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Accurate Steady-State Representation of a Doubly Fed Induction Machine

V. Seshadri Sravan Kumar and D. Thukaram, Senior Member, IEEE

Abstract—This letter presents an accurate steady-state phasor
model for a doubly fed induction machine. The drawback of ex-
isting steady-state phasor model is discussed. In particular, the
inconsistency of existing equivalent model with respect to reactive
power flows when operated at supersynchronous speeds is high-
lighted. Relevant mathematical basis for the proposed model is
presented and its validity is illustrated on a 2-MW doubly fed
induction machine.

Index Terms—DFIG, Doubly fed induction machine, steady-
state equivalent circuit, wind generation.

NOMENCLATURE

vs, 15, s Stator voltage, current, and flux, respectively.

v, iy, ¥,  Rotor voltage, current, and flux, respectively, (re-
ferred onto stator side).

L,s, L, Leakage inductance of stator and rotor (referred
onto stator side), respectively.

L, Mutual inductance.

Ry, R, Stator and rotor resistances, respectively.

Xos, Xy Leakage reactance of stator and rotor (referred onto
stator side), respectively.

o Position of rotor reference axis with respect to sta-
tionary frame of reference.

Os Position of d-axis with respect to stationary frame
of reference.

Wy Synchronous speed.

The prefixes d and ¢ in the subscript indicate the components
along d-axis and g-axis, respectively.

I. INTRODUCTION

OUBLY fed induction machine (DFIM)-based wind en-
D ergy conversion systems [ 1] and [2] constitute major share
of wind generating units installed around the world. Flexibility
in control and ability to operate at relatively wide range of
speeds are a few advantages offered by DFIM-based wind tur-
bine generators. At the heart of such generating unit is the DFIM
controlled using back-to-back converters [3].

Mathematical models to analyze the performance of a DFIM
during stand-alone operation or when interfaced with the grid are
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very well established in the literature [4]—-[6]. Using these mod-
els, the steady- state and dynamic behavior of DFIM when inter-
faced with the grid has been extensively reported in [7]-[12]. In
these models, steady-state equivalent circuit forms the basis for
determining the initial condition to study the dynamic behavior
of DFIM and to analyze its steady-state behavior. In this context,
an accurate steady-state model consistent for all possible modes
of operation is very essential. The existing steady-state model
of DFIM does not accurately represent reactive power flows in
the machine when analyzed for supersynchronous speeds. In
this letter, an accurate steady-state model for DFIM operating
at supersynchronous speeds is proposed.

II. SHORTCOMINGS OF EXISTING EQUIVALENT CIRCUIT

The steady-state equivalent circuit of a DFIM proposed in the
literature (using motor convention) is shown in Fig. 1. Given the
active, reactive power Py, (), and the voltage v; at the stator
terminals, it is possible to compute [4] all the other variables
of DFIM using the equivalent phasor model shown in Fig. 1.
To illustrate the shortcomings of the existing equivalent circuit,
a 2-MW DFIM (data given in Appendix!) is analyzed for its
operation in all four quadrants. To make the inferences clear,
the reactive power requirement at the stator terminals Qs is
presumed to be 0 Mvar (i.e., unity power factor (UPF) mode
of operation). Further, the active power requirement at stator
terminals P, the stator voltage vy, and the operating slip s are
presumed to be £2 MW (P, = +0.95 p.u.), v; = 120 p.u., and
£0.25 (s = £0.25), respectively.

Under this scenario, the active and reactive power require-
ment at the rotor side P,, (), and the net mechanical torque
T,, computed using the existing equivalent circuit for its oper-
ation in all the four quadrants is summarized in Table I. The
corresponding phasor diagrams are illustrated in Fig. 2.

'In this letter, the analysis is carried out using per unit (p.u.) values. The base
values of apparent power and voltage are given in Appendix.
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TABLE I
ANALYSIS OF FOUR-QUADRANT OPERATION OF DFIM USING EXISTING
EQUIVALENT CIRCUIT! (Q = 0, s = £0.25) (ALL VALUES ARE IN P.U.)

Quad Wy P‘s Pr Q/‘ Pm Tm
A wy; < Ws 0.95 —0.22 0.13 0.73 0.94
B Wy > Wy 0.95 0.25 -0.13 1.20 0.94
C Wy > Wy —0.95 —0.22 -0.13 —1.18 —0.96
D w, < Wy —0.95 0.25 0.13 —0.70 —0.96
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Fig. 2. Phasor diagram for four-quadrant operation of DFIM using existing

equivalent circuit. (a) Motor (w; < wg). (b) Motor (w; > wg). (¢) Generator
(wr < ws). (d) Generator (w; > wg).

When the machine is operating at supersynchronous speed
w, > wy, the results (shown in Table I) obtained using existing
equivalent circuit show that the reactive power on the rotor side
is negative (@, < 0), indicating that the DFIM is supplying
reactive power back to the grid from the rotor side. This can
further be verified from phasor diagrams indicated in Fig. 2(b)
and (c) where the rotor current i, is leading the rotor voltage v, .

This is counterintuitive, as the result does not clearly indicate
the source of magnetizing power (reactive in nature). When
the machine is operating in UPF mode, it is expected that the
reactive power required to magnetize the core is drawn from
the rotor side. The results obtained using the existing equivalent
indicate otherwise.

III. ACCURATE EQUIVALENT CIRCUIT OF DFIM

Starting from the dynamic equations of DFIM, a step-by-step
procedure to obtain an accurate steady-state phasor represen-
tation of DFIM is presented in this section. The conventions
employed in deriving the model for DFIM are as follows.

1) The model is derived based on a synchronously rotating

frame of reference dg0 and the g-axis is assumed to be
leading the d-axis by 7 in the direction of rotation.
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2) The machine equations are derived assuming a motor
convention.
Using the above conventions, a mathematical model for DFIM
(under balanced operating conditions) in dq0 reference frame is
given by the set of differential equations

% — wstys + Ryias = vas

% + wsPas + Relgs = ys

aﬁf L (ws — wr)¥qr + Ryiar = var

62: "t (s — w0 )tar + Rpigr = vgp

J% = ([asiqs — Vgsias] — Tm) - 0

The relationship between flux and current in various winding’s
in synchronously rotating frame of reference is given as

Yas = Lsias + Lintay
Vys = Lgtgs + Lyyig,
Yar = Lyigy + L tas
Ygr

where Ly = Ly, + Los and Ly, = Ly, + Loy .

Under steady-state operation (10qs = g5 = Yar = Vgr = 0),
the differential equations transform themselves as algebraic
equations. Further, if the machine is assumed to be balanced
(no zero-sequence components), the equations describing the
behavior of DFIM under steady-state can be written as

= Lriqr + Ly, Z‘qs 2)

Vds = [—Wﬂ/’qs + Ryias)

Vgs = [wstPas + Rigs]

Var = [—swstPgr + Ryiay]

Vgr = [SwsWar + Ryigy] . 3)

To obtain a steady-state equivalent circuit, the equations of
DFIM under steady state in synchronously rotating frame of
reference [dq0 reference frame, given by (3)] must be trans-
formed into the stationary frame of reference of stator. This
can be achieved using the Park’s transformation matrix. Dur-
ing this transformation, attention must be paid in particu-
lar to the phase sequence in the rotor side. In view of this,
we propose an accurate steady-state model for two scenarios
namely (a) subsynchronous mode, and (b) supersynchronous
mode.

A. Equivalent Circuit for Subsynchronous Mode
of Operation

The dg0 components of stator quantities can be obtained
using Park’s transformation matrix T (Js). For instance, the
dq0 components of stator voltage (v; = Vi Z0,) under balanced
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steady-state operation can be computed using
t
['Ud s Ugs Vs ]

cos(fs) cos(fs — &)
_ \F —sin(8,) —sin(B, — )
3

Vim cos(wst + 6y)

cos(5, + %)
—sin(8s + QT”)

\/g

X | Vim cos(wst + 05 — 27") . (€Y
Vim cos(wst + 0, + &)

In (4), Vi, represents the peak value of phase to neutral
voltage applied at stator terminals. Simplification of (4) gives

vgs = Vi cos (wst + 05 — fBy)
Vs = V; sin (wst + 0, — ﬂe) (5)

where V; is the line-to-line rms voltage. Under steady state,
0Bs = wst and consequently, to obtain a relationship between
components of stator voltage in synchronous and stationary
frames of reference, consider

Vi + g = Vi [/ | — . ©)

Analogously, the relationship between components of stator flux
(and current) in synchronous and stationary frames of reference
can be written as

—

ids +jiqs = is
Yas + jtbgs = U )

The dq0O components of rotor quantities can be obtained using
Park’s transformation matrix T, (8s — ;). For instance, the
dq0 components of rotor voltage (v, = V. Z60,) under balanced
steady-state operation can be computed using (8), shown at the
bottom of the page. In (8), V,,, represents the peak value of
phase to neutral voltage applied at rotor terminals. Simplifica-
tion of (8) results in

V. cos ((ws —wy )t + 0, — (Bs — 5))
Vesin ((ws —wr)t+ 60, — (B — 5,)) . €))

where V). is the line-to-line rms voltage. To obtain a relation-
ship between components of rotor voltage in synchronous and
stationary frames of reference, consider

Var =

'Uqr =

Var + jvg = Vi [elj((wéfw,.)tJrQ,.—(65—/6,.)):|

= Vyelfred(@ttfeilentt8) 0 (10)
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Under steady-state operation, 3, = w,t and as a result, (10) can
further be simplified as

(1)

where v, is the phasor representation of rotor voltage referred to
stator side. Using (11), the relationship between rotor flux (and
current) in synchronous and stationary frames of reference can
be written analogously as

Vdr + jvqr = Up

—

idr +jiqr = ir
¢dr +.jwq’r' = w_;

From (2), (7), and (12) , the stator and rotor flux can be expressed
in terms of currents in stationary frame of reference as

(12)

Vs = [Yas + Jys]
= [Lg (ias + Jigs) + L (igr + Jigr)]
Gy = Lyis + Lty = Losis + Lu (i;’ + z’?)
U = [Yar + jty]
= [Ly (iar + Jigr) + L (ias + Jigs)]
b = Lyiy + Lyis = Loyiy + L (z': + ﬁ) . 33)

Using (3), (6), and (7), the steady-state behavior of stator in
stationary frame of reference can be written mathematically as

Uy = (Uds +jvqs)
U_,; = [(_wsqu + Rsids) +.7 (wsl/st + Rsiqs)]
Uy = [Rs (ids + ]qu) + Jjws (wds + jwqa)]

U, = Ryis + jwsths. (14)

Similarly, the mathematical relationship describing the steady-
state behavior of rotor in stationary frame of reference can be
obtained using (3), (11), and (12)

Ur = (Var + jvgr)

Ur = [(=swstgr + Ryiar) + J (swstar + Ryigy)]
U = [Ry (igr + Jigr) + jsws (Yar + 59gr)]

U = Ry + jswiir. (15)
Finally, using (13)-(15), a mathematical model for DFIM in
terms of voltages and currents can be written as

'U_; = RSZZ +jX051; +]Xm (Zz + Z:)

G = Ryl + jsXoriy + jsX (5 +2). (16)

Var cos(Bs — fr) cos(Bs — B, — )

COS(ﬁS - ﬁr + QTW)

Vim cos((ws —w, )t +6,)

Vgr | = \/g - Sin(ﬂs - ﬂr) - Sin(ﬂs - 67> - 2777) - Sin(ﬂs - ﬂr + 2%) Vim COS((ws - Wr) t+0,. — ZJ) (8)

Vor %

D=

3

. 2T
% ‘/I'NL 005((“)5 - wr) t + 97‘ + ?)
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The set of equations given by (16) can be represented by an
equivalent circuit shown in Fig. 1 which is the same as the one
proposed in the literature.

B. Equivalent Circuit for Supersynchronous Mode
of Operation

When the DFIM is operating at supersynchronous speeds, the
phase sequence on the rotor side is reversed, while the phase
sequence on the stator side is in the usual order. Hence, the rela-
tionship between stator quantities in synchronous and stationary
frames of reference is the same as that obtained for subsyn-
chronous mode of operation [given by (6) and (7)]. However,
for the quantities on the rotor side, the effect of phase reversal
needs to be considered. It is to be noted that, under supersyn-
chronous mode of operation, the frequency of voltage applied at
the rotor terminals is w, — w,. In addition, the reference frame
of rotor (spatial position given by [3,) leads the synchronously
rotating frame of reference. Taking these aspects into consid-
eration, the components of rotor voltage in rotating frame of
reference can be computed using (17) as shown at the bottom
of the page. Simplification of (17) results in

Var = V;“ COS((ws *Wr)t“i’er - (/BG 757))
Vgr = —Vpsin ((ws —wy )t + 6, — (85 — 5r)) .

Comparison of (18) with (9) indicates that under supersyn-
chronous mode of operation, the value of g-axis component
is negative of that obtained during subsynchronous mode of op-
eration. Accordingly, the relationship between components of
rotor quantities in dq0 reference frame and stationary frame of
reference is given as

(18)

Vir — Jvgr = V, el ((ws —wr )40, —(8s=6r))

Vdr _jvqr = . (19)

By analogy, the relationship between components of rotor flux
(and current) in synchronous and stationary frames of reference
at supersynchronous speeds can be written as

—

idr - jiq7’ == Z‘r
’(/}dr - j’(/}qr = wr-
During supersynchronous mode of operation, the stator flux

in stationary frame of reference can be expressed in terms of
currents as [using (2), (7), and (20)]

—

ws = [wds +‘7'¢)q9]

(20)
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Fig. 3. Accurate steady-state representation of DFIM operating at supersyn-
chronous speeds.

Similarly, the rotor flux in stationary frame of reference can be
expressed in terms of currents as

wr = [wdr _jwqr]
[L'r' (id'r - jiqr) + Lm (ids - qus)]

Lyl + Lyl = Loyiy + L (5 +7) . @2)

—

'wr:

Since the phase sequence on the stator side in unaltered at su-
persynchronous speeds, the mathematical relationship describ-
ing the relationship between flux and voltage of stator at su-
persynchronous speeds is given by (14). However, for the rotor
circuit, the mathematical relationship is different to that obtained
for subsynchronous mode of operation. For supersynchronous
mode of operation, the mathematical relationship describing the
steady-state behavior of rotor is given as [using (3), (19), and
(22)]

= (vdr - jvqr)
I [(_Swswqr + Rridr) - j (Swswdr + Rriqr>]
U: = [Rr (id'r - jiqr) — JSWws (¢dr - j¢(17‘)]

v = R, _jswsww

[~
=S
I

(23)

Though the relationship between stator voltage and stator
flux is the same for both subsynchronous and supersynchronous
modes of operation, the relationship between stator flux and
currents is different (21). As a result, the mathematical relation-
ship describing the steady-state behavior of stator is different for
the two modes of operation. Using (21)—(23), a mathematical
model for DFIM operating in supersynchronous mode can be
written as

= [Lu (ias + Jigs) + L (iar + Jigy )] 6= Ryil + Xt + X (1040 (242)
G = Lyis + Loin = Lysis + Ly, (f n f) . Q@) G = Reiy — jsXyriy — j5Xom (f + f) . (24b)
Vdr COS(ﬁr - 55) COS(/BI" - 58 - Q‘Tﬂ') COS(ﬁT - /68 + QTW) ‘/rm Cos((wr — ws) t + 87)
2 M : us M s
Vgr | = \/; —sin(f, — fs) —sin(B, — Bs — 2?) —sin(f, — Bs + 2?) Vim cos((wy —wg)t + 0, + 2%) 17)

Vor %

D=

2 Vi cos((wr —ws)t + ,,_.%g)
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TABLE II
SUMMARY OF STATOR AND ROTOR EQUATIONS OF DFIM (BASED ON PROPOSED MODEL)

Mode Stator Rotor
wr < w, G = Ryi 4+ X oo+ X (437 So= B 4 Xy + K (440
Sy = V30iis = V3 (vas + jvgs) (ias + Jigs)”  Se = V30ri, = V3 (var + juge) (iar + Jige)*
P, = Re(v3uhis ) = V3 (Vasias + vgsigs) P, = Re(v3v7i, ) = V3 (Varidr + vgrigr)
Q. = Im(VB0%i. ) = V3 (Vgaids — Vasigs) Qr = Im(V30i i, ) = V3 (vgriar —varig,)
— fad . — . Id Pl ) - . Pl . Padtd Pad
wy > wy Uy = Rsis + jXos15 + 7 X0 (Zs + i ) L= ”T”Lr +iXoriy +jXm <zy- +u)

Ss =

V300 = VB (vas + jvgs) (ias + Jigs)”
P, = Re(\/gigz';*) = V3 (Visias + Vgsiqs)
Qs = Im(V30i, ) = V3 (Vgsias —Vasigs)

Sy = VBuiy = V3 (var —jvgr) (iar — Jigr)®
P, = Re(\/3v; z:*) = V3 (Varidar +vgrigr)
Qr =Im(V3074, ) = —V3 (vgriar —Varigr)

TABLE III
ANALYSIS OF FOUR-QUADRANT OPERATION OF DFIM USING PROPOSED
EQUIVALENT CIRCUIT! (Q, = 0, s = +0.25) (ALL VALUES ARE IN P.U.)

Quad Wy Py P, Qr Py, T

A wy; < Wy 0.95 —0.22 0.13 0.73 0.94
B wr > Wy 0.95 0.25 0.13 1.20 0.94
C Wy > W —0.95 —0.22 0.13 —-1.18 —0.96
D wy; < Wy —0.95 0.25 0.13 —0.70 —0.96

The equations can be rewritten in an alternate manner [by
taking complex conjugate on both sides of (24b)] as

‘U_; = RSZ; + jX051§ +ij (7/2 + Z:*>

— %

Uy

- %ﬁ* X+ i X, (f + z’}) .25
Using the above set of equations, the equivalent steady-state
model for DFIM operating at supersynchronous speeds can be
represented as shown in Fig. 3.

The equations describing the behavior of stator and rotor of
DFIM at both subsynchronous and supersynchronous speeds are
summarized in Table II. In addition, the mathematical relations
to compute the active and reactive power at stator and rotor ter-
minals are also indicated. It can be noted that the mathematical
expressions to compute the reactive power flow in the rotor side
is different for subsynchronous and supersynchronous modes of
operation. In fact, the expressions to compute (), are negative
of each other. If the existing equivalent circuit is used to analyze
the behavior of DFIM, the equations describing the behavior of
rotor and the expression for ), would be the same for both sub-
synchronous and supersynchronous modes of operation which
is not true.

IV. ANALYSIS OF THE PROPOSED EQUIVALENT CIRCUIT

To illustrate the validity of the proposed equivalent circuits
(Fig. 1 for subsynchronous speeds and Fig. 3 for supersyn-
chronous speeds), a 2-MW DFIM is analyzed for its four-
quadrant operation. The results obtained are tabulated in Ta-
ble IIT and the corresponding phasor diagrams are indicated in
Fig. 4. It can be seen that the reactive power required to mag-
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Fig. 4. Phasor diagram for four-quadrant operation of DFIM using proposed
equivalent circuit. (a) Motor (w, < ws). (b) Motor (w, > wg). (¢) Generator
(wy < wyg). (d) Generator (W, > wg).

netize the core (especially when the DFIM is operating in UPF
mode at supersynchronous speeds) is drawn from the rotor side.
This can further be verified from the phasor diagrams presented
in Fig. 4, where v, is leading i during its operation in all the four
quadrants. Further, the phasor diagrams (shown in Fig. 4) indi-
cate that for the same power and voltage at stator terminals, the
current and the flux in the rotor side during supersynchronous
mode of operation are the complex conjugate of their respective
values obtained during subsynchronous mode of operation.

To validate the proposed equivalent circuit further, the reac-
tive power requirement at the rotor terminals for different val-
ues of Qs during supersynchronous mode of operation (both
as a generator and motor) is indicated in Fig. 5. For this
scenario, the active power at the stator side is presumed to
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Fig. 5. Qs versus @, for DFIM operating at supersynchronous speeds (s =

—0.25) for two operating points A (P,,, = 0.86p.u.andv; = 0.954 — 15°p.u.)
and B(P,, = —0.86p.u. and vz = 1.0520°p.u.).
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Fig. 6. Impact of variation of L,, for DFIM operating at supersynchronous

speeds as a generator with Py = —1.8 MW and v; = 1.00Z£0.

be £1.8 MW(~ 0.86 p.u.). The stator voltage is presumed to
be 0.954 — 15° p.u. and 1.05Z0 p.u. during its motoring and
generating modes, respectively. When the DFIM is supplying re-
active power to the grid (Q)s < 0), the necessary reactive power
must be absorbed from the rotor side (@), > 0). It can be verified
from Fig. 5, that the reactive power flow direction (@), > 0 when
Qs < 0) is accurately predicted using the proposed equivalent.

To indicate the effect of machine parameters [13] (varying
due to temperature and saturation effects) on the steady-state
behavior (computed reactive power flow directions using pro-
posed equivalent), the impact of variation in L,, on computed
@, is illustrated in Fig. 6. It can be observed that the impact
of variation of machine parameters on computed reactive power
flow directions is minimal.
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V. CONCLUSION

In this letter, it is shown that the equivalent circuit of DFIM
proposed in the literature is inaccurate for analyzing the steady-
state behavior at supersynchronous speeds. The primary reason
can be attributed to phase sequence reversal in rotor side, which
is not properly accounted in the existing equivalent circuit. An
accurate steady-state representation of DFIM operating at su-
persynchronous speeds considering phase sequence reversal is
proposed and is further validated on a 2-MW DFIM. Analysis
using the proposed model indicates that, for the same power
and voltage at stator terminals, the flux and current in the ro-
tor side during supersynchronous mode of operation are the
complex conjugate of their respective values obtained during
subsynchronous mode of operation.

APPENDIX

A. Parameters of 2-MW DFIM

R, = 26 mQ;, R. = 29 mQ; 50 Hz, p=2,
L,s = 0.087 mH; L,, = 0087 mH; L,,=2.5 mH
Shase = 2.1 MVA; Vi ase = 690 V (line-to-line, rms).
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