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Abstract—For power converters used in renewable energy sys-
tems, output-impedance design has become an important design
consideration for minimizing the impacts of low-frequency har-
monic current on the lifetime of ripple-sensitive energy sources
such as fuel cells and photovoltaic cells. In the literature, various
methods are proposed to tackle this design issue but they are fre-
quently treated in isolation from each other and specific to the sys-
tems being discussed. In this paper, a systematic derivation of four
basic modes of output-impedance shaping method is presented.
These basic modes can be directly inferred from the Mason’s gain
formula and other methods are in essence derivatives or combi-
nations of these basic modes. By using a fuel-cell-battery-powered
single-phase inverter as an implementation example, their charac-
teristics are discussed thoroughly and their performances in shap-
ing converter’s output impedance are evaluated experimentally.

Index Terms—DAB dc-dc converter, fuel cell systems, harmonic
current, output impedance shaping, virtual impedance.

I. INTRODUCTION

IN many renewable energy systems involving ripple-sensitive
energy sources such as fuel cells and photovoltaic cells, the

presence of low-frequency ac component at around 100 Hz in
their output current can have significant detrimental effects on
the lifetime of these devices when they are used to drive inverter
load [1]–[4]. For this reason, output-impedance design of the
converter(s) forming these energy systems has become an im-
portant consideration with the aim to prevent the low-frequency
ac current from being drawn from these energy sources.

There are in general two categories of methods being adopted
for achieving this aim. The first category of methods involves in-
creasing the output impedance of the converter associated with
the ripple-sensitive energy source [5]–[10]. If there is no other
energy storage present in the system, the low-frequency ac cur-
rent will typically be drawn from the dc-link capacitor and, as a
result, increasing the amplitude of the voltage ripple on the dc
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bus voltage. The inverter’s operation can be adversely affected
when the amplitude of the voltage ripple becomes excessively
large, unless a very large dc-link capacitor is used to minimize
the voltage ripple. In addition, the frequent periodic charging
and discharging of the dc-link capacitor, typically of electrolytic
type, will also reduce its lifetime due to internal heating. If, on
the other hand, a dedicated energy storage, battery or superca-
pacitor bank, is present and connected in parallel to the dc bus,
decreasing the output impedance of the converter associated
with the energy storage, as a second category of methods, can
create a low-impedance path for the flow of the low-frequency ac
current and prevent it from being drawn from either the ripple-
sensitive energy source or the dc-link capacitor [11]–[16]. The
use of dedicated energy storage is advantageous in terms of
meeting transient load changes, such as offering a substantially
increased peak power capability and the ability to absorb power
from energy-regenerative loads, while, with properly designed
output impedance, assisting in preserving the lifetimes of both
the energy source and the dc-link capacitor.

Leaving aside the practical impacts of these two categories of
methods, it should be clear that they indeed have the same origin
in the design of converter’s output impedance, with one focusing
on the energy source branch and the other on the energy storage
branch. In this paper, efforts are made to systematically analyze
and explore the various fundamental approaches to affecting, or
technically, shaping the output impedance of converters in gen-
eral, when they are used in renewable energy systems or other
power electronic systems encountering similar design issue. The
analysis to be presented here is founded on the Mason’s gain
formula, from which two fundamental ideas are derived. The
first idea suggests the addition of forward paths for minimizing
the numerator of the Mason’s gain formula, and the second one
suggests the addition of feedback loops for maximizing the de-
nominator. Collectively, these ideas give rise to four basic modes
of output-impedance shaping method, namely, the load-current
feed-forward, virtual-resistor, virtual-capacitor, and virtual-
inductor approach. These methods had been discussed in the
literature in different ways for different applications but they
were often treated individually and in isolation from each other
[17]–[26]. It will be shown that all of them can be directly
inferred from the Mason’s gain formula by inspection.

In this paper, these ideas will be developed systematically
and discussed thoroughly, and demonstrated by using a fuel-
cell-battery-powered single-phase inverter as an implementation
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example, in which case the fuel cell represents the ripple-
sensitive energy source and the battery represents the dedicated
energy storage. A two-input bidirectional dual active bridge
(DAB) dc–dc converter is adopted for interfacing the fuel cell
and battery to the inverter load due to its high efficiency and
flexible power-flow control. All four basic modes of the output-
impedance shaping method will be implemented on the con-
verter and their characteristics and performances evaluated ex-
perimentally. With reference to the presented example, the same
methods and their derivatives (combination of the four basic
modes) can be broadly applied to other converters subject to
application-specific output-impedance requirements.

This paper is organized as follows. Section II presents a brief
review of the multiinput bidirectional DAB dc–dc converter, and
a simplified model of the converter is derived. This is followed
by a systematic derivation of the four basic modes of output-
impedance shaping method from the Mason’s gain formula in
Section III, during which the idea of forward-path-gain com-
pensation is also introduced as a way to reshape the converter’s
dynamic response in the presence of output-impedance shaping.
Section IV discusses the design and practical implementation
of these four basic modes of output-impedance shaping, and
experimental results including both static and dynamic charac-
teristics and FFT analysis of the main converter’s waveforms
are presented in Section V. Finally, the study is concluded in
Section VI.

II. BIDIRECTIONAL DAB DC–DC CONVERTER

A. Multiinput Bidirectional DAB DC–DC Converter

Bidirectional DAB dc–dc converters [27] are widely used
in renewable-energy-based power conditioning systems due to
several advantages such as flexible power flow control, realiza-
tion of zero-voltage switching, and high efficiency. In this study,
the topology is adapted for multiinput operation [28], and the re-
sulting converter is shown in Fig. 1. The multiinput bidirectional
DAB dc–dc converter developed here uses two separate trans-
formers for the input half-bridge cells so that each of the input
half-bridge cells can be controlled independently, thus enabling
a more versatile implementation of various power-flow control
strategies. By using phase-shift control, the bidirectional power
flow of each of the input half-bridge cells can be controlled by
adjusting the phase difference between the transformer’s pri-
mary and secondary voltages.

With reference to Fig. 1, vr1 ∼ vr2 , and vr3 represent the out-
put voltages of the two input half-bridge cells and the shared sec-
ondary half-bridge cell, respectively. The capacitors C1 ∼ C4
and C ′

5 ∼ C ′
6 are assumed to be sufficiently large that the volt-

ages V1 ∼ V4 and V ′
5 ∼ V ′

6 are reasonably assumed to be con-
stant. The current flowing through the transformer’s leakage in-
ductance of input half-bridge cell 1 and 2 is denoted by ir1 and
ir2 , respectively. By using phase-shift control, the power flow
of each input half-bridge cells can be controlled by adjusting the
phase difference (ϕ1 or ϕ2 ) between the transformer’s primary
and secondary voltages. According to the control strategies dis-
cussed, the fuel cell branch always delivers power by controlling
ϕ1 larger than zero, while the energy storage branch can deliver

power, absorb power, or have no contribution to the load by
controlling the value of ϕ2 . For the two-input converter shown
in Fig. 1, the power delivered by the fuel cell and energy stor-
age, and the total power delivered by both, is given by (1)–(3),
respectively

Pf =

∫ 2π

0 ir1(θ)vr1(θ)dθ

2π
=

ϕ1 (π − |ϕ1 |)
4πLr1ω

V12V
′
56

n1
(1)

Pb =

∫ 2π

0 ir2(θ)vr2(θ)dθ

2π
=

ϕ2 (π − |ϕ2 |)
4πLr2ω

V34V
′
56

n2
(2)

Po = Pf + Pb (3)

where V12 =(V1 + V2), V34 =(V3 + V4), and V ′
56 =(V ′

5 +V ′
6 )=

V ′
o . By imposing the condition ϕ1 > 0, the fuel cell branch

always delivers power to the load or energy storage, while the
energy storage branch can be controlled to deliver power (ϕ2 >
0), absorb power (ϕ2 < 0), or become inactive (ϕ2 = 0).

B. Output Impedance of Energy Storage Branch

Since the two-input bidirectional DAB dc–dc converter shown
in Fig. 1 is effectively two single-input converters connected
in parallel, each of them will exhibit the same small-signal
characteristics. When the parallel-connected converters are used
to drive an inverter load, the resulting low-frequency harmonic
current will mainly flow from the energy storage, and therefore
the output impedance of the energy storage branch is of greater
interest and will be analyzed in more detail.

As given by (2), the power flow of the energy storage branch
can be described by the following equation:

Pb =
Vin2Vo

2πωLr2
ϕ(π − |ϕ|) (4)

where Lr2 is the transformer’s leakage inductance, Vo is the
output voltage reflected to the transformer’s primary side, and
ϕ is the phase difference between the transformer’s primary and
secondary voltages. Assuming that the voltage ripple on the dc
bus voltage is small, that is, Vo is approximately constant, the
converter’s output current can be approximated by the following
equation:

Ib =
Vin2

2πωLr2
ϕ(π − |ϕ|). (5)

Linearizing (5) gives the small-signal transfer function from
the phase difference ϕ̃ to the converter’s output current ĩb as

ĩb
ϕ̃

=
Vin2

2πωLr2
(π − 2 |ϕ|) = Giϕ . (6)

With the transfer function Giϕ derived, the converter can be
modeled as shown in Fig. 2(a), where Co is the output capacitor
and ZL is the nominal load, both reflected to the transformer’s
primary side, and ĩo represents the perturbation in load current.
By Thevenin’s theorem, the converter can be modeled as a de-
pendent current source [see Fig. 2(a)] or a dependent voltage
source [see Fig. 2(b)] by using the following transformation:

Gvϕ = GiϕZo (7)
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Fig. 1. Multiinput bidirectional DAB dc–dc converter with shared secondary half-bridge cell.

Fig. 2. Approximate small-signal model of bidirectional DAB converter. (a) Norton equivalent circuit. (b) Thevenin equivalent circuit. (c) Transfer-function
representation.

where

Zo =
1

sCo
. (8)

From Fig. 2(b), the converter’s small-signal output voltage ṽo

can be derived as a function of ϕ̃ and ĩo after eliminating j̃o

ṽo = Gvϕϕ̃ − Zoj̃o (9)

= G′
vϕ ϕ̃ − Z ′

o ĩo

G′
vϕ =

Gvϕ

1 + Zo/ZL

Z ′
o =

Zo

1 + Zo/ZL
.

The last equation provides a convenient tool for modeling the
converter using transfer functions only; the resulting model is
shown in Fig. 2(c). Based on this model, the proposed control
strategies can be clearly illustrated in the subsequent discus-
sions. Before proceeding further, the approximate small-signal
transfer functions G′

vϕ and Z ′
o are verified against the exact

transfer functions derived more rigorously in [28], with the con-
verter’s component values given in Table I. From Fig. 3, it can

TABLE I
SPECIFICATIONS OF THE TWO-INPUT BIDIRECTIONAL DAB DC–DC

CONVERTER PROTOTYPE

Description Parameter Value

Fuel cell’s output power Pf c 160 W
Fuel cell’s terminal voltage Vf c 20 V
Transformer’s leakage inductance (fuel cell branch) Lr 1 4.7 μH
Transformer’s turn ratio (fuel cell branch) Np 1 : Ns 1 1:10
Dc-link capacitor for input half-bridge (fuel cell branch) Cp 1 80 μF
Maximum battery power Pb a t 160 W
Battery’s terminal voltage Vb a t 48 V
Transformer’s leakage inductance (battery branch) Lr 2 25.5 μH
Transformer’s turn ratio (battery branch) Np 2 : Ns 2 6:25
Dc-link capacitor for input half-bridge (battery branch) Cp 2 5 μF
Dc-link capacitor for secondary half-bridge Cs 100 μF
Output dc bus voltage Vo 400 V
Output dc-link capacitor Co 20 μF
Switching frequency fs w 52 kHz

be seen that the gain and phase plots of the approximate and
exact transfer functions of G′

vϕ overlap with each other, except
at the frequencies associated with the RHP zeros and poles on
the imaginary axis which are not reproduced by the approximate
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Fig. 3. Bode plots of the phase-shift-to-output-voltage transfer function G′
v ϕ = Gv ϕ / (1 + Zo /ZL ).

transfer function. The effects of these differences can be min-
imized or even neglected as the converter’s closed-loop band-
width is typically designed to be well below these frequencies.
The gain and phase plots of the approximate and exact transfer
functions of Z ′

o exhibit no noticeable difference and thus are not
shown here.

III. SYSTEMATIC DERIVATION OF OUTPUT-IMPEDANCE

SHAPING METHODS FROM MASON’S RULE

In this section, the reduction of energy storage branch’s output
impedance is discussed based on the converter model derived
in Section II. As can be inferred from the well-known Mason’s
gain formula, introducing feed-forward and feedback paths to
the converter’s control system can contribute to the reduction of
converter’s closed-loop output impedance. In total, four different
control approaches are proposed and discussed, one of which
is based on feed-forward mechanism and three are based on
feedback mechanism. For generality, all three modes of the
feedback mechanism are discussed, although, as will be shown,
their effectiveness can vary considerably from one to another.

A. Mason’s Gain Formula

In a converter system containing one or more loops, its closed-
loop output impedance Zc

o can be generally described by the
well-known Mason’s gain formula [29]

Zc
o =

ṽo

−ĩo
=

∑N
k=1 GkΔk

Δ
(10)

Δ = 1 −
∑

Li +
∑

LiLj −
∑

LiLjLk

+... + (−1)m
∑

... + ... (11)

where N is the total number of forward paths from ĩo to ṽo ,
Gk is the gain of the kth forward path, Δk is the cofactor value
of Δ for the kth forward path, with the loops touching the kth
forward path removed, Li is the loop gain of the ith loop, LiLj

is the product of the loop gains of any two nontouching loops.

Fig. 4. Basic control system of the converter used in the energy storage branch.

It can be inferred from (10) that the effective output
impedance of the converter can be reduced by introducing ad-
ditional paths into its control system if the additional paths
are inserted in such a way that the numerator and denomina-
tor of the Mason’s gain formula is decreased and increased,
respectively. Specifically, as the numerator represents a sum-
mation of forward-path-gain-cofactor products (

∑N
k=1 GkΔk ),

the additional paths should be inserted in such a way that the
newly introduced GkΔk terms should partially or completely
cancel the ones resulted from the existing forward paths. For
the denominator, the opposite rule applies and requires that the
individual terms in the summation reinforce each other for max-
imizing the denominator value. Note that in order to do so the
constituent terms in Δ preceded by −1 should be made positive
by introducing additional paths having appropriate signs.

The basic control system of the bidirectional DAB dc–dc con-
verter in the energy storage branch is shown in Fig. 4, where ns

is the transformer’s turn ratio, Fv is the sampling gain, ṽref is the
reference signal for the dc bus voltage, Gvc is the compensation
network’s gain, ṽco is the control signal, and Fm is the modula-
tor’s gain. The system can be visualized as having two inputs,
ṽref and ĩo , and one output ṽo . Each of the two inputs has its
own forward path to the output, but in respect of the converter’s
output impedance, which is the main subject of discussion, only
the forward path from ĩo to ṽo is considered when minimizing
the numerator of (10). Besides, since the energy storage branch
is required to provide dc bus voltage regulation, there must be
at least one feedback path from ṽo for achieving this objective
through the adjustment of the converter’s control variable ϕ̃. It
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can be seen that introducing more feedback paths to the control
system affects the denominator of (10) only. The following dis-
cussions are based on extensions of this basic control system.
For reference, the output voltage ṽo produced by the closed-loop
system is given by (12), where L is the loop gain

ṽo =
GvcFm

Gvϕ

1 + Zo/ZL

1 + L
ṽref −

Zo

1+Zo /ZL

1 + L
ĩo (12)

L = GvcFm Fvns
Gvϕ

1 + Zo/ZL
.

B. Load-Current Feed-Forward

From the basic control system shown in Fig. 4, one exist-
ing forward path from ĩo to ṽo can be identified as −Zo/(1 +
Zo/ZL ). According to the Mason’s gain formula, the overall
gain from ĩo to ṽo can be reduced, or ideally nullified, if one or
more additional forward paths of opposite sign to the existing
forward path are introduced into the control system. For clarity,
the idea is illustrated by the addition of one forward path from
ĩo to ṽo .

The additional forward path is created by feed-forwarding
the load current ĩo and adding it to the control signal ṽco as
shown in Fig. 5. The feed-forward gain is denoted by Hf d . The
transformer’s turn ratio ns is used to reflect both the output
voltage ṽo and load current ĩo to the transformer’s secondary
side from where they are typically sampled. With the additional
forward path, the output voltage ṽo produced by the closed-loop
system is given by (13), where L is the loop gain

ṽo =
GvcFm

Gvϕ

1 + Zo/ZL

1 + L
ṽref

−

(
Zo

1 + Zo/ZL
− Hf dFm

1
ns

Gvϕ

1 + Zo/ZL

)

1 + L
ĩo

L = GvcFm Fvns
Gvϕ

1 + Zo/ZL
. (13)

By comparing (13) to (12), it can be seen that the converter’s
closed-loop output impedance ṽo/ − ĩo has been reduced by
an amount proportional to the feed-forward gain Hf d with its
closed-loop stability and dynamic response ṽo/ṽref remain un-
affected. It can be further deduced that the closed-loop output
impedance can be ideally reduced to zero if the following con-
dition is satisfied and Hf d = Hf d0 is chosen:

Zo

1 + Zo/ZL
− Hf d0Fm

1
ns

Gvϕ

1 + Zo/ZL
= 0

⇒ Hf d0 =
Zo

GvϕFm
ns =

ns

GiϕFm
. (14)

Fig. 6 shows the plots of the open-loop and closed-loop output
impedance of the converter with and without load-current feed-
forward. It can be seen that both the open-loop and closed-loop
output impedance at 100 Hz are significantly attenuated by feed-
forwarding the load current to the control system, and the degree

Fig. 5. Additional forward path created by load-current feed-forward.

Fig. 6. Open-loop and closed-loop output impedance with and without load-
current feed-forward.

Fig. 7. Additional loop created by output-voltage feedback.

of attenuation improves as the feed-forward gain increases to-
ward Hf d/Hf d0 = 1, in agreement with the theoretical analysis
presented.

C. Output-Voltage Feedback

According to the Mason’s gain formula, the overall gain from
ĩo to ṽo can be reduced if one or more additional loops are
introduced to the control system in such a way that they con-
tribute positively to the denominator Δ. From the basic control
system shown in Fig. 4, one existing negative feedback loop
from ṽo to ṽref can be identified with a feedback gain of nsFv .
Since the existence of nontouching loops cannot be visualized
for the system shown in Fig. 4, all additional loops must con-
stitute negative feedback loops according to (11) so that they
add positively to each other for maximizing the term −

∑
Li

and hence the denominator Δ. For clarity, the idea is illustrated
by the addition of one feedback loop from ṽo to ṽco , as shown
in Fig. 7.
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Fig. 8. Derivation of method for compensating the effect of additional loop Lf b on converter’s dynamic response.

By applying the Mason’s gain formula, the output voltage ṽo

produced by the closed-loop system is given by (15), where L
is the original loop gain and Lf b is the additional loop gain

ṽo =
GvcFm

Gvϕ

1 + Zo/ZL

1 + L + Lf b
ṽref −

Zo

1+Zo /ZL

1 + L + Lf b
ĩo (15)

L = GvcFm Fvns
Gvϕ

1 + Zo/ZL

Lf b = Hf bFm Fvns
Gvϕ

1 + Zo/ZL
.

By comparing (15) to (12), it can be easily seen that the
converter’s closed-loop output impedance ṽo/ − ĩo has been
reduced due to the additional loop. The amount of reduction
depends on the value of the additional loop gain Lf b , and

different selections of the feedback gain Hf b give rise to dif-
ferent closed-loop output-impedance characteristics, as will be
discussed later. However, on the other hand, it can be seen from
(15) that the additional loop not only decreases the closed-loop
output impedance but also affects the converter’s closed-loop
dynamic response ṽo/ṽref compared to the original system (see
Fig. 4). The actual effects depend on the specific form of Hf b

selected for implementing the additional loop.
In order to reduce the sensitivity of the converter’s dynamic

response to the additional loop, it is necessary to introduce some
compensation into the control system. The nature and form
of the compensation can be obtained by analyzing the control
system of the converter. The first step involves converting the
control system shown in Fig. 7 to the equivalent system shown
in Fig. 8(a). In comparison to Fig. 4, it can be seen that the
forward-path gain from ṽco to ṽo is reduced by a factor of
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(1 + Lf b). In order to compensate for this effect, an additional
forward-path gain of (1 + A) should be introduced into the same
path. It is clear that when the condition A = Lf b is satisfied, the
original forward-path gain from ṽco to ṽo as shown in Fig. 4 is
restored, and the compensated system is as shown in Fig. 8(c).
In practice, the additional forward-path gain of (1 + A) can be
realized by the modified system shown in Fig. 8(d). In other
words, the compensated system will have the same loop gain
(= L), and hence the same dynamic response, as the original
system, while its closed-loop output impedance is reduced by
a factor of (1 + Lf b). For the compensated system, the output
voltage ṽo produced by the closed-loop system is given by (16),
where L and Lf b are defined in (15)

ṽo =
GvcFm

Gvϕ

1 + Zo/ZL

1 + L
ṽref −

Zo

(1 + Zo/ZL )(1 + Lf b)
1 + L

ĩo .

(16)
Therefore, for the compensated system with additional loop

Lf b , its closed-loop output impedance is given by (17). By
substituting the definition of loop gain Lf b given by (15) into
(17), remembering that Gvϕ = GiϕZo , (18) is obtained

ṽo

−ĩo
=

Zo

(1 + Zo/ZL )(1 + Lf b)
1 + L

(17)

=

1
1
Zo

+
1

ZL
+ Lf b

(
1 + Zo/ZL

Zo

)

1 + L

ṽo

−ĩo
=

1
1

Zo
+

1
ZL

+ Hf bFm FvnsGiϕ

1 + L
=

1
1
Zo

+
1

ZL
+

1
ZV

1 + L
.

(18)

Equation (18) is of significant interest as it implies that
the introduction of the additional loop Lf b is equivalent to
adding impedance in parallel to the existing converter’s out-
put impedance (Zo and ZL ), and thus diminishing the overall
converter’s output impedance compared to the original system.
We name this the “virtual-impedance technique” for output-
impedance reduction, with the virtual impedance’s value ZV

given by (19). In this equation, the control-to-output-current
transfer function Giϕ is given by (6) and can be approximated
as being constant for a nominal ϕ. The product Fm Fvns is also
constant for a given converter’s design. Thus, the characteristic
of ZV depends only on the specific form of the feedback gain
Hf b selected, and the choice of Hf b conveniently provides a
tool for shaping the converter’s closed-loop output impedance
in a deterministic way. In the following parts, the three basic
modes of Hf b , corresponding to the three fundamental circuit
elements, i.e., resistor, capacitor, and inductor, will be discussed

ZV =
1

Hf bFm FvnsGiϕ
. (19)

Fig. 9. Control system of the converter used in the energy storage branch
implemented with virtual resistor.

1) Virtual Resistor: If the feedback gain Hf b is chosen to be
a pure number X , the resulting ZV will resemble a resistor of
the value given by (20). In other words, a resistor RV is virtually
added in parallel to Zo and ZL

ZV R =
1

XFm FvnsGiϕ
= RV . (20)

In the foregoing discussion, an additional forward-path gain
(1 + A) must be placed between the Gvc -block and the adjacent
summing node for restoring the converter’s dynamic response
after the additional loop Lf b is added, where

A = Lf b =
XFm FvnsGvϕ

1 + Zo/ZL
. (21)

Typically, the condition Zo � ZL , or Zo/ZL � 1, holds,
hence the implementation of the additional forward-path gain
is considerably simplified by making it load-independent, i.e.,
A ≈ XFm FvnsGvϕ . The compensated system with Hf b = X
is shown in Fig. 9, and the Bode plots of the overall con-
verter’s loop gain with/without virtual-resistor implementation
and with/without forward-path-gain compensation are shown in
Fig. 10. The corresponding plots of open-loop and closed-loop
output-impedance are shown in Fig. 11. It is evident from the
gain plots in Fig. 10 that without introducing the additional
forward-path gain (1 + A) the low-frequency loop gain is sig-
nificantly attenuated, which will have negative effects on the
converter’s dynamic response.

It can be seen from Fig. 11 that, in general, the closed-loop
output impedance decreases as the virtual resistance decreases.
However, this mainly affects the low-frequency region only.
In proximity to the frequency of interest (100 Hz), the output
impedance is dominated by Zo and ZL , and is essentially un-
affected by the value of the virtual resistor. This renders the
virtual-resistor approach ineffective in reducing the converter’s
output impedance as seen by the 100-Hz voltage ripple on the
dc bus voltage.

2) Virtual Capacitor: Another option is to choose the feed-
back gain Hf b to be a pure derivative term in the form of sX ,
the resulting ZV will resemble a capacitor of the value given
by (22). In other words, a capacitor CV is virtually added in
parallel to Zo and ZL

ZV C =
1

sXFm FvnsGiϕ
=

1
sCV

(22)

CV = XFm FvnsGiϕ .



CAO et al.: SYSTEMATIC DERIVATION OF A FAMILY OF OUTPUT-IMPEDANCE SHAPING METHODS FOR POWER CONVERTERS 5861

Fig. 10. Bode plots of converter’s loop gain with/without virtual-resistor implementation and with/without forward-path-gain compensation.

f

Fig. 11. Plots of converter’s open-loop and closed-loop output impedance
with/without virtual-resistor implementation and with/without forward-path-
gain compensation.

Fig. 12. Control system of the converter used in the energy storage branch
implemented with virtual capacitor.

Similar to the virtual-resistor case, an additional forward-
path gain (1 + A) must be placed between the Gvc -block and
the adjacent summing node, with X replaced by sX and the
same assumption of Zo/ZL � 1 is made

A = Lf b =
sXFm FvnsGvϕ

1 + Zo/ZL
≈ sXFm FvnsGvϕ . (23)

The compensated system with Hf b = sX is shown inFig. 12,
and the Bode plots of the overall converter’s loop gain
with/without virtual-resistor implementation and with/without

forward-path-gain compensation are shown in Fig. 13. The
corresponding plots of open-loop and closed-loop output-
impedance are shown in Fig. 14.

It can be seen that without introducing the additional forward-
path gain (1 + A) the loop gain’s crossover frequency is reduced
from 200 (for the original system) to about 50 Hz; it is re-
stored to the original value after the additional forward-path
gain is introduced so that the converter’s dynamic response is
not unintentionally sacrificed due to the additional loop Lf b .
From Fig. 14, it is evident that the additional forward-path gain
(1 + A) not only restores the converter’s dynamic response but
also enhances the effect of the additional loop Lf b and further at-
tenuates the closed-loop output impedance of the converter (see
dashed lines). In general, the degree of attenuation increases as
the virtual capacitance increases.

3) Virtual Inductor: Finally, if the feedback gain Hf b is cho-
sen to be a pure integration term of the form X/s, the resulting
ZV will resemble an inductor of the value given by (24). In other
words, an inductor LV is virtually added in parallel to Zo and
ZL

ZV L =
s

XFm FvnsGiϕ
= sLV (24)

LV =
1

XFm FvnsGiϕ
.

Similar to the previous two cases, an additional forward-path
gain (1 + A) must be placed between the Gvc -block and the
adjacent summing node, with X replaced by X/s and the same
assumption of Zo/ZL � 1 is made

A = Lf b =
XFm FvnsGvϕ

s (1 + Zo/ZL )
≈ XFm FvnsGvϕ

s
. (25)

The compensated system with Hf b = X/s is shown in
Fig. 15, and the Bode plots of the overall converter’s loop gain
with/without virtual-resistor implementation and with/without
forward-path-gain compensation are shown in Fig. 16. The
corresponding plots of open-loop and closed-loop output-
impedance are shown in Fig. 17.

It can be seen that while the loop gain’s crossover frequency
remains essentially unaffected, the loop gain’s behavior below
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Fig. 13. Bode plots of converter’s loop gain with/without virtual-capacitor implementation and with/without forward-path-gain compensation.

Fig. 14. Plots of converter’s open-loop and closed-loop output impedance
with/without virtual-capacitor implementation and with/without forward-path-
gain compensation.

Fig. 15. Control system of the converter used in the energy storage branch
implemented with virtual inductor.

the crossover frequency has been completely altered by the pres-
ence of the virtual inductor. The addition of forward-path gain
(1 + A) restores the loop gain to one close to the original system.
As expected, with the addition of virtual inductor in parallel with
Zo and ZL , both open-loop and closed-loop output-impedance
characteristics exhibit resonance peaks due to the resonance
between the output capacitor Co and the virtual inductor LV .
Below the resonant frequency, the converter’s output impedance
is inductive which favors a strongly attenuated low-frequency
output-impedance characteristic.

In summary, load-current feed-forward and output-voltage
feedback constitute two possible routes to converter’s output-
impedance reduction, according to the Mason’s gain formula,
where the former decreases the numerator while the latter in-
creases the denominator. The output-voltage feedback method
involves forming an additional loop and gives rise to three ba-
sic modes of implementation, all of which resemble the par-
alleling of an additional impedance (i.e., virtual impedance)
to the existing physical converter’s output impedance. All of
them are capable of reducing the converter’s closed-loop out-
put impedance but with different degrees of effectiveness. From
the converter’s Bode plots, it is evident that the introduction
of additional forward-path gain is mandatory for compensating
the negative effects that arise naturally from the actions of the
additional loop (Lf b ) on the converter’s dynamic response.

IV. DESIGN AND PRACTICAL IMPLEMENTATION

In this section, the circuit design and practical implemen-
tation of the four basic modes of output-impedance shaping
method derived in the last section are presented. For the two-
input bidirectional DAB dc–dc converter discussed in Section
II, its practical controller’s design based on phase-shift PWM
control is shown in Fig. 18.

Since six gate driving signals are required to operate the con-
verter, two UCC3895 phase-shift PWM controllers are used and
synchronized by referencing to the transformer’s secondary-side
voltage. The fuel cell branch is controlled by a simple PI-based
constant-current regulator which generates the gate driving sig-
nals for the primary-side half-bridge’s MOSFETs (S1 and S2 of
the fuel cell branch) and the shared secondary-side half-bridge’s
MOSFETs (S5 and S6). The energy storage (battery) branch is
in turn controlled by a PI-based voltage regulator cascaded with
the output-impedance shaping circuit which generates the gate
driving signals for the primary-side half-bridge’s MOSFETs
(S3 and S4 of the battery branch). According to the forego-
ing discussions, the additional forward path (for load-current
feed-forward) or feedback loop (for output-voltage feedback) is
added to the control signal vco . As the additional forward-path
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Fig. 16. Bode plots of converter’s loop gain with/without virtual-inductor implementation and with/without forward-path-gain compensation.

Fig. 17. Plots of converter’s open-loop and closed-loop output impedance
with/without virtual-inductor implementation and with/without forward-path-
gain compensation.

Fig. 18. Practical controller’s design for a two-input bidirectional DAB dc–dc
converter system.

gain (1 + A) also acts on the same control signal vco , it can
be easily included as part of the output-impedance shaping cir-
cuit in the present implementation. The control signal emerging
from the output-impedance shaping circuit is the modified con-
trol signal v′

co . The output-impedance shaping circuit can also
be bypassed by short-circuiting vco and v′

co .
The load-current feed-forward approach can be implemented

with a very simple circuit configuration, as it does not affect the
converter’s dynamic response and, therefore, there is no need
to introduce the additional forward-path gain A. Its practical
implementation is shown in Fig. 19(a), where a noninverting
summing amplifier is used to add the sampled load current to the
control signal. The load current is sampled using a Hall sensor
cascaded with a low-pass filter for removing high-frequency
noises.

Fig. 19(b) shows the practical implementation of the virtual-
resistor-based approach. The feedback gain Hf b = X is im-
plemented using a simple inverting amplifier with a gain of
Rr4/Rr3 = X . In practice, in order to avoid saturation of
the inverting amplifier’s output, the value of X , or in other
words the amplifier’s gain Rr4/Rr3 , should be restricted by the
amplifier’s supply voltage. From (26), it can be seen that the re-
quired additional forward-path gain A can be implemented using
an integrator with its components Rr1 and Cr1 determined from
the simple relation Rr1Cr1 = RV Co . The feedback resistor Rr2
is included to avoid saturation of the integrator’s output

A ≈ XFm FvnsGvϕ =
XFm FvnsGiϕ

sCo

=
1

sRV Co
=

1
sRr1Cr1

. (26)

Fig. 19(c) shows the practical implementation of the virtual-
capacitor-based approach. In this case, the feedback gain Hf b =
sX is implemented using a differentiator with a theoretical gain
of sRc1Cc1 = sX . Although the values of Rc1 and Cc1 should
be determined from this theoretical gain, a more practical ver-
sion of the differentiator requires the inclusion of Rc2 and Cc2
for attenuating high-frequency noises. From (22) and (23), the
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Fig. 19. Practical implementation of output-impedance shaping circuit for: (a) load-current feed-forward; (b) virtual resistor; (c) virtual capacitor; and (d) virtual
inductor.

additional forward-path gain A can be rewritten as CV /Co ,
which shows that it can be implemented using a simple invert-
ing amplifier with a gain of CV /Co = Rc4/Rc3 . It can also be
seen from (27) that the virtual capacitance increases proportion-
ally with the feedback gain |Hf b |

A ≈ sXFm FvnsGvϕ =
XFm FvnsGiϕ

Co
=

CV

Co
=

Rc4

Rc3
. (27)

Finally, the virtual-inductor-based approach is implemented
using the circuit shown in Fig. 19(d). The feedback gain
Hf b = X/s is implemented using an integrator with a theo-
retical gain of 1/sRL3CL2 = X/s. The feedback resistor RL4
is included to avoid saturation of the integrator’s output. From
(24) and (25), the additional forward-path gain A can be rewrit-
ten as 1/s2LV Co , and this enables its implementation using
two cascaded integrators of equal gains, as shown in Fig. 19(d),
where RL1CL1 =

√
LV Co . Again, the feedback resistor RL2 is

included to avoid saturation of the integrators’ outputs

A ≈ XFm FvnsGvϕ

s
=

XFm FvnsGiϕ

s2Co

=
1

s2LV Co
=

1
s2 (RL1CL1)

2 . (28)

Fig. 20 shows the Bode plots of the converter’s loop gain and
closed-loop output impedance with ideal and practical imple-
mentation of the various output-impedance shaping methods.
The main difference between the theoretical and practical case
is caused by the use of nonideal integrator or differentiator in the
implementation. For the case of load-current feed-forward, the
deviation from the ideal case at high frequencies is due to the use
of low-pass filter in sampling the load current [see Fig. 19(a)].
At high frequencies, the sampled load current becomes severely
attenuated by the low-pass filter and the feed-forward path is
rendered effectively open circuit.
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Fig. 20. Bode plots of converter’s loop gain and output impedance with ideal and practical implementations of various output-impedance shaping methods:
(a) magnitude; (b) phase; and (c) closed-loop output impedance.

V. EXPERIMENTAL RESULTS

In this section, the performances of the various modes of
output-impedance shaping are evaluated. For this purpose, a
prototype of two-input bidirectional DAB dc–dc converter with
output-impedance shaping capability is constructed with the
specifications listed in Table I. In the experimental system, the
fuel cell unit is emulated using a dc power supply that delivers
a constant current, hence constant power, to the system. To
avoid low-frequency harmonic current being drawn from the
fuel cell branch, its closed-loop bandwidth is designed to be 7
Hz, i.e., < 1/10 of the harmonic frequency at 100 or 120 Hz.
For the energy storage branch, a battery bank made of lead-acid
batteries is used, with four 12-V, 18-Ah batteries connected
in series. The closed-loop bandwidth of the battery branch is
designed to be approximately 190 Hz, which is well below
the frequency (4.8 kHz) of the RHP zeros and poles on the
imaginary axis. The inverter is a conventional one based on
full-bridge topology driven by sinusoidal PWM. Note that a
small output dc-link capacitor (20 μF) is intentionally used to
generate significant voltage ripple on the dc bus voltage so that
its reduction by output-impedance shaping can be more clearly
visualized afterwards.

Before discussing the experimental results, the selection of
parameters for implementing the various modes of output-

impedance shaping methods are explained. It should be empha-
sized that these parameters are not optimized in any way, and, as
it will be shown, they are determined solely for the mode under
consideration. Although there clearly exists the possibility of
combining various modes in one particular implementation, no
effort is made here to study all possible combinations and to
search for the optimum solution or to propose a generalized de-
sign approach (such a solution or design approach may or may
not exist), as this paper aims only to communicate the four basic
modes of output-impedance shaping method that have already
been shown to emerge naturally from the Mason’s gain formula.
In addition, it should be clear that these methods are not appli-
cable to the type of converter discussed in this paper only, and
that they can be adopted in different ways by systems requiring
output-impedance shaping for fulfilling specific practical needs,
which are too many and cannot be fully explored here.

For the load-current feed-forward approach, the ideal choice
is Hf d = Hf d0 , but to account for the component tolerances,
Hf d = 0.9Hf d0 is chosen to ensure that the output impedance
remains always positive. For the virtual-resistor approach, it was
discussed previously that the choice of feedback gain Hf b = X
is limited by the supply voltage (Vcc ) of the inverting amplifier
used for realizing X . With Vref = 4.5 V and Vcc = 12 V, X is
limited to the maximum value of 2.67, and X = 2.5 is chosen
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for the experimental system, which gives RV = 2.6 Ω. For the
virtual-capacitor approach, the virtual capacitance should be
chosen such that CV � Co to ensure that the overall output
impedance of the converter is insensitive to its intrinsic output
impedance Zo = 1/sCo . The choice of CV = 5Co satisfies this
requirement without causing a substantial reduction in vco , thus
a good signal-to-noise ratio is preserved. Finally, for the virtual-
inductor approach, it is required that the resonance between
the converter’s output capacitor Co and the virtual inductor LV

should occur above the desired loop gain’s crossover frequency
for closed-loop stability, considering that it will introduce an
additional 180◦ phase lag to the loop gain. In general, decreasing
the value of LV shifts the resonant peak to higher frequencies.
To achieve a closed-loop bandwidth of about 190 Hz, it is found
that the virtual inductance should be set smaller than 47 μH. The
boundary case of LV = 47 μH is chosen for the experimental
system.

The steady-state waveforms of the converter implemented
with the various modes of output-impedance shaping are shown
in Fig. 21(a)–(e). The case with no output-impedance shaping
(i.e., using PI controller only) is also included for compari-
son. For the four waveforms shown in each figure, if c is the
fuel cell’s output current, ibat is the battery’s output current,
vo(dc) is the dc bus voltage, and vo(inv) is the inverter’s output
voltage. For the dc bus voltage, only the ac-coupled waveform
is shown in order to give a magnified and clear view of the
voltage ripple component. In all cases, no noticeable harmonic
current at the double-line frequency is drawn from the fuel cell
branch due to its very small closed-loop bandwidth, hence the
harmonic current mainly flows from the dc-link capacitor and
the battery branch only. In comparison to the converter using
PI controller only, the implementation of the various modes of
output-impedance shaping has caused different degrees of re-
duction in the converter’s closed-loop output impedance. This
is verified by the reduction in the amplitude of the voltage ripple
on the dc bus voltage. The quantitative changes in the voltage
ripple’s amplitude can be more conveniently visualized from the
FFT spectra of the dc bus voltage waveforms, which are shown in
Fig. 22(a)–(e) for the various modes of output-impedance shap-
ing. In comparison to the case with PI controller only, the voltage
ripple’s amplitude has been reduced by 69.5%, 13.9%, 85.0%,
and 62.8%, respectively, for the load-current feed-forward, vir-
tual resistor, virtual capacitor, and virtual inductor approach. The
measured trend is in agreement with the percentage reduction
in output impedance predicted by theoretical analysis, which
gives 79.3%, 22.6%, 83.2%, and 77.2% for the correspond-
ing approach. These values are obtained by reading the con-
verter’s closed-loop output impedance with PI only (–7.24 dB,
from Fig. 6) and with various output impedance shaping meth-
ods [–20.9, –9.47, –22.78, and –20.12 dB for load-current feed-
forward, virtual resistor, virtual capacitor, and virtual inductor,
respectively, from Fig. 20(c)]. The small increase in the bat-
tery’s output current giving rise to a large reduction in voltage
ripple should not be seen as a contradiction, but the result of
using a small dc-link capacitor that makes its voltage sensitive

Fig. 21. Static converter waveforms with: (a) PI only; (b) PI and load-current
feed-forward; (c) PI and virtual resistor; (d) PI and virtual capacitor; and (e) PI
and virtual inductor.
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Fig. 22. FFT analysis of the dc bus voltage with: (a) PI only; (b) PI and load-
current feed-forward; (c) PI and virtual resistor; (d) PI and virtual capacitor; and
(e) PI and virtual inductor.

Fig. 23. Dynamic converter waveforms with: (a) PI only; (b) PI and load-
current feed-forward; (c) PI and virtual resistor; (d) PI and virtual capacitor; and
(e) PI and virtual inductor.
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to the changes in its stored charge, i.e., ΔV = ΔQ/Co . The ef-
fectiveness of the various modes of output-impedance shaping
in reducing voltage ripple’s amplitude are in agreement with the
closed-loop output impedance associated with them shown in
Fig. 20(c). At 100 Hz, the virtual-capacitor and virtual-resistor
approach results in the smallest and the largest converter’s output
impedance, respectively, while the load-current feed-forward
and virtual-inductor approach perform similarly in this respect.

Finally, the dynamic response of the converter implemented
with the various modes of output-impedance shaping were tested
and the results are shown in Fig. 23(a)–(e). In all cases, the in-
verter’s load was stepped from half-load to full-load. It can be
seen that before the step-load occurred, the average battery’s cur-
rent was negative, indicating that the battery bank was charged
by the fuel cell branch, which delivers a constant power. Af-
ter the step-load occurred, the average battery’s current became
approximately zero as the fuel cell branch’s output power was
balanced by the inverter’s load power. It is also clear from these
waveforms that the ac component of the battery’s output cur-
rent was nearly doubled in amplitude after the inverter’s load
was stepped to full-load, while the voltage ripple’s amplitude
only increased by small increment, which gives a clear indica-
tion that the dc-link capacitor’s impedance is significantly larger
than that of the battery branch at the double-line frequency, as
intended by design. In comparison to the converter using PI
controller only, the use of various modes of output-impedance
shaping did not alter the converter’s dynamic response notice-
ably, in some cases it was even improved, as a result of the si-
multaneous implementation of the additional forward-path-gain
compensation.

VI. CONCLUSION

In conclusion, four basic modes of output-impedance shap-
ing method as can be inferred directly from the Mason’s gain
formula were communicated in this paper. The general idea is to
design additional forward paths or feedback loops in such a way
that they contribute to minimizing and maximizing the numera-
tor and denominator of the Mason’s gain formula, respectively,
in order to minimize the overall converter’s closed-loop output
impedance. This paper has laid down the four basic modes of
such approach, namely, the load-current feed-forward, virtual
resistor, virtual capacitor, and virtual inductor, based on which
more complex impedances can be derived by combining them in
ways that suit the specific needs of particular converter systems
requiring output-impedance shaping, such as those renewable
energy systems involving ripple-sensitive devices such as fuel
cells, photovoltaic cells, and electrochemical storage devices.
Today, these complex output impedances can be readily imple-
mented by using digital controllers. In this paper, an example
system based on multiinput bidirectional DAB dc–dc converter
was constructed for testing their performances in shaping the
energy storage branch’s output impedance. It was shown that
they gave rise to different degrees of output-impedance shap-
ing capabilities. So far no conclusion is made in respect of
which of these modes (or their derivatives or combinations)
or design approach will give the optimum result. Their appli-

cation should be considered in conjunction with the particu-
lar characteristics of the converter systems to be optimized,
such as intrinsic output impedance and existing control system
design.
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