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Analysis of Low-Frequency Oscillation in Electric
Railways Based on Small-Signal Modeling

of Vehicle-Grid System in dq Frame
Hui Wang, Wu Mingli, and Juanjuan Sun

Abstract—The line-side converter, which can represent an ac–
dc–ac drive electric vehicle when analyzing the low-frequency os-
cillation in electric railways, is modeled in dq frame with the pro-
posed single-phase dq-decomposition method. With this model, an
underdamped mechanism of the vehicle-grid interaction is con-
firmed. Besides, a low-frequency stability prediction approach is
presented, based on the dominant-pole analysis and verified by the
simulation and the testing result. The proposed modeling method
and prediction approach benefit in three aspects: It is more con-
venient to rebuild the model with a change of either the line-side
converter controller or the system condition, much quicker to pre-
dict the low-frequency instability and more explicit to guide the
modification of the controller software to damp the low-frequency
oscillations.

Index Terms—Dominant pole, dq-frame modeling, electric rail-
way, line-side converter, low-frequency oscillation (LFO).

I. INTRODUCTION

R ECENT years, with more and more ac–dc–ac drive electric
locomotives and EMUs (hereinafter, referred to as electric

rail vehicles) being put into operation, the low-frequency oscil-
lation (LFO) events have occurred worldwide in different kinds
of traction power supply systems. According to the published
literatures known by the authors, the LFO first happened in a
Norwegian railway, where the rotary converters are adopted in
traction substations [1]. Then, this phenomenon occurred suc-
cessively in Germany, USA, Switzerland, France, and China.
Among them, the LFOs in France and China are called as a
“depot problem” because they usually happened when a large
number of vehicles were at standstill in a railway depot or station
with only the auxiliary load powered by the dc-link of traction
converters. The LFOs occurred in China are summarized in Ta-
ble I and [2]–[4]. This paper will mainly focus on this type
of LFO based on the field measurement conducted for CRH5
EMU in Chinese railway. It has been demonstrated that the LFO
may trigger the protection logic of line-side converters (LSCs)
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TABLE I
LFO CASES IN CHINA ELECTRIC RAILWAYS

Case No. Vehicle type Oscillation frequency fl /Hz Occurrence time

1 HXD 1 3–4 2008.01
2 CRH1 5 2010.01
3 CRH5 5 2010.09
4 HXD 2B 5 2011.06
5 HXD 3B 6–7 2011.11

to shut down the vehicle’s traction system and, hence, normally
result in a severe service delay.

In order to understand the LFO, which is in fact a com-
plicated vehicle-grid interaction problem, some dedicated test-
ing, modeling, and simulating works are needed to explore its
mechanism and, then, to propose appropriate damping methods.
Unfortunately, up to now, few studies have been conducted to
explain this phenomenon. A simulation model has been built
to illustrate the impact of the long contact line and the vehicle
number on the LFO [5]. The instability is attributed to a “neg-
ative impedance mechanism” by modeling the rotary converter
substation and the vehicle in the frequency domain [6]. Then,
a detailed instantaneous value modeling is presented to investi-
gate the mechanism of LFO with the eigenvalues analysis [7].
To improve the low-frequency stability, a multivariable control
strategy has been adopted [8]. However, all these studies have
their own limits. First, it is not sufficient to reveal the mechanism
of LFO in an electric railway system with the simulation alone.
Second, the rotary converter, which contributes significantly
to the instability, has not been applied in the “depot problem”
cases. Third, although the eigenvalue analysis can determine the
risk of low-frequency instability, it will take a long time to re-
build the entire system differential equations even only a single
LSC controller parameter changes. Finally, without an unam-
biguous understanding of the LFO mechanism, the damping
control strategy is hard to be widely applied to different types of
vehicles.

In order to reveal the vehicle-grid interaction in a more sys-
tematic way, it is necessary to build an analytical vehicle (rep-
resented by LSCs) model. A small-signal frequency-domain
modeling method has been considered for linearizing the LSC,
since the power electronic devices are nonlinear due to the
switches and the controllers, and needed to be linearized around
the steady-state operation point [9]. It has already been widely
used to solve the source-load interaction problems in other
power electronic applications, first for the interconnected dc–dc
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converters [10], [11], then for the three-phase ac system with the
dq transformation, which can transform an ac operation point
to a dc one [12]–[15]. The small-signal modeling of power
electronic devices and the impedance-based system stability
analysis have the essence of dividing the interconnected sys-
tem to a source subsystem and a load subsystem so that the
rebuilt of the whole system model can be avoided when there
are some changes in one load or the number of them [16], [17].
So this modeling method is a useful guidance when analyzing
the vehicle-grid interaction.

However, for a single-phase ac system, the modeling difficulty
is how to linearize the power converter operating in a periodic
sinusoidal trajectory. To solve this problem, various methods
have been resorted in the literatures, such as the reduced-order
method for the single-phase PFC and the grid-connected invert-
ers [18], [19], the phasor method for the distributed generation
resources [20], the harmonic linearization method for the line-
frequency rectifier [21], [22], and the harmonic-domain matrix
method for the EMU LSC [23]. These methods either focus
on the high-frequency performance of the system or target on
the power converters whose structure and controller strategy are
quite different from the LSC of an electric rail vehicle, so that
they cannot be directly applied in the LFO problem.

The dq-frame control is adopted for the LSCs of CRH5 EMU.
Considering the important influence of a converter controller on
its dynamic performance, it is reasonable to model the repre-
sentative LSC in dq synchronous coordination. The dq-frame
model of an EMU LSC has first been brought up as a concept
in [24] and, then, its numerical value has been calculated out
through experiments in [25] and [26]. However, there is no pa-
per documenting an analytical model of a single-phase LSC in
dq frame since it will bring noticeable error due to the nonex-
istence of the β-axis signal as in the three-phase system and,
hence, be infeasible in a wide frequency range. In fact, because
the small-signal variations of the voltage and current occur in
a very narrow sideband frequency range around the fundamen-
tal frequency in the LFO, this error can be modeled as a linear
function and, then, an analytical small-signal frequency-domain
model of LSC could still be built in dq frame.

The rest of this paper is organized as follows. In Section II,
the fundamental theory for a single-phase ac system modeling
that focuses on the LFO problem is introduced by the analysis
of the measured data obtained from an “oscillating” vehicle. In
Section III, the LSC is modeled as an admittance matrix includ-
ing its main circuit and controller. Then, this analytic model is
verified by comparison with time-domain simulation results. In
Section IV, the resultant vehicle-grid system model is derived
out. In Section V, the mechanism of LFO is obtained by ana-
lyzing the dominant poles of the vehicle-grid system and some
factors that can affect the LFO are discussed. Finally, Section VI
concludes this paper.

II. FUNDAMENTAL THEORY

A. Unsymmetrical Sideband Harmonics in LFO

According to the observation of continuous records of the line
voltage and vehicle current waveforms during the LFOs, it is

found that the oscillation may finally develop into three possible
states: Decaying to disappear, maintaining stable, and enlarging
till to trigger the LSC protection and, then, disappearing.

In the practical LFO cases, when the vehicle-grid system
is in the stable oscillation state, the line voltage and vehicle
current can be decomposed into three main components (the
high-frequency harmonic components are not included here due
to their negligible influence on the LFO)

x(t) = X0 cos(2πf0t + δ0)

+X+ cos [2πf+ t + δ+]

+X− cos [2πf−t + δ−]

f+ = f0 + fl , f− = f0 − fl (1)

where x represents the line voltage or the vehicle current. X0
and δ0 are the amplitude and initial phase of the fundamental
frequency component, and similarly X+ , X−, δ+ , δ− are those
of sideband harmonics. f0 and fl are the fundamental frequency
and the oscillation frequency, respectively. The reported range
of fl is 10–30% of the fundamental frequency in [6]. However,
in the “depot problems” of Chinese railway, its scope is found
to be 6–14% of the fundamental frequency (i.e., 3 to 7 Hz as
shown in Table I). It should be noted that there actually does not
exist an fl component in the oscillating signals. The oscillating
waveform can be more appropriately described as an unsym-
metrical amplitude modulation since X+ and X− are normally
unequal. As an example, Fig. 1 gives the measured oscillating
line voltage and vehicle current waveforms and corresponding
harmonic spectra in a LFO event caused by CRH5 .

B. Dq Decomposition of Single-Phase AC Signal

By proper trigonometric calculations, (1) can be rewritten as

x(t) = [xd0 + Xd cos(ωlt + θd)] cos(ω0t)

− [xq0 + Xq cos(ωlt + θq )] sin(ω0t) (2)

where

ω0 = 2πf0 t, ωl = 2πflt

xd0 = X0 cos(δ0), xq0 = X0 sin(δ0)

Xd =
√

[X+ cos(δ+) + X− cos(δ−)]2 + [X+ sin(δ+) − X− sin(δ−)]2

θd = arctan
[

X+ sin(δ+) − X− sin(δ−)
X+ cos(δ+) + X− cos(δ−)

]

Xq =
√

[X− cos(δ−) − X+ cos(δ+)]2 + [X+ sin(δ+) + X− sin(δ−)]2

θq = arctan
[

X− cos(δ−) − X+ cos(δ+)
X+ sin(δ+) + X− sin(δ−)

]
(3)

By carefully observing (2), it can be found that the signal x
conforms, in fact, to the definition of the inverse Park transfor-
mation, which transforms a variable from the dq-rotating frame
to the αβ-stationary frame for a three-phase system. Referring
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Fig. 1. (a) Measured oscillating waveforms. (b) Harmonic spectra of measured
oscillating waveforms.

to this concept, the dq-frame expression of x can be defined as

xd = xd0 + Xd cos(ωlt + θd) = xd0 + Δxd

xq = xq0 + Xq cos(ωlt + θq ) = xq0 + Δxq
(4)

where xd0 , xq0 can be considered as the d-axis and q-axis steady-
state values and Δxd , Δxq are the small-signal variations. It has
been shown in (4) that the fundamental frequency component
has been transformed into a dc component in dq frame and
the f+/f− sideband harmonics have been transformed into a
sinusoidal variation at frequency fl in dq frame. As this dq
frame has the constant rotating frequency f0 , it is defined as the
grid dq frame for the purpose to distinguish from another dq
frame that will be mentioned in the following analysis.

C. Small-Signal Analysis of Vehicle-Grid System

An LSC shows an admittance characteristic since its voltage
disturbance can be treated as input and its current variation
as output. As a result, with two inputs and two outputs, the

Fig. 2. Small-signal vehicle-grid system.

small-signal model of an LSC in dq frame can be described by
an input admittance matrix

Y =
Δi

Δe
, Δi = [Δid Δiq ]T , Δe = [Δed Δeq ]T (5)

where the bold and italic letter in lowercase denotes a vector
variable in the grid dq frame. To verify the linearity of Y, a time-
domain simulation of LSC has been conducted in advance using
MATLAB/Simulink. Then, the numeric values of Y at different
frequencies can be obtained through a low-frequency sweep
experiment, which will be introduced in Section III. Therefore,
the elements of Y can be calculated as follows:

Ydd(jωl) =
|Δid(jωl)|
|Δed(jωl)|

∠ [∠Δid(jωl) − ∠Δed(jωl)]

Yqq (jωl) =
|Δiq (jωl)|
|Δeq (jωl)|

∠ [∠Δiq (jωl) − ∠Δeq (jωl)]

Ydq (jωl) =
|Δid(jωl)|
|Δeq (jωl)|

∠ [∠Δid(jωl) − ∠Δeq (jωl)]

Yqd(jωl) =
|Δiq (jωl)|
|Δed(jωl)|

∠ [∠Δiq (jωl) − ∠Δed(jωl)]

(6)

The calculation result indicates that the values of Y at a certain
frequency keep unchanged regardless how the input voltage
disturbance changes. This, in fact, guarantees the feasibility of
the linear small-signal analysis.

As for the traction power feeding grid, it can be modeled
as a Thevenin equivalent circuit due to the narrow interesting
frequency range (f− to f+ in stationary frame), and is therefore
linear [7], [27]. Then the small-signal vehicle-grid system in dq
frame can be depicted as Fig. 2. In Fig. 2, es0 , e0 , and isum0
denotes the steady-state vectors of the source voltage, point of
common coupling (PCC) voltage (i.e., line voltage), and the sum
current of m vehicles in the grid dq frame. Δe and Δisum are the
small-signal vectors of PCC voltage and the sum current of m
vehicles in the grid dq frame. Y sum is the total input admittance
matrix of m vehicles and Zs is the grid impedance matrix. They
will be derived in Sections III and IV, respectively.

III. MODEL OF CRH5 LSC

The available information on the main circuit and the con-
troller of the LSC of the CRH5 EMU is relatively complete.
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Fig. 3. Structure of CRH5 EMU.

Some controller modules, which are not introduced in detail
in the manufacturer documents, refer to [7]. The controller pa-
rameters are reasonably set according to the controller tuning
principle [28]. With these knowledge, the CRH5 LSC can be
divided into several parts according to its main circuit and con-
troller structure and each part can be linearized and modeled in
the grid dq frame. Then, the small-signal dq-frame model of a
CRH5 LSC will be obtained by connecting the models of these
parts together.

A. Main Circuit and Controller

The CRH5 EMU consists of five motive units with the same
structure. Among them, three units are powered by one traction
transformer and two by the other as shown in Fig. 3. Each unit
has two LSCs sharing one common dc-link that supplies two
three-phase traction inverters and one auxiliary converter. Each
traction inverter powers one induction motor. The equal power-
sharing strategy control is adopted for these two LSCs in one
motive unit, which means their ac input currents are same [29].
Therefore, two paralleled LSCs can be modeled separately since
their circuits and controllers are identical. With this assumption,
one CRH5 will consist of ten LSCs (i.e., iv = 10i). Because the
LFO usually happened in the light-load condition when only
auxiliary converters were working [2]–[4], [27], the load of the
dc-link is simplified as a constant dc current to represent the
auxiliary power consumption.

The LSC controller of CRH5 EMU is designed in dq frame.
The controller structure includes an ac voltage synchroniza-
tion system (VSS) and an ac current synchronization system
(CSS), an ac current controller (ACC), and a dc voltage con-
troller (DVC). The main circuit and controller of the LSC are
described in Fig. 4. In Fig. 4, eα is the voltage from the pan-
tograph to the wheel, where the subscript α is added in order
to distinguish from the orthogonal β-axis variable. iα is the
LSC current. vα is the ac-side voltage of the converter bridge.
vdc is the dc-link voltage, while idc is the output current of

Fig. 4. Line-side converter circuit and its controller.

converter bridge. ic is the total current that flows through the
dc-link capacitor C and the paralleled resistance R. Il is the dc
load current. Lin and Rin are the equivalent leakage inductance
and resistance of the traction transformer.

In order to make this study applicable to different types of
vehicles, all the variables and circuit parameters in the follow-
ing analyses are expressed in per unit value and the controller
parameters are also tuned in per unit system. The subscript p.u.
will be omitted for convenience. These values are all provided
in Appendix.

B. Synchronization System

The function of VSS is to generate the controller syn-
chronous angle θ, which is used for the Park and inverse Park
transformation in controller modules, and to transform eα to
ec = [ec

d ec
q ]

T . The superscript c denotes a variable generated
in the LSC controller and a bold italic letter with superscript
c denotes a controller dq-frame vector variable. The angle θ
equals to θ0 in the steady state and will have a small varia-
tion Δθ = θ − θ0 when the LSC presents a deviation from its
steady state. The CSS utilizes the angle θ directly for the Park
transformation to generate ic = [icd icq ]

T .
The objective of the following analysis is to find the rela-

tionship between Δec , Δic and Δe, Δi when the LSC has a
dynamic behavior around a certain steady-state operation point.

1) Voltage Synchronization System: The VSS shown in Fig. 5
consists of a PLL, a second-order generalized integrator (SOGI),
and a Park transformation module. The SOGI is applied to gen-
erate a β-axis signal and to filter the input [7]. According to
Fig. 5, ec

α and ec
β can be expressed as

ec
α =

KeSOGIω0s

s2 + KeSOGIω0s + ω2
0
eα = He(s)eα (7)

ec
β = He(s)

ω0

s
eα = He(s)eβ (8)

where eβ is defined as a 1/(4f0) delay signal of eα . The signal eβ

also conforms to the definition of the fictional β-axis signal that
is widely used in the traditional dq-decomposition technique of
a single-phase ac signal [30]–[32]. Recall that eα has the form
of (1) in the LFO situation, eα and eβ can then be expressed by
their definition and reorganized as
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Fig. 5. Structure of VSS.

eα = E0 cos(ω0t + δe)

+ E+ cos(ω+ t + δe+) + E− cos(ω−t + δe−) (9)

eβ = E0 sin(ω0t + δe)

+
f0

f+
E+ sin(ω+ t + δe+) +

f0

f−
E− sin(ω−t + δe−)

(10)

To obtain the dq frame vector e with the form of (4), the
Park transformation is applied to the stationary-frame vector
e = [eα eβ ]T , where a bold letter denotes a stationary-frame
vector. Instead of e, the transformation result is e′ in the LFO
state, which can be expressed as

e′ =
[

cos(θ0) sin(θ0)
− sin(θ0) cos(θ0)

]
e = P θ0 e

=
[

ed0
eq0

]

︸ ︷︷ ︸
e0

+
[

Δed

Δeq

]

︸ ︷︷ ︸
Δe

+
[

ederr
eqerr

]

︸ ︷︷ ︸
ee r r

= e + eerr = e0 + Δe′ (11)

In (11), e0 and Δe can be obtained by (4) and P θ0 is the Park
transformation matrix with the synchronous angle θ0 . From
(11) and (12) shown at the bottom of the page, it’s readily to
understand that: 1) If the LSC is in the steady state, there is
neither a variation component Δe nor an error component eerr
when applying the Park transformation on e. 2) If the LSC
is in the LFO state, there will be an error between the Park
transformation result e′ and the grid dq-frame vector e defined
in (4). 3) The error component eerr is nonlinear. In fact, eerr is
the main obstacle when attempting to model a single-phase ac
system in dq frame.

With the knowledge that fl is normally under 15% of the
fundamental frequency, fl/f+ and fl/f− can be approximately
substituted by fl/f0 , which only brings a maximal inaccuracy
of 2.65%. Then eerr can be further reformulated as

[
ederr
eqerr

]
=

⎡
⎢⎢⎣

fl

2f0
Eqcos

(
ωlt + θq −

π

2

)

fl

2f0
Edcos

(
ωlt + θq +

π

2

)

⎤
⎥⎥⎦ (13)

It can be readily discovered that

[
|ederr(jωl)|
|eqerr(jωl)|

]
=

⎡
⎢⎣

∣∣∣ ωl

2ω0

∣∣∣ ·
∣∣∣ dΔeq

dt

∣∣∣
∣∣∣ ωl

2ω0

∣∣∣ · ∣∣ dΔed

dt

∣∣

⎤
⎥⎦ (14)

[
∠ederr(jωl)
∠eqerr(jωl)

]
=

[
−∠ dΔeq

dt

∠ dΔed

dt

]
(15)

through the comparison of (4) with (13). So, in the frequency
domain, eerr can be linearized and the relation between Δe′ and
Δe could be derived as

Δe′ =
[

1 − s
2ω0

s
2ω0

1

]
Δe = TΔe (16)

Hence, the main modeling problem is properly solved by
introducing an adjusting matrix T.

Then, according to Fig. 5, the output of VSS ec can be calcu-
lated as

ec = P θHee (17)

where He is a diagonal matrix with diagonal elements He(s).
As the Park and inverse Park transformation can be applied to
a steady-state component and a small-signal variation indepen-
dently [cf., (11)], ec can also be expressed as

ec = P θHeP
−1
θ0

(e0 + TΔe)

≈ P Δθ (P θ0 HeP
−1
θ0

)(e0 + TΔe)

≈ P ΔθHedq (e0 + TΔe) (18)

where P−1
θ0

is the inverse Park transformation matrix. P Δθ can
be approximately expressed as

P Δθ =
[

1 Δθ
−Δθ 1

]
(19)

as long as Δθ is small enough. P θ0 HeP
−1
θ0

transforms He ,
which is a transfer matrix in stationary frame, to Hedq in the
grid dq frame. Hedq can be obtained by the frequency mapping
technique [33]. However, for the sake of order reduction, it can

[
ederr
eqerr

]
=

[
− fl

f+
E+ sin(ω+ t + δe+) sin(θ0) + fl

f−
E− sin(ω−t + δe−) sin(θ0)

− fl

f+
E+ sin(ω+ t + δe+) cos(θ0) + fl

f−
E− sin(ω−t + δe−) cos(θ0)

]
(12)
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be simplified as

Hedq =
[

Hedq 0
0 Hedq

]

Hedq = 1
(1/Ke S O G I )(1/ω0 +T0 /8)s+1

(20)

without considering the small off-diagonal elements [7]. From
(18)–(20), we can get

Δec
d = HedqΔed + HedqT(1,2)Δeq (21)

Δec
q = −Hedq ed0Δθ + HedqΔeq + HedqT(2,1)Δed (22)

when the initial phase δe0 of the steady-state voltage variable
eα0 is set to 0, which means eq0 is 0. The subscript (m,n)
of letter T denotes the mth row and nth column element of
matrix T.

The dynamic of PLL gives

Δω = sΔθ =
(

Kppll +
Kipll

s

)
Δec

q = FpllΔec
q (23)

So combining (22) and (23), Δθ can be calculated as

Δθ =
FpllHedqT(2,1)

s + ed0FpllHedq︸ ︷︷ ︸
Gd p l l

Δed +
FpllHedq

s + Ed0FpllHedq︸ ︷︷ ︸
Gq p l l

Δeq (24)

From (21), (22), and (24), it follows that

Δec =[
Hedq HedqT(1,2)

HedqT(2,1) − Hedq ed0Gdpll Hedq − Hedq ed0Gqpll

]

︸ ︷︷ ︸
Ge p l l

Δe

(25)

2) Current Synchronization System: The CSS has the same
structure as the VSS, except that the CSS has no PLL. The LSC
current vector ic in the controller dq frame can be expressed as
[cf., (18)]

ic ≈ P ΔθH idq (i0 + TΔi). (26)

Since the SOGI of CSS may use a different parameter KiSOGI ,
the diagonal element of H idq will be [cf.,(20)]

Hidq =
1

(1/KiSOGI)(1/ω0 + T0/8)s + 1
(27)

From (24), (26), and (27), we get

Δic =
[

Hidq HidqT(1,2)
HidqT(2,1) Hidq

]

︸ ︷︷ ︸
HS O G I

Δi

−
[
−iq0HidqGdpll −iq0HidqGqpll

id0HidqGdpll id0HidqGqpll

]

︸ ︷︷ ︸
Gi p l l

Δe (28)

C. AC Current Loop

Applying KVL on the LSC ac loop in Fig. 4, we get

eα = vα + Lin
diα
dt

+ Riniα (29)

Fig. 6. Structure of ac current controller.

The frequency-domain expression of (29) in the grid dq frame
can be obtained by the proposed dq decomposition of the single-
phase ac variables eα , iα , and vα [cf., (4)]

e = v +

⎡
⎢⎣

1
sLin + Rin

0

0
1

sLin + Rin

⎤
⎥⎦
−1

︸ ︷︷ ︸
H−1

R L

i

+
[

0 −ω0Lin
ω0Lin 0

]

︸ ︷︷ ︸
Hω L

i

i.e., i = (H−1
RL + HωL )−1(e − v) (30)

From (30) and Fig. 4, it is obvious that the ACC uses the
output of DVC ic

ref as the reference input and generates the
reference signal vc

ref of v to control the LSC current i. But
unlike Δe to Δec and Δi to Δic , there is no synchronization
system to transform Δv to Δvc

ref . So their relationship should
be calculated by the generating process of vα , which is shown
in Fig. 6.

In Fig. 6, mα is the PWM modulation signal and the
1.5Tcontrol delay is due to the computation delay and the PWM
delay effect [34]. Since vc

ref is divided by vdc inside the con-
troller and then multiplied by vdc in the generation process of
vα , the influence of vdc dynamics on Δvc

ref to Δv will be can-
celled. With the above discussion and according to Fig. 6, vc

ref
is actually transformed to the stationary-frame variable vc

α at
first and, then, delayed by 1.5Tcontrol to obtain vα . As the syn-
chronous angle of the inverse Park transformation in ACC is θ,
vc

α can be calculated as

vc
α = vc

dref cos θ − vc
qref sin θ (31)

vc
α can also be expressed in the grid dq frame with the syn-

chronous angle θ0 as

vc
α = vdref cos θ0 − vqref sin θ0 (32)

Then, from (19), (24), (31), and (32), the corresponding grid
dq-frame expression Δvref = [Δvdref Δvqref ]T of Δvc

α can be
derived as

Δvref = Δvc
ref +

[
−vc

qref0Gdpll −vc
qref0Gqpll

vc
dref0Gdpll vc

dref0Gqpll

]

︸ ︷︷ ︸
Gv p l l

Δe (33)
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Fig. 7. Control block diagram of ac current loop.

As for the delay effect on vc
α , it can be expressed with the

assumption that a small-signal variation only consists of stable
f+ and f− components, as

Δvc
α = V c

+ cos(ω+ t + δc
v+) + V c

− cos(ω−t + δc
v−) (34)

Let Td = 1.5Tcontrol , then

Δvα = V c
+ cos[ω+(t − Td) + δc

v+]

+ V c
− cos[ω−(t − Td) + δc

v−] (35)

Compare the grid dq frame expression of Δvc
α and Δvα

obtained by (2) and (3), we get

Δv =
[

1 ω0Td

−ω0Td 1

]
Δvref = HdelayΔvref

= HdelayΔvc
ref + HdelayGvpll︸ ︷︷ ︸

Hv p l l

Δe (36)

Therefore, the control block diagram of the ac current loop
can be readily obtained. Since the d-axis and q-axis variables are
analyzed together as the vector form in the above discussion, the
dq-frame vector serves as the variable flow in the control block
diagram as shown in Fig. 7. The unmentioned transfer matrices
in Fig. 7 are

I =
[

1 0
0 1

]
(37)

HPI =
[

Kpi + K ii

s 0
0 Kpi + K ii

s

]
(38)

It is obvious that the output Δi of the ac current loop is
affected by its reference Δic

ref and the disturbance Δe. So Δi
can be expressed as

Δi = GiclΔic
ref + GedisΔe (39)

Gicl and Gedis can be calculated from Fig. 7 as

Gicl = {I+ HRLHdelayHPI×[(I − H−1
PI HωL )×HSOGI

+ H−1
PI H

−1
delayHωL ]}−1 × (HRLHdelayHPI) (40)

Fig. 8. Structure of DVC.

Gedis = {I + HRL × [Hdelay (HPI − HωL )HSOGI

+HωL ]}−1 × HRL × [I − Hvpll − HdelayGepll

+ Hdelay (HPI − HωL )Gipll ] (41)

D. DC Voltage Loop

The dc voltage loop is constructed by applying KCL on node
D in Fig. 4. The node equation can be transformed into the
frequency domain as

idc =
sCR + 1

R
vdc + Il (42)

The DVC generates the reference icdref of id , which represents
the active power, as shown in Fig. 8.

The feed-forward signal Il is applied in order to decrease
the effect of large load variations, otherwise Kpv would be
large and cause instability [28]. K is a preset transfer coefficient
of Il to id , which is obtained by the power balance principle.
icdref is reduced to half since it is just the current reference of
one paralleled LSC. The relation between Δid and Δidc can
be obtained by the instantaneous power balance between the
ac side and the dc side of one converter bridge, which can be
expressed as

(vd cos θ0 − vq sin θ0)(id cos θ0 − iq sin θ0) = vdcidc (43)

As CRH5 is in the light-load condition when the LFO hap-
pens, the second-order harmonic component is small and, then,
can be neglected. So (43) can be simplified as

1
2
(vdid + vq iq ) = vdcidc (44)

Equation (44) can be linearized around the steady-state oper-
ation point as

1
2
(vd0Δid + id0Δvd + vq0Δiq + iq0Δvq )

= vdc0Δidc + idc0Δvdc . (45)

The variables id0 , vq0 , iq0 , and idc0 are all of small values
in the light-load condition and will be omitted to reach a more
simple and explicit equation

Δidc =
vd0

2vdc0
Δid = K ′Δid (46)

where K ′ is close to K but has a slight shift due to the change of
LSC steady-state operation point. Then, the dc voltage loop is
readily obtained with the above discussion and shown in Fig. 9.
Because Vdcref and Il are constant, they are not included in
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Fig. 9. Control block diagram of dc voltage loop.

the dc voltage loop. Δi′dc equals to 2Δidc because the dc-link
assembles two paralleled LSCs’ currents.

From Fig. 9, we can find that Δicdref is only affected by Δe
and their relation can be expressed as

Δicdref =
[
G′

edis(1,1) G′
edis(1,2)

]
Δe (47)

where

G′
edis(1,1) =

−1
2

R

sCR + 1
(Kpv +

Kiv
s

)K ′Gedis(1,1)

1 +
1
2

R

sCR + 1

(
Kpv +

Kiv
s

)
K ′Gicl(1,1)

G′
edis(1,2) =

−1
2

R

sCR + 1

(
Kpv +

Kiv
s

)
K ′Gedis(1,2)

1 +
1
2

R

sCR + 1

(
Kpv +

Kiv
s

)
K ′Gicl(1,1)

(48)

Considering that icqref is a preset value and will not change
in the light-load condition (i.e., Δicqref is 0), Δic

ref can be
expressed as

Δic
ref =

[
G′

edis(1,1) G′
edis(1,2)

0 0

]
Δe = G′

edisΔe (49)

E. Input Admittance Matrix and Its Verification

From (39) and (49), the expression of the LSC current vari-
ation Δi caused by the small input voltage disturbance Δe
around a certain operating point can be calculated as

Δi = (GiclG
′
edis + Gedis)Δe =

[
Ydd Ydq

Yqd Yqq

]

︸ ︷︷ ︸
Y

Δe (50)

where Y is the input admittance matrix of one LSC and will
be verified by the previously mentioned low-frequency sweep
experiment.

At the very beginning of the verification experiment, the sim-
ulated LSC will be operating in a steady state with a light-load
current Il and an ideal voltage source es0 added in terminal
AB of Fig. 4. Then, a dq-frame sinusoidal disturbance Δed at a
low-frequency fl will be transformed to a single-phase ac signal
Δeα according to (2) and will be added to es0 . After the LSC
reaches the steady state, Δid and Δiq can be calculated by the
dq decomposition of Δiα , which is measurable. By repeating
the experiment with different frequencies (1–15 Hz) for Δed ,

we can acquire the magnitude and phase responses of Ydd and
Yqd in the concerned frequency range from (6). The same pro-
cedure will be taken with the disturbance signal Δeq to obtain
the magnitude and phase responses of Ydq and Yqq . The simu-
lated and the model-predicted frequency response of the input
admittance matrix are compared in Fig. 10. It is obvious that
the model-predicted values agree with the simulated values well
except for |Ydq | and |Yqd | in relative high frequencies. The in-
conformity of the mutual admittance magnitudes comes from
the simplification processes in (12) and (20), which decrease
the model order and hence the risk of singular matrix. How-
ever, it brings little impact on the following vehicle-grid system
analysis especially in the low-frequency range.

IV. MODEL OF VEHICLE-GRID SYSTEM

Since the traction power feeding grid is considered as a linear
circuit as previously discussed, its small-signal model Zs in grid
dq frame can be easily acquired. Then, the vehicle-grid system
model can be obtained by connecting the m vehicles (LSCs)
subsystem model and the grid subsystem model together after
calculating the steady-state operation point of the entire system.

A. Steady-State Operation Point of Vehicle-Grid System

First, the steady-state PCC voltage should be solved with
the known total load current and no-load source voltage by the
traditional power flow calculation. But in dq frame, it should
be solved by the dq decomposition of (51) that is obtained by
applying KVL on the left part of PCC in Fig. 2

es0 = e0 + Ls
disum0

dt
+ Rsisum0 (51)

As the m vehicles are of the same type and in the same operat-
ing state, the total vehicle current can be calculated as m times of
the single vehicle current. So in (51), isum0 = (10m)i0 = ni0 ,
where n is the number of the equivalent LSCs. In order to make
the grid dq frame and the controller dq frame rotate with the
same initial angle and speed in the steady state, which is a nec-
essary assumption during the modeling, the initial phase of e0 is
forced to be 0 and will serve as the reference for any steady state
of the vehicle-gird system. As a result, the initial phase δes0 of
the constant voltage source es0 will change relatively to the set-
ting reference with different steady states. With the discussion
above, the steady-state operation point can be calculated as

δes0 = arcsin
nω0LsIl/K + nRsi

c
qref

Es0

ed0 = Es0 cos δes0 + nω0Lsi
c
qref − nRsIl/K

(52)

where Es0 denotes the amplitude of es0 .
Second, the steady-state ac-side voltage of the converter

bridge can be obtained by the dq composition of the steady-
state form of (29) and be expressed as

vd0 = ed0 + ω0Linicqref − RinIl/K

vq0 = −ω0LinIl/K − Rinicqref .
(53)
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Fig. 10. Simulated and predicted frequency response of Y.

Fig. 11. Closed-loop structure of vehicle-grid system.

Additionally in the dc side of the converter bridge, the steady-
state dc-link voltage vdc0 is set as Vdcref . The related parameters
and values in (52) and (53) are given in Appendix.

B. Small-Signal Model of Vehicle-Grid System

The small-signal expression of (51) is

Δes = Δe + nLs
dΔi

dt
+ nRsΔi (54)

It can also be decomposed in the grid dq frame as [cf., (30)]

Δes = Δe +
[

sLs + Rs −ω0Ls

ω0Ls sLs + Rs

]

︸ ︷︷ ︸
Zs

nΔi (55)

If we treat the total line current Δisum = nΔi as output and
Δes as input, the vehicle-grid system can be readily built from
(50) and (55) as a closed-loop system as shown in Fig. 11.

The closed-loop transfer matrix can be obtained from
Fig. 11 as

Δisum =
nY

I + nY︸︷︷︸
Y s u m

Zs
Δes = HclΔes (56)

The small-signal model of the vehicle-grid system can then
be derived. Besides, Δx in Fig. 11 represents some predictable
disturbances and will be further explained in the next section.

V. STABILITY ANALYSIS OF VEHICLE-GRID SYSTEM

In order to determine whether the vehicle-grid system in
Fig. 11 is stable, the stability analysis theory of a MIMO system
should be applied.

A. MIMO System Stability Criterion

The zeros and poles of a square transfer matrix G are defined
as the roots of the numerator polynomials z(s) and denominator
polynomials p(s), which are obtained by

z(s)
p(s)

= det(G) (57)

where G is stable if and only if it has no positive poles. Then,
a feedback system depicted in Fig. 12 is stable if the following
conditions are satisfied [35].
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Fig. 12. General MIMO feedback system.

TABLE II
DOMINANT POLES IN DIFFERENT SYSTEM CONDITIONS

(10-KM CONTACT LINE)

No. LSC number
and load
current

Dominant poles
(1/s) ± j(Hz)

Damping factor Simulation result

1 n = 50,
Il = 0.0075

−0.28 ± j5.73 0.050 stable

2 n = 60,
Il = 0.0075

−0.03 ± j5.22 0.006 critically stable

3 n = 60,
Il = 0.015

−0.04 ± j5.22 0.009 stable

4 n = 70,
Il = 0.0075

0.16 ± j4.81 −0.034 unstable

5 n = 70,
Il = 0.11

−0.12 ± j4.87 0.025 stable

1) F is stable.
2) The open-loop transfer matrix Gol = I + GF has no

positive zeros.
3) The closed-loop transfer matrix Hcl = (I + GF )−1G is

analytic (i.e., has no poles) at all positive poles of G.

B. Underdamped Mechanism of LFO in Electric Railway

As for the vehicle-grid system, the feedback transfer matrix
Zs is naturally stable. Additionally, the forward-path transfer
matrix Y sum will also be stable with controller parameters set-
ting in a reasonable range. The only risk that may cause instabil-
ity is the possible positive zeros in the open-loop transfer matrix
Gol = I + Y sumZs . After a carefully observation of the zeros
of Gol , it can be readily found that one special pair of conjugate
zeros, whose damping oscillation frequency just corresponds to
the LFO frequency, are always the nearest to the imaginary axis
and noted as r1 and r2 . Since the zeros of Gol will exist in poles
of Hcl , r1 and r2 can be regarded as the dominant poles of the
vehicle-grid system as defined in a SISO linear system.

To verify the important role of the dominant poles, the system
condition is adjusted till the LFO occurs in a vehicle-grid sim-
ulation. The stable oscillation, which is very similar to Fig. 1,
happens when the system is under No. 2 system condition of
Table II and is shown in Fig. 13. The dominant poles under this
condition are −0.03 ± j5.22, which demonstrate a possible
5.22-Hz oscillation frequency and a small but positive damp-
ing factor 0.006. Therefore, the simulated stable oscillation at
5.03 Hz is well predicted by the dominant poles with an ade-
quate accuracy. This stable oscillation state can also be called
as the critically stable state because the damping factor is close
to 0 and this stable state can be easily damaged by small distur-
bances. Besides, the other two possible system states denoted

Fig. 13. (a) Simulated oscillation waveforms. (b) Harmonic spectrum of sim-
ulated oscillation waveforms.

as stable and unstable are also recorded in Table II, including
their corresponding system conditions and dominant poles.

In the linear control theory, the output of a system can just
have the frequency components that the input source has unless
the system is critical damping at a specific frequency. Although
there does not exist such a low-frequency source in the vehicle-
grid system, a lot of lasting disturbance sources, such as a source
voltage fluctuation Δes and a current disturbance Δx generated
by the change of LSC load current ΔIl or a sudden start-up
of a vehicle, will still act as the excitations and may be able
to induce an oscillation in a seriously underdamped (close to
critical damping as No. 2 in Table II) vehicle-grid system. In the
vehicle-grid simulation, Δes and ΔIl are set to 0, but the jump
voltage generated by PWM will still cause a disturbance in the
LSC current, which can behave as a periodic excitation Δx to
the system as well. In addition, the nonlinearity of LSC and its
controller can also be viewed as other lasting excitations [36].
The LFO can hence maintain with the following two conditions



5328 IEEE TRANSACTIONS ON POWER ELECTRONICS, VOL. 30, NO. 9, SEPTEMBER 2015

being satisfied: lasting excitations and a seriously underdamped
system.

C. Factors That Affect Low-Frequency Stability

Using the underdamped mechanism, one can determine
whether there is a risk of LFO under a specific system condition
before multiple vehicles are planned to be put into service in
an electric railway. Besides, the LFO can be somewhat alle-
viated by modifying the controller parameters since they have
close relations to the vehicles’ low-frequency dynamics. The
dominant-pole plots will be applied here to reveal these laws
in Fig. 14. The first plot is focused on the vehicle-grid system
condition, so the LSC controller parameters keep unchanged as
given in Appendix. In the meanwhile, the latter three plots are
designed to explore the impact of LSC controller parameters on
the system stability, so the No. 2 system condition in Table II is
applied and will not change.

1) Number of Vehicles and Load Current of LSC: It already
can be concluded from Table II that more vehicles and lighter
load will make the system more unstable.

2) Contact Line Distance: The impact of the contact line
distance will be explored under the No. 2 system condition in
Table II. It is readily to conclude from Fig. 14(a) that longer
contact line, which in fact means a larger source impedance,
will more likely cause the instability. Additionally, the potential
oscillation frequency is also changed corresponding to the length
of contact line. The stability of the system can be judged by the
vehicle-grid simulation results and then be noted by different
marks in Fig. 14.

3) SOGI Parameters: It is found that a minor change in SOGI
parameters of the VSS and the CSS could alter the vehicle-grid
system stability, which means that they are the most “sensitive”
controller parameters [37]. It is shown in Fig. 14(b) that the
system will become more stable as KeS O G I and KiS O G I arise
and otherwise takes a risk of low-frequency instability.

4) ACC Parameters: The PI controller parameters in the ACC
can also significantly affect the low-frequency dynamic of the
LSC so that the change of them, especially Kpi , will conse-
quently influence the vehicle-grid system stability. Both the
increase of Kii and the decrease of Kpi will jeopardize the
system low-frequency stability through carefully observation of
Fig. 14(c).

5) DVC Parameters: The impact of the proportional coeffi-
cient Kpv of the DVC PI controller on the vehicle-grid system
stability is as remarkable as the SOGI parameters and ACC pa-
rameter Kpi . While the impact of the integral coefficient Kiv is
not that significant. As shown in Fig. 14(d), decreasing Kpv can
effectively damp the LFO, but adjusting Kiv cannot achieve the
same effect since its value is already very small.

VI. CONCLUSION

The dq-frame components of a single-phase ac signal are de-
fined by analyzing the LFO waveforms. With this definition,
an analytical small-signal frequency-domain model of the LSC
in dq frame has been established for the first time after care-
fully dealing with the main modeling obstacle. The verification

Fig. 14. Dominant-pole plots. (a) Contact-line distance. (b) SOGI Parameters.
(c) ACC parameters. (d) DVC parameters.
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TABLE III
BASE VALUES OF PER UNIT SYSTEM

Sb = 2 MVA Vb = Vd c b = 2503 V
Ib = 1598 A Zb = 1.567 Ω
Id c b = 799 A Zd c b = 3.133 Ω

TABLE IV
LSC CIRCUIT PARAMETERS AND ITS CONTROLLER PARAMETERS

L in = 1.083 R i n = 0.0932
C = 0.1129 R = 4788
Vd c = 1.278 Il = 0.0075
K pp l l = 51 K ip l l = 64.56
K e S O G I = 0.8 K i S O G I = 1
K pi = 0.86 K ii = 7.5
K pv = 0.15 K iv = 0.01
K = 0.7822 Tc o n t r o l = 0.0001

TABLE V
TRACTION POWER SUPPLY SYSTEM PARAMETERS

Es 0 = 1.1 Lc = 0.0009
Ls = 0.0338 Rs = 0.0037

experiment not only proves the validity and accuracy of the pro-
posed model but also provides a way to obtain the numerical
LSC model without knowing its inner control design.

Since the vehicle is represented by multiple LSCs and the grid
is considered as a Thevinen equivalent circuit, the vehicle-grid
system can be modeled as a close-loop transfer matrix, whose
stability can be analyzed by the linear MIMO system theory.
Based on this model, the under-damped mechanism is proposed
to explain the LFO phenomenon through studying the system
dominant poles and finding out the lasting excitations for the
oscillation.

The dominant-pole plot is a convenient and quick tool to pre-
dict the vehicle-grid system stability under the different system
conditions and the LSC controller parameters. So this method
will be suitable for prejudge the LFO and therefore help decide
the train dispatching plan. Besides, when the instability hap-
pens, it can become a useful guidance of how to damp the LFO
problem by modifying the LSC controller parameters.

Although only CRH5 LSC is modeled in this paper, it should
be pointed out that this modeling method can be considered
as a generous method for modeling different types of vehicle
LSCs. The future study will be focused on applying this method
more widely and proposing the countermeasures for damping
the LFO in different vehicle cases.

APPENDIX

The parameters used in this paper will be listed in the fol-
lowing tables. Some specifications are listed: 1) The values in
Table III refer to the rated values in the traction-winding side of
CRH5 traction transformer. 2) The DVC PI controller parame-
ters in Table IV are small since they are just set for LSC start and
standstill operation states. 3) Lc in Table V is the inductance of
contact line per kilometer.
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