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Abstract—A novel control strategy is proposed for the recent
proposed electric springs (ESs), which are connected in series with
noncritical loads to form smart loads for enhancing stability of
smart grid with renewable energy sources. δ control is the key con-
cept in this paper, which is realized by controlling the phase angle
of the predefined reference in a proportional resonant controller.
Four critical operating functions of the ESs are analyzed with dif-
ferent critical loads such as resistive, inductive and capacitive types,
where vector diagrams and geometric relationships are explored
for δ calculation with which the ac mains voltage is regulated to the
predefined value and the phase angle between the ES voltage and
current is determined. With the proposed δ control, the operating
modes of the ES can also be determined automatically as the input
voltage varies. Operating limitations and constraints of the ESs
and guidelines on how to distribute the ESs in the distributed sys-
tems are provided with δ control. Both simulation and experiment
are carried out to verify the effectiveness of the proposed control
strategy and theoretical analysis for the ESs.

Index Terms—Distributed power systems, electric spring, oper-
ating range, phase control, renewable energy source, safety range,
smart grid, stability.

I. INTRODUCTION

ENVIRONMENTAL problem has become more and more
severe all over the world. Air pollution legislations have

been drafted and plans are made to raise the proportion of re-
newable power sources by many countries. With more and more
intermittent renewable power sources such as wind energy [1],
[2], the stability of power grid becomes a big issue. The key
problem of instability is the mismatch between power genera-
tion and load demand. The traditional solution is to use storage
devices such as batteries [3] and/or capacitors to stabilize ac
mains voltage, for which reactive power compensators are typ-
ical techniques, such as the static var compensation and static
synchronous compensators [4]–[7]. However, the solution relies
on information and communication technology [8]–[11].
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Based on Hooke’s law for mechanical springs, the concept of
electric springs (ESs) has been proposed recently as a new smart
grid technology for regulating ac mains in the distributed power
grid and for achieving new control paradigm of load demand
following power generation [12]. Electric loads can be sorted
into two categories, namely, critical loads and noncritical loads.
By equipping each (or group of) noncritical loads with an ES,
massive smart loads are embedded into the distributed power
networks to withstand the fluctuation of ac mains to ensure stable
voltage on the critical loads. The voltage regulation mechanism
of the ESs is similar with mechanical springs which meet Hook’s
law [12].

The initial concept of the ESs for reactive power compen-
sation has been described in [12] and the steady-state analysis
and control principle with different compensation modes are
presented in [13]. As a novel technology for smart grid, nev-
ertheless, there are a lot of theoretical and technical problems
need to be deeply explored. For instance, what voltage ranges
that ESs can support and what the rules are for selecting param-
eters of key components and how to distribute the ESs in the
distributed power grid. Although a circle is depicted in [12] to
mention the operating limitations of the ES, specific operating
ranges and safety ranges are not covered. Moreover, harmonics
may be introduced based on current control strategy and need
to be canceled by other methodologies [14].

In this paper, a new control strategy with a proportional res-
onant (PR) controller for the voltage loop and a proportional
(P) controller for the current loop is proposed. By controlling
the phase angle of the predefined reference of the PR controller,
phase control, the so-called δ control is provided to achieve
four typical compensations that the ESs can support, namely:
1) pure reactive power compensation, 2) specified power fac-
tor (PF) compensation, 3) constant real power compensation,
4) constant reactive power compensation. Vector diagrams are
used to explore limitations such as effective operating ranges
and safety ranges of the ESs. The proposed control and oper-
ating ranges as well have been verified by both simulation and
experiments.

II. OPERATING PRINCIPLES AND CONTROL

STRATEGY OF THE ES

A. Existing Topology and Control of the ES

The application of an ES embedded in a power system is
shown in Fig. 1(a), where vG represents the renewable energy
source, R1 and L1 are line and source impedances, Z2 is the
critical load with limited operating voltage range, Z3 is the
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Fig. 1. Application and control of a single electric spring. (a) Application
circuit of the ES. (b) Existing control of the ES.

noncritical load with wide operating voltage ranges. The ES in
the dashed line includes a single phase inverter and an LC filter.
A smart load formed by an ES in series with Z3 is in parallel
with Z2 .

As described in [12]–[16], the ES is an electrical device that
generates an ac voltage to regulate the voltage of critical loads
while passing the fluctuating voltage (or energy) from the re-
newable power sources to the noncritical loads.

Classical PI controllers are used in the existing control, as
shown in Fig. 1(b). Given the ES system, the control objectives
of the ES are decoupled. For one objective of the critical load
voltage, only an RMS block is needed and the value is com-
pared with the predefined reference (e.g., 220 V). For another
objective of pure reactive power compensation, only the RMS
value of the battery voltage is sensed and the value is compared
with reference value. Both objectives are simple and convenient
in the application. However, harmonics may be introduced to
the ES which needs additional harmonic suppression solution
[14]. Besides, with double PI controllers, the relationships be-
tween different vectors may not be revealed in detail, thus the
constraints would not be known. And also the effective operat-
ing range of the ES may not be found, thus the guidelines for
distributing the ESs over the distributed power system could not
be obtained.

B. Proposed Control Strategy of the ES

The new control diagram of the ES is proposed as shown in
Fig. 2 with a PR controller used for the voltage loop in which the
critical load voltage is controlled to follow a sinusoidal reference
and a P controller used for current loop which controls current

Fig. 2. Proposed control diagram of the ES.

Fig. 3. Equivalent circuits of Fig. 1. (a) Equivalent circuit in s-domain. (b)
Simplified circuit.

through inductor L. vS is the transient voltage of the critical
load, vs fb is the feedback voltage sensed from vS multiplied by
a coefficient kvf (e.g., 0.1). Signal vs ref is the predefined si-
nusoidal reference of which the magnitude is given as needed
and phase lags vg by δ. The voltage error is used to generate
reference of current loop via the PR controller. The feedback
iL fb is sensed from inductor current iL , just multiplied by a
coefficient kif (e.g., 0.1). The current error is used to generate
the modulation signal v comp via the P controller and a limiter.
Four drive signals are generated by PWM generator. Obviously,
the most important part in the control loop is the δ control which
is phase control and directly influences reference and the control
objectives.

C. System Modeling of the ES

Dynamic modeling of the ES is described in [17]. Parameter
selection for the controllers can be based on circuit modeling in
s-domain, shown as Fig. 3(a), which can be further simplified to
Fig. 3(b), where Vi(s) represents the output of the inverter and
Z0 is obtained according to the Norton’s theorem

⎧
⎪⎪⎨

⎪⎪⎩

Z1 = R1 + L1s

Z2 = R2 + L2s

Z3 = R3 + L3s

(1)

Z0 =
Z1Z2 + Z2Z3 + Z3Z1

Z1 + Z2
(2)

I0(s) = VG (s) × Z2

Z1Z2 + Z2Z3 + Z3Z1
. (3)
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Fig. 4. Double-loop control of the ES. (a) Whole control diagram. (b) Sim-
plified control diagram.

The Kirchhoff’s voltage and current laws (KVL and KCL) in
Fig. 3(a) are expressed as

sLIL (s) = Vi(s) − VES(s) (4)

sCVES(s) = IL (s) +
VS (s) − VES(s)

Z3
. (5)

KCL in Fig. 3(b) is expressed as

sCVES(s) = IL (s) + I0(s) −
VES(s)

Z0
. (6)

Solving (6) yields

G1(s) =
VES(s)

IL (s) + I0(s)
=

Z0

sCZ0 + 1
. (7)

Substituting (5) into (6) gives

VS (s) =
(

1 − Z3

Z0

)

VES(s) + I0(s)

= G2(s)VES(s) + I0(s) (8)

where

G2(s) =
Z1Z2

Z1Z2 + Z2Z3 + Z3Z1
. (9)

The critical load voltage can be solved through equations
from (1) to (6), which gives

VS (s) =
(Z0 − Z3)Vi(s)

Z0LCs2 + Ls + Z0

+
Z3LCs2 + Ls + Z3

Z0LCs2 + Ls + Z0
Z0I0(s). (10)

Thus, the ES system can be regarded as a single phase in-
verter with an active load. Since I0(s) varies at a certain range,
no load situation can be chosen to simplify the analysis. With
PR and P controllers, the whole diagram about circuit modeling
is depicted as Fig. 4(a) and simplified control diagram is shown
as Fig. 4(b). Kpwm denotes the transfer function and Vdc rep-
resents the input of the single phase inverter, where Vtri is the
carrier amplitude. GPR(s) is the transfer function of the PR
controller, ω0 is 100π rad/s and ωc is defined as 0.01ω0 . Kpwm

TABLE I
PARAMETERS OF CIRCUIT AND CONTROLLERS

Regulated mains voltage (VS ) 220 V
Battery voltage (Vd c ) 480 V
Line resistance (R1 ) 0.1 Ω
Line inductance (L1 ) 2.4 mH
Critical load (R2 ) 43.5 Ω
Noncritical load (R3 ) 2.2 Ω
Inductance of low-pass filter (L) 3 mH
Capacitance of low-pass filter (C) 50 μF
Feedback coefficient of voltage loop (kv f ) 0.5
Feedback coefficient of voltage loop (ki f ) 1
VS k p 0.1
VS k r 30
IL k p 0.2

and GPR(s) are expressed as

Kpwm =
Vdc

Vtri
(11)

GPR(s) = VS kp + VS kr
2ωcs

s2 + 2ωcs + ω2
0
. (12)

The transfer function of current loop in Fig. 4(a) is defined as

Gic(s) =
IL (s)

IL ref (s)
=

IL kpKpwm

sL + G1(s) + kif IL kpKpwm
. (13)

The closed loop transfer function in Fig. 4(b) can be expressed
as

Gvc(s) =
GPR(s)Gic(s)G1(s)G2(s)

1 + kvf GPR(s)Gic(s)G1(s)G2(s)
. (14)

If there is no controller, the open loop transfer function from
reference to output is expressed as

Go(s) = Kpwm
Z0 − Z3

Z0LCs2 + Ls + Z0
. (15)

Parameter selection for controllers can be supported by sys-
tem modeling above. Pole assignment is a choice in which a
pair of conjugate poles are supposed to be the nearest to the
vertical axis than other nondominant poles in s-domain. By
comparing the coefficients of each order of the equation con-
taining all the assumed poles with the denominator of (14), all
the unknown poles together with VS kp , VS kr and IL kp will be
solved. However, this method is so complicated that needs lots
of mathematical formulas. A simple way is to use bode diagrams
to check the parameters selected according to experience, which
is adopted in this paper. An example is presented as follows and
circuit parameters are list in Table I.

Final parameters are selected as list in Table I and bode dia-
grams of (15) and (14) are depicted in Fig. 5.

It is observed from Fig. 5(a) that almost elements at frequen-
cies below 8805 Hz can be passed to the output if there are no
controllers. In contrast, Fig. 5(b) shows that only signals within
the frequency interval between 26 and 68.8 Hz are chosen to
pass while all the other elements are suppressed. The method for
parameter selection will be verified in the sections later. Next
step is to find out the way for δ calculation.
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Fig. 5. Bode diagrams of the transfer functions from reference to output. (a)
Without controllers. (b) With controllers.

Fig. 6. Simplified vector circuit of Fig. 1(a).

III. ANALYSIS OF THE ES WITH δ CONTROL

Steady-state analysis using vector diagrams for δ control in
four critical compensations is focused based on the simplified
vector circuit where the inverter is replaced by its output voltage
�Vi , as shown in Fig. 6.

A. δ Control Algorithm in Pure Reactive Power Compensation
of the ES

1) Critical Load is Resistive: In Fig. 6, the input voltage is

�VG = �VS + �I1(R1 + jωL1) = �VS + (�I2 + �I3)(R1 + jωL1)

= �VG1 + �I3(R1 + jωL1) (16)

where

�VG1 =
R1 + R2 + jωL1

R2
× �VS . (17)

Fig. 7. Vector diagrams with resistive critical load and for pure reactive power
compensation of the ES. (a) Inductive mode. (b) Capacitive mode.

The amplitude and phase angle of vector �VG1 are

VG1 =

√
(R1 + R2)2 + (ωL1)2

R2
× VS (18)

ϕ1 = tan−1
(

ωL1

R1 + R2

)

. (19)

According to the Kirchhoff’s voltage law (KVL), the rela-
tionship between �VES and �VO is

�VS = �VES + �VO . (20)

Pure reactive power compensation means the phase angle
between �VES and �I3 always keeps 90°, either leading or lagging.
Thus, a circle can be depicted as shown in Fig. 7. The traces of
point N in both figures are along the circles. Inductive mode is
defined as �VES leading �I3 by 90° and capacitive mode is defined
as lagging. Resistive mode is the case when the ES voltage is
nearly zero.

In Fig. 7(a) where the ES operates in inductive mode, geo-
metric relationships can be obtained as

VES = VS sin
(

θ

2

)

− I3X3 (21)

where X3 is positive at inductive mode, zero at resistive mode
and negative at capacitive mode, respectively

I3 =
VS

R3
cos

(
θ

2

)

(22)

ϕ0 = tan−1
(

R1

ωL1

)

(23)

ϕ3 =
π

2
− ϕ0 −

(
θ

2
+ ϕ1

)

. (24)

The law of cosines can be expressed in Fig. 7(a) as

cos(π − ϕ3) =
I2
3 [R2

1 + (ωL1)2 ] + V 2
G1 − V 2

G

2VG1I3
√

R2
1 + (ωL1)2

. (25)

Substituting (22) into (25) yields

sin
(

θ + tan−1
(

b

a

))

= m (26)
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where
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

a = VG 1 VS

R3

√
R2

1 + (ωL1)2 cos(ϕ0 + ϕ1)

b = V 2
S [R2

1 +(ωL1 )2 ]
2R2

3
+ VG 1 VS

R3

√
R2

1 + (ωL1)2 sin(ϕ0 + ϕ1)

m = V 2
G −V 2

G 1 − b√
a2 +b2 ,m ∈ [−1, 1].

(27)
The value of θ is determined by the operating function of the

noncritical load and limited by (22). Then, solving (26) for θ
yields

θ = sin−1(m) − tan−1
(

b

a

)

. (28)

The law of sines can be expressed in Fig. 7(a) as

I3
√

R2
1 + (ωL1)2

sin(ϕ4)
=

VG

sin(π − ϕ3)
. (29)

Substituting (22) and (24) into (29) gives

sin(ϕ4) =
VS

√
R2

1 + (ωL1)2

R3VG
cos

(
θ

2

)

× cos
(

θ

2
+ ϕ0 + ϕ1

)

. (30)

Since the voltage on the line impedance is smaller compared
to VG and VG1 , ϕ4 should be an acute angle. Hence, the solution
of (30) is expressed as

ϕ4 = sin−1

(
VS

√
R2

1 + (ωL1)2

R3VG
cos

(
θ

2

)

× cos
(

θ

2
+ ϕ0 + ϕ1

))

. (31)

δ is defined as the phase angle that �VS lags �VG , which can be
expressed as

δ = ϕ1 + ϕ4 . (32)

Formulas for δ calculation in Fig. 7(b) are the same as those
in Fig. 7(a), and the only difference is that the value of θ is
positive in the inductive mode, negative in the capacitive mode
and zero in the resistive mode.

With δ control, some limitations and operating ranges of the
ES can be revealed. Since noncritical load voltage can be ob-
tained through I3 multiplied by Z3 , it is found from (22) that the
value of VO decreases as θ increases. An extreme case is that θ
is near π, which means VES is extremely big while VO is nearly
zero. It is unacceptable because there is almost no voltage on
the noncritical load that it cannot take the role of a load.

The value of θ is related to circuit parameters and line voltage,
which offers one rule for parameter selection. Another constraint
is related to m in (27) which gives operating ranges of the ES,
the upper and lower limits occur when m equals to 1 and –1,
respectively. In other words, if the operating range is defined,
(26) gives the limitations for selecting circuit parameters and
examples are shown in Table II.

TABLE II
EFFECTIVE OPERATING VOLTAGE RANGES VERSUS PARAMETERS OF THE ES

Length of
transmission line

Critical load:
(Ω)

Noncritical load:
(Ω)

Calculated
effective

operating range:
(V)

2 km
(R1 = 0.1 Ω
L1 = 2.4 mH)

53 57.5 220–222

53 30 219–223
53 10 214–230
53 3 199–254

43.5 2.2 192–267
200 m 43.5 2.2 216–225
500 m 43.5 2.2 213–231
1 km 43.5 2.2 205–242
4 km 43.5 2.2 170–321

In a distributed renewable power system, line impedances
are related to distances [15]. It is seen from Table II that the
operating ranges of the ESs decreases as the value of noncritical
load increases. And also the longer the distance is, the larger
operating range is, which offers a rule for the distribution of
the ESs. For instance, the calculated operating range is 216 to
225 V with the transmission line for 200 m, which is within
the tolerances of most critical loads and there is no need to
locate the ES within such distance. Based on existing critical
and noncritical loads at a single location, the operating ranges
need to be checked before allocating and activating any ESs. If
an ES has already been located where the calculated operating
voltage range is too small, possible solutions are to reallocate the
critical and noncritical loads in a proper proportion or relocate
the ES.

2) Critical Load is Inductive: In Fig. 6, if Z2 is inductive,
the input voltage is

�VG = �VS + �I1(R1 + jωL1)

= �VS +

(
�VS

R2 + jωL2
+ �I3

)

(R1 + jωL1)

= �VG1 + �I3(R1 + jωL1) (33)

where

�VG1 =
R1 + R2 + jω(L1 + L2)

R2 + jωL2

�VS (34)

VG1 = VS

√
(R1 + R2)2 + [ω(L1 + L2)]2

R2
2 + (ωL2)2 (35)

φ1 = tan−1
[
ω(L1 + L2)
R1 + R2

]

− tan−1
(

ωL2

R2

)

. (36)

According to (20), the right-angled triangle including �I3R3 ,
(j�I3X3 + �VES) and �VS in Fig. 7 will not change whatever the
characteristics the critical load are. And geometrical relation-
ships of the vectors are also the same. Thus, the formulas for δ
calculation are the same as described in part 1) while the values
of VG1 and ϕ1 are changed according to (35) and (36).
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Fig. 8. Vector diagrams for the other three typical compensations of the ES.
(a) Z2 is resistive. (b) Z2 is inductive. (c) Z2 is capacitive.

3) Critical Load is Capacitive: This part is similar with part
2). In Fig. 6, if Z2 is capacitive, the input voltage is

�VG = �VS + �I1(R1 + jωL1)

= �VS +

(
�VS

R2 + 1
jωC2

+ �I3

)

(R1 + jωL1)

= �VG1 + �I3(R1 + jωL1) (37)

�VG1 =
1 − ω2L1C2 + jωC2(R1 + R2)

1 + jωR2C2

�VS (38)

VG1 = VS

√
(1 − ω2L1C2)2 + [ωC2(R1 + R2)]2

1 + (ωR2C2)2 (39)

ϕ1 = tan−1
[
ωC2(R1 + R2)
1 − ω2L1C2

]

− tan−1(ωR2C2). (40)

Vector diagrams are the same as shown in Fig. 7. The formulas
for δ calculation are the same as part 1), except for �VG1 . One
remark is that the operating ranges change as the critical loads
vary because �VG1 is changed and values in (27) will be changed.
If the real part of noncritical load is not changed and all the other
parameters are kept the same, the operating range will also be
the same, whatever the noncritical loads are resistive, inductive
or capacitive.

B. δ Control Algorithm in Specified PF Control of the ES

The ESs also has the potential to adjust PF of the input voltage
sources. According to types of the critical and noncritical loads,
nine situations should be presented. However, it is found that
noncritical loads do not affect the triangle in bold lines in Fig. 8,
which includes �VG and �VS , where ϕ is defined as the phase
angle that �I1 lags �VG , ϕ2 is the impedance angle of the critical
load, ϕ5 is defined as the phase angle that �I1 leads �VS . Phase
angles are also marked in Fig. 8.

In the triangle in bold, the law of sines is expressed as

VS

sin
(

π
2 − ϕ0 − ϕ

) =
VG

sin
[
π − ϕ5 −

(
π
2 − ϕ0

)] (41)

δ = ϕ + ϕ5 . (42)

ϕ5 can be calculated through (41) if ϕ is given and δ can be
calculated for the specified PF control. It is also found that the
algorithms are the same whatever the critical loads are inductive,
resistive or capacitive. The remark is that the effective operating
range is limited by (41). By substituting parameters in Table I

into (23) and (41), it is found that the effective operating voltage
range of specified PF control decreases as PF increases.

C. δ Control Algorithm in Constant Real Power
Compensation of the ES

The ESs can also support constant real power compensation,
which can also been described by Fig. 8. Complex powers of
�VG and �I1 are

S̃ = �VG · �I∗1 = VG ∠ 0◦ · I1 ∠ ϕ

= VGI1(cos ϕ + j sinϕ) = P + jQ (43)

where

P = VGI1 cos ϕ (44)

Q = VGI1 sinϕ. (45)

Once VG is given, constant P means I1 cos ϕ keeps constant.
The law of sines in the triangle is

VS

sin
(

π
2 − ϕ0 − ϕ

) =
VG

sin
[
π − ϕ5 −

(
π
2 − ϕ0

)]

=
I1

√
R2

1 + (ωL1)2

sin δ
. (46)

Obviously, if P is given, unknown parameters such as δ and
ϕ can be determined and solved by (41), (42), (44) and (46).
It is found that only one parameter of P, δ or ϕ can be given
and the other two will be determined by the known one. For
instance, if P is given manually, the values of δ, ϕ, and PF will
be determined accordingly.

D. δ Control Algorithm in Constant Reactive Power
Compensation of the ES

The ESs can also support constant reactive power compensa-
tion which is similar with constant real power compensation. δ
can be calculated by solving (41), (42), (45) and (46). Once Q
is given, all the other parameters can also be determined.

IV. SIMULATIONS AND DISCUSSIONS

To verify the aforementioned analysis, simulations are con-
ducted based on parameters shown in Table I. The control ob-
jectives are: 1) Critical load voltage is regulated to 220 V. 2) For
pure reactive power compensation, the phase angle between ES
voltage and current should be 90°. For specified PF control, PF
should be the same as defined. For constant real power compen-
sations, the related powers should be the same as defined.

A. Pure Reactive Power Compensation of the ES

1) Both Critical Load and Noncritical Load are Resistive:
Fig. 9 shows the simulated waveforms of the ES for pure re-
active power compensation. It can be seen that the voltages
of critical loads are regulated to 220 V with different VG . At
0.583 s in Fig. 9(c), the noncritical load voltage reaches its
maximum value while the ES voltage is zero, which means the
ES current leads the ES voltage by 90° and the ES operates
in capacitive mode. However, in Fig. 9(b), one zero crossing
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Fig. 9. Simulation waveforms @ Z2 = 43.5 Ω and Z3 = 2.2 Ω for pure reactive power compensations of the ES. Ch1 to Ch4: line voltage, critical load voltage,
ES voltage and noncritical load voltage. (a) VG = 176 V. (b) VG = 190 V. (c) VG = 192 V. (d) VG = 267 V. (e) VG = 269 V. (f) VG = 280 V. (g) Transient
response while VG varies from 198 to 244 V and then to 256 V.

point of the ES voltage is at 0.3826 s while the time when the
noncritical load voltage reaches peak value is at 0.3825 s. The
severer case happens in Fig. 9(a) where the times are 0.1831
and 0.182 s, respectively. Fig. 9(a) and (b) shows that the phase
angle between the ES current and voltage is between 90° and
180°, which means the ES is not in pure reactive power com-
pensation but in capacitive plus negative real power compen-
sation instead. The same analogy applies to Fig. 9(d)–(f). The
ES operates in inductive mode in Fig. 9(d) but in inductive plus
negative real power compensation in Fig. 9(e) and (f). The effec-
tive operating voltage range can be easily obtained from Fig. 9
to be 192 to 267 V between which the ES operates in reactive

power compensation. It is preferred that the ES operates within
the effective range because the mean current through the dc side
will be zero and less discharge or charge times will enhance the
reliability of the batteries. In order to check the performance of
the controllers, transient responses are presented in Fig. 9(g).
VG is 198 V between 0.1 and 0.2 s, during which the ES oper-
ates in capacitive mode. At the moment of 0.2 s, VG rises from
198 to 244 V suddenly and the ES changes to resistive mode
in about two to three cycles and last till 0.3 s. Another sudden
change happens at 0.3 s when VG rises to 256 V, under which
the ES operates in inductive mode. It is observed that it takes
about two to three cycles to get steady and also the critical load
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Fig. 10. Simulation waveforms of Z2 = 43.5 + j18.85 Ω and Z3 = 2.2 Ω
for pure reactive power compensation of the ES. (a) VES and VO @ VG = 193
V. (b) VES and VO @ VG = 244.7 V. (c) VES and VO @ VG = 269 V.

voltage almost keeps 220 V when VG varies. Although there are
transient voltage spikes seen on noncritical load, they are within
the operating range and acceptable.

2) Critical Load is Inductive and Noncritical Load is Resis-
tive: Fig. 10 shows the simulated results under the inductive
critical load of 43.5 + j18.85 Ω and resistive noncritical load.

It is seen from Fig. 10 that the ES operates in three different
kinds of modes as VG varies. Although the results look similar
as presented in part 1), the values of VG1 and ϕ1 are different
in the algorithm. The reactive power of the critical loads is
compensated by the grid and has little influence on the operating
mode of the ES. However, the existence of L2 affects the PF of
the ac source. δ control at such situation has been verified by
the simulation results.

3) Critical Load is Inductive and Noncritical Load is Induc-
tive: Another case in which both critical and noncritical loads
are inductive is also simulated as shown in Fig. 11. Fig. 11(a)
and (c) looks similar with Fig. 10. However, great difference
has been seen when VG is 244.7 V, under which the ES operates
in resistive mode in Fig. 10(b), while still in capacitive mode in
Fig. 11(b). The reason is that there is inductive reactive power
due to the inductive part of Z3 , which needs to be compensated
by the ES in addition. Thus, the ES has to operate in capaci-
tive mode. If the ES capacitor and L2 are regarded as one part
together, the total voltage on both components will be zero, as
seen in Fig. 11(d).

4) Critical Load is Inductive and Noncritical Load is Capac-
itive: Fig. 12 shows the results of the case when critical load
is inductive and noncritical load is capacitive, which is similar
with part 3). The difference is that the ES has to generate induc-
tive reactive power to compensate the capacitive reactive power
introduced by C3 .

B. Other Compensation Functions of the ES

Dc voltage is set to 720 V while the other parameters are the
same as in Table I. The simulated results are shown in Fig. 13.

Fig. 11. Simulation waveforms of Z2 = 43.5 + j18.85 Ω and Z3 = 2.2 +
j1 Ω for pure reactive power compensation of the ES. (a) VES and VR 3 @ VG =
193 V. (b) VES and VR 3 @ VG = 244.7 V. (c) VES and VR 3 @ VG = 269 V.
(d) VES+L 3 and VO @ VG = 244.7 V.

Fig. 12. Simulation waveforms of Z2 = 43.5 + j18.85 Ω and Z3 = 2.2 −
j1.592 Ω for pure reactive power compensation of the ES. (a) VES and
VR 3 @ VG = 193 V. (b) VES and VR 3 @ VG = 244.7 V. (c) VES and
VR 3 @ VG = 269 V. (d) VES+C 3 and VR 3 @ VG = 244.7 V.

It can be seen from Fig. 13(a) that the line current is in phase
with the voltage, which means unity PF is realized by δ control.
Unity PF can also be proved by the result of reactive power,
which is nearly 0 in Fig. 13 (b).

There are several groups of roots by solving equations for
constant real power compensation. Considering some limita-
tions such as no complex results, I1 not negative, ϕ less than
π/2 and δ not zero, there is only one adequate root left. If the
real power is defined as 10 kW as an example, the calculated δ
is 0.1447 when line voltage is 230 V. Then, the calculated RMS
value of line current and ϕ are 44.74 A and 0.238 rad, respec-
tively. It is shown in Fig. 13(b) that simulated P is 9.92 kW
and the error is 0.8%, which is acceptable and validates the
algorithm.
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Fig. 13. Simulation waveforms @ Z2 = 43.5 Ω, Z3 = 2.2 Ω for other three
compensations of the ES. (a) Unity PF control @ VG = 220 V. (b) Constant real
power compensation @ VG = 230 V. (c) Constant reactive power compensation
@ VG = 230 V.

Similarly, if the reactive power is defined as 5 kvar, the cal-
culated δ is 0.4113 when line voltage is 230 V. The RMS values
of line current and ϕ are 121.5 A and 0.18 rad, respectively, by
setting which into the simulation, the simulated Q in Fig. 13(c)
is 4.914 kvar and the error is 1.72%, which also validates the
algorithm.

V. EXPERIMENTS

To double check the effectiveness of the control strategy
and analysis on the effective operating ranges of the ESs, an
experimental study has been conducted. As mentioned, there
are many situations if all kinds of critical and noncritical loads
are considered. For concision of the paper, only the pure reac-
tive power compensation, the most critical function of the ES,
is presented as an example. If all the parameters for experiment
are the same as simulation, the line current will be too large
to be safely implemented in the lab. Moreover, bidirectional dc
source or 40 batteries (12 V each) in series are needed as dc in-
put for the inverter, which is also not available in the lab. Hence,
a scale-down system is used in experiments. Six units of battery
are used in series and VS is set to 22 V. The parameters for the

TABLE III
EXPERIMENTAL SETUP OF THE ES

Regulated mains voltage (VS ) 22 V
Battery voltage (Vd c ) 72 V
Line resistance (R1 ) 4 Ω
Line inductance (L1 ) 84.1 mH
Critical load (R2 ) 2000 Ω
Noncritical load (R3 ) 101.4 Ω
Inductance of low-pass filter (L) 3 mH
Capacitance of low-pass filter (C) 50 μF
Switching frequency (fs ) 5 kHz
Calculated effective operating range of the ES 19.9–25.7 V
Software platform DSP28335
Feedback coefficient of voltage loop (kv f ) 0.5
Feedback coefficient of voltage loop (ki f ) 1
VS k p 0.1
VS k r 7
IL k p 0.1

Fig. 14. Measured voltage waveforms @ the ES is within the effective op-
erating range (50 V/div, 10 ms/div). Ch1: line voltage, Ch2: critical load volt-
age, Ch3: ES voltage, Ch4: noncritical load voltage. (a) ES is not activated
@ VG = 20.2 V. (b) ES is activated @ VG = 20.2 V. (c) ES is not activated
@ VG = 25.7V. (d) ES is activated @ VG = 25.7 V. (e) Transient response
from inductive mode to capacitive mode. (f) Transient response from capacitive
mode to inductive mode.

experiment are listed in Table III. One remark is that a switch
is used to activate or deactivate the ES, as shown in Fig. 1(a).
Parameters of the controllers are also list in Table III.

Fig. 14 shows the measured voltage waveforms under differ-
ent conditions. It can be seen from Fig. 14(a) and (b) that the
voltage on critical load is 20.9 and 21.9 V before and after the
ES is activated when input voltage is 20.2 V. The critical load
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Fig. 15. Measured voltage waveforms @ the ES is out of the effective op-
erating range (50 V/div, 10 ms/div). Ch1: line voltage, Ch2: critical load volt-
age, Ch3: ES voltage, Ch4: noncritical load voltage. (a) ES is not activated
@ VG = 19.6 V. (b) ES is activated @ VG = 19.6 V. (c) ES is not acti-
vated @ VG = 26.1 V. (d) ES is activated @ VG = 26.1 V. (e) ES is activated
@ VG = 18.4 V. (f) ES is activated @ VG = 27.5 V.

voltage is also regulated to about 22 V when VG is 25.7 V in
Fig. 14(d). The ES current which is in phase with noncritical
load voltage always leads the ES voltage by 90°when the switch
is off, as shown in Fig. 14(a) and (c). However, when the ES
is activated in Fig. 14(b) and (d), it operates in capacitive mode
at 20.2 V and in inductive mode at 25.7 V, respectively, which
means the ES can operate in reactive power compensation mode
within its effective operating voltage ranges. Transient responses
of the ES are presented in Fig. 14(e) and (f). Since there is no
programmable ac source in the lab, a monopole double throw
switch is used to connect different variacs, of which one is set to
21 V and the other is set to 25 V. In the first period of Fig. 14(e),
VG is set to 25 V and the ES operates in inductive mode. Since
the switch is operated manually, there is time delay from one
variac to another during which the input voltage varies randomly.
Thus, the waveforms during the delay time may be ignored. VG

is connected to 21 V after the delay time and the ES changes
to capacitive mode. The transient responses in Fig. 14(f) are
opposite with that in Fig. 14(e). VG is connected to 21 V and the
ES operates in capacitive mode during the first period. After the
delay of mechanical switch by hand, VG is connected to 25 V
and the ES starts the inductive mode.

Fig. 15 shows the results when input voltages are out of the ef-
fective operating ranges for pure reactive power compensations
where the critical load voltages are all regulated to 22 V with
the ES being activated. 19.6 and 26.1 V are chosen to compare
with the lower and upper limits considering tolerances. The ES
operates in capacitive mode before being activated, as shown in
Fig. 15(a) and (c). However, it is seen from Fig. 15(b) that the

ES current leads its voltage by more than 90°, which means
the ES does not operate in pure capacitive mode but in capaci-
tive plus negative real power compensation, instead. Fig. 15(d)
shows that the ES current lags its voltage by more than 90°,
which means the ES does not operate in pure inductive mode
but in the mode of inductive plus negative real power compen-
sation. Thus, the battery will be discharged at both modes in
Fig. 15(b) and (d) when the ES is operated out of the effective
operating range. More obvious cases can be seen in Fig. 15(e)
and (f) where the ES current and voltage are not perpendicu-
lar with each other. The batteries will be discharged, which is
risky for normal operations of the ES. It is also noticed from
Fig. 15(b) and (e) that the noncritical load voltage increases as
line voltage decreases. Thus, the safety ranges of the ESs are
related to the safety ranges of the noncritical loads.

VI. CONCLUSION

A novel control strategy, called δ control, has been proposed
for the ESs and the steady-state analysis with different types of
critical loads such as resistive, capacitive and inductive has been
presented. By controlling a single parameter δ which contains
all the control information for the reference of a PR controller,
the critical load voltage is regulated to the predefined reference
and different power compensation functions of the ESs can
be achieved. Four critical compensations, namely, pure reactive
power compensation, specified PF compensation, constant real
power compensation and constant reactive power compensa-
tion, have been considered, for which the essence is different
phase relationships between ES voltage and current. Vector di-
agrams for different situations are depicted and algorithms at
steady-state are derived for δ calculations. With δ control, the
operating modes of the ESs can be automatically determined
with different line voltages, and the same algorithms can be
used for all the compensations when the reactive parts in non-
critical loads change and the real parts keep the same. The ESs
can operate in capacitive, resistive and inductive modes what-
ever characteristics the critical and noncritical loads are. Based
on the geometrical relationships derived from the vector dia-
grams, the specific limitations and constraints of the ESs such
as effective operating ranges and safety ranges have been re-
vealed, offering guidelines on how to distribute the ESs in the
distributed power systems effectively and economically. Both
simulation and experiments have been conducted and the re-
sults validate the analysis of δ control, especially the effective
operating ranges and safety ranges of the ESs.
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