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Abstract—In this paper, an analysis and calculation of the dc-
link current and voltage ripples are presented for a three-phase
inverter with unbalanced load. A comparison of the dc-link av-
erage and root-mean-square (rms) currents between considering
and ignoring high frequency harmonics of the output current is
drawn. It is shown that high frequency harmonic currents have
little effect on the dc-link current, and therefore, they can be ig-
nored. Based on the symmetrical components method, the dc-link
average and harmonic rms currents are derived, and the dc-link
voltage ripple is compared between the balanced and unbalanced
loads. It can be found that the dc-link current and voltage ripples
consist of not only high frequency harmonics but also the double
fundamental frequency harmonic, and the voltage ripple is inde-
pendent of the positive-sequence component and determined by the
negative-sequence component, under the unbalanced load. Exper-
imental results are shown to verify the accuracy of the theoretical
analysis.

Index Terms—DC-link current, double fundamental frequency
harmonic, symmetrical components method, unbalanced load.

I. INTRODUCTION

W ITH the development of industry, the need for a three-
phase inverter to improve power quality is rapidly grow-

ing in many high-power applications, such as uninterruptible
power supply (UPS), motor drive, flexible ac transmission, and
renewable energy generation. In order to control output volt-
ages of the three-phase inverter as a sinusoidal waveform, pulse
width modulation (PWM) is commonly used, even with an un-
balanced load. The PWM technique pushes harmonics into high
frequency range, that is, the switching frequency fc and its mul-
tiples 2fc , 3fc , and so on. As a result, the purely sinusoidal
output voltages are obtained when an output filter is utilized.
Some PWM techniques for the inverter have been proposed to
achieve the sinusoidal output voltages and improve other perfor-
mances [1]–[4]. The double Fourier series analytical method is
commonly used to determine output harmonics generated by the
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PWM process [5]. Meanwhile, the dc-link current of the inverter
includes a dc component and harmonics with the PWM strat-
egy. The dc component comes from the dc source, and however,
most of the harmonics should be attenuated by an input filter,
resulting in few harmonics flowing through the dc source. A dc-
link capacitor and an inductor (including the stray and external
inductor) constitute the input filter to deal with the harmonics of
the dc-link current [6]. Since the dc-link capacitor contributes
substantially to the volume, weight, and cost, an overdesign of
the dc-link capacitor should be avoided. On the other hand, if the
dc-link capacitance is too small, the high dc-link voltage ripple
appears and influences the PWM process. Ultimately, it may
cause the distortion of the output voltages, although the feed-
back control is utilized. Therefore, the analysis of the dc-link
current and voltage ripples is essential for the dc-link capacitor
design [7]–[10].

Some researchers have concentrated on the analysis of the
dc-link current and voltage ripples with the Fourier series and
root-mean-square (rms) calculation for the balanced load [11]–
[18]. In [11], a general expression for the spectrum of the dc-link
current was introduced by using the Fourier series of switch-
ing functions for the single- and three-phase inverter. Holmes
et al. presented a generalized analytical approach, in which the
product of the switching functions and the load currents was
evaluated in the frequency domain based on the convolution
calculation [12]. In [13]–[15], dc-link current harmonics were
analyzed for the single- and three-phase voltage-source inverter
and converter based on the double Fourier series. Although
spectrum results of the Fourier transformation are intuitive, the
calculation of the inverter switching functions is difficult and
requires much computer memory. In [16] and [17], the analysis
and minimization of the harmonic components of the dc-link
current and voltage were presented based on the calculation of
the rms value of the dc-link current and voltage. The calculation
result shows a simple expression for the balanced load, regard-
less of different modulation patterns. However, the formulation
of the dc-link voltage ripple is too complex for the dc-link ca-
pacitor design. In [18], a new PWM strategy was presented to
reduce the dc-link current ripple. Nevertheless, the PWM mod-
ulation method is rarely used in the practical application. In
the aforementioned majority of literatures, the balanced load is
assumed for the dc-link current analytical calculation. In [19],
based on the power balance principle of dc input and ac output
sides, a dc-link current calculating method was proposed under
the unbalanced and nonlinear loads. However, the modulation
pattern is out of consideration, and the dc-link voltage is as-
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Fig. 1. Topology of the three-phase bridge inverter.

sumed constant. Until now, little work has been done for the
dc-link voltage ripple, which is also important for the dc-link
capacitor design.

This paper presents the analysis and calculation of the dc-link
current and voltage ripples for the three-phase inverter with the
unbalanced load. It is found that high frequency harmonics of
the output currents have little effect on the dc-link current, and
therefore, they can be ignored. Applying the symmetrical com-
ponents method, the dc-link average and harmonic rms currents
are derived, and the dc-link voltage ripple is obtained under the
balanced and unbalanced loads. It can be found that the voltage
ripple under the unbalanced load is independent of the positive-
sequence component and determined by the negative-sequence
component. As a result, the dc-link capacitor design can be
simplified.

This paper is organized as follows. In Section II, the sys-
tem configuration and reference signal are introduced. Section
III analyzes the effect of high frequency harmonic currents on
the dc-link current. The dc-link average and harmonic rms cur-
rents are derived in Section IV, followed by the calculation of
the dc-link voltage ripple in Section V. Experimental results
are presented in Section VI. Finally, a conclusion is drawn in
Section VII.

II. SYSTEM CONFIGURATION AND REFERENCE SIGNAL

A. System Configuration

Fig. 1 shows the topology of the three-phase bridge inverter. It
is assumed that the inverter is supplied by a constant ripple-free
dc voltage source Vdc . Q1 ∼ Q6 are IGBT switching devices,
which are controlled by the digital signal processor (DSP) with
isolated gate drivers. Cdc is the dc-link capacitor, and Ldc is
the dc-link inductor from the dc source to Cdc , including the
parasitic inductor. L and C form a second-order output filter to
attenuate high frequency harmonics. A power transformer (T) is
inserted between the output filter (LC) and the load to achieve
the galvanic isolation and provide a grounded neutral terminal
in the Y-connected secondary windings, which can be used to
carry the unbalanced load currents. The primary windings are
usually Δ-connected because the undesirable third-harmonic
currents are trapped inside the Δ-connected windings.

From the standpoint of the dc-link, the inverter bridge, filter,
and load can be equal to the dc-link current idc , which is made
up of the dc current and harmonic components. In this case, the

Fig. 2. Equivalent circuit of dc-link.

Fig. 3. Three-phase reference signals.

equivalent circuit is shown in Fig. 2. Because the impedance of
the dc-link capacitor is infinity for the dc current, the dc current
only flows through the dc-link inductor and absorbs the active
power from the dc source. Moreover, due to the dc-link capaci-
tor, the dc-link voltage is approximately kept constant. Cdc and
Ldc (including the stray and external inductor) constitute the
dc-link filter, which is used to attenuate harmonic components
of the dc-link current.

The status of any switch can be represented by the switching
functions SQ1 , SQ2 , and so on. The switching function is binary:
the switching function is 1 when the switch is turned ON, and
the switching function is 0 when the switch is turned OFF.
Neglecting the dead time, the gating signals of the upper and
lower switches in the same arm are complementary. For a bridge
arm, the dc-link current is equal to the corresponding output
current when the upper switch is turned ON, and the dc-link
current is zero when the upper switch is turned OFF. The dc-link
current idc is the sum of three bridge arm currents. Consequently,
the dc-link current can be expressed as

idc = SQ1ia + SQ3ib + SQ5ic (1)

where SQ1 , SQ3 , and SQ5 are the switching functions of Q1 ,
Q3 , and Q5 , respectively. ia , ib , and ic are the three-phase output
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Fig. 4. Detailed PWM signals over six intervals: (a) Interval A, (b) Interval B, (c) Interval C, (d) Interval D, (e) Interval E, and (f) Interval F.

currents of the inverter bridge. One can note that the ripple of
idc is high because of the frequent jumps between the output
currents and zero.

B. Reference Signal

In the three-phase inverter, the commonly used PWM tech-
nique is sinusoidal pulse width modulation (SPWM), third-
harmonic PWM, and space vector modulation (SVM). The
third-harmonic PWM is that the reference signal consists of
a fundamental component and a third-harmonic component. In
contrast to the sinusoidal and third-harmonic PWM, SVM does
not consider each of the three modulating voltages as a separate
identity. However, in fact, SVM is also similar to the harmonic

injection method. Therefore, the general three-phase reference
signals can be expressed as

⎧
⎪⎨

⎪⎩

vra = MVcm [sin(ωt) + vz ]

vrb = MVcm [sin(ωt − 120o) + vz ]

vrc = MVcm [sin(ωt + 120o) + vz ]

(2)

where ω is the fundamental angular frequency of the output
voltages, Vcm is the magnitude of the reference signals, M is the
modulation index, and vz is the signal, which is injected into
the three reference signals. The injected signals are defined as
follows.

1) For SPWM, vz = 0.



5404 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 30, NO. 10, OCTOBER 2015

2) For the third-harmonic PWM, vz can be written as

vz =
1
6

sin 3ωt. (3)

3) For SVM, the injected signal is

vz = −1
2
(vmax + vmin) (4)

where vmax = max[sinωt, sin(ωt−120◦), sin(ωt + 120◦)],
vmin = min[sinωt, sin(ωt−120◦), sin(ωt + 120◦)].

Comparing the bidirectional carrier signal vcr with the three
reference signals vra , vrb , and vrc shown in Fig. 3 produces the
gating signals of Q1−Q6 .

From Fig. 3, it can be seen that one fundamental period can
be divided into six intervals A–F. Fig. 4 shows the six detailed
PWM waveforms over one carrier period during the intervals
A–F. Note that when the switching frequency is high enough,
the value of the reference signals during one carrier period can
be assumed constant. Taking the interval A as an example, ac-
cording to the modulation waveforms, T0 , T1 , T2 , and T3 can
be solved as
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

T0 =
TS

4
(1 − M sin ωt − Mvz )

T1 =
TS

4
M [sin ωt − sin(ωt + 120◦)]

T2 =
TS

4
M [sin(ωt + 120◦) − sin(ωt − 120◦)]

T3 =
TS

4
[1 + M sin(ωt − 120◦) + Mvz ].

(5)

III. EFFECT OF HIGH FREQUENCY HARMONIC CURRENTS ON

DC-LINK CURRENT

A. Switching Functions and Output Currents

According to (1), the dc-link current is the product of three
switching functions and three corresponding output currents.
The switching functions are first taken into consideration. It is
widely accepted that harmonics generated by almost any PWM
process can be determined by using the double Fourier series [5].
Here, taking the symmetrical sampled SPWM as an example,
the double Fourier transformation result can be expressed as

sx =
1
2

+
2
π

∞∑

n=1

Jn

(

n
ωo

ωc

π

2
M

)

n
ωo

ωc

sin
(

n

[

1 +
ωo

ωc

]
π

2

)

× cos
(
n
[
ωot + θox − π

2

])

+
∞∑

m=1

∞∑

n=−∞

[
2

[m + nωo/ωc ] π

sin
([

m + n
ωo

ωc
+ n

]
π

2

)

Jn

([

m + n
ωo

ωc

]
π

2
M

)

× cos
(
m
[
ωct −

π

2

]
+ n
[
ωot + θox − π

2

])
]

(6)

where Jn (ξ) denotes a Bessel function of the first kind, with
the order n, argument ξ, and fundamental phase angle θox , x
�{a, b, c}. Fig. 5 shows the nominalized spectrum of Sx , when
the symmetrical sampled SPWM is utilized and the modulation
ratio M is 1. The reference value is that at the fundamental
frequency. Obviously, the amplitudes at the carrier frequency
and its multiples are attenuated significantly when the order
rises. Moreover, baseband harmonics appear near the carrier
frequency and its multiples, and they are attenuated significantly
with the order, too.

The output currents are generated by the output voltages
across the output impedance. Taking the negative terminal of
the dc input as the reference point, the output phase voltages
can be written as

[
va vb vc

]T = Vdc
[
SQ1 SQ3 SQ5

]T
. (7)

The output currents are given by
⎡

⎢
⎣

ia

ib

ic

⎤

⎥
⎦ =

1
3Z

⎡

⎢
⎣

2 −1 −1

−1 2 −1

−1 −1 2

⎤

⎥
⎦

⎡

⎢
⎣

va

vb

vc

⎤

⎥
⎦

=
Vdc

3Z

⎡

⎢
⎣

2 −1 −1

−1 2 −1

−1 −1 2

⎤

⎥
⎦

⎡

⎢
⎣

SQ1

SQ3

SQ5

⎤

⎥
⎦ (8)

where Z is the combined impedance of the LC filter and the
three-phase Y-connected load. Therefore, the output currents
are composed of the load currents and the filter currents. For the
unbalanced load, the calculation matrix of the output currents
can be obtained by the superimposition principle. The definition
of the imbalance is based on the difference between the maxi-
mum phase load and the minimum phase load [20]. Based on
the definition and requirement, the worst case is one/two phases
with full load and other phases with half load. The percentage
of the unbalanced load is 50%.

Assuming the load is linear and the load voltages are sinu-
soidal, because the LC Filter is usually designed to attenuate high
frequency output harmonics. For the fundamental frequency, the
filter inductor voltages produced by the load currents are much
smaller than the output voltages, and thus, the filter inductors
can be omitted to analyze the dc-link current. Therefore, a sim-
plified circuit of the ac side for the inverter is shown in Fig. 6(a),
in which the load is equal to three sinusoidal current sources ila ,
ilb , and ilc .

From Fig. 6(a), it can be seen that the filter currents are gen-
erated by the output voltages through the LC filter. Since the
output voltages consist of the fundamental voltage and high fre-
quency harmonics, the filter currents are made up of the passive
fundamental current and high frequency harmonics. Similar to
the aforementioned analysis, the filter inductor can be omitted
for the passive fundamental current, and thus, the passive fun-
damental current is mainly determined by the filter capacitor. If
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Fig. 5. Nominalized spectrum of Sx when M = 1.

Fig. 6. Simplified circuit of the ac side for three-phase inverter (a) Only
considering load currents (b) Considering output currents.

the load currents and the passive fundamental current are com-
bined, the output currents is divided into three fundamental sinu-
soidal current sources if a , if b , and if c , and three high frequency
harmonic currents iha , ihb , and ihc . As a result, a fur-
ther simplified equivalent circuit shown in Fig. 6(b) is
obtained.

B. Effect of High Frequency Harmonic Currents

To analyze the effect of high frequency harmonic currents on
the dc-link current, a comparison of the dc-link average and rms
currents between considering and ignoring the high frequency
harmonic currents is drawn under the balanced and unbalanced
loads. The average and rms currents are defined, respectively,
as

Idc =
1
2π

∫ 2π

0
idcdωt (9)

Irms =

√

1
2π

∫ 2π

0
i2dcdωt. (10)

From (1), it can be seen that the dc-link current is the product
of three switching functions and three corresponding output cur-
rents. Because the direct mathematic expressions of the average

and rms currents are too complex to find when considering high
frequency harmonic currents, an approximation should be made.
From (6) and (8), it is shown that the switching functions and
the output currents have similar spectral characteristics. Since
both the switching functions and the output currents (or high
frequency harmonic currents) are infinite series, they are ap-
proximated to finite ones to simplify the calculation. Because of
the fast attenuation of multiple carrier frequency and baseband
spectra, both the maximum carrier order and baseband are 20th.

Fig. 7 illustrates the comparison results of the dc-link average
and rms currents as a function of the modulation index between
considering and ignoring high frequency harmonic currents un-
der the balanced and unbalanced loads, when the symmetrical
sampled SPWM is used. The m-file in MATLAB software is
applied to calculate the dc-link current. Inverter specifications
and key parameters are shown in Section VІ. From Fig. 7(a)
and (b), it can be seen that the dc-link average and rms currents
between considering and ignoring high frequency harmonic cur-
rents have little difference, regardless of the load conditions. It
means that high frequency harmonic currents have little influ-
ence on the dc-link average and rms currents, and ignoring high
frequency harmonic currents is feasible to analyze the dc-link
current.

Although the comparison is based on the SPWM modulation,
the same comparison results can be obtained for other modu-
lation patterns and are not shown here. As a result, the effect
of high frequency harmonic currents is ignored in later Sec-
tion, and the output currents are supposed to be sinusoidal when
analyzing the dc-link current.

IV. DC-LINK AVERAGE AND HARMONIC RMS CURRENT

According to the analysis in Section ІІІ, the effect of high fre-
quency harmonic currents on the dc-link current can be ignored.
Assuming that the load is linear, the general three-phase output
currents can be written as

⎧
⎪⎨

⎪⎩

ia = Iamax sin(ωt − ϕa)

ib = Ib max sin(ωt − ϕb − 120◦)

ic = Icmax sin(ωt − ϕc + 120◦)

(11)

where Iamax , Ibmax , and Icmax are the peak values of ia , ib ,
and ic , respectively. ϕa , ϕb , and ϕc are the phase differences
between the phase voltages and currents.

In accordance with the symmetrical components method,
the three-phase output currents can be resolved into three
sets of symmetrical components: positive-sequence, negative-
sequence, and zero-sequence. As a result, the general three-
phase output currents can be separated into three balanced and
uncoupled networks. When the load is balanced, the output
currents have no zero-sequence and negative-sequence compo-
nents. Assuming that Ia , Ib , and Ic are vectors of ia , ib , and ic
and taking phase a as an example, the transformation is defined
as

⎡

⎢
⎣

Ia

Ib

Ic

⎤

⎥
⎦ =

⎡

⎢
⎣

1 1 1

1 a2 a

1 a a2

⎤

⎥
⎦

⎡

⎢
⎣

Ia0

Ia1

Ia2

⎤

⎥
⎦ (12)
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Fig. 7. Comparison results under (a) balanced load, (b) unbalanced load.

where Ia0 , Ia1 , and Ia2 represent the zero, positive, and negative-
sequence components of phase a, respectively. a is the complex
transformation number ej |(2/3)π . The inverse transformation of
(12) is

⎡

⎢
⎣

Ia0

Ia1

Ia2

⎤

⎥
⎦ =

1
3

⎡

⎢
⎣

1 1 1

1 a a2

1 a2 a

⎤

⎥
⎦

⎡

⎢
⎣

Ia

Ib

Ic

⎤

⎥
⎦ . (13)

Note that the aforementioned transformation is based on the
vector, which is not the transient values of ia , ib , and ic . Ac-
cording to the KCL law, the sum of three phase currents is
zero (Ia + Ib + Ic = 0), and therefore, the system has no zero-
sequence component, which means that Ia0 is zero. Therefore,
only the positive- and negative-sequence components exist un-
der the unbalanced load. The peak values and phase angles of
the positive- and negative-sequence components, that is, I+ and
I−, φ and θ, can be calculated based on the vector calculation
(see the appendix). It should be noted that the filter capacitor
currents should be included in the calculation of I+ and I−,
φ and θ. Consequently, the three-phase output currents can be

resolved as
⎧
⎪⎪⎨

⎪⎪⎩

ia = I+ sin(ωt − φ) + I− sin(ωt − θ)

ib = I+ sin(ωt − φ − 120◦) + I− sin(ωt − θ + 120◦)

ic = I+ sin(ωt − φ + 120◦) + I− sin(ωt − θ − 120◦).
(14)

A. DC-Link Average Current

Since the dc-link average current is the integral of the dc-
link current in the whole fundamental period, it is needed to
calculate the average current over each interval. From Fig. 4(a),
the instant dc-link current idc in the interval A can be obtained
as

idc =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 t0 ≤ t ≤ t1

ia t1 ≤ t ≤ t2

ia + ic t2 ≤ t ≤ t3

0 t3 ≤ t ≤ t5

ia + ic t5 ≤ t ≤ t6

ia t6 ≤ t ≤ t7

0 t7 ≤ t ≤ t8 .

(15)
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According to (15), the dc-link average current over one carrier
period in the interval A can be calculated as

IdcA =
1
TS

∫ t8

t0

idcdt =
2T1

TS
ia +

2T2

TS
(ia + ic)

=
3MI+ cos φ

4
− 3MI−

4
cos(2ωt − θ). (16)

Similarly, the dc-link average currents over one carrier period
in other five intervals B–F can be determined as

IdcB = IdcC = IdcD = IdcE = IdcF

=
3MI+ cos φ

4
− 3MI−

4
cos(2ωt − θ). (17)

It is noticed that the equations of the dc-link average currents
over one carrier period in six intervals are the same. However, the
right term of (17) is variable during different intervals because
cos(2ωt–θ) varies with the time t. Obviously, when the load is
balanced, the negative-sequence component I− is zero. Conse-
quently, the term of the second harmonic does not exist, and the
dc-link average current is a constant, which is determined by
the load and modulation index. It means that the dc-link current
only contains of the dc current and high frequency harmonics
around the switching frequency and its multiples. Nevertheless,
when the load is unbalanced, I− is not zero. Therefore, the
dc-link harmonic current consists of not only high frequency
harmonic currents but also the double fundamental frequency
current. The peak value of the double fundamental frequency
current is 3MI−/4.

According to (16) and (17), the dc-link average current over
one fundamental period can be written as

Idc =
3MI+ cos φ

4
. (18)

From the aforementioned equation, it can be seen that the
dc-link average current is in direct proportion to the modulation
index, positive-sequence component, and power factor. Also, the
dc-link average current is independent of the negative-sequence
component. Equation (18) determines the active power sourced
from the dc source. When the inverter has no load, φ is almost
−90° because of the existence of the output filter capacitor C.
As a result, the dc-link average current is zero, and the absorbed
active power from the dc source is zero, when neglecting the
power loss in the inverter. However, high frequency harmonic
currents still exist due to the high frequency switching activity.

B. DC-Link Harmonic RMS Current

To calculate the dc-link harmonic rms current, the mean
square current over one carrier period must be first obtained.
The mean square value of the dc-link current over one carrier
period in the interval can be expressed as

I2
cA =

1
TS

∫ t8

t0

i2dcdt =
2T1

TS
i2a +

2T2

TS
(ia + ic)2 . (19)

Substituting (5) and (14) into (19), the following result is
obtained:

I2
cA=

√
3

2
M [I+sin(ωt − φ) + I− sin(ωt − θ)]2 sin(ωt − 30◦)

+
√

3
2

M
[
I+ sin(ωt − φ − 120◦)

+I− sin(ωt − θ + 120◦)
]2

cos ωt. (20)

According to the aforementioned equation, the mean square
value of the dc-link current over the interval A can be calculated
as

I2
msA =

3
π

∫ π/2

π3
I2
cAdωt =

3
√

3
2π

M

{(
1
2

+
1
3

cos 2φ

)

I2
+

+

(
1
2
− 1

24
cos 2θ −

√
3

24
sin 2θ

)

I2
−

+

[
1
4

cos(θ − φ) −
√

3
4

sin(θ − φ) +
5
12

cos(θ + φ)

−5
√

3
12

sin(θ + φ)

]

I+I−

}

. (21)

Likewise, the mean square values of the dc-link current over
other intervals B–F can be calculated as

I2
msB =

3
√

3
2π

M

{(
1
2

+
1
3

cos 2φ

)

I2
+

+

(
1
2
− 1

24
cos 2θ +

√
3

24
sin 2θ

)

I2
−

+

[
1
4

cos(θ − φ) +
√

3
4

sin(θ − φ) +
5
12

cos(θ + φ)

+
5
√

3
12

sin(θ + φ)

]

I+I−

}

(22)

I2
msC =

3
√

3
2π

MI2
+

(
1
2

+
1
3

cos 2φ

)

+
3
√

3
2π

MI2
−

(
1
2

+
1
12

cos 2θ

)

−3
√

3
2π

MI+I−

[
1
2

cos(θ − φ) +
5
6

cos(θ + φ)
]

(23)

I2
msD =

3
√

3
2π

M

{(
1
2

+
1
3

cos 2φ

)

I2
+

+

(
1
2
− 1

24
cos 2θ −

√
3

24
sin 2θ

)

I2
−
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+

[
1
4

cos(θ − φ) −
√

3
4

sin(θ − φ) +
5
12

cos(θ + φ)

−5
√

3
12

sin(θ + φ)

]

I+I−

}

(24)

I2
msE =

3
√

3
2π

M

{(
1
2

+
1
3

cos 2φ

)

I2
+

+

(
1
2
− 1

24
cos 2θ +

√
3

24
sin 2θ

)

I2
−

+

[
1
4

cos(θ − φ) +
√

3
4

sin(θ − φ) +
5
12

cos(θ + φ)

+
5
√

3
12

sin(θ + φ)

]

I+I−

}

(25)

I2
msF =

3
√

3
2π

MI2
+

(
1
2

+
1
3

cos 2φ

)

+
3
√

3
2π

MI2
−

(
1
2

+
1
12

cos 2θ

)

−3
√

3
2π

MI+I−

[
1
2

cos(θ − φ) +
5
6

cos(θ + φ)
]

.(26)

The dc-link mean square current over one fundamental period
is the sum of the mean square values in six intervals A–F. There-
fore, according to (21)–(26), the dc-link mean square current can
be written as

I2
ms =

3
√

3
2π

M

(
1
2
I2
+ +

1
3
I2
+ cos 2φ +

1
2
I2
−

)

. (27)

Finally, the dc-link harmonics rms current can be calculated
as

Ĩrms =
√

I2
ms − I2

dc

=

√
√
√
√M

[√
3

4π
I2
+ +

(√
3

π
− 9

16
M

)

I2
+ cos2 φ +

3
√

3
4π

I2
−

]

.

(28)

From the aforementioned equation, it can be seen that the
dc-link harmonic rms current is determined by the modulation
index, positive-sequence component, negative-sequence com-
ponent, and power factor. The dc-link capacitor must endure the
dc-link harmonic rms current. The dc-link harmonic rms current
contains the double fundamental frequency harmonic and high
frequency harmonics, and high frequency harmonic currents
can be easily separated from the dc-link harmonic rms current
because the peak value of the double fundamental frequency
current is 3MI−/4.

V. DC-LINK VOLTAGE RIPPLE FOR BALANCED AND

UNBALANCED LOAD

To calculate the dc-link voltage ripple, the capacitor current
iC must be obtained. From the equivalent circuit in Fig. 2, the
capacitor current can be written as

iC = iL − idc . (29)

The currents idc , iC , and iL can be divided into the average
and harmonic components. The average component of iC is
zero because the impedance of the capacitor is infinity for the
dc frequency. As a result, the average component of the dc-link
current, Idc , is equal to the average component of the input cur-
rent, IL . On the other hand, compared to the current ripple of
idc , the current ripple of iL is very small, if the dc-link capacitor
is well designed. Therefore, the dc-link capacitor almost carries
all harmonics of the dc-link current, including the double fun-
damental frequency harmonic. As a result, the dc-link capacitor
voltage is expressed as

vC = vC 0 +
1

Cdc

∫

iC dt = vC 0 +
1

Cdc

∫

(Idc − idc)dt

= vC 0 + ΔVC (30)

where vC 0 is the initial value of vC , and ΔVC is the dc-link
voltage ripple. From Fig. 4, it can be seen that the voltage ripple
appears during four periods: 2T0 , T1 + T2 (t1 to t3), 2T3 (t3 to
t5), and T2 + T1 (t5 to t7) over one carrier period. Due to the
symmetry, the voltage ripples during T1 + T2 and T2 + T1 are
the same.

A. DC-Link Voltage Ripple under Balanced Load

Under the balanced load condition, I− is zero. In this case,
the dc-link average current over one carrier period in each in-
terval is always constant, and the average value of the dc-link
capacitor current over one carrier period is zero. It means that
the initial and final values of the dc-link capacitor over one car-
rier period are the same. Therefore, the dc-link voltage ripple
is determined by the voltage ripple during one carrier period.
Taking the interval A as an example, the voltage ripple during
2T0 can be calculated as

ΔVC 1 =
3MTS I+ cos φ

8Cdc
[1 − M sin ωt − Mvz ] . (31)

The voltage ripples during T1 + T2 or T2 + T1 can be ex-
pressed as

ΔVC 2 = −3MTS I+ cos φ

16Cdc

[
2 − M sinωt

+M sin(ωt − 120◦)
]
. (32)

The voltage ripple during 2T3 is given by

ΔVC 3 =
3MTS I+ cos φ

8Cdc
[1 + M sin(ωt − 120◦) + Mvz ] .

(33)
Because the inverter operation is symmetrical under the bal-

anced load, the results in other five intervals are the same.
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B. DC-Link Voltage Ripple Under Unbalanced Load

Under the unbalanced load condition, I− is not equal to zero.
Because the sum of ia , ib , and ic is zero, the voltage ripple
during 2T0 and 2T3 is the same as (31) and (33), respectively.
The voltage ripples during T1 + T2 or T2 + T1 can be calculated
as

ΔVC 4= −3MTS I+ cos φ

16Cdc
[2 − M sin ωt + M sin(ωt − 120◦)]

+
3MI−TS

8Cdc
cos(2ωt − θ). (34)

According to (31), (33), and (34), the dc-link voltage ripple
over one carrier period is expressed as

ΔVC T =
3MI−TS

4Cdc
cos(2ωt − θ). (35)

Obviously, cos(2ωt–θ) is a double fundamental frequency
sinusoid. Neglecting high-frequency voltage ripple, the dc-link
voltage ripple is at double fundamental frequency, because the
voltage ripple is the integral result over one fundamental period.
In this case, the peak-to-peak value of the voltage ripple appears
during a quarter of one fundamental period. The integral value
of the dc-link voltage ripple during a quarter of one fundamental
period can be obtained as

ΔVC =
∫ T •δ/2π+T /4

T •δ/2π

ΔVC T

TS
dt =

3MI−
8πfCdc

sin(θ − 2δ)

(36)
where δ is the initial integral degree, f is the fundamental fre-
quency, and T is the fundamental period. Because δ can vary
randomly, the peak-to-peak value of the dc-link voltage ripple
is

ΔVC pp =
3MI−
8πfCdc

. (37)

When the unbalanced load exists, the value of (37) is far
more than the values of (31), (33), and (34). It means that high
frequency voltage ripple can be neglected and the double fun-
damental frequency harmonic dominates in the dc-link voltage
ripple. Defining the dc-link voltage ripple as a half of ΔVC pp ,
the dc-link capacitor can be written as

Cdc =
3MI−

16πfΔVC
. (38)

From the aforementioned equation, it can be found that the
dc-link capacitor is in inverse proportion to the dc-link volt-
age ripple. It means that the larger the dc-link capacitance is,
the smaller the dc-link voltage ripple is, and vice versa. There-
fore, a tradeoff must be made between the dc-link voltage ripple
and volume. Moreover, the dc-link voltage capacitor is in direct
proportion to the modulation index. Due to the variability of
the modulation index, the maximum modulation index is used
to design the dc-link capacitor. In general, the dc-link voltage
ripple should be smaller than the 10% dc voltage to ensure
that the output voltages are sinusoidal. Finally, the designed
capacitance should be larger than the calculated one based
on (38).

TABLE I
ELEMENT PARAMETERS

T1 –T6 FF800R12KE3

Ld c 0.5 mH
Cd c 2400 μF/600 V
L 112 μH
C 1200 μF
K 1:1.07

TABLE II
SOME PARAMETERS FOR CALCULATION

Load
conditions

Balanced
load

Phase a with half load Phase a and b with half load

I+ 244.22 A 199.3 A 155.12 A
I− 0 A 46.15 A 46.15 A
cosφ 0.907 0.92614 0.95197

Once again, it should be noted that the dc-link capacitor must
endure the dc-link harmonic rms current, aside from the require-
ment of the dc-link voltage ripple.

VI. EXPERIMENTAL RESULTS

In order to verify the accuracy of the proposed calculating
method, a three-phase bridge inverter prototype has been im-
plemented. The imbalance is defined in Section III, and the
percentage of the unbalanced load is 50%. The inverter is de-
signed to have the rated output voltages and currents of 380 V
and 105 A at 360–520 V dc input (the modulation index is from
1 to 0.69). The three-phase inductive load is connected to the
inverter in the star formation, and the paralleled load resistor and
inductor are 2.62 Ω and 11.1 mH, respectively. The output fre-
quency is 50 Hz, and the switching frequency is 5.4 kHz. K is the
turn ratio of the primary and secondary windings. The TI DSP
TMS320F28335 is used as the controller of the inverter. Based
on the theoretical analysis, the maximum harmonics rms current
and dc-link capacitance are calculated as 110 A and 1326 μF.
Finally, the dc-link capacitor is chosen as 4600 μF/600 V film
capacitors connected in parallel. Some other inverter parameters
are shown in Table I.

In the experimental setup, the dc-link current and voltage are
measured by high bandwidth current probe and high voltage
probe. The data are saved in the oscilloscope and exported to
the computer, because the oscilloscope cannot calculate the har-
monic rms current. Therefore, based on the measured data, the
experimental average and harmonic rms currents are obtained
by using the FFT analysis in the MATLAB software. On the
other hand, the calculation results of the dc-link current and
voltage are obtained according to (18), (28), and (37). Some pa-
rameters for the calculation under the different load conditions,
including I+ , I−, and cosφ, are shown in Table II. It can be
noticed that the negative-sequence peak currents are identical
under the unbalanced load conditions.

Figs. 8–10 compare the experimental and calculated results
of the dc-link average and harmonic rms currents as a function
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Fig. 8. Experimental and calculated comparison results with balanced load.

Fig. 9. Experimental and calculated comparison results when phase a with half load.

Fig. 10. Experimental and calculated comparison results when phases a and b with half load.

of the modulation index with the balanced load, phase a with
the half load, and phases a and b with the half load. It can
be found that a good agreement between the calculated and
experimental results is achieved. Moreover, it is shown that the
dc-link harmonic rms current decreases with the increase of the
modulation index, and however, the dc-link average current is
directly proportional to the modulation index. In addition, it can
also be found that the dc-link harmonic rms and average currents
reduce with the drop of the output power.

Fig. 11 illustrates the experimental result of the dc-link volt-
age ripple at 400-V dc input under the balanced load. It is shown
that the voltage ripple is less than 3 V, as expected in (31)–(33),
when neglecting the voltage spike. The voltage spike appears at
the switching instant due to the parasitic inductance and is out
of scope of this paper. The experimental results at other input
voltages are the same as Fig. 11, and are not shown here.

Fig. 11. Experimental result of the dc-link voltage ripple under the balanced
load.
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Fig. 12. Experimental results of the dc-link voltage ripple under the unbalanced loads (a) Experimental voltage ripple when phase a with half load (b) Experimental
voltage ripple when phase a and b with half load.

TABLE III
EXPERIMENTAL AND CALCULATED RESULTS OF DC-LINK VOLTAGE RIPPLES

Modulation index
(M)

Experimental
voltage ripple
when Phase a
with half load

Experimental
voltage ripple
when Phases a
and b with half

load

Calculated
voltage ripple

1.0 (360V) 20.5 V 22.5 V 23.2 V
0.9 (400V) 18.5 V 20.5 V 20.7 V
0.82 (440V) 17 V 18 V 18.9 V
0.75 (480V) 14.5 V 16 V 17.2 V
0.69 (520V) 13.5 V 15 V 15.9 V

Fig. 12(a) and (b) show the experimental results of the dc-link
voltage ripple at 400-V dc input, when phase a carries the half
load and phases a and b carry the half load, respectively. It can
be seen that the dc-link voltage ripple is at double fundamental
frequency and the peak-to-peak value of the dc-link voltage
ripples are approximately 18.5 and 20.5 V, compared to the
calculated value 20.7 V. In comparison with the voltage ripple
under the balanced load, it is much larger. Moreover, it can be
noticed that the dc-link voltage ripples under both conditions are
almost identical, because both the peak currents of the negative
sequence are 46.15 A. Therefore, for the same dc input, the
dc-link voltage ripples are basically equivalent, as illustrated in
Table III. Other experimental waveforms under the conditions in
Table III are not presented here, since they are similar to Fig. 12.

VII. CONCLUSION

This paper puts forward the analysis and calculation of the dc-
link current and voltage ripples for the three-phase inverter with
the unbalanced load. It is shown that high frequency harmonics
of the output currents can be omitted through the caparison
of the dc-link average and rms currents between the balanced
and unbalanced loads. The dc-link average and harmonic rms
currents are derived, and the dc-link voltage ripple is obtained. It

is found that the current and voltage ripples consist of the double
fundamental frequency harmonic, apart from high frequency
harmonics. Experimental results validate the accuracy of the
theoretical calculation. The calculated result can be used to
guide the dc-link capacitor design.

APPENDIX

Assuming ila , ilb , and ilc are the load currents of phases
a, b, and c, respectively. Therefore, ignoring the magnetizing
currents, the currents of the primary windings are given by

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

iP a = ila/K

iP b = ilb/K

iP c = ilc/K.

(A-1)

The input currents of the transformer can be expressed as
⎧
⎪⎪⎨

⎪⎪⎩

ioa = iP a − iP c

iob = iP b − iP a

ioc = iP c − iP b .

(A-2)

Therefore, the output currents of the inverter bridge can be
written as

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ia = iC a +
ila − ilc

K

ib = iC b +
ilb − ila

K

ic = iC c +
ilc − ilb

K

(A-3)

where iC a , iC b , and iC c are the filter capacitor currents of phases
a, b, and c, respectively.

According to (A.3), three currents Ia , Ib , and Ic can
be obtained. Therefore, the positive- and negative-sequence
components can be correspondingly obtained based on the
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transformation equation (13). As a result, I+ and I−, and φ
and θ can be calculated.
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