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Abstract—Power electronic-based components (PECs) are at the
heart of the enabling technologies for the smart-grids. They im-
prove the controllability of the power system and provide excellent
features such as load regulation, high power factor, and transient
performance. However, they can behave as negative impedance due
to their capability to operate as constant power loads, and jeopar-
dize the stability of the power systems. Therefore, stability analysis
of the power electronic-based distribution systems is crucial for
development of the future smart-grids. This paper provides two
methods to analyze stability: real-time (online) and offline. In real-
time approach, the system’s small-signal stability is investigated
based on d − q impedance measurement and unit circle criterion
and by calculating source and load impedances simultaneously and
in a range of frequencies. In offline approach, the system dynamics
are identified from the bode plots and then based on the eigenvalue
analysis, the stability of the system under different loading con-
ditions is analyzed. Furthermore, small-signal stability of a solid
state transformer (SST) as an advanced PEC with power factor
correction is investigated via the proposed methods. In addition,
hardware experiment is developed though power hardware-in-the-
loop experiment to assess stability of an SST in load variation and
validate the real-time capability of the proposed technique.

Index Terms—Eigenvalue analysis, phase and gain margins,
power electronic-based components, power hardware-in-the-loop,
small-signal stability analysis.

I. INTRODUCTION

A. Role of PECs in Smart-Grid and Motivation

THE smart grid concept is changing the power grid on all the
stages. This concept refers to technologies used to update

electricity systems with computer-based automation and control
through two-way communications structures [1]. In the future
electric power distribution system that is suitable for plug-and-
play of distributed renewable energy resources and distributed
energy storage devices power electronic-based components
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(PECs) are the key technologies [2]. In other words, PECs are
one of the prominent enabling technologies for the future power
system concepts such as smart grids and virtual power plants
[3]–[6]. PECs are the main hardware platform for distributed
automation of the grid. Multiple advanced management tech-
nologies proposed for automation of the smart grid [7], [8]
would be realized through PECs which can exchange infor-
mation through the communications network. PECs provide
infrastructure and enabling technologies for power electronics-
based distribution systems (PEDS). In addition, PECs enhance
the characteristics of the PEDS such as power quality, voltage
regulation, and power factor; however, there are some concerns
with the large integration of the PECs into the distribution grids.
One of the most significant concerns is the capability of these
devices to operate as negative impedances while they provide
constant power loads (CPLs). Generally, any electric load with
the regulated output power (e.g., connected through PECs such
as converters to grid) can be modeled as a CPL in the power
systems. CPLs are prone to exhibit negative impedances and
thus jeopardize small-signal stability of the systems. Intuitively
from small-signal standpoint, negative impedance in the system
has a destabilizing effect [9].

Stability analysis of the PEDS in the literature divides into
three different categories: 1) steady-state, 2) small-signal, and 3)
large-signal. Essentially, steady-state stability analysis is the tra-
ditional approach to the stability of the power systems and can be
investigated through the equal area criterion [10]. Steady-state
stability condition may be interpreted as the balance between
the generated and consumed power in the system. It is worth to
mention that this type of stability analysis is a prerequisite to
further stability analysis. Small-signal stability is the capability
of the system to return to the identical stable operating point
after small disturbance occurs in the system (i.e., changes in the
state variables of the PEDS). Conversely, large-signal stability
(or large-scale displacement) of the system is interpreted as the
ability of the system to return to any stable operating point after
large displacement in the system’s operating condition such as
changes in the topology of the PEDS [11]. Large-signal stability
of the power systems have been investigated by direct meth-
ods (i.e., Lyapunov-based techniques) or nonlinear differential
equations solutions. Lyapunov techniques have been utilized for
design purposes in large-scale stability assessment of specific
types of PECs in [9] and [12] as well as small-signal in [13].
Since these methods addressed particular devices, they are not
generic methods to be utilized for stability study of the PEDS.
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In this paper, the primary goal is to ensure the stability of the
PEDS from small-signal viewpoint.

B. Contributions

This paper provides two different methods for stability analy-
sis of the PEDS. Both approaches use impedance measurement
technique in the d − q framework. The first method is real-time
(online) method which measures the source impedance and load
admittance of the PECs in real-time, and the small-signal stabil-
ity of the system is investigated by generalized Nyquist criterion
(GNC). This approach improves the previously developed tech-
niques [14]–[20] by two significant features:

1) Real-Time Capability: It enables small-signal stability as-
sessment of the PECs in real-time. Although real-time
small-signal stability assessment of the PEDS plays a sig-
nificant role in the study and control of the systems, it has
not entirely been addressed and implemented to date. This
method enables real time stability assessment of the PEDS
by concurrent perturbations in the source and load sides
of the system under test and also utilizing chirp signal for
perturbation in a range of frequencies.

2) Hardware Development: Its simplicity to develop a power-
ful algorithm in hardware and software and ease of hard-
ware implementation. The method is developed and by
power hardware-in-the-loop (PHIL) experiment, the re-
sults from this experiment are verified with the simulation
results. In addition, further practical considerations are
discussed and added to this method, in compare to [20],
in order to enable real-time capability of the method for
hardware development.

The primary contribution of this study is the real-time sta-
bility analysis capability; more specifically, the ability of the
proposed criterion and technique to be implemented in a real-
time platform. The parallel perturbation of source and load is
one of the key features of the proposed method that enables
real-time capability. In addition, the proposed stability crite-
rion, based on impedance measurement and Nyquist stability
criterion, contributes higher accuracy in small-signal stability
assessments of the systems by providing a complete Nyquist
contour of the system’s return-ration matrix. Ultimately, this
yields lighter computational loads, faster computation times,
and more accurate evaluation of the system’s stability in a way
that enables the assessment of the relative and absolute stabil-
ity of the PEDS. Another advantage of the proposed technique
is that it takes part of the system’s nonlinearities into account
by perturbing the systems with chirp signal and in a range of
frequencies, instead of exclusively fundamental frequency.

The second method is offline and is based on the eigenvalue
analysis of the system. For a given PEC, first the system is ex-
cited using the impedance measurement technique. Then, bode
plots of the impedance matrices are drawn and the PEC dy-
namics in small-signal is identified. Based on the identified
dynamics, an eigenvalue analysis is performed and stability cri-
teria for the system are derived. The stability criteria are then
used to assess the stability of the system under different loading
conditions. Further, the stability region for the load is obtained.

This approach is useful in the design stage of PECs to find their
operational limits.

To validate the effectiveness of the proposed approaches, they
are implemented for stability assessment of a specific PEC, solid
state transformer (SST). These devices are the building blocks of
the future renewable electric energy delivery and management
(FREEDM) system, which is a US National Science Founda-
tion (NSF) generation-II Engineering Research Center (ERC).
FREEDM system center is a realization of a future smart-grid
[2]. In addition, hardware development and experimental im-
plementation is presented in this study. In the experimental
implementation section of the proposed study, an impedance
measurement unit (IMU) is developed via PHIL experiment
and measures source and load impedances in real-time. Subse-
quently, the proposed stability criterion is implemented on the
real-time digital simulator (RTDS) and by utilizing information
from the developed IMU, small-signal stability of the test bed
is investigated in real-time.

C. Paper Outline

This paper is organized as follows. General requirements for
enhanced understanding of the small-signal stability assessment
topic are presented in Section II. This is followed by stating pro-
posed small-signal stability assessment method for real-time ap-
plications along with its practical considerations in Section III.
Section IV is allocated to offline stability analysis method. Val-
idation of the proposed stability techniques in simulation and
with study of test cases for a sample system and comparison
of the results are discussed in Section V. Hardware develop-
ment for real-time approach is described in Section VI and ex-
perimental results are illustrated and discussed in this section.
Finally, conclusion and possible future works are set forth in
Section VII.

II. PRELIMINARIES

A. Negative Impedance Characteristics of the Constant
Power Loads

The improvement of power electronics technology leads to
an increase in PEC penetration into the power generation, trans-
mission, and distribution fields. These components introduce
the opportunity to apply closed-loop control, which can signif-
icantly improve power, the quality of the delivered power, and
also the control of the power flow, in the PEDS as well as its
consequences. Generally, PECs are nonlinear devices and sub-
sequently their dynamics are coupled with the source(s)/load(s)
connected to them. In order to have a regulated output in sys-
tems highly penetrated with the PECs, control strategies and
controllers have to be applied to the systems, which in turn
introduce new phenomenon known as negative impedance and
change the nature of stability study of the power systems [21].

Essentially, power electronics-based converters with the reg-
ulated output voltage connected to CPLs provide negative
impedance characteristics at their input, since they consume
constant power and work at a fixed current. Fig. 1 shows the
linear approximation of the (i–v) characteristics for a CPL. Neg-
ative slope of this curve represents negative impedance.
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Fig. 1. Linear approximation represents negative impedance for a CPL.

Fig. 2. General feedback system’s model.

Negative impedance characteristic of the CPLs may jeopar-
dize the small-signal stability of the PECs and in some cases the
stability of the entire grid or PEDS. Generally large PEDS with
higher stability inertia can be reluctant to become unstable due
to instability of their components (PECs). However, it becomes
a critical issue for smaller power systems such as electric ship
systems, hybrid-electric vehicles, and small islanded PEDS. In
these cases, the stability needs to be addressed delicately.

B. Generalized Nyquist Criterion

As it was mentioned in the prior section, increasing in in-
tegration of the PECs in distribution systems can jeopardize
the small-signal stability of the PEDS. Therefore, small-signal
stability investigation of the PEDS is essential. GNC is a well-
developed metric to address the stability of any system (i.e.,
power system or PEDS) in different loading conditions [22].
This method is based on Nyquist evaluation, thus it is restated
herein.

Considering the general feedback system shown in Fig. 2
transfer function (TF) of this system may be expressed by

H(s) = [1 + G(s).K(s)]−1 .G(s). (1)

This configuration will be closed-loop stable IFF the number
of right-half plane (RHP) zeroes of the G(s) and K(s) is equal
to the counter-clockwise encirclements around point (−1 + 0j)
of the Nyquist contour of the open-loop transfer function or
L(s) where L(s) = G(s).K(s). L(s) is also called return-ratio
and λt(s) represents its eigenvalues.

Considering (1), the characteristic loci of return-ratio could
be defined as the graphs of the eigenvalues of the L(s) (or λt(s)).
Consequently, 1 + λt(s) is the eigenvalue of the 1 + L(s).
Therefore, for the every encirclement of the point (−1 + j0)

Fig. 3. Interconnected source-load power system.

by the Nyquist contour, we will have an eigenvalue on the RHP
which denotes the instability of the system. The duality of the
eigenvalue theorem and generalized Nyquist theorem is well-
proven in [22].

After restating the Nyquist theorem, it is time to expand this
theory to the power systems applications. Generally, it is pos-
sible to model every power system from source-side with their
equivalent Thevenin model and from load-side with their equiv-
alent Norton model. The interconnected source-load represen-
tation of a sample power system in synchronous d − q frame is
shown in Fig. 3.

This frame is utilized to facilitate computation by converting
all ac variables to constant values and thus provides a quiescent
operating point for linearization. The output voltage Vdq (s) is
hence determined by

V dq(s) = (1 + zSdq(s).Y Sdq(s))−1V SdqT (s) (2)

where ZSdq and YSdq are the system’s source impedance and
load admittance in d − q frame and V SdqT is the input
voltage at source. Furthermore, ZSdq.Y Sdq is the return-
ratio for the interconnected source-load system. This equa-
tion corresponds to the closed-loop TF of Fig. 3. Based on
GNC, the interconnected source-load power system is stable, if
1 + ZSdq(s).Y Sdq(s) does not have any zeros in the closed
RHP. Thus, by analogy and utilizing GNC, the system is stable
provided that the Nyquist evaluation of ZSdq.Y Sdq does not
encircle (−1 + j0) in the s-plane [19], [23].

C. Small-Signal Impedance Measurement Technique

In previous section, it was discussed that the source and load
impedances are required in order to assess the stability of the
power systems from small-signal viewpoint. At this part, one
of the most significant methods for acquiring the source/load
impedances of the PECs through the system’s information (i.e.,
voltages and currents) is described. This technique has been
developed on both ac and dc interfaces of PECs and PEDS in
previous research and was widely utilized for stability studies
of ac and dc systems. Generally, in a dc stability study, sta-
bility of the hybrid ac/dc system will be investigated in the dc
interface; whereas in an ac stability study of the same system,
the stability criterion will be analyzed from the ac interface.
Furthermore, this technique is developed based on perturb-and-
observe algorithm, that is to say the system is perturbed with
external sources and the system’s response to the perturbations
are measured (observed) and based on the acquired information
from the system and perturbations, it is possible to calculate the
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Fig. 4. Ac impedance measurement technique in the d− q reference frame.

source and load impedance/admittance. For the ac systems, it
is desirable to work in d − q reference frame for two reasons:
1) work with the constant values as opposed to sinusoidal val-
ues and, 2) work with two values (since zero components are
zero) instead of three values for the balanced three-phase sys-
tems. The basic algorithms for ac and dc systems are similar.
The only distinction is that for ac systems two independent per-
turbations (ipq ipq ipd ipq and ipd ) are required; whereas in dc
systems single perturbation is sufficient [24], [25]. Fig. 4 depicts
an ac system which is considered in the d − q reference frame.

In the first perturbation ipq injects the current and stimulates
the system while ipd is set to zero. The responses are measured
in the source and load sides and utilized to calculate

[
ṽd1 (s)

ṽq1 (s)

]
= ZSdq (s)

[
ĩS d1 (s)

ĩS q1 (s)

]

[
ṽd1 (s)

ṽq1 (s)

]
= ZLdq (s)

[
ĩLd1 (s)

ĩLq1 (s)

]
. (3)

In (3) ĩS d1 and ĩS q1 (s) are the system’s current responses in
the source interface to the first perturbation and in the d and q
axes, respectively; whereas ĩLd1 and ĩLq1 (s) are the system’s
current responses in the load interface to the first perturbation. In
addition, ṽd1 (s) and ṽq1 (s) are the system’s voltages according
to the first perturbation in the d − q reference frame.

The second perturbation is made by setting ipq to zero and
injecting ipd current. For a second time the responses in the
source and load interfaces are captured/measured to acquire
following equation:

[
ṽd2 (s)

ṽq2 (s)

]
= ZSdq (s)

[
ĩS d2 (s)

ĩS q2 (s)

]

[
ṽd2 (s)

ṽq2 (s)

]
= ZLdq (s)

[
ĩLd2 (s)

ĩLq2 (s)

]
. (4)

By combining (3) and (4), it is possible to find source/load
impedances by

ZSdq (s) =

[
ṽd1 (s) ṽd2 (s)

ṽq1 (s) ṽq2 (s)

][
ĩS d1 (s) ĩS d2 (s)

ĩS q1 (s) ĩS q2 (s)

]−1

ZLdq (s) =

[
ṽd1 (s) ṽd2 (s)

ṽq1 (s) ṽq2 (s)

][
ĩLd1 (s) ĩLd2 (s)

ĩLq1 (s) ĩLq2 (s)

]−1

. (5)

By having the load impedance, the load admittance would be

ZLdq (s) = (Y Ldq (s))−1 . (6)

In this technique, the system is perturbed by series volt-
age injection and/or shunt current injection and the system’s
response is measured in the source and load interfaces. Subse-
quently, by utilizing (3)–(6) it is possible to calculate source/load
impedances in d − q coordinates.

III. REAL-TIME/ONLINE STABILITY ANALYSIS TECHNIQUE

The small-signal stability technique proposed in this section
is capable to assess the stability of the PECs in real-time. This
method is developed based on impedance measurement tech-
nique in d − q reference frame and GNC (described in Section
II). In addition, some practical considerations as well as some
legitimate modification are considered to enable real-time capa-
bility of the proposed method.

A. Proposed Real-Time Stability Criterion

In this part, a novel stability assessment technique for the
PECs is proposed. The proposed technique essentially investi-
gates the small-signal stability of the PECs while they are oper-
ating. This technique is based on d − q impedance measurement
theory in ac interface of the PECs, and utilizes GNC to assess
the stability of the systems; however, the perturbations are in
a range of frequencies instead of solely system’s fundamen-
tal frequency. By using generalized impedance and admittance
concepts (perturbing the system in a range of frequencies), it is
possible to utilize Nyquist immittance criterion for local and also
regional operating points of the system; whereas the impedance
matrix ZSdq (s) (or admittance matrix Y Ldq (s)) is a unique
complex 2 by 2 matrix at any given frequency. Herein, since
it is desirable to monitor a system’s stability while it is oper-
ating and at any given time, the system has to be perturbed
persistently and by utilizing the system’s response to the per-
turbations, ZSdq (s) and Y Ldq (s) could be calculated in a
time-domain. Afterward, it is possible to transfer time-domain
results to the frequency-domain by FFTs, or optionally discrete
Fourier transform (DFT), and monitor the system’s stability by
employing the developed real-time stability criterion and tech-
nique. One of the significant privileges for the proposed method
is its capability to define relative stability of the systems and
compare it with the instability borders to define absolute and
relative stability status of the systems.

As aforementioned, constant power nature of the PECs with
regulated output voltage might cause the instability of the PEDS
due to the negative impedance at the terminals [4], [5], [20]. The
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proposed method investigates small-signal stability of the PECs
through their ac interfaces. As it was well-described in Section
II, in order to measure generalized source/load impedances of a
system in ac interface, the system should be perturbed in range
of frequencies and the system’s response should be transferred
to the d − q reference frame. Generally, d − q representation of
the system facilitates stability analysis of the PECs through ac
interfaces.

In order to explain the concept and subsequently the mathe-
matics of the proposed method, GNC is restated herein. Con-
sidering general feedback system (see Fig. 2), where G (s) and
K (s) are a pair of multivariable systems and their linear behav-
ior could be represented by the state-space equation

dX

dt
= Ax + Bu

y = Cx + Du. (7)

Subsequently, corresponding transfer function matrix T with
inputs u and outputs y could be described as

T = C[sI − A]−1B + D. (8)

Fig. 3 depicts a simplified model of a PEC with ac source/load
through its ac interface and in d − q reference frame. It is rela-
tively straightforward to determine the terminal voltage Vdq (s)
by utilizing basic circuit analysis techniques

V dq(s) = ZLdq (s) [ZSdq (s) + ZLdq(s)]−1V Sdq(s).
(9)

This equation represents the transfer function from source
voltage to terminal voltage and can be simplified as

V dq(s) = [I + ZSdq (s) .Y Ldq (s)]−1V Sdq(s). (10)

Back to the general feedback system, closed-loop transfer
function of the system’s output shown in Fig. 2 may be ex-
pressed by (1). As it was discussed hereinbefore, the small-
signal stability of the closed-loop system may be determined
by directly studying the return-ratio matrix defined by L (s) =
G (s) .K (s). Therefore, the voltage stability of the d − q frame
model of a PEC with ac source/load, (12), may be determined
by studying its return-ratio matrix

Ldq(s) = ZSdq (s) .Y Ldq (s) . (11)

Based on GNC, the transfer function represented by (11) is
closed-loop stable IFF the net sum of counter-clockwise encir-
clements around point (−1 + 0j) by the set of characteristic loci
of L(s) = G(s).K (s) is equal to the total number of RHP poles
of G (s) and K (s). It is noteworthy to mention, for this system
(see Fig. 3), all the modes of the open-loop systems assumed to
be controllable and observable. By analogy (10), which repre-
sents the transfer function of source voltage based on terminal
voltage of a PEC, is stable if the roots of followed equation have
negative real parts:

det(I + ZSdq (s) .Y Ldq (s)) =0. (12)

This condition could be interpreted by Nyquist stability cri-
terion to formulate stability assessment of the PECs during
the operational stage by preventing encirclements around point

(−1 + 0j) for the Nyquist diagram of their return-ratio. Fur-
thermore, for the closed-loop systems, it could be utilized in
combination with the Middlebrook’s stability criterion to for-
mulate GM stability criterion for the PECs. Although, the GM
stability criterion is a slightly conservative criterion, it is eas-
ier to implement. Basically, it restricts the Nyquist diagram of
return-ratio (ZSdq (s) .Y Ldq (s)) to lie within the unit circle
in the complex plane. In this criterion, only GM of the systems
is taken into account regardless of the PM values. Therefore,
the stability condition (12), driven from the ac interface of the
interconnected source-load PEC, is a general stability condition
in the d − q frame that depends on the stability criteria and/or
technique may address the stability of the PECs for both pre-
operational and operational stages with different degrees of the
conservativeness.

Herein, general stability term (12) is measured with the GNC
in order to ensure the overall small-signal stability of the system
and the results are compared with the GM criterion to illustrate
the difference in degree of conservativeness as well as precise-
ness of the proposed method. Additionally, in order to find a
return-ratio matrix of the system in a more convenient manner
and in real-time, some legitimate modifications and simplifica-
tion are considered. In the literature, these simplifications mainly
are considered in impedance measurement for high power factor
rectifiers [26]–[28].

Generally, the stability at the ac interfaces feeding PECs could
be assessed with GNC by applying it to the return-ratio matrix
Ldq (s) where it can be found by

Ldq (s) = ZSdq (s) .Y Ldq (s)

=

[
ZSdd ZSdq

ZSqd ZSqq

]
.

[
YLdd YLdq

YLqd YLqq

]
(13)

where ZSdq (s) and Y Ldq (s) are, respectively, the source
impedance and the load admittance matrices in d − q reference
frame. Furthermore, the elements of these matrices in d and q
axes are represented in the form of matrix (i.e., ZSdd is the d-d
element of the source impedance matrix or YLdq is the d − q
element of the load admittance matrix). Note that in the Mid-
dlebrook (and also GM) criterion in order to have the systems
small-signal stable, components of the return-ratio matrix has
to be lied within unit circle. In other words, according to (14)
the magnitudes of all the components should be less than unity,
regardless of phases, in order to have return ration matrix mag-
nitude not greater than one.

|Ldq (s)| ≤ 1

∣∣∣∣∣
[

ZSdd ZSdq

ZSqd ZSqq

]
.

[
YLdd YLdq

YLqd YLqq

]∣∣∣∣∣ ≤ 1.

(14)
Therefore, in order to address small-signal stability of such

a system via GNC, all the components of the return-ratio ma-
trix should be calculated and addressed. This act is not hard
to achieve; however, it increases required computations and
will add to the system calculation’s complexities. Consequently,
some legitimate simplifications and modifications in the method
is essential, if the small-signal analysis in real-time is desired.
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There have been some studies on stability analysis of the
high power factor rectifiers [or more generally converters with
power factor correction (PFC)] in which the bode diagram of
the load admittance Y Ldq (s) of an AFE converter calculated in
connection to the CPL [26]–[28]. The results of these studies are
applicable for our model development and they can be utilized
for our study since the SST is a power electronics-based device
with PFC and comprised from three stages of ac–dc rectifier
with PFC, isolated dc–dc bidirectional converter, and a single-
phase six-switch inverter. In [26] four elements of bode plot of
the load admittance matrix have analyzed and it has been shown
that the d − d channel is the only element with negative phase
up to the cutoff frequency of the dc bus voltage loop. This means
that all the load dynamics represented by load admittance matrix
(Y Ldq (s)) are reflected on this channel. Therefore, in stability
analysis of SST with PFC it is admissible to study d − d element
of load admittance matrix for load dynamics. This simplifies
(14) and yields lighter computational loads, faster computation
times, and more accurate evaluation of the system’s stability in
a way that enables real-time capability of the proposed method.
Consequently, (14) is derived as

Ldq (s) ≈
[

ZSdd ZSdq

ZSqd ZSqq

]
.

[
YLdd 0

0 0

]

≈
[

ZSdd.YLdd 0

ZSqd .YLdd 0

]
≈

[
l1 (s) 0

l2 (s) 0

]
. (15)

In addition, it was proven hereinbefore that the small-signal
stability at the input terminals of the PECs is determined by
the characteristic loci described by the eigenvalues of the corre-
sponding return-ratio matrix Ldq (s). Given the input dynamics
of the rectifier, the eigenvalues of Ldq (s) at the ac interface are
given by (15). Consequently, only the eigenvalue associated to
the d − d channel [i.e., l1 (s)] can actually encircle the criti-
cal point (−1 + j0), and thus be the cause of instability. The
remaining eigenvalue associated to the q − d channel, l2 (s),
remains stationary at the origin of the S-plane and thus be in-
capable of causing instabilities [26]. Therefore, in the proposed
method the Nyquist contour of the l1 (s) is determined and ex-
amined for the Nyquist evaluation and having the magnitude of
the d − d component of the return-ratio matrix less than one,
our system is stable [29]. The reason is that if |l1 (s)| is less than
one (regardless of its phase), based on (14) it cannot encircle
the point (−1 + j0) in the s-plane and thus the system is stable.
The next crucial step herein is defining l1 (s) in real-time from
the systems measurements and information, which can be quite
complicated.

B. Real-Time System Identification

To investigate small-signal stability of a PEC in real-time,
some practical considerations and model simplification are re-
quired. The model simplification was discussed in the prior
section by considering the d − d channel component of the
return-ratio matrix instead of the entire matrix. The practical
considerations of the proposed method are:

Fig. 5. Chirp excitation signals (swept-sine signals) in order to enable real-
time capability.

1) Perturbing the system with the chirp signal, x (t) = A
sin(2π(f0 + (f1 − f0) t/2T )t)), this helps the real-time
capability and nonlinearity consideration simultaneously.
Wherex (t) could be the voltage and/or current signal, de-
pending on the type of perturbation (series voltage and/or
shunt current), A is the magnitude of the perturbation, f0
is the start frequency, f1 is the end frequency, and T is the
duration of the chirp signal (for real-time applications,
the chirp signal is periodic and T should be reset after
reaching final value). Following is the graph of frequency
change based on the time. As it is depicted in Fig. 5, the
frequency reset happens at 27 s.
Utilizing chirp signals to perturb a system for impedance
measurement purposes facilitates perturbation of the sys-
tem in a range of frequencies and in real-time simultane-
ously. In other techniques, in order to be able to perturb
systems in a range of frequencies, the test system must be
perturbed separately at each single frequency, thus pre-
venting those techniques to be applicable for real-time
applications.

2) Perturbing the system at source interface as well as load
interface at the same time; this helps to gather all the
required data for the impedance measurements in real-
time and without interference.
The procedure of the proposed real-time small-signal sta-
bility assessment method is described as follows:

a) acquiring required information to calculate source
and load impedances [based on (3)–(6)] in a PEC by
measuring voltages and currents in the source and
load sides of it as well as perturbation signals;

b) defining source impedance and load admittance by
d − q impedance measurement theory described in
Section II;

c) transforming source impedance and load admittance
from time domain to frequency domain by employ-
ing FFT;

d) after defining source and load impedances in fre-
quency domain and based on (5), it is possible to
calculate return-ratio matrix (production of source
impedance and load admittance).
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By having the return-ratio matrix in frequency domain, it is
possible to identify generalized Nyquist contour of the d − d
component. Subsequently, small-signal stability can be ad-
dressed by utilizing GNC theorem described in Section II.

IV. OFFLINE STABILITY ANALYSIS

The major advantage of the proposed approach in the previ-
ous section is its ability to detect the instability during online
operation of the system. However, in many practical applica-
tions we are also interested to know about the stability limits
of the component before putting it online to avoid operating it
in conditions that can threaten the stability of the entire system.
Therefore, in this section based on the impedance measurement
technique, we provide an offline analysis approach, which is
capable of determining the stability conditions for PECs, and
thus complements the online approach. The online approach
was based on Nyquist criterion. The Nyquist criterion can tell
whether the closed loop system has poles in the RHS or not,
and thus determine the stability of the system without providing
information about the exact location of the closed loop poles.
As in offline analysis we have more computational resources, it
is advantageous to directly look into the poles of the closed-loop
system and analyze how they change as a function of system
parameters such as changes in the loading conditions. This en-
ables us to have a thorough understanding of the behavior of the
system and determine its stability region in terms of different
system parameters.

A. Offline System Identification

The first step in analyzing the system’s stability in the offline
approach is to identify the small-signal dynamics of the system.
Based on (2), the transfer function from the source voltage to
the load voltage is given as

T (s) = (I + ZSdq (s) .Y Ldq (s))−1 . (16)

This transfer function consists of two matrices: ZSdq (s) and
Y Ldq (s). The first matrix, ZSdq (s), depends on the dynamics
of the PEC, which needs to be identified. We will use bode plots
of the elements of this matrix for its identification. The second
matrix, Y Ldq (s), depends on the value of the load and is the
part of the system which depends on the loading conditions. If
this load is shown by R + jLωe , where ωe is the frequency of
the system, then in the single phase d − q transform, ZLdq (s)
can be written as [30]

ZLdq =

[
R + Ls −Lωe

Lωe R + Ls

]
. (17)

Fig. 6. Schematic of a SST used as a sample PEC with perturbations in source
and load interfaces simultaneously (in order to enable real-time capability).

B. Finding the Eigenvalues of the System

Once ZSdq (s) is identified, a parametric expression for the
eigenvalues can be found where the parameters depend on the
values of R and L. The eigenvalues of the system would be the
poles of the transfer function given in (16), which would be the
roots of

det(I + ZSdq(s)Y Ldq(s)) = 0. (18)

For instance if ZSdq(s) is a constant gain, then the roots of
(18) would be as (19) as shown bottom of the page, where

ZSdq = K =

[
k1 k2

k3 k4

]
. (20)

In this case, the system would be stable if Re(s1) < 0, and
Re(s2) < 0.

V. CASE STUDY

A. Case Study Setup

In this section, the small-signal stability of a sample PEC is
studied and well-discussed for asymptotic stable, marginally sta-
ble and unstable conditions. An SST connected to the source and
load (see Fig. 6) is used to represent a sample PEC. First, the re-
sults of the online approach using the impedance measurement-
based method utilizing unit circuit criterion are presented. To
illustrate the capability of the proposed technique to address the
small- signal stability of the systems, all three possible types of
stability (asymptotic, marginal, and unstable) are studied within
the test system. To this end, three different loading conditions
are instantiated for each type of stability. Next, using the pro-
posed offline procedure, the stability region of the PEC in terms
of the loading conditions is determined which is in agreement
with the results of the online approach.

s1 = − 1
2L

(
2R + k1k4 +

√
4k2k3 − 2k1k4 − 4L2ω2

e + k2
1 + k2

4 + 4Lωek2 − 4Lωek3

)

s2 = − 1
2L

(
2R + k1k4 −

√
4k2k3 − 2k1k4 − 4L2ω2

e + k2
1 + k2

4 + 4Lωek2 − 4Lωek3

)
(19)
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Fig. 7. Online stability metric showing the relative stability of the test bed for
asymptotic stability.

B. Real-Time Stability Analysis Results in RTDS Platform

In order to study the proposed technique for real-time appli-
cations, a new test system is developed in RTDS. In addition, in
order to verify the proposed technique, the average value model
of an SST [31] is utilized in the abovementioned test system.
The STT model, as well as all the required blocks to achieve
return-ratio matrix in real-time, are developed in the RTDS.
One of the most significant advantages of the proposed stabil-
ity technique over other developed techniques is its real-time
capability. This capability is enabled by utilizing chirp signal
excitation and parallel perturbations (discussed in Section III-B)
in the proposed technique and employing RTDS to develop the
test system and stability technique in real-time. Fig. 6 depicts
a standard ac interface of a SST; where the current injections
(perturbations) and measurements are taken place.

Utilizing chirp signal to perturb systems for impedance mea-
surement purposes facilitates system perturbations in a range
of frequencies and in real-time simultaneously. In other tech-
niques, in order to be able to perturb systems throughout a range
of frequencies, the test system must be perturbed for each sin-
gle frequency thus preventing those techniques to be applicable
for real-time applications. Furthermore, parallel perturbations
facilitate the data acquisition process for source impedance and
load admittance concurrently.

1) System With Asymptotic Stability: In order to validate the
method in the stable conditions, a single phase SST is connected
to the ideal source from primary side and a RL load is connected
to the secondary side of the SST (port 1 and 2 in Fig. 6). The
high-voltage and low-voltage levels of the SST are 7.2 (kV)
and 120 (V), respectively, and 1.534 + j0.753 (Ω) is the initial
load of the system. Magnitude of the d − d component for the
return-ratio matrix [l1 (s)] is illustrated in Fig. 7. Based on
Nyquist evaluation the system is stable in this loading condition
since |l1 (s)| < 1 and the Nyquist contour does not encircle
point −1 + 0j. It is also possible to address relative stability of
the systems based on the distance between unit circle stability
criterion and line y = 1. In this test, the system is far away from
instability margin, since the magnitude of the l1 (s) component

Fig. 8. Simulation results in time-domain for the stable test system: (a) and
(b) RMS voltage and current in LV; (c) and (d) active and reactive powers.

Fig. 9. Online stability metric for the marginal stable test system.

of the return-ratio matrix is significantly less than 1. Fig. 8
shows the RTDS simulation results for RMS voltage, current,
and active and reactive powers. These results reveal that our
system is stable in this condition due to the convergence of
active and reactive powers as well as consistence voltage and
current values.

2) System With Marginal Stability: To further study how the
proposed stability technique behaves in sensitive and critical
situations, the R and L values connected to the test system is
reduced to 10% of its initial value and the system has run again.
In other words, for the new test scenario we increased the load of
our system by the factor of 10 since the SST provides regulated
output voltage and we decreased the impedance by 10%. The
marginal stability condition in the proposed technique and with
the unit circle criterion may be interpreted by the magnitude of
the d − d component in the return-ratio matrix, l1 (s). In other
words, the system is marginally stable while |l1 (s)| = 1.

Fig. 9 shows the magnitude of the l1 (s) component of return-
ratio matrix. Although l1 (s) does not pass critical line of y = 1,
its magnitude is close enough to one that it can be interpreted as
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Fig. 10. Simulation results in time-domain for marginally stable test system:
RMS voltage and current in LV of SST; active and reactive powers.

a marginal stability based on generalized Nyquist and relative
stability concepts.

On the other hand, Fig. 10 shows the RTDS simulation results
for this case in time-domain. As it is shown, in this case the RMS
values of current and voltage of the SST are constant and also
the output powers have converged which verifies the stability of
the system in this loading condition (even though the system is
one step away from becoming unstable).

A simple comparison between experiments 1 and 2 shows that
it is not possible to distinct the systems’ stability conditions from
their time-domain data and before becoming unstable; however,
with the proposed stability criterion it is possible to find the
relative stability condition of the systems and take precautionary
measures before the systems become unstable.

3) Small-Signal Stability Analysis of the Test Bed by Gradual
Decrement in Load That Cause Instability: As described above,
based on GNC, a system is unstable when the Nyquist contour of
the return-ratio matrix encircles point –1 + 0j. This fact can be
interpreted by the unit circle criterion that the magnitude of the
return-ratio is greater than 1. In this test case, the R and L values
connected to the SST are gradually decreased to 1% of their
initial value while the system is operating. Based on what we
have discussed before, the output voltage of the SST is regulated
and by decreasing the value of impedance, we will increase
the load current and as a result the actual load of the system.
Therefore, in this test we gradually increased the load of the
system from initial value (in Section I) to analyze its behavior
while becoming unstable. This gradual change in the load is
made by a slider connected to the variable RL load in the model
and it causes instability of the system after almost 2.2 (s). The
system’s stability status is monitored in real-time and the results
are saved and shown below. As shown in Fig. 11 the magnitude
of the d − d channel of the return-ratio matrix, l1 (s), exceeds
the critical line y = 1 in almost 2.2 (s) due to the change in the
loading condition of the test bed. In fact, it can be seen that the
system’s instability in the time-domain occurs simultaneously
with crossing the |l1 (s)| loci and line y = 1.

This fact is also shown in Fig. 12 by illustrating the RMS
values for the voltage, current, active, and reactive powers. This

Fig. 11. Stability metric (unit circuit stability criterion) showing the test sys-
tem becoming unstable.

Fig. 12. Simulation results in time-domain for the unstable test system: (a)
and (b) RMS voltage and current in LV side of the SST; (c) and (d) active and
reactive powers.

figure clearly depicts that complete instability, due to the system
breakdown, occurs after approximately 2.2 (s) of simulation and
as a result of change in R and L values during the real-time
simulation.

C. Offline Stability Analysis

Using the same impedance measurement technique used in
the online approach, the bode plots of Fig. 13 are found for
ZSdq (s), where

ZSdq =

[
ZSdd ZSdq

ZSqd ZSqq

]
. (21)

From the bode plots, we can see that all the phases are around
zero and the magnitudes are almost constant for all the frequen-
cies. This suggests ZSdq (s) is a constant gain given by

ZSdq =

[
0.198 0.186

0.281 0.250

]
. (22)
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Fig. 13. Bode plots for (a) ZSdq (s), (b) ZS dd (s), (c) ZS qd (s), ZS q q (s).

Now, based on (19), it is evident that real part of S1 is al-
ways negative. Therefore, stability depends only on S2 . So the
stability condition would be (23), as shown bottom of the page,
where [

k1 k2

k3 k4

]
=

[
0.198 0.186

0.281 0.250

]
. (24)

Remark: To do the offline analysis, we have used the same
data measured in online experiments. The bode plots in Fig. 13,
are the identified d − q impedances on the source side for the
SST used in the entire experiments. The d − q impedances at
the source side are not the choice of authors but they are the
result of the identification process. The results indicate that
from the source side, d − q, the SST acts like a constant gain
under different loading conditions.

Based on (23), the stability region of the system can be found
by evaluating v at different value of R and L. The stability region
is drawn in Fig. 14. The x-axis is the value of R, and the y-axis is

Fig. 14. Stability region of the system as a function of R and X.

the value of X = Lw. The lines are the contours of v [as defined
in (23)] and the numbers on the lines determine the value of v
along that line. The stability region is marked as the region where
the values of all the contours are positive and it is marked with
green arrows. The unstable region is marked with red arrows and
forms a small portion of the loading condition of the system.
As the values of R and L decrease, the loading of the system
increases and after a certain limit, the system enters the unstable
region. This limit encompasses all the values along the contour
v = 0. This trend is in agreement with the simulation results in
RTDS as well as the online stability analysis approach. In fact,
the values of R and L for which the online stability approach
detects stability fall inside the stable region in Fig. 14.

VI. HARDWARE DEVELOPMENT AND

EXPERIMENTAL IMPLEMENTATION

In this section, the small-signal stability of a SST is investi-
gated through PHIL experiment [32]. For this, an average value
model of an SST [31] is developed in the RTDS platform and
the last stage of the SST (six-switch, single-phase inverter) con-
nected to the variable ac load is implemented in hardware.
Subsequently, the small-signal stability of the test system is
investigated during load variation via programmable ac load.
Fig. 15 demonstrates the hardware development part for this
experiment.

The primary reason for this experiment is to investigate small-
signal stability of an SST during different loading condition and
operating points. Since the full SST in hardware was not avail-
able to conduct the experiment, we decided to implement this
experiment through PHIL method. Generally, in PHIL experi-
ment some part of a system is modeled in a real-time simulator
(i.e., RTDS) and the rest is developed in hardware. These two
parts of PHIL, simulation and hardware, are communicating to

v = Re
(

2R + k1 + k4−
√

4k2k3 − 2k1k4 − 4L2ω2
e + k2

1 + k2
4 + 4Lωek2 − 4Lωek3

)
< 0 (23)
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Fig. 15. Developed hardware for the proposed PHIL experiment to emulate
the last stage of the SST connected to programmable ac load.

Fig. 16. Schematic of the developed PHIL experiment to study small-signal
stability of a SST in real-time and during load variation.

each other though their interfaces and transferring the data in
order to control the system [32]. The PHIL experiment shown in
Fig. 16 explains the IMU implementation allowing for the small-
signal stability of the developed test system to be assessed.

As is shown in Fig. 16, the dc voltage reference from RTDS
is employed in the PI controller to emulate the input dc voltage
of the inverter in the test bed. Furthermore, the inverter utilizes
duty-cycles (Ds) references for switching, enabling the test bed
to emulate voltage waveforms at the inverter terminals identical
to the RTDS model.

In the developed PHIL experiment the dc link voltage (in-
verter input) and the inverter Ds signals are sent via RTDS ana-
log output (GTAO) to hardware controller (TI-eZdsp F28335)
and are utilized to control the hardware in the way that emu-
lates the last stage of the SST. All three signals sent from RTDS
to hardware controller (DSP) as references are captured after
digital-to-analog converter (DAC) by scope and are shown in
Fig. 17.

Moreover, the communication between RTDS analog output
(DAC) in the simulator lab [see Fig. 18(a) and (b)] and DSP
IoCU board analog inputs [see Fig. 18(c)] has been done with
the fiber optic cable that connects simulator lab to the hardware
controllers in the labs.

The implemented hardware for this experiment is shown
in Fig. 19. The main stages of the system are three-phase

Fig. 17. Dc voltage and duty cycles are used as references from RTDS to DSP.

Fig. 18. (a) Simulator lab at Florida State University Center for Advanced
Power Systems. (b) DAC card at the back of the RTDS rack. (c) DSP IoCU
board analog inputs and outputs.

transformer, three-phase two-level boost rectifier, test bed con-
troller, and six-switch single-phase inverter. The three-phase
boost rectifier provides the power for the inverter on the dc link
of its output capacitor (see Fig. 16). Therefore, it is utilized as
the power amplifier stage for the test bed and thus this experi-
ment is called PHIL [instead of hardware-in-the-loop (HIL) or
control HIL (CHIL)].

As was mentioned hereinbefore, in the proposed hardware
development experiment, loading the test system under different
conditions is one of the significant reasons that might push
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Fig. 19. Implemented hardware in the lab for the proposed PHIL experiment
to study small-signal stability of an SST in real time.

Fig. 20. Measuring and feeding back the current to the real-time model
through RTDS analog input interface (GTAI).

the test system into an unstable region of operation. Therefore,
as is shown in Fig. 15 the inverter output is connected to the
programmable ac load (NHR 4600 ac load) to change the SST
load and study small-signal stability of the SST during load
variation in real-time. In addition, the output voltage of the SST
is fixed (due to its regulated output voltage characteristic); thus,
changes in the programmable ac load will affect the load current.
Consequently, in order to assess the test system under different
loading conditions, the load current must be fed back to the
RTDS. This also is accomplished by measuring the load current
with the current probes and sending it to the RTDS analog input
interface (GTAI) via fiber optic and implement it in the model
with the variable current source. Fig. 20 demonstrates different
stages of this section such as measuring the signals with probes
and using RTDS analog input interface (GTAI) to feed back the
measured signals to the real-time model.

Fig. 21. Inverter input (dc), output (ac) voltages, and load current for constant
RL load test.

A. Open-Loop Test With Constant RL Load

For the development of above described PHIL experiment, the
first stage was to perform an open-loop, no-load test. This step
basically compared experimental voltage waveforms with those
from the developed model RTDS platform and the output voltage
of the inverter in the test system. The second step is an open-
loop test by connecting the load terminals to the simple RL load.
This step has been done by connecting the output terminals of
the inverter to the load with R = 132Ω and L = 1mH. Fig. 21
depicts the input dc voltage, output ac voltages, and load current
for this experiment. As is depicted, dc voltage is almost 400 (V)
with less than 3.7% ripple. The RMS load current is 1.82 (A).
The RMS ac voltage across the load is almost 228 (V).

B. Closed-Loop Test With Programmable AC Load and
Load Increment

The experiment described in Section VI-A was an open-loop
test. In this study, open-loop means that there is not any feed-
back from the test bed back to the simulated model in RTDS.
An open-loop test has been conducted to check the test bed
settings/configuration by comparing the results with simulation
results. As a final step, a close-loop test and PHIL experiment
will be performed. Closed-loop tests are actually necessary for
PHIL experiments for the reason that there should be feedback
from test bed to the simulated model in order to complete a PHIL
experiment. This feedback is what makes the test system closed-
loop. At this section, the close-loop test that has been done with
the NHR 4600 programmable ac load and the stability of the
test system under different loading condition is investigated in
real-time and through a PHIL experiment. Different stages of
this PHIL development is as follows:

1) the RTDS model of the SST runs in real-time and the dc
voltage and duty cycles are sent to the DSP (controller);

2) the DSP utilizes above-mentioned signals as references
to emulate the last stage of the SST (inverter) in the test
bed;
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Fig. 22. PHIL experiment results captured in RTDS.

3) output terminals of the two-level three-leg inverter are
connected to the single-phase ac programmable load;

4) the ac load is increased, the load current is measured via
probe, the probe signal (load current) is sent to the RTDS
and applies to the controlled-current source;

5) controlled-current source in the RTDS model performs
in a way that represents ac programmable load is in the
model and changes;

6) the results captured in RTDS and stability criterion (Ldd )
is computed and shown.

Simulation results for all the incremental steps in the load
are also captured and illustrated together in Fig. 22. This PHIL
experiment was conducted for almost 120 s, and as can be
observed in the figure, the data were collected for 75 s. This 75 s
period was divided into five 15-s parts, where the ac load was
changed to 0.5, 0.75, 1, 1.5, and 3 (kW), respectively, for each
period. The first graph in Fig. 22 shows the dc voltage link (AFE
output) during this experiment. As can be seen, the dc link is
held constant at 400 (V) with ripple. The dc voltage ripples are
boosted by load increments at the output of the inverter. This
fact is expected as characteristics of the single-phase inverter.
For a single-phase inverter if instantaneous power changes as
a function of time the input dc voltage ripple is expected. The
second and third graph illustrate the RMS load current and load
voltage transitions for this experiment. The RMS load current
values are identical with the values from scope captures. The
RMS load voltage remains constant at around 240 (V), since
the voltage feedback has been used in the SST to have constant
output voltage. The ripple for the voltage is a result of the
perturbations with the series voltage injection source. It can
be observed that the ripples are higher when the perturbations
are closer to 1 (kHz) frequency. The fourth graph shows the
magnitude of the d − d channel of return-ratio matrix. As it was
well-discussed in Section IV, Ldd may be used for the small-
signal analysis with the unit circle criterion. For stable systems,
this value is less than unity. Therefore, the test system is stable
for all the loading conditions in this experiment. The last graph
depicts the active power transition for this test.

VII. CONCLUSION

The stability analysis of the PEC based distribution systems is
challenging because the system dynamics change with the load-
ing conditions. This paper proposed two approaches of real-
time and offline techniques to overcome this challenge based
on small-signal impedance measurement. In the real-time ap-
proach, the system’s dynamics are identified in real-time and
based on Nyquist stability criterion, the stability of the system
is assessed in different loading conditions while system oper-
ates. This approach, not only can detect the unstable conditions
while the system is operating, but also it can identify the sys-
tem’s relative stability based on the stability criterion’s distance
to instability margin. In the offline approach, the constant part
of the system is identified offline and based on the eigenvalue
analysis, a stability region is found for the system as a function
of loading conditions. This approach demarcates the stability
limits of the component before putting it online to avoid oper-
ating it in conditions that can threaten the stability of the entire
system. Both approaches are validated on an SST based cir-
cuit which is simulated on an RTDS. As final demonstration of
the proposed real-time technique, hardware development and
experimental implementation are discussed and small-signal
stability of SST was assessed through development of PHIL
experiment. For the PHIL experiment, an IMU was developed
partially in the RTDS platform and the rest in an actual hard-
ware test bed. Subsequently, stability of SST was investigated
through the PHIL experiment by implementing the final inverter
stage of the SST into the test bed and loading the SST with the
programmable ac load. The magnitude of the ac load connected
to the SST was changed and the stability criterion of the test
system was analyzed, along with the voltages/currents/power
waveforms.
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