals of the con-
verter. This aspect is further engrossed in [19] and [20]. Based
on a complex vector modeling approach, these two works re-
veal a deep insight into the origins and effects of cross-coupling
dynamics for the current control in the rotating reference frame.
Especially, the introduction of the cross-coupling function in
[20] provides a straightforward approach to quantify the effects
of cross-coupling dynamics.

The relentlessness technological progress of digital signal
processors (DSPs) leads to more flexible and more powerful
control platforms [7]. These modern control platforms allow
high (over-) sampling rates, high computational power, and
an enormous amount of variable storage capacity. Therefore,
the results in [19]–[21], which are based on continuous time-
domain analysis, are transferred to the discrete time domain in
[22] giving rise to the discrete nature of modern DSP-based
power converter systems. Further, recent publications, e.g. [10]
or [23], demonstrate that the current control in the rotating ref-
erence frame and the associated cross-coupling dynamics are
of high scientific and practical relevance and are not jet fully
investigated.

This work aims to contribute to the indirect current con-
trol of voltage-source converters in the rotating dq reference.
More precisely, the novelty of this paper lies in the systematical
discrete-time domain analysis of three popular regular sampled
pulse width modulation (PWM) schemes as well as of the re-
lated dead-time effects and the incorporation of the achieved
results in the discrete time-domain current controller synthesis.
The special focus of the analysis is set to the discrete time do-
main and complex vector modeling of inductive-resistive loads
which can be operated under constant or variable frequency
conditions. Thus, the proposed analysis can be adapted to the
control of grid- and motor-connected converter systems.

The overall publication is separated into two parts. Part I (this
present work) summarizes the model of the underlying system
and the current controller with improved decoupling capabilities
that is developed using discrete time-domain and complex vector
analysis. Compared to the literature that already presents such
analysis, i.e. [22], the proposed approach utilizes a more precise
discrete time-domain model of the system under study. This
discrete time-domain model also allows incorporating system
dead-time effects that are a fraction of the control sampling
time. Since this system model is the basis for the proposed
current control design, the resultant current controller differs
from the works presented in literature so far. In part II of this

Fig. 1. Schematic block diagram of a voltage-source converter with control
of converter ac currents.

publication, the proposed discrete time-domain based current
controller with improved decoupling capabilities is compared
to conventional PI-based current control structures.

This paper is structured as follows: A system description
is presented in Section II. The continuous time-domain model
of the inductor current dynamics is introduced in Section III.
Section IV gives an overview about common regular sampling
PWM strategies and Section V discusses the sampling, calcu-
lation, and PWM update dynamics based on continuous time-
domain modeling. The discrete time-domain model of the afore-
mentioned dynamics considering system dead-time effects that
are a fraction for the sampling time is presented in Section VI.
The new discrete time-domain current controller with improved
decoupling capabilities as well as a experimental validation is
shown in Sections VII and VIII. A critical discussion is pre-
sented in Section IX. The paper is closed with key conclusions.

II. SYSTEM DESCRIPTION

Fig. 1 depicts the block diagram of the system under study. A
two-level voltage-source converter is considered which is con-
nected to a three-phase three-wire symmetrical voltage system.
The converter is composed of six insulated-gate bipolar transis-
tors with the respective gate signals provided by gate drivers and
a superimposed control structure. For control feedback purposes
and functional safety monitoring, the dc-link voltage UDC and
the converter output currents iConv are measured.

A symmetric three-phase inductive-resistive load with a volt-
age source is used as an example. The inductive-resistive load
can be fed by a constant and/or variable frequency converter
operation. For motor-tied applications (commonly variable fre-
quency operation), the power converter acts as a motor drive
inverter and for grid-tied applications (regularly constant fre-
quency operation) the power converter operates as an active
in-feed converter (AIC).

In motor-tied applications, the load inductance L1 represents
the motors stator leakage inductance and the load resistance R1
the motors stator winding resistance. Furthermore, the three-
phase voltage source ui is interpreted as the motors counter-
electromotive force (or short: back EMF). In general, the mo-
tors back EMF depends on the motor type and on the motor’s
operating point.

In grid-tied applications, the inductive-resistive load model
stands for the line-side harmonic-filter. If an L-filter is used
for grid connection, the load inductance represents the filter
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inductance and the load resistance the associated winding re-
sistance. If an LCL-filter is applied for grid-connection of the
converter, the inductive-resistive load model represents the low
frequency model (or the equivalent L-filter) of the harmonic fil-
ter [24]. Furthermore, the three-phase voltage-source indicates
the power networks supply grid voltage.

III. INDUCTOR CURRENT DYNAMICS

A. Stationary Reference Frame Model

Considering the inductive-resistive load model depicted in
Fig. 1 and applying the Clarke-transformation to the illustrated
three-phase three-wire system, the following linear differential
equation in the stationary αβ reference frame is derived:

uαβ
Conv (t) = R1i

αβ
Conv (t) + L1

d

dt
iαβ
Conv (t) + uαβ

i (t) (1)

where uαβ
Conv describes the complex-valued time-variant vec-

tor of the switched converter output voltage in αβ coordinates,
uαβ

i the associated complex-valued time-variant source-voltage
vector (motors back EMF or grid supply voltage) in αβ coordi-
nates, and iαβ

Conv the complex-valued time-variant vector of the
converter output current in αβ coordinates.

The resultant complex-valued transfer function of the con-
verter output voltage to the converter output current (actuating
value dynamics) is

Gαβ
L,F (s) =

Iαβ
Conv (s)

Uαβ
Conv (s)

=
1

R1

1
1 + s L1

R1

=
1

R1

1
1 + sτ1

. (2)

Further, the complex-valued transfer function of the voltage
source to the converter output current (disturbance value dy-
namics) is

Gαβ
L,S (s) =

Iαβ
Conv (s)

Uαβ
i (s)

= − 1
R1

1
1 + sτ1

. (3)

Both transfer functions describe a first-order time-delay ele-
ment characteristics.

B. Rotating Reference Frame Model

The focus of this study is set to the indirect current control
in the rotating dq reference frame. The Park transformation, cf.
(4), is applied to transform a generic complex-valued vector
xαβ from the stationary αβ reference frame into the rotating
dq coordinates xdq . For variable frequency applications, the
angular frequency of the rotating reference frame ωk is time-
variant whereas for constant frequency applications ωk is time-
invariant

xdq (t) = xαβ (t) e−jωk t . (4)

If the Park transformation is differentiated, the following
transformation results:

d

dt

[
xαβ (t)

]
e−jωk t =

d

dt
xdq (t) + jωkxdq (t) . (5)

Using (5), the linear differential equation of the inductive-
resistive current dynamics in rotating coordinates may be written

as follows:

udq
Conv (t) = R1i

dq
Conv (t) + L1

d

dt
idq
Conv (t)

+ jωkL1i
dq
Conv (t)

︸ ︷︷ ︸
cross−coupling

+ udq
i (t) . (6)

In comparison to the inductive-resistive current dynamics in
the stationary reference frame, cf. (1), an additional complex-
valued summand appears in the linear differential equation. This
term is referred to as a frame speed dependent cross-coupling
term [21] since a coupling of the direct transfer dynamics (i.e.,
d- to- d-component and q- to q-component) with the respective
orthogonal (indirect) transfer dynamics (i.e. d- to q-component
and q- to d-components) results

Gdq
L,F (s) =

Idq
Conv (s)

Udq
Conv (s)

=
1

R1

1
1 + sτ1 + jωkτ1

. (7)

The complex-valued transfer function of the converter output
voltage to the converter output current (actuating value dynam-
ics) in rotating dq coordinates is presented in (7). Compared to
the transfer characteristics in stationary αβ coordinates, cf. (2),
an additional complex-valued coefficient appears in the transfer
functions denominator. This additional coefficient indicates the
aforementioned cross-coupling effect.

C. Cross-Coupling Effects

In [20], the cross-coupling function F was introduced as one
possible figure of merit to qualify and quantify cross-coupling
effects. The cross-coupling function is defined as the quotient of
the imaginary-part divided by the real-part of a generic complex-
valued transfer function. Thus, the cross-coupling function of
the considered actuating value dynamics in the rotating dq ref-
erence frame, cf., (7), is

Fdq
L,F (jω) =

Im{Gdq
L,F (jω)}

Re{Gdq
L,F (jω)}

= − ωkτ1

1 + jωτ1
. (8)

This cross-function function reveals a low-pass filter dynam-
ics whereas the corner frequency ωe is calculated to

ωe =
1
τ1

. (9)

The gain magnitude response (in decibel, short: dB) exhibits
two characteristic areas. These two characteristic areas are

|Fdq
L,F (jω)|dB =

{
20log (ωkτ1) , ω � ωe

20log (ωkτ1) − 20log (ω/ωe) , ω � ωe.
(10)

Thus, cross-coupling effects emerge for frequencies less than
the above presented corner frequency ωe . Here, the cross-
coupling effects become significantly high for systems with
a large time constant τ 1 (considering a constant output angular
frequency ωk ) or large output angular frequencies ωk . Typically,
applications where these boundary conditions can be observed
are (but not limited to these):

1) adjustable-speed drive systems with a regular number of
pole-pairs operating at very high rotational speeds;



HOFFMANN et al.: DIGITAL CURRENT CONTROL IN A ROTATING REFERENCE FRAME—PART I: SYSTEM MODELING 5293

Fig. 2. Schematic one-phase Gantt-diagrams of different regular s-PWM concepts (with identical carrier frequency): (a) symmetrical PWM with sampling at
the start of each carrier period (s-PWM-start), (b) symmetrical PWM with sampling in the middle of each carrier period (s-PWM-middle), and (c) asymmetrical
PWM with sampling at the start and in the middle of each carrier period (a-PWM-double).

2) adjustable-speed drive systems with a high number of
pole-pairs operating at regular rotational speeds;

3) grid-tied or motor-tied converters operating with very low
switching frequencies;

4) applications where the motors or filters have a low winding
resistance and/or a high inductance.

IV. REGULAR SAMPLED PWM SYMMETRICAL PWM
STRATEGIES

Indirect current control utilizes additional modulators to
translate the reference voltages (output values of the current con-
troller) into the associated semiconductors switching sequences.
The choice of a modulator depends on the converter topology,
the maximal allowed switching losses, and the harmonic distur-
bance of the semiconductors switching transitions. For low- to
medium-power converter applications PWM is commonly uti-
lized [25] whereas in high-power converter applications with
limited switching frequencies pulse-pattern optimized modula-
tion is usually applied [26].

In this paper, indirect current control based on PWM with
exemplarily triangular carrier signal is addressed. In general,
two fundamental concepts of PWM are found [27]: 1) natu-
rally sampled PWM and 2) regular sampled PWM. These two
basic PWM concepts differ in the waveform of the reference
voltages. Naturally sampled PWM uses a continuous reference
voltage waveform to generate the respective semiconductors
switching pattern. Thus, naturally sampled PWM schemes are
often found in electronic-based PWM generation circuits. Reg-
ular sampled PWM utilizes a sampled reference voltage signal
which is the standard practice in software-based PWM genera-
tion algorithms.

Regular sampled PWM schemes are further classified based
on the symmetry of the generated semiconductors switching

signals. If the generated switching patterns are symmetric to the
carrier signal, the PWM scheme is referred to as symmetrical
regular sampled PWM (s-PWM). If the generated switching
signals are asymmetric to the carrier signal, the PWM scheme
is referred to as asymmetric regular sampled PWM (a-PWM).
Commonly, state of the art DSPs, e.g., the high performance
32-bit Texas Instruments C2000TM DSP series, support three
different regular sampled PWM schemes with triangle carrier
signals:

1) symmetrical PWM with sampling at the start of each car-
rier period (s-PWM-start);

2) symmetrical PWM with sampling in the middle of each
carrier period (s-PWM-middle);

3) asymmetrical PWM with sampling at the start and in the
middle of each carrier period (a-PWM-double).

A. Symmetrical PWM With Sampling at the Start of Each
Carrier Period (s-PWM-start)

Fig. 2(a) illustrates the schematic Gantt-diagram of s-PWM-
start. More precisely, the timing instants (here: t = kTs) of the
phase currents iConv are illustrated in the top of Fig. 2(a) and
the triangle carrier signal, the modulation function and the re-
spective gate drive signals are shown in the bottom of Fig. 2(a).
Based on the presented sampling instants (here: two instants
are shown) of the phase currents, the required calculation time
Tcalc to process the control algorithms and the resultant mod-
ulation index update time instants of the modulation function
an overall dead-time Td between the phase current sampling
instant and the PWM update of one sampling period is gener-
ated. For s-PWM-start the carrier period Tcarrier is equal to the
sampling period Ts . Thus, the overall dead-time introduced by
the sampling, calculation and PWM update routines is

Td |s−PWM−start = Tcarrier = Ts. (11)
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The sampling instants are synchronized with the triangular
carrier signal. More precisely, for s-PWM-start all system states
are sampled at the start of the carrier period. Assuming that the
zero-state switching vectors are placed symmetrically around
the carrier signals minima and maxima the ac current signals are
sampled in their mean value. Therefore, the introduced model
represents a large-signal model of the inductor current dynamics
and the systems sampling and PWM update routines.

B. Symmetrical PWM With Sampling in the Middle of Each
Carrier Period (s-PWM-middle)

In Fig. 2(b), the schematic Gantt-diagram of s-PWM-middle
is presented. Again, the waveforms of the phase current, the
sampled phase current, the triangular carrier signal, the modu-
lation function, and the resultant gate drive signal are denoted
for two sampling instants. The sampling instants of all system
states are now synchronized in the middle of each carrier sig-
nal period. For s-PWM-middle, the time periods of the carrier
signal and the systems sampling are equal leading to an over-
all dead-time Td introduced by the sampling, calculation, and
PWM update routines of

Td |s−PWM−middle =
1
2
Tcarrier =

1
2
Ts. (12)

Taking the assumption into account that the zero-state switch-
ing vectors are placed symmetrically around the carrier signals
minima and maxima the ac-current signals are sampled in their
mean value resulting again in a large-signal modeling approach
of the introduced sampling, calculation and PWM update rou-
tine.

C. Asymmetrical PWM With Sampling at the Start and in the
Middle of Each Carrier Period (a-PWM-double)

The schematic Gantt-diagram of a-PWM-double is depicted
in Fig. 2(c). Now, the principle waveforms of the phase current,
the sampled current, the carrier signal, the modulation function,
and the gate drive signals are illustrated for four sampling in-
stants. Compared to s-PWM-start and s-PWM-middle, here the
modulation function is updated once per carrier signal period,
a-PWM-double updates the modulation function twice per car-
rier signal period. Thus, for a-PWM-double, the carrier signal
period time Tcarrier is doubled in relation to the sampling time
period Ts leading to an overall dead-time Td introduced by the
sampling, calculation, and PWM update routines of

Td |a−PWM−double =
1
2
Tcarrier = Ts. (13)

Repeatedly, assuming that the zero state switching vectors
are placed symmetrically around the carrier signals minima and
maxima the ac-current signals are sampled in their mean value
resulting in a large-signal model of a-PWM-double.

D. Asymmetrical PWM With Multiple Sampling and Updating
in Every Carrier Period (Multisampled PWM)

Recent works, e.g., those presented in [28] and [29], proposed
the concept of multisampled asymmetrical PWM. In contrast to

the aforementioned regular sampled PWM strategies, a-PWM
with multiple sampling instants (n > 2) per carrier signal period
does not inherently sample the ac-side phase current in its mean
value (even though the zero-state switching vectors are placed
symmetrically around the carrier signal extrema). Furthermore,
the resultant dead time of multisampled a-PWM depends on the
amount of sampling instants per carrier signal period and the
specific location of the modulation function in relation to the
carrier signal waveforms. Therefore, multisampled a-PWM is
not further considered in this paper.

E. Discussion of the Proposed Large-Signal Model

The previous paragraphs introduce the large-signal models
of s-PWM-start, s-PWM-middle, and a-PWM-double. Besides
the implicit assumption, the PWM methods are operated in the
linear or linearized modulation region these large signal models
neither consider the specific PWM method (i.e., continuous or
discontinuous PWM) nor the PWM’s operation point (i.e., the
height of the modulation index). These small-signal PWM mod-
els are discussed in further studies, e.g., in [7], [28] or [30]–[32],
and not presented in this paper.

V. SAMPLING, CALCULATION, AND PWM DYNAMICS

A. Stationary Reference Frame Model

The previous analysis reveals that due to the DSPs sampling,
calculation and PWM update routines a dead-time Td is in-
troduced to the control loops. The resultant overall delay time
differs based on the applied regular s-PWM strategy. In general,
the DSPs sampling, calculation and PWM dynamics in the time
domain are described by

uαβ
Conv (t) = uαβ

Conv ,ref (t − Td) . (14)

Here, uαβ
Conv describes the complex-valued time-variant vec-

tor of the switched converter output voltage in αβ coordinates
and uαβ

Conv ,ref the associated complex-valued time-variant refer-
ence voltage vector in αβ coordinates assigned by the current
controller to the PWM. Altogether, the sampling, calculation
and PWM update routines lead to a dead-time dynamic. The
resultant complex-valued transfer function of the converter ref-
erence voltage to the converter output voltage is

Gαβ
sample→update (s) =

Uαβ
Conv(s)

Uαβ
Conv ,ref (s)

= e−sTd . (15)

B. Rotating Reference Frame Model

To achieve a dq reference frame formulation of the DSPs
sampling, calculation and PWM update dynamics the transfor-
mation laws presented in (4) and (5) cannot directly be adapted.
More precisely, the dead-time effect has also to be considered
for a correct choice of the transformation angle. Since the trans-
formation angle is delayed by the dead-time Td , the following
transformation law between the stationary αβ- and rotating dq-
coordinates applies

udq
Conv ,ref (t − Td) = uαβ

Conv ,ref (t − Td) e−jωk (t−Td ) . (16)
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In consideration of the aforementioned presented transforma-
tion law, the complex-valued sampling, calculation and PWM
update dynamics in the rotating dq reference frame are deduced
to

udq
Conv (t) = udq

Conv ,ref (t − Td) e−jωk Td . (17)

Thus, the resultant complex-valued transfer function in the
dq coordinates is

Gdq
sample→update (s) =

Udq
Conv(s)

Udq
Conv ,ref (s)

= e−sTd e−jωk Td

︸ ︷︷ ︸
c r o s s

−c o u p l in g

. (18)

Compared to the transfer function in the stationary reference
frame, cf., (15), an additional cross-coupling term occurs in the
aforementioned presented transfer function.

The fact that the PWM reference voltage is updated only once
per sampling period Ts has not been considered so far. This
typical sample-and-hold characteristic of all regular sampled
PWM schemes is addressed by introducing a zero-order hold-
element to the sampling, calculation and PWM update model.
A generic zero-order hold frequency domain model is described
by

Gdq
zoh (s) =

1 − esTs

s
. (19)

The complete frequency domain model of the DSPs sampling,
calculation and PWM update routine including the zero-order
hold dynamics in rotating dq coordinates is now summarized to

Gdq
PWM (s) =

Udq
Conv(s)

Udq
Conv ,ref (s)

= Gdq
zoh (s) Gdq

sample→update (s)

=
1 − esTs

s
e−sTd e−jωk Td . (20)

VI. DISCRETE TIME-DOMAIN MODELING

A. Modeling Dead-Time Effects That Are a Fraction of the
Sampling Time

Three different regular sampled PWM strategies are discussed
in this paper: 1) s-PWM-start; 2) s-PWM-middle; and 3) a-
PWM-double. The resultant dead-time Td introduced by these
sampling strategies differs based on the chosen PWM concept.
More precisely, for s-PWM-start and a-PWM-double, a dead-
time of one sampling period Ts is introduced to the current
control loop whereas for s-PWM-middle a dead-time of a half-
sampling period is achieved. Thus, for an appropriate mathemat-
ical formulation of the discrete time-domain model dead-times
that are a fraction (here: Td = 1/2Ts for s-PWM-middle) of the
sampling period have to be considered. To quantify dead-time
effects that are a fraction of the sampling period, an auxiliary
variable m is defined

m = 1 − Td

Ts
. (21)

Hence:
1) m = 0 for s-PWM-start, cf. Fig. 2(a);
2) m = ½ for s-PWM-middle, cf. Fig. 2(b);

3) m = 0 for a-PWM-double, cf. Fig. 2(c).
In [33], the modeling and effects of a control-delay reduction

of digital controlled voltage-source converters are discussed.
Here, the use of the modified z-Transformation [34] is suggested
to model dead-time effects are a fraction of the sampling time
introduced due to a delayed system state sampling strategy.
The modified z-Transformation is also adopted in this paper to
achieve a generic mathematical formulation of the system under
study.

B. Generic Discrete Time-Domain System Model

A complete description of all relevant large signal system
dynamics in the continuous time domain is obtained by taking
the inductor current dynamics Gdq

L,F (7) as well as the sampling,

calculation and PWM-update dead-times Gdq
PWM (20) into ac-

count. Thus, the overall complex-valued transfer function of the
system dynamics Gdq

plant is

Gdq
plant (s) =

Idq
Conv(s)

Udq
Conv ,ref (s)

= Gdq
PWM (s) Gdq

L,F (s)

=
1 − esTs

s︸ ︷︷ ︸
digital PWM

modulator

e−sTd e−jωk Td

︸ ︷︷ ︸
calculation
dead−time

1
R1

1
1 + sτ1 + jωkτ1︸ ︷︷ ︸

inductor urrent dynamics

.

(22)

In general, a discrete time-domain equivalent description of
a continuous time-domain based system transfer function is
calculated via the transformation law [34]

G dq
plant (z,m)

∣
∣
∣
m=1− T d

T s

=
Idq

Conv(z)

Udq
Conv ,ref (z)

= Z
{
L−1

{
Gdq

plant (s)
}∣

∣
∣
t=kTs ,

}
. (23)

Here, Z represents the z-Transformation and L−1 the inverse
Laplace-Transformation. To apply well-established transforma-
tion tables for the z-Transformation, e.g., those presented in [35],
further modification of the previously presented transformation
law is required. Hence, (23) is manipulated to

Gdq
plant (z,m)

∣
∣
∣
m=1− T d

T s

=
z − 1

z
Z

{

L−1
{

1
s
G

′dq
plant (s) e−sTd

} ∣
∣
∣
∣
t=kTs

}

G
′dq
plant (s) =

1
R1

1
1 + sτ1 + jωkτ1

e−jωk Td . (24)

For systems where the dead-times Td are an integer multi-
plier of the sampling time Ts , the transformation law presented
in (24) can directly be applied to calculate the zero-order hold
equivalent discrete-time transfer-function Gdq

plant (z,m). How-
ever, as discussed before here dead-times that are a fraction of
the systems sampling time appear for s-PWM-middle. Hence,
the modified z-Transformation Zmod is introduced leading to
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TABLE I
COMPLEX-VALUED TRANSFER FUNCTIONS FOR CONTROLLED SYSTEM WITH

INDUCTOR CURRENT DYNAMICS AND DIFFERENT SAMPLING STRATEGIES

s-PWM-start
[cf. Fig. 2(a), single-update mode, Td = Tc a r r i e r = TS , m = 0, α2 = 0]

Gd q
P la n t (z )

∣
∣
∣
T d = T c a r r i e r = T S

= 1
R 1 + j ω k L 1

1−α 1
z ( z −α 1 ) e−j ω k T s

α0 = e−T s / τ 1 α1 = α0 e−j ω k T s

(25)

s-PWM-middle
[cf. Fig. 2(b), single-update mode, Td = 1/2Tc a r r i e r = 1/2TS , m= ½]

Gd q
P la n t (z )

∣
∣
∣
T d = 1

2 T c a r r i e r = 1
2 T S

= 1
R 1 + j ω k L 1

( 1−α 2 ) ( z + α 2 )
z ( z −α 1 ) e−j 1

2 ω k T s

α0 = e−T s / τ 1 α1 = α0 e−j ω k T s α2 = e− 1
2 T s / τ 1 e−j 1

2 ω k T s

(26)

a-PWM-double
[cf. Fig. 2(c), double-update mode, Td = 1/2Tc a r r i e r = TS , m = 1]

Gd q
P la n t (z )

∣
∣
∣
T d = 1

2 T c a r r i e r = T S

= 1
R 1 + j ω k L 1

1−α 1
z ( z −α 1 ) e−j ω k T s

α0 = e−T s / τ 1 α1 = α0 e−j ω k T s

(27)

the generic transformation laws presented next

G dq
plant (z,m)

∣
∣
∣
m=1− T d

T s

=
z − 1

z
Zmod

{

L−1
{

1
s
G

′dq
plant (s)

}∣
∣
∣
∣
t=kTs

}

. (28)

Based on transformation tables, e.g., those presented in
[36], the resultant discrete time-domain complex-valued transfer
function of the inductor current dynamics including the dead-
time effects introduced by the sampling, calculation and PWM-
update dynamics is calculated to

G dq
plant (z,m)

∣
∣
∣
m=1− T d

T s

=
Idq

Conv (z)

Udq
Conv ,ref (z)

=
1

R1 + jωkL1

[
1
z
− α2 (z − 1)

z(z − α1)

]
e−jωk (1−m )Ts

α0 = e−Ts /τ1

α1 = α0e
−jωk Ts

α2 = e−mTs /τ1 e−jωk mTs . (29)

In Table I, the resultant complex-valued transfer function
for the three previously presented PWM strategies are sum-
marized. Exemplary, the systems transfer function utilizing a-
PWM-double, cf. (27), will be briefly analyzed in the following
paragraphs. The system gain Ks under steady-state plant con-
ditions is

Ks = Gdq
plant (z = 1) =

1
R1 + jωkL1

e−jωk Ts . (30)

Considering that the angular frequency of the rotating refer-
ence frame ωk is time variant, the system gain is time variant and
complex valued. Moreover, two system poles of the complex-

Fig. 3. Complex-valued pole-zero locations of controlled system with current
inductor dynamics Gdq

plant for varying ωk /ωS ratios (exemplary chosen: a-
PWM-double, τ 1 = 8.3 ms).

valued transfer function presented in (27) are identified

z∞,1 = 0

z∞,2 = [cos (ωkTs) − jsin (ωkTs)] e−Ts /τ1 . (31)

Thus, the location of the first system pole z∞,1 is fixed to the
origin of the z-domain coordinates whereas the location of the
second system pole z∞,2 depends on the angular frequency of
the rotating reference frame ωk . Fig. 3 presents the pole-zero
locations of the inductive-resistive current dynamics utilizing
a-PWM-double (assuming arbitrary system parameters).

Further, to highlight that the location of z∞,2 is variable,
different ratios between the angular frequency of the rotat-
ing reference ωk and the systems sampling angular frequency
ωs(ωs = 2π/Ts) are illustrated.

VII. DISCRETE TIME-DOMAIN CONTROLLER WITH IMPROVED

DECOUPLING CAPABILITIES

A. Current Control Concept

The basic structure of the discrete time domain current con-
troller is determined independently from the applied regular
sampled PWM concept. Similar to conventional PI-based con-
trol approaches, the discrete time-domain current controller
should provide a proportional and an integral control path.
Further, the underlying structure should enable the possibil-
ity to compensate the cross-coupling effects introduced by
the aforementioned sampling, calculation and PWM-update
routines. Therefore, the structure of the discrete time-domain
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Fig. 4. Block diagram of proposed discrete time-domain current controller with improved decoupling capabilities (valid for s-PWM-start and a-PWM-double):
(a) complex and (b) scalar representation.

current controller R(z) is set to

R (z) =
Udq

Conv ,ref (z)

Idq
Conv ,err(z )

= Krz

⎡

⎢
⎢
⎣

z

z − 1︸ ︷︷ ︸
integrative

− z0

z − 1︸ ︷︷ ︸
proportional

⎤

⎥
⎥
⎦ ejωk Td

︸ ︷︷ ︸
PWM

decoupling

= Krz

z − z0

z − 1
ejωk Td . (32)

To attain high command response dynamics and a decou-
pling of the cross-coupling effects introduced by the inductive-
resistive current dynamics, the controllers zero z0 is used to
compensate the frequency depended system pole z∞,2

z0 = α1

α0 = e−Ts /τ1

α1 = α0e
−jωk Ts . (33)

Thus, this parameter tuning approach leads to a compensation
of the highest systems response time. Furthermore, by allow-
ing the controllers complex-valued zero z0 to be adaptive to the
angular frequency of the rotating reference frame ωk , a theoret-
ically ideal decoupling of the inductive-resistive cross-coupling
dynamics is achieved.

B. Current Control for s-PWM-start/a-PWM-double

First, the parameter tuning of the discrete time-domain current
controller for s-PWM-start and a-PWM-double is presented.
Both PWM concepts introduced a dead-time Td of one sampling

period Ts to the control loops. Therefore, the parameter tuning
of these two PWM methods is treated equally.

The controllers zero z0 is already chosen to compensate the
highest system response time and the cross-coupling effects
caused by the inductor dynamics. Thus, the complex-valued
controller proportional gain Krz is used to compensate the sys-
tem gain Ks for steady-state plant conditions. Considering the
control plant transfer-functions presented, cf. (25) and (27), as
well as the tuning of the controller integral path, cf. (33), the
complex-valued proportional gain Krz is calculated to

Krz = K0 (1 + jωkτ1) (K1 + jK2)

K0 = γ
R1

α2
0 − 2α0cos (ωkTs) + 1

K1 = 1 − α0cos (ωkTs)

K2 = −α0sin (ωkTs) . (34)

Here, an additional real-valued factor γ > 0 is introduced to
shape the command response of the current controller. The block
diagram of the proposed discrete time-domain current controller
valid for s-PWM-start and a-PWM-double is presented in Fig. 4.
In Fig. 4(a), the complex and in (b) the scalar controller represen-
tation is shown. Fig. 5 illustrates the calculated step response of
the controller for varying values of the tuning factor γ. Further,
Table II summarizes the related control characteristics.

Based on the presented structure and the parameter tuning
of the discrete time-domain current controller for s-PWM-start
and a-PWM-double, the open-loop control transfer function is
calculated to

Gdq
Open−Loop =

γ

z2 − z
. (35)
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Fig. 5. Calculated step response of the proposed current control for varied
values of tuning factor γ (valid for s-PWM-start/a-PWM-double, normalized to
sampling time Ts and nominal current In ).

TABLE II
CONTROL CHARACTERISTICS FOR DIFFERENT VALUES OF TUNING FACTOR AND

S-PWM-START/A-PWM-DOUBLE

γ bwH z /fs ad B [dB] ϕR [°] OS∗ [%] T ∗∗
r t /TS T ∗∗∗

s t /TS

0.25 0.07 12.0 68 0 6 8
0.30 0.10 10.5 64 1 4 6
0.35 0.13 9.1 60 6 3 7
0.40 0.16 8.0 55 12 2 8

∗Overshoot: maximum value during reference step in relation to final steady-state
value.
∗∗Rise time: time during reference step to change from 5% to 95% of final steady-state
value.
∗∗∗Settling time: time when controlled value remains within tolerance band of 5% of
final state-state value.

Thus, the closed-loop control transfer-function is deduced to

Gdq
Closed−Loop =

γ

z2 − z + γ
. (36)

Fig. 6 presents the complex-valued pole-zero locations of the
controlled inductor-current dynamics for varied ωk/ωs ratios.
Both pole-zero maps show the poles and zero of the controlled
system in black as well as of the discrete time-domain current
controller in red. The pole-zero map of the open-loop control, cf.
Fig. 6(a), reveals that the controllers zero location is successfully
adapted to the location of the system pole z∞,2 which depends
on the angular frequency ωk of the rotating reference frame. The
influence of the controller proportional gain Krz to the pole-zero
location of the closed-loop control is presented in Fig. 6(b). The
location of the dominant pole-pair is successfully manipulated
by the choice of the real-valued tuning factor γ (here exemplary
chosen: γ = 0.35) without affecting the pole-zero locations of
the other system dynamics.

Fig. 6. Complex-valued pole-zero locations of controlled inductor current
dynamics for varying ωk /ωS ratios (valid for s-PWM-start and a-PWM-double,
exemplary chosen: γ = 0.35, τ 1 = 8.3 ms): (a) open-loop and (b) closed-loop
control.

C. Current Control for s-PWM-middle

Second, the parameter tuning of the discrete time-domain
current controller for s-PWM-middle is discussed. For s-PWM-
middle, an overall dead-time Td of a half-sampling period Ts is
added to the control loops.

Since the controllers integral path is already chosen to com-
pensate the highest system response time, cf. (33), the propor-
tional gain Krz is used again to compensate the steady-state
system gain. Based on the transfer function of the control plant
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Fig. 7. Block diagram of proposed discrete time-domain current controller with improved decoupling capabilities (valid for s-PWM-middle): (a) complex and
(b) scalar representation.

TABLE III
CONTROL CHARACTERISTICS FOR DIFFERENT VALUES OF TUNING FACTOR AND

S-PWM-MIDDLE

γ bwH z /fs ad B [dB] ϕR [°] OS [%] Tr t /TS Ts t /TS

0.2 0.11 14.0 67 0 4 5
0.25 0.15 12.1 62 4 3 3
0.3 0.19 10.5 58 11 2 6
0.35 0.22 9.2 52 18 2 5

for s-PWM-middle, cf. (26), the complex-valued proportional
gain Krz is derived to

Krz = K0 (1 + jωkτ1) (K1 + jK2)

K0 = γ
R1

β2
0 − 2β0cos

( 1
2 ωkTs

)
+ 1

K1 = 1 − β0cos
(

1
2
ωkTs

)

K2 = −β0sin
(

1
2
ωkTs

)

β0 = e−1/2TS /τ1 . (37)

Again, a real-valued tuning factor γ > 0 is used to shape the
dynamic command response of the proposed current controller.
The resultant block diagram including the complex and scalar
representation of the discrete time-domain current controller
valid for s-PWM-middle is presented in Fig. 7.

Fig. 8 illustrates the analytically calculated step response of
the proposed current controller for the system plant utilizing
s-PWM-middle for varying tuning factors γ. Furthermore, in
Table III, the corresponding control characteristics are summa-
rized.

Fig. 8. Calculated step response of the proposed current control for varied
values of tuning factor γ (valid for s-PWM-middle, normalized to sampling
time Ts and nominal current In ).

The open-loop control transfer function of the controlled
inductor-dynamics for s-PWM-middle is

Gdq
Open−Loop = γ (z+β1 )

z 2 −z

β1 = β0e
−1/2ωk TS .

(38)

Further, the closed-loop control transfer function is

Gdq
Closed−Loop =

γ (z + β1)
z2 + (γ − 1) z + β1γ

. (39)
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Fig. 9. Measured step response of the proposed discrete current controller with improved decoupling characteristics for different ωk /ωS ratios and varied values
of tuning factor γ (sampling strategy: s-PWM-start): (a) step response for ωk /ωS = 1/27, (b) step response in dq-coordinates for ωk /ωS = 1/27 and −5 � t/Ts
� 15, (c) related oscillogram for ωk /ωS = 1/27 and γ = 0.35, (d) step response for ωk /ωS = 1/51, (e) step response in dq-coordinates for ωk /ωS = 1/51
and −5 � t/Ts � 15, and (f) related oscillogram for ωk /ωS = 1/51 and γ = 0.35.

TABLE IV
MEASUREMENT SYSTEM PARAMETERS

Symbol Quantity Value (per unit)

UL L Line-to-line voltage (rms) 400 V (1.0)
UD C DC-link voltage 700 V (1.75)
ωk Angular line frequency 2π 50 Hz (1.0)
In Rated converter current (rms) 32 A (1.0)
L1 Line-filter inductance 6 mH (0.35)
R1 Line-filter resistance 360 mΩ (0.02)
CD C DC-link capacitance 2200 μF (5.0)

VIII. EXPERIMENTAL RESULTS

A. Test-Bench Description and Test Methodology

A 22-kW test-bench is used to validate the theoretical anal-
ysis. The experimental setup consists of a two-level voltage-
source converter in back-to-back configuration. The AIC is
connected to the laboratory power network using a line-side
L-filter. To emulate active load conditions, an interior magnet
permanent synchronous machine (IPM) which is connected to a
four-quadrant converter-fed dc-load machine is used. For all ex-
periments, the IPM is controlled to a constant rotational speed
of 1400 r/min. Further, the load torque of the dc machine is
adjusted to maintain a constant active power of 5 kW fed into
the laboratory grid. In Table IV, a summarization of all rele-

vant system parameters is presented. The control algorithms are
implemented on a dSPACE 1006 modular system.

The theoretical analysis reveals that the ωk/ωs ratio is crucial
in terms of the achievable current control performance. Thus,
the measurement analysis is carried out for varied ωk/ωs ratios.
Further, to simplify the experimental analysis, the current con-
trol of the AIC is examined. Therefore, the angular frequency
ωk is dictated by the angular line frequency ωline (here the pre-
condition: ωline = 2π50 Hz). The choice of the applied ωk/ωs

ratios for the different PWM schemes is based on the analy-
sis presented in [37] considering the different resultant carrier
frequencies fcarrier for s-PWM and a-PWM-double. For each
PWM scheme studied in this paper, two series of measurements
are presented using two characteristic ωk/ωs ratios. For each
series of measurements, reference-value steps of the (reactive)
q-current component are performed whereas the tuning factor γ
is varied.

B. Results

Fig. 9 presents the measured step response of the proposed
discrete time-domain current controller for two different ωk/ωs

ratios whereas the sampling strategy s-PWM-start is applied.
In Fig. 9(a)–(c), the experimental results for ωk/ωs = 1/27
(i.e., 50/1350 Hz) and illustrated. Fig. 9(a) presents the mea-
sured step response (here: q-q component) for four characteris-
tic tuning factors γ. The measured step-response validates the
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Fig. 10. Measured step response of the proposed discrete current controller with improved decoupling characteristics for different ωk /ωS ratios and varied
values of tuning factor γ (sampling strategy: s-PWM-middle): (a) step-response for ωk /ωS = 1/27, (b) step-response in dq-coordinates for ωk /ωS = 1/27
and −5 �t/Ts � 15, (c) related oscillogram for ωk /ωS = 1/27 and γ = 0.25, (d) step response for ωk /ωS = 1/51, (e) step response in dq-coordinates for
ωk /ωS = 1/51 and −5 � t/Ts � 15, and (f) related oscillogram for ωk /ωS = 1/51 and γ = 0.25.

theoretical analysis. To evaluate the decoupling capabilities of
the proposed current control, the measured step-response in dq-
coordinates is shown in Fig. 9(b). For each considered tuning
factor γ, the measured dq-current follows the reference-value
trajectory revealing only marginal cross-coupling effects. The
corresponding oscillogram for γ = 0.35 and ωk/ωs = 1/27 is
presented in Fig. 9(c). Here, the three-phase current waveforms
as well as a trigger signal of the preformed reference-step are
illustrated.

In Fig. 9(d)–(f), the experimental results for s-PWM-start
and ωk/ωs = 1/51 (i.e., 50 Hz/2550 Hz) are summarized.
Again, the presented step-responses, cf. Fig. 9(d), and the step-
responses in dq-coordinates, cf. Fig. 9(e), validate the theoretical
analysis. However, an apparently increased decoupling capabil-
ity for this ωk/ωs ratio is observed when the step-responses in
dq-coordinates are compared to those of ωk/ωs = 1/27. This ef-
fect is traced back to two secondary effects which appear when
the ωk/ωs ratio is varied and the parameters of the line-side
L-filter are kept constant: 1) The network disturbances intro-
duced by the power converters switching decreases for decreas-
ing ωk/ωs ratios due to an increased PWM carrier frequency;
and 2) the lower frequency network disturbance rejection capa-
bilities of the current controller increases for decreasing ωk/ωs

ratios due to an increased sampling frequency. Both effects lead
apparently to an increased decoupling capability of the current
controller for decreased ωk/ωs ratios.

Fig. 10 presents the measurement results for s-PWM-middle
considering the same ωk/ωs ratios as for s-PWM-start. For
both presented series of measurements, the theoretical calcu-
lated step-response is validated. Again, an apparently increased
decoupling capability for decreased ωk/ωs ratios is observed for
the measured step-responses in dq-coordinates which is traced
back to the two aforementioned secondary effects.

The measurement results for a-PWM-double are shown in
Fig. 11. For this PWM strategy, the sampling frequency is dou-
bled compared to the carrier-frequency. Considering the analysis
presented in [37], here the ωk/ωs ratios of 1/30 and 1/54 are
chosen to achieve a fair comparison to the former presented
measurements results.

Again the measured step responses, cf. Fig. 11(a) and (d), val-
idate the theoretical analysis. Even though that the ωk/ωs ratio
of 1/30 leads for the system under study to a significantly low
effective switching frequency of 750 Hz, an excellent decou-
pling capability of the proposed current controller is achieved,
cf. Fig. 11(b). An apparently increase of the decoupling capa-
bilities for the higher ωk/ωs ratio of 1/54, cf. Fig. 11(e), is
justified with the decreased network disturbances and the in-
creased disturbance rejection abilities compared to the ωk/ωs

ratio of 1/30.
To complete the experimental analysis, Fig. 12 presents a

comparison between the theoretical calculated and measured
step responses for all three examined sampling strategies. More
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Fig. 11. Measured step response of the proposed discrete current controller with improved decoupling characteristics for different ωk /ωS -ratios and varied
values of tuning factor γ (sampling strategy: a-PWM-double): (a) step response for ωk /ωS = 1/30, (b) step response in dq-coordinates for ωk /ωS = 1/30
and −5 �t/Ts � 15, (c) related oscillogram for ωk /ωS = 1/30 and γ = 0.30, (d) step response for ωk /ωS = 1/54, (e) step response in dq-coordinates for
ωk /ωS = 1/54 and –5 � t/Ts � 15, and (f) related oscillogram for ωk /ωS = 1/54 and γ = 0.35.

precisely, Fig. 12(a) and (b) illustrates the step-responses for
s-PWM-start for the two considered ωk/ωS ratios (1/27 and
1/51). In Fig. 12(c) and (d), the step response for s-PWM-middle
is depicted (ωk/ωS ratios 1/27 and 1/51). Further, in Fig. 12(e)
and (f), the step-responses for a-PWM-double are presented
(ωk/ωS ratios 1/30 and 1/54). Altogether, the measured step-
responses reveal a very high degree of conformity with the
theoretical calculated step-responses almost independent of the
applied ωk/ωS ratio and the chosen tuning factor γ.

IX. DISCUSSION

The presented analysis in this paper implicitly assumes a sym-
metrical distribution of the inductive-resistive system parame-
ters for the d- and q-current control paths. If the system parame-
ters are not distributed symmetrically, e.g., for salient pole syn-
chronous machines, additional transformation networks, e.g.,
those presented in [38], can be applied to still utilize the pro-
posed current control concept.

Moreover, to improve the disturbance rejection capabilities of
the proposed current control concept, an additional disturbance
compensation networks, e.g., those presented in [39], can be
added to the control loops. This would further counteract the
effect of the apparently increased decoupling capability for high
ωk/ωs ratios.

X. CONCLUSION

The digital current control of inductive-resistive current dy-
namics in the rotating reference frame is analyzed. Special atten-
tion is paid to the origin and mitigation of cross-coupling effects.
Besides the model of the inductive-resistive current dynamics,
the analysis incorporates the dynamics of three common regular
sampled PWM strategies: 1) s-PWM-start; 2) s-PWM-middle;
and 3) a-PWM-double.

A complex-valued vector model of the controlled system
is utilized to achieve a clear and compact mathematical for-
mulation that includes all relevant cross-coupling dynamics.
The complex-valued system modeling leads to two main cross-
coupling effects that appear for the system under study: 1) A
cross-coupling effect introduced due to the inductive-resistive
current dynamics; and 2) a cross-coupling effect introduced due
to the sampling, calculation, and PWM-update routine.

The modified z-Transformation is adapted to achieve a model
formulation in the discrete time domain. The use of the modi-
fied z-Transformation is necessary since the sampling strategy
s-PWM-middle introduces a dead time to the control loops that
is a fraction of the systems sampling time. The resultant dis-
crete time-domain model is formulated for generic fractions of
the sampling time. Thus, the presented model is applicable for
different control tasks where dead times arise that are a fraction
of the sampling time.
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Fig. 12. Comparison between measured and calculated step response of the proposed discrete current controller with improved decoupling characteristics for three
different sampling strategies as well as different ωk /ωS ratios and varied values of tuning factor γ: (a) s-PWM-start with ωk /ωS = 1/27 and (b) ωk /ωS = 1/51
for –5 � t/Ts � 15, (c) s-PWM-middle with ωk /ωS = 1/27, and (d) ωk /ωS = 1/51 for –5 � t/Ts � 15, (e) a-PWM-double with ωk /ωS = 1/30, and (f)
ωk /ωS = 1/54 for –5 � t/Ts � 15.

The exact model of the controlled system motivates the devel-
opment of a complex-valued current controller that is based on
a pure discrete time-domain approach. This new current control
strategy is able to compensate the largest systems time constant
as well as the related cross-coupling effects for theoretically ev-
ery ωk/ωs ratio. Further, a measurement study performed on a
22 kW test-bench reveals that the proposed discrete time-domain
current controller leads to excellent decoupling capabilities.
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