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Unified Modeling of PWM Converters With Regular
or Tapped Inductors Using TIS-SFG Approach

Alexander Abramovitz, Jia Yao, and Keyue Smedley

Abstract—This paper revisits the switched flow graph (SFG)
technique. A general and unified equivalent SFG model of a three-
terminal switcher encountered in regular and tapped inductor con-
verters operating in the continuous conduction mode is proposed.
The model can be applied to most PWM topologies and facilitates
construction of a complete flow graph of a given converter. The ap-
proach can be helpful in theoretical analysis and derivation of an-
alytical expressions of converter’s small-signal transfer functions.
The suggested methodology extends the previously proposed SFG
analysis technique and alleviates the principal difficulties involved.
Furthermore, the approach is straightforward and expeditious.
Application guidelines and examples are presented and compared
to simulation and earlier theoretical results.

Index Terms—Averaged modeling, feedback, feedback circuits,
switch-mode power conversion.

I. INTRODUCTION

YNAMIC modeling is a forestay of stability analysis and
D control loop design of switch-mode power converters.
The challenges in modeling of the switched power stages are
twofold. The primary task is modeling the switcher [1], whereas
the second is modeling the PWM modulator function [2]-[4].
The rest of the controller circuitry, mainly the analog error
amplifier, easily lends itself to modeling by the familiar op-
erational amplifier analysis techniques and requires no special
consideration.

In the past, several theoretical approaches were proposed to
describe the dynamic behavior of PWM power stages [1]-[5].
One of the earliest developments was the averaged circuit ap-
proach [6] and the state-space averaging [1]-[7], [8], which
established the foundation for switching converter dynamic
modeling. Many methods followed, such as the Canonical model
[1],[9], [10]; the current injected control approach [11], [12]; the
sampled data model [13]-[15]; switching flow graph (SFG) [16];
the switched inductor model [17]-[19]; Y-parameters approach
[20]; and the PWM switch model [21]. These techniques differ
by their derivation and application approach; however, each one
can be applied to obtain the small-signal transfer functions of a
given PWM converter.

The SFG technique [16] is a general graphic nonlinear model-
ing tool and an extension to the linear circuit signal flow graph
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theory that can provide visual representation of a switching
converter. The SFG utilizes the state-space averaging concept
[8], but has extended capability of predicting large-signal behav-
ior in addition to steady state and small signal ones, suitable for
dynamic modeling of switched-mode converters and inverters
where large dynamic range is expected [30]-[37]. Furthermore,
with SFG, the analytic relationship between any two variables on
the graph, i.e., the desired transfer function, can be obtained ap-
plying the familiar block diagram algebra or Mason’s rule. The
resulting small-signal transfer functions are identical to those
derived by the state-space averaging method, but large-signal
model and arbitrary point-to-point analytic transfer functions
are additional merits. Possibly, most modeling problems of the
switched power stages can be handled by the already established
state space or switch model methods; thus, the motivation for
using SFG did not become overwhelming.

Recent developments in the renewable sector have stimulated
new interest in high-gain power converter study and a consid-
erable number of new converters were proposed based on the
tapped inductor (TI) concept. It becomes relatively more diffi-
cult to obtain accurate dynamic models for this group of convert-
ers due to many possible variations of tap connections and taking
the correct account of the coupling phenomenon. In fact, the in-
centive for this study was the recently published [23], which
discussed the topological aspects of TI family. Tapped/coupled
inductor converters can be derived from the standard buck,
boost, and buck—boost topologies and constitute a class of con-
verters with extended conversion ratio range. These converters
can achieve higher step up or step down ratios at moderate duty
cycle and are advantageous in certain applications including re-
newable integration. The subject of the dynamic modeling of
the TI converters is of a fundamental importance for support-
ing such applications. The TI converters are more complicated
compared to their nontapped counterparts. For this reason, the
number of publications dealing specifically with the intricacies
of dynamic modeling of TI converters is limited and no general
approach was presented so far. Yet, the application potential and
high visibility of TI converters certainly warrant them for deeper
consideration.

This paper suggests a generalized treatise of the dynamics of
the TT converters based on the SFG technique. The presented
idea is hinged on the fact that most PWM converters utilize
a switched inductive device either simple or coupled. Such a
switcher can be regarded as an invariant building block of PWM
converters [6]. The switcher is a nonlinear and time-varying net-
work and, hence, presents the primary modeling challenge. The
rest of the power stage, i.e., the input and the output filters,
constitute a linear circuit. Therefore, once derived, the switcher
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equivalent subgraph model can be embedded into the flow graph
of the problem converter regardless of its topology and help ob-
taining a complete SFG model of any PWM converter. The
presented equivalent SFG subgraph is just one possible embod-
iment of the model. Other modeling methods, like state-space
or averaged circuit approaches could have been considered to
construct the model. However, the graphical nature of the SFG
method is of a great advantage since it allows regarding the pro-
posed model as a subgraph to be used similarly to application
of equivalent circuits in network analysis. The required small-
signal transfer functions can be found applying either signal flow
graph algebra or Mason’s rule, whereas complex graphs can be
solved using general purpose computational software packages
like MATLAB, MAPLE, MATHEMATICA, etc.

II. TI SWITCHER
A. Preliminary Considerations

Inductive energy transfer is a basic concept of PWM convert-
ers. This class of converters relies on charging an inductor from
the input voltage source and discharging it to the output. In order
to extend the voltage conversion range, some PWM topologies
use coupled inductors. Though coupled inductors with multi-
ple winding are feasible, in practice, the two winding-coupled-
inductor structure is the most commonly used. Depends on the
interconnect pattern, coupled inductors can be either isolated or
nonisolated. The nonisolated coupled inductors, also referred to
as TIs, can be configured with either cumulative or differential
winding arrangement. The dot convention is conveniently used
to identify positive polarity of winding voltages. Common in-
ductive elements used in power electronics are shown in Fig. 1.

To implement the inductor charging and discharging, a suit-
able switching arrangement is needed. The simple switch is
realized with one active and one passive semiconductor de-
vices, whereas synchronous or bidirectional converters use two
or more active devices. For instance, the three basic PWM buck,
boost, and buck—boost converter topologies [see Table I(a)—(c)],
can be created by rotating the switcher and adjusting the polar-
ity of the semiconductors to suit the current polarity [6], [22].
Some of the TI counterparts can be created similarly; however,
TI constitutes a more complex case and, therefore, additional
considerations apply. Derivation procedure of TI topologies can
be found in [23]. TT converters can be classified according to
winding arrangement and tap connection [23], [24]-[26]. Three
major options are switch-to-tap, diode-to-tap, and rail-to-tap.
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Common inductive elements: (a) isolated coupled inductors (flyback transformer); (b) cumulatively wound TI; (c) differentially wound TI; (d) regular

Input, output, or ground rails can be identified. A list of selected
TI converters is given in Table I. TIs with cumulative windings
may have somewhat reduced volume compared to the differen-
tially wound TIs. For this reason, converters with cumulative
TIs are more popular than with the differential arrangement.

B. Derivation of the TIS Model

The proposed tapped inductor switcher (TIS), illustrated in
Fig. 2, is an invariant building block of most TI PWM con-
verters. TIS can be identified as a part of the TI topologies, as
illustrated in Table I. The difference in between the TI topolo-
gies and accordingly, their voltage converter ratio, is in the way
the TIS block is embedded in the converter topology. The rules
of determining the parameters of the TIS model are discussed
next.

1) TIS Terminals: The voltage sources Vy, Vi, Vs in Fig. 2
represent the voltages imposed on TIS by the rest of the circuit.
It is assumed that the switch on terminal 1 is the active switch
controlled by the K (d) switching signal, whereas the switch
on terminal 2 is either passive or a complimentary active switch
activated by the complimentary K’ (d') switching signal.

2) TIS Effective Number of Turns: The effective number of
turns seen between terminal 1 and 0 upon activation of K (d)
switch is defined as V1o, whereas the effective number of turns
seen between terminal 2 and 0 upon activation of K’ (d) switch
is defined as Nyy. Depends on the converter’s topology and
windings arrangement, the effective number of turns Ny, and
Ny are functions of TI’s original N7 and /Ny number of turns
and interconnect and can be either positive or negative. There-
fore, winding identification and polarity deserve attention. The
N, winding in the original topology (see Table 1) is identified
as the one used for charging the TI and adjacent to the active
switch Q. Positive polarity of Ny winding is designated by a dot
placed on its switched terminal and serves as a reference. The
polarity of N> winding is determined by the topology and can
be arbitrary. Accordingly, the positive sense of Ny, and of Ny
windings in the TIS model corresponds to the positive polarity
of Ny and is designated by the dot convention as illustrated in
Fig. 2.

3) TIS Magnetizing Inductance: The magnetizing inductance
L,, in Fig. 2 is associated with the N}, winding and is given by

N\
Ly =1L N 1
1<N1> (D
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TABLE I
LIST OF SELECTED TI CONVERTERS AND THEIR ASSOCIATED WINDING RATIO, a.

Buck Boost Buck-Boost

Standard

Switch to tap

®

Cumulative windings
Diode to tap

Rail to tap

@

Switch to tap

a=1/1-n) (m) a=1/1-n) () a=1/0-n) (0

A )

Diode to tap

Differential windings

® ®

Rail to tap
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Fig. 2.

TIS—a common building block of TI and PWM converters.

where L is the inductance of the original /N; winding, measured
with N> winding opened (leakage neglected).

4) TIS Effective Winding Ratio: As usual, the turn ratio n is
defined as the ratio of the original TI’s number of turns N; and
No
=N,
Henceforth, a parameter, referred to as the effective winding

ratio a is introduced as the ratio of the effective number of turns
N10 s and NQQ

)

n

o Nio
N3

3)

Depending on converter topology and TI’s winding arrange-

ment, four cases can be identified as follows:

1) Direct charging or discharging (through a single wind-
ing), here Nig = N; or Nyy = £Ns, respectively. For
instance, the coupled inductor of the flyback converter in
Table I(1) charges only through the primary and discharges
only through the secondary winding. Hence, Niyp = NV,
and Nyy = —N,, considering the negative sense of the
secondary winding with regard to Fig. 2. Therefore, the
winding ratio of flyback converter is

Ny 1

N, n’ @

2) Augmenting charging or discharging (through both wind-
ings connected in series with same polarity) here Nig =
N 4+ Ny or Nyy = N; + N,, respectively. For instance,
the cumulatively wound TI-boost converter in Table I(e)
accomplishes charging through the primary winding,
hence N1y = Nj, whereas discharge occurs through both
windings in series with the secondary winding aiding the
primary so that Nyy = N; + N,. Therefore, the effective
winding ratio is

a

_ N1 1
o N 1 + N 2 o 1 + n ’
The cumulatively wound TI buck converter in Table 1(g)

is charged through aiding series windings so that Njy =
N; 4+ Ny, and discharges through secondary only, hence

a

(&)
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Fig. 3. Derivation of switched branch models [16]: (a) switched branch;

(b) large-signal model of the switched branch; (c) steady-state model of the
switched branch; (d) small-signal dynamic model of the switched branch.

Nyy = Ns. Therefore, the effective winding ratio is

N1+ N 1
a N, +n (6)

3) Counteracting charging or discharging (through windings
connected in series with opposing polarity), here Nig =
N — Ny or Nog = N1 — Ny, respectively. For instance,
the differentially wound TI buck converter in Table I(m),
charges the TI through its primary winding so Ny = Nj.
TI is discharged through both windings in series with the
secondary winding in opposition to the primary; therefore,
Nyy = N; — Ns. The resulting winding ratio is

Ny 1

a:Nl—N2 :1—71'

(N

4) Trivial case: A regular inductor can be regarded as a par-
ticular case of a nonisolated TI with No = 0. Thus, the
winding ratio for of the PWM converters listed in Ta-
ble I(a—c) equals unity

a—Nil

=1. ®)

Hence, (3) can yield the effective winding ratio a, either
smaller or greater than unity, and with either positive or negative
sign. Negative a manifests polarity reversal of the terminal 2
current and, consequently, voltage. The winding ratio a of the
selected TI converters is given in Table 1.
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Waveforms of the switched branches: (a) K(d) switched; (b) K'(d") switched. Upper trace: the switching function K(d); middle trace: the input signal x();

lower trace: the instantaneous (chopped) output signal y(7) and its time varying average Y(z).
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Fig. 5. SFG of ideal TIS.

(b)

Fig. 6. Large-signal (average) SFG models of a TIS: (a) ideal case; (b) non-
ideal case, including the equivalent resistance, r.

III. QUICK REFERENCE TO SFG MODELING METHOD

To begin with, a brief introduction to the SFG modeling ap-
proach [16] is given.

The switched converters such as pulse-width-modulated
(PWM) converters are nonlinear dynamic systems. However,

in the continuous conduction mode (CCM), during switch ON
and OFF intervals, their state can be represented by linear equiv-
alent circuits and, correspondingly, by linear signal flow graphs.
Comparison of the ON and OFF flow graphs reveals that some
branches that exist in the ON flow graph do not exist in the
OFF flow graph and vice versa. These branches are referred to
as the switched branches and a graph containing the switched
branch is referred to as the SFG. The switched branches are the
only nonlinear components of SFG. The symbol of the switched
branch is shown in Fig. 3(a). The function of a switched branch
can be either established or broken depends on the value of the
switching function K(d(t)) defined by

1, 0<t<dI;
©)

Klde) = 0, dT, <t<T.

or, alternatively, by the complementary switching function
K'(d'(t)) defined by

0, 0<t<dI;

(10)
L, dTs <t <T;.

K'(d'(t)) = {
Based on the state-space averaging concept, the switched
branch model can be linearized as shown in Fig. 3. Examin-
ing the signals of the switched branch in Fig. 3(a), the av-
eraged over a switching cycle output signal y(t) carried at
the output of the and K (d(t)) branch can be derived as the
product of the input signal z(¢) and the duty-ratio control sig-
nald(t) : y(t) = d(t)x(t). Therefore, the averaged large-signal
model of a switched branched can be represented by a multi-
plier as illustrated in Fig. 3(b). For steady-state case, where
the signals and duty-ratio control signals x(t), y(¢), d(t) as-
sume constant values X, ¥, and D respectively. Here, the branch
steady-state output is Y = DX. Hence, the switched branch
model in Fig. 3(b) can be simplified and yields the steady-state
switched branch model, as shown in Fig. 3(c), where the duty
ratio D appears as the gain of the branch.
Furthermore, for the small-signal model of the switched
branch, introducing small-signal perturbations & (t), ¢ (¢), and
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Fig. 7.
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Fig. 8.

Steady-state TIS-SFG model.

d (t) near the operating point X, Y, D, the signal car-
ried at the output of the switched branch is Y + g(t) =
(D +d(t)) (X + &(t)). Neglecting the steady-state solution
and the second-order terms, the small-signal output perturbation
can be approximated to §(t) ~ Xd(t) + D(t). The resulting
small-signal switched branch model is shown in Fig. 3(d). Note
that the operating point data X and D appear as gain of the
corresponding branch.

The models for K'(d'(t)) branch can be derived similarly;
however, here, the sign reversal has to be considered due to
d=—d relationship (CCM assumed).

To apply the earlier SFG analysis procedure: 1) draw the SFGs
of the ON and OFF states, 2) identify the switched branches and
their switching functions, and 3) merge the ON and OFF graphs
to attain the SFG model, 4) apply the appropriate branch model
(steady-state model for dc analysis and the small-signal model
for dynamic analysis). Application of the linearized models of
switched branches in Fig. 3 yields the graphical linearized SFG
model of the switched converter under study [16]. The conclud-
ing step in the dynamic analysis is 5) derivation of the desired
dc relationships or transfer functions.

The earlier SFG analysis method is somewhat time and effort
consuming since it involves dealing with switched branches—
an idea unfamiliar to most. An expeditious approach proposed
in this paper is based on using a “prefabricated” generalized
TIS-SFG subgraph, which can be applied as an equivalent cir-
cuit. So that a complete SFG model of a switching converter
can be obtained by a proper substitution of the equivalent TIS-
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Practical TIS: (a) considering terminal resistances; and (b) with an equivalent resistance.

SFG subgraph. Since TIS-SFG subgraph already includes all
the switched branches, the modeling effort is greatly reduced.
Moreover, since the equivalent TIS-SFG can represent switchers
incorporating both regular and coupled inductors, the proposed
approach is applicable to a wide variety of PWM converters.

IV. DERIVATION OF THE SFG MODELS OF THE TIS
A. SFG Model of an Ideal TIS

In CCM, the TIS in Fig. 2 can have two topological states.
During the ON state, the switching function K(d(t)) assumes
its active value and establishes its branch function, whereas
the complementary switching function K'(d’ (¢)) deactivates
and breaks (nulls) its branch function. Hence, the voltage
across the magnetizing inductance vy, is the voltage difference
v19 = (v1 — vo). During the OFF state, the function K (d(t))
deactivates and breaks its branch function, while the comple-
mentary switching function K’(d’) assumes its active value and
establishes its branch function. Considering the winding ratio a
of the TI (see (8)), the voltage across the magnetizing inductance
vrm equals aveg = a (v2 — vg). Therefore, the instantaneous
magnetizing inductor voltage can be written in a generalized
form as follows:

v (8) = K(d(t)vio(t) + aK'(d'(t)veo(t).  (11)

With regard to Fig. 2, the current of terminal 1 i; flows when
the switching function K(d(t)) is activated

i (t) =K (d (t)) iLm (t) :

Similarly, the current of terminal 2 iy appears when the com-
plementary switching function K’ (d’ (t)) is active

iy = aK’ (d (£))ipm.

12)

(13)
By Kirchhoff’s law, the current of the common terminal O i

is
io (t) =11 (t) +i2 (1) . (14)

The SFG model of an ideal TI representing (11)—(14) can
be constructed, as shown in Fig. 5. The graph describes the
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(b)

Fig. 9. Small-signal TIS-SFG model in: (a) time domain; (b) frequency

domain.

(b)

Fig. 10.  SFG models of a switched inductor: (a) steady state; (b) small-signal
frequency domain.

relationships between the instantaneous variables; however, in
sake of brevity, here, the time variable 7 is omitted.
B. Large-Signal TIS-SFG Model

From Section III above, the average large-signal model of
the ideal TIS can be obtained replacing the switched branches

IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 31, NO. 2, FEBRUARY 2016

by multipliers, as illustrated in Fig. 6(a). Here, the control vari-
ables d and d’ at the multipliers’ inputs are allocated according
to the nature of the switching functions K (D) and K'(D’),
respectively.

The losses of the nonideal TIS can be modeled adding a
feedback branch —r around the integrator branch ﬁ f 4t as
shown in Fig. 6(b). The equivalent resistance of the TIS r is
evaluated next.

C. Considering the Losses of a Nonideal TIS

A practical nonideal TIS has a resistance on each of its ter-
minals, as shown in Fig. 7(a). The origin of these components
is briefly described in the appendix. Though fairly small, the
voltage drops across the parasitic resistances to modify the mag-
netizing voltage. An easy way to realize the effect of parasitic
resistances is to consider the volt—sec balance of the magnetiz-
ing inductor in the steady state. Obviously, in presence of the
terminal resistances r, 71, and r9, the average voltage across
the magnetizing inductance < v, > is not only a function of
terminal voltages Vj, Vi, Vo but also of the ferminal currents
i1, iz

<vpm > =0=D [(‘/1 - ‘/0) - (TO —|—7‘1)i1]
+GD/ [(‘/2—‘/{))—(7’0 +7"2)Z‘2]‘ (15)

Recall that during the ON interval DTs, iy = iy,,, Whereas
during the OFF interval D'T's, iy = air,,; therefore, (15) can
be rewritten as a function of the terminal voltages and the mag-
netizing current iy,
<vpm>=0=DVi = Vo) +aD (Vo = Vo) — [D

+a’D' (ro +12)] irm
— D(Vi = Vi) +aD' (Vs — Vi) = ripm.

(ro +71)

(16)

Equation (16) suggests that the effect of parasitic resistances
in Fig. 7(a) can be modeled by a single equivalent resistance r,
which appears in series with the magnetizing inductance L,, , as
shown in Fig. 7(b) and is given by

r=D(rg+r)+a’D (rg +r). 17)

The equivalent resistance r can be easily incorporated into

the SFG model, as illustrated in Fig. 6(b).

D. Steady-State TIS-SFG Model

From Section III above, to attain the steady-state average
model of the TIS, the multipliers in Fig. 6 are simply replaced
by the averaged branches, whose gain equals the average value
of the duty cycles D and D', respectively. Thus, the average
steady-state SFG model of TIS arises as in Fig. 8. Here, some
additional manipulation was performed to reveal the branch
connecting Vj and V7, . Under the steady-state conditions, it is
assumed that the signals at all the input and output terminals of
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Fig. 11. Steady-state TIS-SFG models of TI boost:
(b) simplified.

(a) initial and

the SFG are the dc values

v (t) =W

U1 (t) = ‘/1

(] (t) = ‘/2

io (t) = I (1%)
h(t) =1

iy (t) = L.

Hence, the steady-state average SFG model in Fig. 8 repre-
sents the dc relationships. The proposed model is invariant and
can be applied as is to most PWM topologies. The model can
be used to obtain the analytical dc solution of converter volt-
ages and currents as a function of the duty cycle D, and the TI
winding ratio a.

The steady-state TIS-SFG model in Fig. 8 correctly reflects
the volt—sec balance of the magnetizing inductor. Since the con-
verter operates with finite average magnetizing current I7,,,,
for low r, the infinite dc gain of the I/r path implies that un-
der steady-state conditions, the average magnetizing inductor
voltage V7, vanishes

Viw =D (Vi = Vo) +aD' (Vo = Vi) = lim 11z, = 0. (19)

This stands in accord with the established theory of analysis of
switching converters.

E. Small-Signal TIS-SFG Model

To derive the small-signal model of the TIS, the multipliers
in Fig. 6 are substituted by appropriate small-signal subgraphs
as discussed in Section III above. The gain of the branches
is determined by the dc values of the appropriate variables.
Applying the usual d' = —d further simplification yields the
small-signal average SFG models are shown in Fig. 9(a).

The small-signal average SFG model in Fig. 9 can be con-
sidered as a subgraph, invariant of the converter topology, and
can be applied in dynamic analysis of PWM converters (see
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Fig. 12. Small-signal SFG model of TI boost: (a) initial model and (b) sim-

plified small-signal SFG model.

Fig. 9). This dynamic model considers only the small-signal
perturbations at its input and output terminals

vy (t) =101 (1)
vy () 2?2 (t) 20)
io (t) =10 (t)
i (t) =11 (1)
iy (t) =g (1)

The effect of parasitic resistances requires additional attention
and is discussed next.
Introducing the small-signal perturbations into (16) gives

Orm = Do + aD'dag — [D (ro +71) +a*D’ (ro + 7‘2)] iLm
+ (V1o — Vao) d— [(7‘0 +ry)— a? (ro + 7’2)]
Ipmd = Ding + aD'tog — rig — [(Vio — (ro + 1) Inm)

—(Vao — a*(ro + r2)Ipm)ld (21)

here the coefficient of Lm 1s identical to (17) and, therefore, is
identified as the equivalent resistance r.

Efficiency considerations can help appreciating the coeffi-
cients of d in (21). Here, Vi is the voltage across the primary
winding and (ro + 71) Iy, is the voltage drop across the para-
sitic resistances during DTy interval. To attain good efficiency,
the converter should be designed so that Vig > (10 + 71) Irm -
Similar considerations apply to the D'Ts interval, where Vo
is the voltage across the series connection of primary and sec-
ondary windings and a® (rg + 73) I1,, is the voltage drop across
the parasitic resistances during D’ T’s interval. Again, proper con-
verter design requires Vg > a® (rg + r2) I1,,. Furthermore,
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Fig. 14. Comparison of the calculated versus simulated control-to-output fre-

quency response Uyt / dof cumulatively wound TI-boost converter (D = 0.56,
N =2, Rigaq =200 Q, Vo =200V, V;, =40 V, L,, =504 puf, C, =
47 pf, fs = 50 kHz).

to satisfy volt—sec balance of magnetizing inductance L, (see
(11)), the voltages V/ and V5 must have opposing signs; there-
fore, the difference term Viy — Voo = =+ (|Vig| + |Vao|) ever
vanishes and is much larger than the last term in (21). These
considerations justify the approximation

Opm = Dorg + aD'vag — Tip, + (Vio — Vao)d.  (22)

Therefore, according to (22), the effect of parasitic resistances
on small-signal model of TIS can be represented by identical
equivalent resistance r, similarly to the steady-state case.

Hitherto, the discussion was conducted in the time domain.
In order to conduct dynamic analysis of PWM converters and
obtain the desired transfer functions, the derived TIS small-
signal model is translated to the frequency domain, as shown
in Fig. 9(b). The parameters required by the small-signal TIS-
SFG model are the TI primary winding magnetizing inductance
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Fig. 15.  SFG models of the basic boost PWM converter derived from TT boost

applying a = I condition: (a) steady-state SFG; (b) small-signal SFG.
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Fig. 16.  Boost converter including parasitic resistances 7, and r¢ .

L,,, its winding ratio a, as defined by (3)—(8), and the dc op-
erating point data. These can be obtained from the steady-state
SFG model described above and considering the details of the
topology at hand.

FE. Corollary: Modeling the PWM Converters

Traditional PWM converters, such as shown in Table I(a), (b),
and (c), operate with a regular inductor. As mentioned above,
see (8), a regular inductor can be regarded as a trivial case of
the TI. Therefore, the SFG models in Figs. 8 and 9 can be
reduced to cover the case of the simple switched inductor. This
can be obtained by direct substitution of @ = 1 into Figs. 8 and
9. Further simplification yields the SFG models in Fig. 10. Also
note that for a = 1, the equivalent resistance (16) is reduced to

r=ry+ Dr 4+ D'ry. (23)

V. APPLICATION GUIDELINES AND EXAMPLES
A. Application Guidelines

The proposed TIS-SFG approach is rather flexible and allows
modeling of a variety of PWM converters with different config-
urations of coupled inductors including: switch-to-tap, diode-
to-tap, rail-to-tap with isolated, cumulative or differential wind-
ings [26], as well as traditional PWM converters with simple
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(c)
Fig. 17. SFG models of a basic boost converter including the effects of par-

asitic resistances r7, and r¢: (a) steady-state model; (b) small-signal model;
(c) simplified small-signal model.

inductors. The proposed method can be applied following the
stepped procedure below.

1) Examine the given topology, identify the ports of the TIS
according to Section II-B1 and list the operating condi-
tions: terminal voltages and current polarity.

2) Identify the original windings N; and N, and their respec-
tive polarity and find the effective number of turns N
and N according to Section II-B2.

3) Find the parameters of the TIS according to Sections II-B3
and B4: the magnetizing inductance L,, and the winding
ratio a. Use (17) to obtain the equivalent parasitic resis-
tance r.

4) Apply the steady-state TIS model in Fig. 8 for TI con-
verters [for standard PWM converters, use Fig. 10(a)] to
construct the steady-state SFG model of the given con-
verter. Simplify the graph using block diagram algebra.

5) Obtain the steady-state solution.

6) Apply the small-signal TIS model in Fig. 9 [for standard
PWM converters, use Fig. 10(b)] to construct the small-
signal SFG model of the given converter. Simplify the
graph using block diagram algebra.

7) Derive the desired small-signal transfer functions.

Examples, comparison to previous results, and verification of

TIS-SFG method are presented next.

B. Modeling the TI-Boost Converter

The TI-boost topology with cumulative windings is illustrated
in Table I(e). The TI-boost converter can be modeled by proper
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Fig. 18.  SFG models of flyback converter: (a) steady-state model; (b) small-
signal model; (c) simplified small-signal model.

application of the derived SFG models as demonstrated next.
First, the TIS module terminals can be identified as shown in
Fig. 7(a). According to Section II-B1, for the TI-boost case, the
terminal voltages are vy = vy, v1 = 0 also considering the des-
ignated polarity of i» terminal current v,y = vo = —m%ig.
Also, since the TI boost in Table I(e) uses cumulative windings
arrangement hence, a = 1/ (1 + n).

1) Steady-State Model of the TI Boost: The steady-state
model of TI boost can be attained introducing the voltage con-
ditions above into the SFG in Fig. 8. Some branches of the
initial model dashed in Fig. 11(a) are of no interest can be dis-
regarded. Compared with the steady-state TIS model in Fig. §,
only one extra branch —R is added here [see the bold (blue) line
in Fig. 11(a)], which represents the dependence of the output
voltage V/,,,; on the terminal current I, provided to the output by
the TI. The simplified steady-state SFG is shown in Fig. 11(b).
This allows finding the steady-state conditions needed to quan-
tify the gains of various paths of the small-signal TIS model.

The desired steady-state solution of the model in Fig. 11
is straightforward. Since an ideal case is considered here, the
expression is taken to the limit » — 0

Iim L D+ aD’

— 15 _ / [
v, —Tllglo (D+aD)1+w 2D2R

(24)

and considering the current polarity definition

%ut = _ILm aD'R. (25)
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Fig. 20.  WIJ converter with bidirectional switches.

Substituting (25) into (24), yields

Vour  DH4aD"  1+nD
V,  aD' D

(26)

This result is identical to that reported in [27].

2) Dynamic Model of an Ideal TI Boost: The small-signal
SFG of an ideal TI boost can now be obtained substituting the
stated above TI’s terminals conditions V; =0, V5 =V, and
the solution obtained for the output voltage and the magnetizing
current (24) into the SFG in Fig. 9. This yields SFG as shown
in Fig. 12(a). Here the branches that are of no interest were
removed. Also, the branches of the d node have been moved to
the same node vy, and the closed loop between node vr,,,, and
Uout has been simplified by graph transformation rules. Finally,
the small-signal SFG model of the TI boost is obtained, as shown
in Fig. 12(b).

The desired small-signal transfer functions can be easily ob-
tained of the SFG in Fig. 12(b) as

ﬁout o —GDIR
d  (RCs+1)sL,, +a>D"?R
L7TL
% |(@= 1)V, = aVous = S I | @)
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A ! vLm 2
- + RCs+1)sL_ +D"R
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sLm
2[ I/Oul-i_(a_l)l/g-i_ D ILm
(c)
Fig.21. SFG models of WJ converter: (a) steady-state model; (b) small-signal

model; (c) simplified small-signal model.

Defining L = % and substituting (4), (24), (25), and (26)
into (27) yields

~ V. (n+1)D’ _ sL
Vout out | (T4nD) RD’

28
d LCs? + %5 + D2 (28)

Equation (28) can be further rewritten into the standard nor-
malized form as

@: G(H_E) (29)
J S S 2
1+ Quo + (E)
where
(n+1)D”? R
G= Vam/D% s = = m By T

D’ C
Wy = —, = D'Ry/ —.
0 T Q VT
This result is identical to that reported in [28].
Assuming that the converter under study operates with
the following parameters: D = 0.56, n = 2, R = 200 Ohm,
Vo =200V, V, =40V, L =504 pH, C =47 uF; yields
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G = 619.83(55.84dB);wy = —108.72 krad/s = —17.3 kHz;
wy = 2.8588 krad/s = 455 Hz; @Q = 26.873. The frequency
response plot of the derived control to output transfer func-
tion (29) obtained by MATLAB is illustrated in Fig. 13 and was
verified by PSIM simulation (see Fig. 14). Excellent matching
is found.

C. Modeling the Basic Boost Converter

1) Ideal case: The small-signal transfer function of an ideal
basic boost converter in Table I(b) can be derived applying the
model in Fig. 10 and following the procedure outlined above.
However, an alternative short-cut approach can be attempted.

As described above in Section II, for basic converters with
an ordinary inductor, the winding ratio a equals unity. Hence,
simply substituting @ = 1 into the already developed TI-boost
model in Fig. 11 yields the static model of the basic boost
converter, as shown in Fig. 15(a). The steady-state solution is

Iim L 1 1
L — = ——— (30)
v, 1+ 2R r+D?Rr—>0 D?R
Vou RD' 1
s = 31)

Vg Ty +D2R 7‘—:>0 D

Similarly, the small-signal model of an ideal boost converter
can be obtained by applying the condition a = 1 to the TI-boost
small-signal model in Fig. 12. The result, as shown in Fig. 17(b),
can be used to derive the small-signal transfer function

D' sL
Bour  Vout [(fiijj - "D
d LCS2+%S—|—D/2 '

(32)

2) Nonideal Case: More accurate small-signal model of the
boost converter can be obtained considering the series resistance
rr, of the inductor L and the equivalent series resistance (ESR)
r. of the filter capacitor C (see Fig. 16). In this example, other
nonidealities are neglected. Hence, according to (23), r = rp,.
Also note that due to current polarity convention defined in
Fig. 2: 1, = —ig and 45, = —1io.

The transfer function of the capacitive filter considering ESR
is given by

vy 1 _ _(sr¢cC+ 1R
is (r("+50)//R s(R+rc)C+1

Here, the negative sign is due to current polarity convention
according to Fig. 2.

Applying the condition a = 1, introducing the terminal con-
ditions Vi = 0, Vi = V,, Vo = Vi, and considering (33), the
model in Fig. 10 can be transformed into Fig. 17 and used to
model the basic boost converter. Recall that the application of
the model requires preliminary knowledge of the steady-state
conditions derived earlier in (30) and (31).

For instance, the steady-state model can help in estimat-
ing the efficiency of the boost converter. Examining Fig. 17,
it can be found that I, = — (D + D') I, = —Ipp, and Loy =

(33)
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Fig.22. Comparison of the calculated versus simulated control-to-output fre-

quency response Uoyt /(i of WJ converter in Fig. 20(e) (D = 0.56, N = 2, R =
200, Vo =200V,V, =40V, L,, =150 uf, C, = 47 pf, fg = 50 kHz).

—D'I;,, also using (31) yields

— Voutjout _ Vout Iout
T, v, )\l

B RD' ~D'I,\ 1

- \r,+D”R —Ipm ) 1+ ghg

The obtained result (34) is identical to [29].
From Fig. 17, the input-to-output transfer function can be
easily derived as

(34)

6011t o D,QR
Uy ~ \D2?R+r,
1
% (R+ro)LC +TCSCC -33)
D/Z}%(Qrm s? + (CTC + D%%L:rf) s+1
Equation (35) can be rewritten into the standard normalized
form as
g, (1+2)
”v—‘ ~ Gy A (36)
! 1+ Quo + (E)
where
G — D'R 1
VT DR+, 7T COre’
D?R+r, 1 1 CRrp + L\ "
= _— =— (C 4+ —
o R+rc LC @ wo e DP?R+rp

The control-to-output transfer function can be also obtained
from Fig. 17

bt _ Vy (DPR=m\ (L
d D \D2R+rp D?R —rp
Gy (1 + f)

“(2)

(37

L+ o5
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Equation (37) can be rewritten into the standard normalized

form as
i 1-2) (1+2)
; (1-2 :
odllt Gd v o 5 (38)
S S
1+ Owr + (E)
, v 2 1”2 p_
where Gd = D’%i'& Fq’ (g,zg+:i> and Wy = DRTT/

The resulting transfer functions (36) and (38) are identical
to earlier findings reported by [6]. The presented comparison
confirms that the proposed methodology is a viable analysis
approach of ordinary PWM converters.

D. Modeling the Flyback Converter

The flyback converter is a particular case of TI buck—boost
converter with isolation. Since isolation has no effect on con-
verter’s transfer functions, the analysis can be performed on
its equivalent nonisolated version, as shown in Table I(1). The
ports of the TIS can be identified using Fig. 2 as reference and
according to (4) a = —1/n.

Examining the circuit reveals that the operating conditions
of the TIS are: Vi =V, Vj = 0, and V3 = V. Applying the
derived earlier TIS-SFG models (see Figs. 8 and 9) and con-
sidering the output filter and load configuration, the steady state
and dynamic models of flyback converter can be constructed, as
shown in Fig. 18.

Analysis of the steady-state model in Fig. 18(a) yields

nD

‘/out = Fvg (39)
o n‘/out
I = 5 (40)

The result is identical to [29].

The dynamic model in Fig. 18(b) can be simplified, as shown
in Fig. 18(c). The operating point data, (39), (40), was used to
identify the gains of various paths in the small-signal model.

Analysis of Fig. 18(c) yields the control to output transfer
function

; G(1+%)
’U(;;t _ z . (41)
S S
I+gat (R)
where G =%, wy=F=, Q=DR\/S, w. =51,
L=n>L,,.

Assuming that the converter under study operates with
the following parameters: D = 0.56, n = 2, R = 100 Ohm,
Vo =100V, V, =40V, L,, = 150 uH,C' = 47 uF;yields G =
413.223(52.324dB), wy = —57.62 krad/s (f. = 9.17kHz), wy
=2.62 krad/s (fo = 417 Hz), Q = 12.315.

Comparison of the theoretical results predicted by (41) and
PSIM simulation is shown in Fig. 19. Excellent agreement was
found.
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E. Modeling the Watkins—Johnson (WJ) Converter

W1J converter is an example of the rail-to-tap topology with
cumulatively wound TI. Its buck, boost, and buck—boost ver-
sions can be recognized in Table 1(j), (k), and (1), respectively,
[24], [25]. A variant of the converter with bidirectional switches
is illustrated in Fig. 20. Here, terminals of the TIS are identified.
The bidirectional switches allow generating bipolar output volt-
age and assure CCM mode of operation. The duty cycle signal
d is applied to Q; switch, whereas its complement d’ to the Q5.
According to (4), the winding ratio of WJ converter is identical
to flyback case, a = —1/n. Examining Fig. 20 reveals that the op-
erating conditions of the TIS are: Vy = V,,, V| = Vs = —Riy,
Vo =0, ig = —ip, louy = —11.

Applying the derived TIS-SFG models in Figs. 8 and 9, and
considering the output filter and load configuration, the steady
state and dynamic models of WJ converter can be constructed,
as shown in Fig. 21.

Analysis of the steady-state model in Fig. 21(a) yields

Dl
V:Jut - <]- - TLD) ‘/g (42)
_ VZ)ut
ILm - DR . (43)

According to (42), depends on the duty cycle D, the converter
can generate either positive or negative output voltage. For the
n = 1 case, the voltage conversion ratio (42) becomes identical
to [29].

The dynamic model in Fig. 21(b) can be simplified as shown
in (c). The operating point data, (42), (43), was used to identify
the gains of various paths in the small-signal model. Analysis
of Fig. 21(c) yields the control to output transfer function

¢ (1+2) -

2
S S
14 55+ (E)

Vout

Vy D /| C
where G = ﬁ, Wy = W, Q = DR I, W, =
RD?
(nD—-D')L,, *

Assuming that the converter under study operates with the fol-
lowing parameters: D = 0.56, n =2, R =20, Vo =24V,
Vo =40V, L, =150 pH, C =47 uF; yields G = 63.78
(36.1 dB), wy = 61.49 krad/s, fz = 9.786 kHz, wy = 6.67
[krad/s] (fo =1.06 kHz), @ = 6.269.

Comparison of the theoretical results predicted by (44) and
PSIM simulation is shown in Fig. 22. Excellent agreement was
found.

VI. CONCLUSION

Earlier SFG modeling approach has introduced the idea of a
switched branch to the theory of the signal flow graph. Applying
the switched branch models allowed constructing the average
converter’s SFG model through additional manipulation and
simplification of the initial graph. Although general, the earlier
approach suggested treating each converter as a new case and
deriving its model “from ground up.” The primary difficulty
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Ilustration of resistive components associated with the basic TI configurations: (a) switch-to-tap; (b) diode-to-tap; (c) rail-to-tap.

Fig. 23.

TABLE II
SUMMARY OF TERMINAL RESISTANCES OF BASIC TI CIRCUITS.

Switch to tap Diode to tap Rail to tap
o W1+ Texo TW2 + Texo Tex0
ry Ton + Tex1 w1t Ton + Text w1t Ton +Text
r) rwa2 +TF 4 Tex2 TP+ Tez2 w2 +TF + Tex2

of the earlier methodology is the manipulation of the switched
branch—a concept unfamiliar to most practicing engineers.

The advantage of SFG approach as the analysis tool is in its
pictorial nature. Thus, the SFG approach was adopted in this pa-
per. The proposed modified SFG method suggests constructing
the complete flow graph model of the power stage by identify-
ing the tapped inductor switcher, the TIS block, and applying its
prefabricated equivalent and invariant TIS-SFG model as a sub-
graph, similarly to equivalent circuit approach. Hence, the main
modeling difficulty of the earlier approach—dealing with the
switched branches—is bypassed and a generalized and unified
method suited for broad range of applications arises. This paper
presented derivation of the steady-state and small-signal SFG
models of a generalized TIS and demonstrated their application
to modeling regular and TI switching converters.

To verify the proposed TIS-SFG method, several examples
were presented. The results obtained with TIS-SFG model were
identical to simulation and earlier theoretical results. Thus, the
accuracy of the approach was confirmed. For these reasons,
the proposed TIS-SFG methodology emerges as straightforward
and expeditious yet, general and accurate. The proposed method
emerges as a viable analysis tool that greatly alleviates the an-
alytical effort and considerably simplifies the task of dynamic
modeling of switching converters.

The proposed TIS-SFG approach is particularly well suited
for theoretical study. Due to its generality and graphical nature,
the TIS-SFG approach is also an easy to master educational tool.
In fact, SFG methodology was applied in practice and proved
to be appropriate for teaching the subject of dynamics of PWM
converters as a part of the curricula of “Industrial and Power
Electronics” courses suggested to undergraduate and graduate
students at the University of California, Irvine.

(©)

APPENDIX

The origin of the TIS terminal resistances 7, 71, and 79 in
Fig. 7(a) can be clarified with reference to Fig. 23. Here, three
original switches to tap, diode-to-tap, and rail-to-tap configura-
tions of the TIs are illustrated with no consideration to winding
polarity. In Fig. 23, r,, is the switch on-state resistance, rp
is the diode on-state resistance, 7y 1 is the primary’s winding
resistance, ryo is the secondary’s winding resistance, and the
Tex0s Texls Tex2 Tepresent the source internal resistances pos-
sibly including the series stray wiring resistance. ESR of filter
capacitors of either input or output are considered as parts of
filter transfer functions and are not included in 7,01 2.

TIS terminal resistances can be identified and calculated as
follows: 7 is the equivalent resistance through which the charg-
ing current ¢; and the discharging current 7o flow through. The
terminal resistance r; is the equivalent resistance through which
only i; flows, and 79 is the equivalent resistance through which
only 7o flows. Table II summarizes the terminal resistances of
the example circuits in Fig. 23. Note that the isolated coupled
inductor circuits, e.g., flyback converter, have no common tap
and, therefore, ry = 0.
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