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Abstract—This research proposes a procedure that maps a
PMSM torque request onto optimal state (current) references.
Combining the procedure with a dynamic (current) controller
yields a torque controller. The maximum torque per ampere
(MTPA) criterion is used to minimize conduction and switching
losses. This research extends the concept to field-weakening oper-
ation to obtain high efficiency at any machine speed. The resulting
constrained MTPA criterion is formalized as an optimization prob-
lem. Since it is difficult to solve directly, the maximum and intersec-
tion torque subproblems are identified. An algorithm is obtained
that maps a torque onto an optimal state reference, and it is suffi-
ciently efficient for real-time implementation. This method is com-
patible with a variety of state (current) controllers with/without
PWM, SPM and IPM machines with saliency and reverse saliency,
and a variable dc-link voltage. The proposed procedure relies on a
sufficiently accurate torque model that may not be provided using
rated machine parameters. Thus, an approach to compute locally
optimized machine parameters is proposed that takes magnetic
saturation into account. The concept is developed on a software-
in-the-loop platform and evaluated on an experimental test bench.

Index Terms—Drive system, field weakening (FW), internal per-
manent magnet synchronous motor, maximum torque per ampere
(MTPA), optimal control.

I. INTRODUCTION

M synchronous motor drives consist of a PM synchronous

motor, inverter, and control system. They are designed to
apply a reference torque to a drive shaft that can be generated
locally, e.g., by a speed controller, or it can be communicated
via field bus to control a larger system, e.g., a wind turbine or
a traction system. A PMSM produces torque driving a current
(control state) in the stator windings that is controlled by the
terminal voltage (control input). The current vector that gen-
erates a given torque is not unique, and a control system can
achieve secondary control goals besides actuating a torque. A
typical setup uses the maximum torque per ampere (MTPA)
tracking below rated speed [1]-[3]. This minimizes conduction
and switching losses [4], [5], i.e., yields operation at high effi-
ciency and is necessary to achieve the rated torque. To achieve
high-speed operation, field weakening (FW) is used to limit the
terminal voltage such that it does not exceed its rated value [1],
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FW concepts can be classified into feedback and feedforward
methods. Feedback methods use a feedback of the terminal volt-
age [8], [9]. They are widely used but have also potential issues
that need to be addressed during design and implementation:
1) the transition between MTPA and FW operation needs to be
smooth; 2) voltage feedback ensures feasibility at high speed;
this does not necessarily imply operation with low current mag-
nitude (low losses) when the reference torque is small; 3) a volt-
age loop is (typically) an outer loop that needs to be decoupled
in dynamics, i.e., have a slower transient response, than the in-
ner loop due to the cascade structure; 4) a voltage loop can yield
an outer (e.g., speed) controller unstable if it drives the current
vector beyond the MTPV trajectory; here, an increase of the cur-
rent magnitude (along the isoflux trajectories) corresponds to a
decrease of torque; and 5) voltage control tuning is demand-
ing due to the nonlinear equations involved. These points are
inherently avoided using feedforward methods [10], [11] that
act instantaneously (no dynamics involved) on the expense of
relying on the machine model. In fact, this latter approach is
interesting for applications where the machine model is reason-
ably well known (or at least some operation points as shown
later). This is the case for applications where it is worth in-
vestigating the real machine behavior to produce good models,
e.g., in drive systems that are produced in large series (electric
vehicles) or high-power applications (railway traction or wind
power). Also, good models are typically already available if
model-predictive current control [5], [12] is used.

Present feedforward methods are written for surface-mounted
permanent magnet synchronous machines (SPM) [13] or
interior-mounted permanent magnet synchronous machines
(IPM) with Lq < Lg; use approximations to simplify the (non-
linear) equation set [13]-[15]; and/or use iterative methods [11],
[13], [15], [16]. Moreover, no attempt has been made to “invert”
the PMSM torque equation online for torque control; the exist-
ing method computes a reference vector from a ¢g-current [17] or
current magnitude [10], [11]. This research proposes an unified
way to compute optimal state references from a torque refer-
ence at all machine speeds based on the feedforward idea. The
MTPA concept is extended to speeds where field weakening
is required introducing the constrained MTPA criterion. The
problem is written as a constrained optimization problem, that
minimizes the current magnitude taking the system constraints
into account. The constrained MTPA criterion defines the opti-
mal state vector that generates a desired, i.e., reference, torque.
It is a static function that depends on a single operation param-
eter (normalized speed, i.e., is the machine speed divided by
the rated terminal voltage). It results in a parameterized static
function, which maps torque onto optimal states and can be
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TABLE I
NOMENCLATURE
Symbol Description
1 Vector of ones
Al Moore—Penrose pseudoinverse
Il Euclidean norm
o Convolution
0 Boundary of a set
@ and © Minkowski sum and Pontryagin difference [18]
M and U Intersection and union of sets
Rand R, Real and nonnegative real numbers
0 Empty set
igq and Aqq Stator current and flux

Vg Terminal voltage

L and ¢4, Inductance matrix and PM flux

Zand I, Set of feasible currents and rated current

A and 0, Set of feasible fluxes and rated voltage
T,T,,T; Actual, maximum, and intersection torque

X and x, Normalized rated and rated power speed param.
xi and x Normalized intersection and max. speed param.
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Fig. 1. Torque control block diagram: static reference generation procedure
and a dynamic controller.

interpreted as a variable (nonlinear) gain that acts between the
torque and state references as shown in Fig. 1. Combining the
(static) state reference generation procedure with a (dynamic)
current controller yields a (dynamic) torque controller as it is
shown in Fig. 1. The transient behavior (the trajectory of the
state to its reference) and transient constraint satisfaction of the
resulting controller depends only on the current controller and
is not analyzed in this text. Since torque feedback is not prac-
ticable in most applications due to cost and reliability issues,
the resulting torque controller relies on a (optimized) machine
model.

The constrained MTPA optimization problem is a noncon-
vex quadratically constrained quadratic program that is difficult
to solve in general. Thus, it is divided into subproblems. The
maximum torque problem defines whether a reference torque is
feasible or not. The intersection torque problem yields informa-
tion if the optimal operation happens on the MTPA or the isoflux
trajectory. Each of these subproblems can be solved using the
low dimensionality of the problem and system properties. The
solution is obtained analytically intersecting the relevant trajec-
tories [11], [19].

Relying on the machine model is a potential issue [20]—
[22] and needs to be addressed when designing a feedforward
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method. In particular, saturation and cross saturation can be ad-
dressed using lookup tables [11]. However, flux or inductance
planes may not be available for a machine and do prevent the
(nonlinear) equation set from having a closed solution. Thus, a
procedure is proposed to optimize the torque model locally with
respect to important operation points, i.e., the rated operation
point and the demagnetization or maximum speed operation
point.

A variable dc-link voltage is interesting for many applica-
tions to minimize switching losses, i.e., increase efficiency [23],
[24]. Thus, the method is written to be compatible with a (rea-
sonably slow) varying dc link that is, e.g., obtained when the
dc link is connected directly to a battery pack. The reference
generation procedure is evaluated on a software-in-the-loop
(SiL) platform, where the electrical machine is simulated by
MATLAB/Simulink, and an experimental test bench. The algo-
rithm is shown to be sufficiently efficient for online implemen-
tation, and key aspects of the algorithm are evaluated on these
platforms. The nomenclature of this text is outlined in Table 1.

II. ELECTROMAGNETIC MODEL

PMSM are typically described in the dg reference frame to
simplify the treatment [25]. There, the dynamic of a three-phase
neutral-point isolated armature winding is given by the state-
space system [19]

Adq (t) = _W(t)J)‘dq (t) + Udq (t) — Ryiqq (t) (D

where A4, (t) € R? is the stator flux, vy, (t) € R? is the terminal
voltage, and R4, (¢) is the resistive voltage drop. The parame-
ter R, € R is the resistance per phase, and iq4, (t) € R? is the
phase current. The angular velocity w(t) € R is the rotational
velocity of the dq reference frame with respect to the station-
ary o reference frame with respect to the transformation angle
é(t) = w(t), and J is the rotation matrix J = [[0, —1]’, [1,0]']".

This system can be simplified introducing the compensated
voltage

Udq(t) = vaq(t) — Rsiaq(t) 2)
that yields the state-space system
hag(t) = —w() Thaq () + Taq (). )

Changing the system input from v, (¢) to ¥y, (t) means com-
pensating the voltage drop Ryiq,(t) at each time instant with
the terminal voltage v, (t).

The flux-current dependence of a PMSM is a static nonlin-
ear map, where the nonlinearity is introduced by saturation and
cross saturation [26]-[28]. A nonlinear function [ : R? — R?
is necessary to describe this relation in general but it yields a
model, which is difficult to analyze. In most cases, the com-
plexity is not justified since the local system behavior can be
captured with good approximation (see Section VIII) by the
linear function [29]-[31]

Adg (t) = l(idq (t)) ~ Liqgq (t) + Vg (4)
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Fig. 2. Example of a measured nonlinear flux-current characteristic and the

linear approximation using rated parameters. (a) d-axis. (b) g-axis.

that is characterized by the parameters

Ly 0 (0
[}l e
where Lg € R and L, € R are the autoinductance of the
d- and g¢-axis, respectively and v4,, i.e., ¥ € R, is the flux
generated by the PM. An example of the approximation is shown
in Fig. 2.

Electric machines produce torque when currents are driven
in armature winding (stator of a PMSM). There, the current
interacts with the magnetic field, i.e., flux and produces the
electromagnetic torque 7' € R (with exception when the sta-
tor current and flux vector are parallel). The torque equation
is obtained as power balance of the electromechanical energy
conversion neglecting the resistive voltage drop and the angle
dependent variation of the magnetic coenergy [31], [32]

3 .
T= EPZ:MJM(] (6)

where the parameter p € N is the number of pole pairs of the
electrical machine.

III. CONSTRAINTS

An electric machine cannot be operated with arbitrarily large
voltages and currents due to the finite terminal voltage that can
be applied to the machine terminals (and supplied by an inverter)
and thermal constraints. In this section, operation constraints
are highlighted that have to be satisfied (at least) in steady-state
conditions. Time dependences (¢) are omitted for compactness.

The magnitude of the stator current needs to be limited since
a winding is able to transmit only a finite amount of heat, i.e.,
power losses, to the ambient without exceeding its maximum
operating temperature. Similarly, a high current magnitude leads
to excessive thermal cycling of the solid-state valves of the
inverter and their early failure. Thus, we obtain the current
constraint

. def . .
2dq cT = {qu S R2|||qu|| < Ir} (7)
where I, € R is the rated current. The set Z can be projected

. = def
onto the flux space with 7 de LoZ+q4.
A voltage source inverter can provide a terminal voltage with
a finite maximum magnitude. A inverter can apply a voltage
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Fig. 3. Optimal operation; (a) and (b): base mode (constant torque mode);
(c) and (d): field-weakening operation (constant power mode); (e) and (f): field-
weakening operation (reduced power mode).

that lies within a set with hexagonal shape. However, this set
is backward rotating in the dq system. Thus, the largest time-
invariant approximation of the input set is used

def
vag € V' E {vgg € R?|[|vgg|| < v} ®)

where v, € R is the rated voltage. This set depends on the

dc-link voltage v. € R and is defined by v, def v, /\/3 for

a two-level inverter. Throughout this research, it is assumed
that the dc link, i.e., v,, is not necessarily constant and may
vary within certain bounds, e.g., due to voltage variations in the
power grid or in a distributed dc-link system.

Using the compensated terminal voltage (2) as input, it must
be ensured that 74, can be applied to the system. In other words,
the existence of a terminal voltage vg, € V for all ¢4, € 7 is
required. Thus, the compensated terminal voltage has to satisfy
the voltage constraint

Vig €V 6 RI = {Vag € R?||[Dggll < v, — RL}.  (9)

Clearly, some of the available terminal voltage is lost above
all if ||i44|| < I,.. However, this approach is justified for drive
systems where the resistive voltage drop is small compared
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to the rated voltage, i.e., RsI. < v,. The compensated volt-
age approach can be generalized to take model uncertainties
and nonlinear inverter behavior into account (dead times and
forward voltage drop tend to decrease the maximum available
voltage). A safety factor p, € (0, 1) is introduced to define rated
compensated terminal voltage set

v €V {mq € R2[[5 ]| < 7 & puvr} .0
The factor p, can be chosen heuristically such that v, <
v, — R, 1,; typical values are p, = (0.8, 1). For applications,
where generator operation is significant, it is possible to choose
different safety factors (p,+ and p,_) dependent on whether the
mechanical power of the PMSM is positive or negative. Since
pv— (generator operation) can be selected larger (p,— > py+),
both the base speed and the maximum torque above base speed
can be increased in generator operation. Throughout this paper,
a single safety factor is used for simplicity.

In steady-state conditions, i.e., qu = —wJrgy +Vgq =0,
the input constraint maps onto a state constraint. In other
words, a state can be maintained by the system if and only
if wJAqy € V. Since J7! oV =V, the steady-state constraint
becomes whq, € V or

Y
The set A can be projected onto the current space with A def
L'o (A - ’(/qu).

The constraints (7) and (11) also define the high-speed be-
havior of a PMSM. The location of the current and voltage con-
straint with respect to each other defines whether a machine has
an electrically limited maximum speed or not [1]. The center of

A is the so-called demagnetization current .. def [—v/Ld,0].
If i, ¢ Z, the PMSM has a limited maximum speed w,, since
ZNA =0 for |w| — oo. Contrarily, a PMSM with i. € Z has
the maximum speed w,, = oo since there exists a current vector
(i.) that satisfies the system constraints for all w € R. Thus, a

PMSM is subject to the speed constraint

def _
Mig € A= {hgq € R?||w|||haqll < 0.}

Uy 00,

(12)
otherwise.

where Y, is the maximum speed normalized by the voltage v,.
This approach is convenient since the maximum speed w,, =
U, /|0 — LqI,| of a machine varies with ©,.. On the other hand,
whether a machine has a maximum speed or not is independent
of v,. Machines with x,, = oo and x,, < oo are depicted in
Fig. 4.

It can be shown that any state reference, which satisfies the
constraints outlined in this section, can be reached by a con-
troller [19]. However, if a specific controller does converge to a
reference is a current control property that needs to be verified
when designing and implementing the controller.

IV. OPTIMAL OPERATION

An electrical machine is designed to apply an electromag-
netic torque to the drive shaft. However, the current, i.e., flux,
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Fig. 4. Maximum and intersection torque characteristic (Ly < L); (a) and
(b): infinite maximum speed x,, = oo; (c) and (d): finite maximum speed
Xm < 00.

which produces a desired torque 7', is not unique in general
and provides an additional degree of freedom. The available
degree of freedom can be exploited to increase the drive system
efficiency. The drive system efficiency is typically maximized
by minimizing the resistive losses, i.e., the current magnitude
[1], [31, [7], [33]. Thus, the operation is said to be optimal, if a
torque 7' is generated by the current i3, and flux A7 that solve

minimize ll2aq |l (13a)
subject to  ||iqql| < I, (13b)
|wlllAaqll < (13¢)

Aig = Ligq + vqq (13d)

3/2pil), Jray = T (13e)

7| < T, (w, o). (13f)

This constrained optimization problem uses the current mag-
nitude (13a) as an objective function, which should be mini-
mized. The current iq, € Z (13b) and flux A4, € A (13c) con-
straint needs to be considered when solving for the optimal
states. The relation between currents and fluxes is defined by
(13d). The constraint (13e) defines the desired torque 7', which is
a parameter that has to satisfy the (speed-dependent) maximum
torque 7, (w, v, ) constraint (13f).

The problem (13) is nonconvex due to the nonlinear equality
constraint (13e). Thus, it is NP hard to solve in general [34]
and can be infeasible dependent on the parameters. Thus, it is
advantageous to break (13) down into subproblems that can be
solved exploiting the low dimensionality and system properties.

In the next sections, an approach is proposed that computes a
solution using the characteristic trajectories and loci of PMSM,
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in particular: the MTPA trajectory [3]; the maximum torque per
volt (MTPV) trajectory [7]; the isoflux locus OA (boundary of
A); and the isocurrent locus 9Z (boundary of 7). Examples of
optimal operation in base mode (constant torque mode), field-
weakening constant and reduced (apparent) power mode are
shown in Fig. 3.

V. MAXIMUM TORQUE

Prior to solving for optimal states given a desired torque, it
must be ensured that (13) has a solution. Since state and input
constraints apply to the PMSM, the maximum (and minimum)
available torque is limited as well. In this section, an approach
to find the maximum (steady state) torque 7, € R, which
can be provided by the PMSM, is shown. For compactness,
the dependences (w, v, ) are omitted. Due to the symmetries of
the torque equation and constraints, finding 7, is equivalent to
finding the minimum torque, which is the additive inverse of
T,,,1.e., =1}, . Thus, the maximum torque is defined to be

def 3

Ty = 5P max igqThdg (14a)
subjectto ||igq|| < I (14b)
|wlllAaq |l < o (14c)
hag = Ligg + g (14d)

The problem uses the torque equation (14a) as an objective
function, which should be maximized. The steady-state current
(14b) and voltage (14c) limit define the set where the current,
i.e., fluxes, can lie. Due to the |w| dependence of the voltage
limit (14¢), the maximum torque 7;, depends on the machine
speed and the rated voltage. The linear equality constraint (14d)
defines the relation of currents and fluxes. The problem (14) can
be written as a quadratic constrained quadratic program (qcqp)
in standard form. However, the cost function is indefinite. Thus,
rather than solving the problem directly, a solution is proposed
using the low dimensionality and system properties. Examples
of the maximum torque are shown in Fig. 4.

Atlow velocities (w = 0), the machine is said to work in base
mode or constant torque mode [1], [3], [33]. There, the voltage
constraint (14c) is always true. The torque 7;, is produced by
the current 4,, € R?, which lies on the MTPA trajectory, which
is denoted as i,, € MTPA. Moreover, i,, lies on the largest
admissible isocurrent locus, i.e., the border of Z, 7,, € OZ. The
intersection MTPA N 07 defines a set containing two current
vectors, which produces the maximum and minimum torque.
The solution ¢, > 0 is named rated operation point, where the

. . . def
machine uses the rated current i, € R2, i.e., rated flux A, =

Li, + 144, to produce the rated torque 7, def 3/2pil JA,. The
maximum torque 7, = T, can be achieved iff A, € A. Since

A shrinks with increasing |w|, the machine works in constant
torque mode if

|w] def 1
X,,

ro= (15)
Ur A ]
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where . is the rated speed w, = ¥, /||A, || normalized by the
voltage v,. This approach is convenient since w, and the rated
power P, = T, w, of a drive system vary with v,..

The PMSM is said to work in field weakening, if the speed is
higher than the rated one (|w|/7, > x,) [11, [7], [35], [36]. In
this condition, the rated flux A, ¢ A cannot be achieved, and the
updated maximum torque 7;,, < 7, must be found. Considering
the positive half-plane (i, > 0, A, > 0), the torque increases
along the largest isoflux locus OA starting at the d-axis until
its peak is achieved when intersecting the MTPV trajectory.
Consequently, T;,, is obtained at the intersection MTPV N 9A
if this point satisfies i4, € Z. Otherwise, T;,, is obtained at the
intersection 74, € 07 with A4y, € OA.

To simplify the treatment, the rated power operation point

is introduced, which defines the current 7, and the flux A, dgf

Li, + 1)q,. Itis defined to be the intersection of the MTPV tra-
jectory with the isocurrent locus 07, if it exists. It does exist for
machines with y;,,, = oo, which is shown in Fig. 4(a). Otherwise
MTPV N dZ = () and the rated power operation point is defined
to be i, = [—1I,,0]’, which is shown in Fig. 4(c).

If A, € A (and X, ¢ A), the machine is said to work in con-
stant (apparent) power mode [1], [7]. In this mode, the maxi-
mum torque 7}, is obtained at the intersection of iy, € 07 with
Adg € OA. Similar to the constant torque mode, the machine
works in constant power mode if

|w] def

< Xp = (16)

s ]
where X, is the rated power speed w, = ¥, /||A, || normalized
with the voltage v, .

Machines with electrically limited maximum speed y,,, < oo
cannot exceed the constant power mode, since X, = X;,. On
the other hand, machines with x,, = oo can achieve |w|/v, >
Xp, which is named reduced (apparent) power mode [1], [3],
[71, [33]. In reduced power mode, the intersection MTPV N 9A
satisfies 74, € Z and defines therefore the current, i.e., flux,
which provides 7, . The maximum torque 7;,, characteristic is
shown in Fig. 4 for machines with x,, = oo and x,, < oc.

Uy

VI. INTERSECTION TORQUE

After ensuring that a desired torque value 7' is feasible
|T'| < T, the optimal operation points can be computed. The
optimal operation point ||}, |, i.e., ||}, ||, are computed by min-
imizing the current magnitude. This approach leads to two cases:
operation on the MTPA trajectory or operation on JA locus. To
distinguish the two cases, the intersection torque 7; € R is

introduced

def )
T, = ip Z}[?E}ji(q Zﬁth])\dq (17a)
subjectto  |ligy|l < I (17b)
lwll|Aaqll < vr (17¢)
rig = Liag + g (17d)
14q € MTPA. (17e)



PREINDL AND BOLOGNANI: OPTIMAL STATE REFERENCE COMPUTATION WITH CONSTRAINED MTPA CRITERION FOR PM MOTOR DRIVES

Inputs: T, vr, w

STOP
there exists no
sutitable idq

|
! No: !
e Yes: constant reduced |
2! power mode p. mode |
|'I ‘ Y ‘
[| MTPANaI al N oA MTPV noA  |I
| |defns im=ir; Tm=Tr defns im; Tm defns im; Tm |
[ e t - - = - -
I I
- Yes No
= |
©
k= ‘
Sl 5 - !
‘ idge MTPA (Ti=Tm)| | MTPA n oA defns Ti | | idged (Ti=0) |‘
__________________ .{
|
|
[
Yes Yes v |
| |Comp. isacMTPA| | Compute iéaca | | Apply T ida=in ||
| |
L - — 7{7 —_ e — — = j 7777777777 .
Output: idq
Y

Fig. 5. Flux diagram of the reference generation procedure.

Theproblem (17) corresponds to problem (14) adding the
constraint (17e) that requires the state to lie on the MTPA tra-
jectory. Therefore, (17) is more restrictive than (14) such that
T‘i S Tm .

Moreover, the problem (17) has a solution if and only if
MTPA N OA # () that is achieved when 0 € A and yields the
condition

@ < Xi def l

oy G
Otherwise, no MTPA operation point is available, and the inter-
section torque is defined to be 7; = 0. Examples of the inter-
section torque are shown in Fig. 4.

In base mode, the maximum torque 7, is achieved on the
MTPA trajectory and corresponds therefore with the intersection
torque 7; = T,,. Thus, the PMSM is operated exclusively on
the MTPA trajectory if |w|/7, < x,. This behavior is expected
since per definition, the MTPA states are the ones with minimum
current magnitude and can produce any torque |T'| < 7}, in base
mode. This operation is shown in Fig. 3(a) and (b).

In field weakening (Jw|/, > x;), the maximum torque 7T,
is produced by states off the MTPA trajectory and as a conse-
quence T; < T,,.In this case, the intersection torque defines if a
desired torque can be produced by a state that lies on the MTPA
trajectory. If 7" < T}, then this is possible, i.e., i(*,q € MTPA;
otherwise igq € OA. This operation is shown in Fig. 3(c) and

(18)

(d). At high speeds (|w|/D, > X;), A does not contain states
of the MTPA trajectory and MTPA N OA = (). Thus, the oper-
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ation happens exclusively on the A locus, i.e., i, € OA and is
achieved setting 7; = 0. This operation is shown in Fig. 3(e)
and (f).

VII. REFERENCE GENERATION PROCEDURE

In this section, a state reference generation procedure is
outlined based on the concepts introduced in the former sec-
tions. This procedure defines an efficient approach to com-
pute the optimal current reference vector 4, from a desired
torque reference value 7" and the parameters v, and w. The ob-
tained vector ij, can then be used as reference for a dynamic
controller.

The reference generation is carried out in four steps and is
described by the block diagram in Fig. 5. The first step is to
check the measurements to ensure that there exists a suitable
reference ¢, ;- The dc-link voltage is required to be positive v, >
0, and |w| /9, is required to not exceed the maximum normalized
velocity ,, of the machine. Otherwise, A = lorZ N A = () and
noiy, € A satisfying the constraints exists. Contrarily, operation
is allowed if the desired torque exceeds the maximum torque
|T'| > T, . Inthis case, it is assumed that the drive system should
apply the largest available torque value £7,,.

The second step is identifying the operation mode (constant
torque mode, constant power mode, reduced power mode) and
computing the maximum torque 7;,,. The rated operation point
A, (and ¢,, T}.) and rated power operation point A, are parame-
ters of the PMSM and can be computed offline. If |w|/7, < X,
the drive system works in base mode (constant torque mode),
and the maximum torque is 7}, = T, (generated by ¢,, = i,).
Otherwise, the drive system works in field weakening and the
maximum torque depends on w and @,. If x, < |w|/7, < X,
the drive system works in constant power mode, and the max-
imum torque 7}, is obtained at %,, € OA N IT (with g > 0).
If |w|/T, > X, the drive system works in field weakening (re-
duced power mode), and the maximum torque 7, is obtained
ati,, € MTPV N JA (with i, > 0).

The third step is identifying whether optimal operation is
achieved on the MTPA trajectory or largest isoflux locus OA by
computing the intersection torque. If |T'| < T}, the drive system
is operated with iy, € MTPA and if T, < |T| < T,,, the drive
system is operated with 7, € OA. Otherwise, the torque ref-
erence |T'| > T,, corresponds or exceeds the maximum torque,
and the drive system applies the maximum torque. It is observed
that the maximum and intersection torque can be computed in-
dependent from each other. Therefore, step two and three can
be easily implemented using parallel computation if the control
hardware supports it.

In the fourth step, the optimal current iy, € MTPA, ie.,
i, € JA, which produce the reference torque 7" are computed.
The optimal states can be computed either directly (solving a
quartic equation) or using numerical methods. The equations are
given in the Appendixes. The resulting 77, are shown in Fig. 6,
where the trajectory A refers to base mode (constant torque
mode) and the trajectories B and C refer to operation in field
weakening.
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Fig. 7. Comparison of the modeled (solid) and measured (dashed) PMSM
characteristics. (a) Rated parameters. (b) Optimized parameters.

VIII. LoCcAL OPTIMIZATION OF THE TORQUE MODEL

The presented procedure relies on a sufficiently accurate
PMSM torque model and its main characteristics (isotorque
locus, MTPA and MTPV trajectory). However, using the rated
parameters' of an electrical machines can provide mediocre
results, i.e., a rough approximation of the real behavior. An ex-
ample is shown in Fig. 7(a), where the modeled characteristics
are compared to the measured ones.

In this section, an approach is proposed to improve the model
consistency based on known operation points. The model does
not need to describe the machine globally but has to capture
the local machine behavior (the area on the left-hand side of
the MTPA trajectory and inside the set 7). Thus, the parameters
can be optimized to increase the model correspondence in this
region. The parameters can be settled with respect to the rated
operation point with the rated current i, = [ig,,%,-| and the
rated flux A, = [Ag,Aq]" producing the torque 7, using the
equations:

1) the torque equation 3/2(¢) + (Lq — Lg)iar )igr — 10 /p;

2) the MTPA trajectory ¢iq + (Lq — Lg) (i3, — i7,) = 0

3) the rated current-flux relation Li, 4 1)qq = A,.

The high-speed behavior of a PMSM depends whether a ma-
chine has infinite (x,, = oo) or finite (y,, < co) maximum
speed and so does the parameter assessment procedure for the
torque plane on the left-hand side of the MTPA trajectory. For

The rated Lg and L, parameters define the slope of the d- and g-axis flux
in the origin, respectively, where the current on the other axis is set to zero. The
rated 1) defines the offset of the d-axis flux in the origin. These rated parameters
provide the linear approximations shown in Fig. 2.
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Fig. 8. Torque characteristics 7; and T}, : model with safety factor (solid) and
measure (dashed).

machines with x,, = oo, the location of the MTPV trajectory
needs to be settled. This can be achieved using the demagneti-
zation current . = [iq., 0] that yields the short-circuit current-
flux relation L, + 14, = 0. For machines with ,, < oo, the
high-speed behavior can be settled using the rated power oper-
ation point 4, = [igp, 0]’ and A, = [Ag), 0], where the machine
achieves its maximum speed that yields the rated power current-
flux relation Li, + 144 = A,. Combining the equations, the fol-
lowing overdetermined equation system is achieved for a PMSM
with Xm = OQ:

3 . 3 . . 3 . .
lqr 3 ldrigr —3ldrigr =T, ,l/) 0
; 2 ) ) 2
L Yir — qu qu — gy Ld 0
1 Zd, L = )‘dr
i . har
o ) |
1 de
19)

where the last row needs to be replaced for a PMSM with
Xm < 0o. The system can be written compactly as Mp = K
with the least-squares solution p = MK, which tends to give
the best results when the equations are normalized (p.u.). An
example of an optimized model computed with this approach is
shown in Fig. 7(b).

This approach aims to improve the model locally where the
machine is operated. It is capable of delivering models that are
locally exact to measurement precision. The result is a typically
good approximation based on (4) but may not characterize well
PMSM with arbitrarily large saturation and cross saturation.
The motor parameters can also vary with temperature (typically
the PM flux). If the variation is significant, a low- and high-
temperature-optimized model can be produced such that the
parameters can be computed via interpolation online. However,
the MTPA, i.e., MTPYV, is a flat optimum such that operation
close but not on the trajectory does not increase the current
magnitude, i.e., decrease the maximum torque in reduced power
operation, by a significant amount.

Applying the torque 7' may produce a higher flux magnitude
l|Aaq|| than predicted by the model. Thus, it is good practice
to use the voltage safety factor p, € (0,1) as explained in
Section III. The modeled intersection and maximum torque
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TABLE II
DRIVE SYSTEM PARAMETERS

Inverter and Control

Type 2L-VSI
Grid interface diode bridge
DC-link voltage v 120V
Voltage safety factor p,, 0.95
Embedded control platform dSpace 1104
Sampling time 7' 200ps
Electric Machine
Type IPMSM
Rated current [ 10A
Rated torque 7' 8.0 Nm
Rated flux A, 142.5 mWb
Inductance (d-axis) L4 9.1 mH
Inductance (g-axis) L, 14.6 mH
Stator resistance R ¢ 636 m¢)
PM rotor flux ¢ 88.3 mWhb
Pole pairs p (model, physical) 53,5

Shaft friction B
Shaft inertia J

6.4-107% Nms
5.0 -10 3 kgm?

Norm. rated speed x, = w, /0, = 1/4, 7.0Wh!
Norm. rated power speed x,, = w, /¥, 45.3 Wh!
Norm. intersection speed x; = w; /v, = 1/v 11.3Wh!
Norm. max. speed X, 00

characteristics (with safety factor p, = 0.95) are compared to
the measured ones in Fig. 8. The safety factor essentially de-
creases the available voltage. Thus, the speed limit of the rated
torque and rated power region shifts to the left (by a limited
amount), and the intersection and maximum torque is reduced
(by a limited amount above rated speed). This section is con-
cluded by observing that (19) issues parameters, which optimize
the correspondence of the modeled and real torque plane. How-
ever, they may be suboptimal for other purposes. For example,
the resulting number pole pairs p is a nonnegative real number
(not an integer) in general.

IX. EVALUATION

The reference generation procedure is evaluated on an SiL
platform, where the electrical machine is simulated by MAT-
LAB/Simulink, and an experimental test bench with the (opti-
mized) parameters shown in Table II. The generated current
reference is applied to the system by a state (current) con-
troller. Three different types of controllers have been evalu-
ated: a nonlinear controller (NLC), convex control set (CCS)
model-predictive control (MPC), and finite control set (FCS)
MPC [19]. NLC and CCS-MPC use space vector modulation.
FCS-MPC actuates switching states directly without modula-
tion scheme. All controllers are executed at the same sampling
frequency.

A dSpace 1104 is used as control hardware on the experi-
mental test bench. It uses internally a 250-MHz PowerPC for
computation and a 20-MHz TI TMS320F240 for communica-
tion (A/D, PWM). Due to the (dSpace) communication between
PowerPC and TMS320F240, only 50% of a sampling period is
available to compute the control code. On the experimental test

Z o5 P Z o5 =X
- rrrrﬂ - F'JJJJA
0 0|
0 10 20 30 0 10 20 30
Time [sample] Time [sample]
1 1
B Z
=_0 =_0
g g
-1 -1
0 10 20 30 0 10 20 30
Time [sample] Time [sample]
1 1
z L Tod e
& S5 s Ty
0.5 ~ 0.5 i
5 s
o r o —_/:j_L
0 0|
0 10 20 30 0 10 20 30
Time [sample] Time [sample]
() ()
1 1
g o5 P o5 .
[ rrrrﬂ = ’JJJ_I_F
0 0|
0 10 20 30 0 10 20 30
Time [sample] Time [sample]
1 1
= =
2 9 2 0
g =
-1 -1
0 10 20 30 0 10 2 30
Time [sample] Time [sample]
1 L 1 j
= =
=N Q.
50 51 r =505 Fﬂj
o o
0 0|
0 10 20 30 0 10 20 30
Time [sample] Time [sample]
© (d
1 1
——— _f_f_!— —T
o o

T [pu]

o

o o
T [pu]

o o

10 20 10 20
Time [sample] Time [sample]

iy Ul
o

10 20 10 20
Time [sample] Time [sample]

o
o

, [pul

S
pl

=)
oS

30 30

10 20
Time [sample]

(e ®

10 20
Time [sample]

Fig.9.  Torque step from 0 to 0.75 p.u. at standstill (dy,}, is the three-phase duty
cycle and sy, is the discrete switching function). (a) NLC simulation. (b) NLC
experimentation. (c) CCS-MPC simulation. (d) CCS-MPC experimentation.
(e) FCS-MPC simulation. (f) FCS-MPC experimentation.

bench, the minimum, mean, and maximum execution time of
the reference generation procedure is 34.7, 46.5, and 54.2 us,
respectively. The variation is caused since some paths of the
reference generation procedure (see Fig. 5) are significantly
simpler to compute than others.

The behavior of the reference generation procedure is ex-
plained on a torque step at standstill. At ¢ = 0's, a torque step

2 A later optimization of the c-code has reduced the execution times by ap-
proximately 50% on the SiL platform but was not evaluated on the experimental
test bench.
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Fig. 10.  Speed step form standstill to 3 p.u. using NLC. (a) NLC simulation.

(b) NLC experimentation.

from O to 0.75 p.u. is applied. The reference generation pro-
cedure provides the optimal current references instantaneously.
The d and ¢ current reference values are applied to the in-
ner current controller, which reduces the (current) control er-
ror applying a voltage to the machine terminals. It is noted
that the trajectory of the states (currents) toward their refer-
ence depends on the current controller. The results are shown
in Fig. 9.

A speed reference step from standstill to 3 p.u. is applied
to the machine using an antiwindup proportional-integral speed
controller. Since the reference step is large, the speed loop sat-
urates, and the maximum available torque is applied approxi-
mately until the speed reference is reached. At low speed, the
maximum torque and acceleration are constant. The current-
producing maximum torque lies on the intersection of the MTPA
and the isocurrent locus. Increasing the speed beyond rated
speed, this operation point is not available anymore due to the
voltage limit. Thus, the current moves along the isocurrent locus
until the reference speed is achieved. Then, the current moves
along the isoflux locus to the operation point which provides the
torque to maintain the machine at reference speed. The results
are presented in Figs. 10 and 11.

To check the convergence to the optimal operation points,
different load torques are applied such that the machine provides
a constant torque 7" at different speeds w. The cases:

1) w=1.0p.u. with T ={0p.u.,0.25p.u.,0.5p.u.,0.75

p.u.};

2) w=20p.u withT = {0p.u.,0.25p.u.,0.5p.u.};

3) w=30p.u withT = {0p.u.,0.25p.u.}
are evaluated, and the simulation and experimental results are
shown in Fig. 12. Ideally, steady-state operation with given
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Fig. 11.  Speed step form standstill to 3 p.u. using MPC. (a) CCS-MPC simu-

lation. (b) CCS-MPC experimentation. (c) FCS-MPC simulation. (d) FCS-MPC
experimentation.

conditions (torque, speed) would lead to a single point on the
state plane. In practice, the states stay in the neighborhood of this
point due to power converter switching, measurement noise, etc.
The results show that the drive system applies states according
to the reference generation procedure. The controller operates
on the MTPA trajectory at w = 1.0p.u. At w = 2.0p.u. and
w = 3.0 p.u., the system operates on the isoflux locus, which is
defined by the speed w.
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Fig. 12.  Steady-state operation points. (a) NLC simulation. (b) NLC experi-
mentation. (c) CCS-MPC simulation. (d) CCS-MPC experimentation. (e) FCS-
MPC simulation. (f) FCS-MPC experimentation.

X. CONCLUSION

The present research proposes an approach to compute an
optimal current reference vector from a torque reference value.
Optimality is achieved with respect to the constrained MTPA
criterion that is a generalization of MTPA tracking. Since the
optimization problem is difficult to solve directly, the maximum
and intersection torque subproblems are identified. These con-
cepts are used to define an algorithm that provides the optimal
current reference vector and is sufficiently efficient for online
implementation. The method supports a variety of state (cur-
rent) controllers with/without PWM, SPM and IPM machines
with saliency and reverse saliency, and a variable dc-link volt-
age. To improve the correspondence between the model and
the real machine, an approach is proposed to optimize the ma-
chine parameters locally with respect to important operation
points. The concepts are developed on an SiL platform and
evaluated on an experimental test bench with good results. In
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further work, the proposed procedure will be combined with
high-performance current controllers. In particular, the com-
bination with model-predictive current control yields a novel
high-performance torque control strategy.

APPENDIX A

A. Trajectories and Loci

In this section, the trajectories and loci are defined using either
the current or flux space. They can be transformed between the
spaces using (4), i.e.,

Aq = Lqiq +

The isocurrent locus is defined by an ellipsis (circle) in the
current space

and A, = Lyi,. (20)

-9 ]
ta Yq =1

I

and the isoflux locus in defined by an ellipsis (circle) in the flux
space

2

A A
=1. 22
@/l @ el 22

The MTPA trajectory is defined by a hyperbola in the current
plane [3], [19]

. q/v 2
(Zd+2(Ld*Lq)) /Lg

— - ].
Q(Lrtw L() 2
( a )

(23)

) 2
(2([@*[/[1))

for the IPM and i; = 0A for the SPM. The MTPYV trajectory is
defined by a hyperbola in the flux plane [7], [19]

A L,y 2 9
da+ 2(Li—Ly,) Ay _

Lo \? Lo \?
3L.-L,) 3(L.-L,)

for the IPM and A; = OWb for the SPM. Both, (23) and (24)
define two trajectories each. The hyperbola on the left, i.e., right,
hand side is the correct solution for a machine with Ly < L,
ie., Ly > L, respectively.

The MTPV trajectory crosses the d-axis in Aq = OWD, i.e.,
iqg = —1/Lg4. Observing Fig. 4, it is immediately clear that for
a SPM and IPM with Ly < L, an intersection of the MTPV
and isocurrent exists iff 1)/ Ly < I,. However, this result is less
clear for machines with Ly > L, as shown in Fig. 13. One
could suspect the existence of a case where the MTPV trajectory
intersects the isocurrent locus in Fig. 13(c).

Proposition 1: The MTPV trajectory (24) never penetrates
the feasible current space |/iq, || < I, if /L > I,

Proof: This result is well known for SPM and IPM with
L; < Ly, where no intersection of the MTPV trajectory and
isocurrent locus exists if ¢/ Lq > I,

Let ¢//Ly > I, and L, > L,, then the MTPV trajectory
needs to intersect the isocurrent locus twice along the d axis
to penetrate the feasible current space (two A, defining an entry
and exit point; each associated with a £i; value). Since the
feasible currents (iq, € Z) lie entirely on the positive halfplane

(24)
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Fig. 13.  Maximum and intersection torque characteristic of a reverse saliency
machine (Lq > Lg). (a) and (b) Infinite maximum speed Y, = oo. (c) and
(d) Finite maximum speed y,, < oo. (a) Current space. (b) Torque versus
normalized speed. (c) Current space. (d) Torque versus normalized speed.

Ag > OWb (for ¢v/Ly > I,), the intersection between MTPV
and isocurrent needs to have two solutions on A4y > 0Wb.

The d axis components of the intersections of the MTPV
trajectory and the isocurrent locus are defined by (30)

A= —-bEtVb2+a (25)
with
L, Lg— L)+ L2
L (d21)2 L >0 (26)
2Ly —L,) L3 +L2%)

Hence the d axis component of the intersection has at most two
real roots; one is located on the left hand side and the other
is located on the right hand side of the asymptote Ay = —b.
Since the asymptote 1; = —b belongs to the negative halfplane
Ag < OWb (for /Ly > I,), one root is always negative. Thus,
the MTPV trajectory has at maximum one intersection with the
isocurrent locus. [ |

The above result is sufficient such that the proposed analysis
and method (see Fig. 5) is suitable for machines with L; > L.

APPENDIX B
A. Computation

The maximum and intersection torque are obtained intersect-
ing the relevant trajectories and loci defined in Fig. 5. Each
intersection is obtained substituting the relevant equations that
yield second-order polynomials and can be solved analytically.
The intersection of the isocurrent locus and MTPA trajectory is
obtained at 7, given by

2L A% +1pig — LaT? =0 (27)
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where Lo dgf L, — L. The g-axis component is recovered sub-
stituting 4,4 into (21) or (23). The intersection of the isoflux locus
and MTPYV trajectory is obtained at A4 given by

2LAAS 4 Lytphg — a2 =0 (28)

= def_ . . .
where A, = ¥, /|w|. The ¢g-axis component is recovered substi-
tuting A4 into (22) or (24). The intersection of the isoflux locus
and MTPA trajectory is obtained at ¢; given by

La (L + Ly)ig +w(Lj + LR )ia + La (¥ = 47) = 0.
(29)
The g-axis component is recovered substituting ¢, into (22)
or (23). The intersection of the isocurrent locus and MTPV
trajectory is obtained at A4 given by

La(Ly + L2)AG + Lgp(L, + L )ha

+L2La (v° — L3I7) = 0. (30)

The g-axis component is recovered substituting A, into (21) or
(24). The intersection of the isocurrent locus and isoflux locus
is obtained at ¢; given by

(L3 — L2)ii + 2Lawiq +4° — X2+ L2I7 =0. (31

The g-axis component is recovered substituting ¢4 into (21) or
(22).

The states on the MTPA trajectory, i.e., isoflux locus, which
produce a given torque, are obtained substituting (22), i.e., (23),
into the torque (6). This yields fourth-order polynomials that
can be solved analytically with the Ferrari’s method. Solving
the fourth-order polynomial (one per iteration) is the most de-
manding step of the reference generation procedure in terms of
computation effort. Given a torque 7', the states on the MTPA

trajectory that produce 7T are defined by i, given by
L% + 3LA Vi3 4+ 3Lav%i3 + %y — LAT?> =0 (32)

where T' = T'/(3/2p). The g-axis component is recovered sub-
stituting 74 into (23). Given a torque 7', the states on the isoflux
locus that produce 7" are defined by 7, given by

—LAIAd — 2LgLa (2L — Ly)i
+(A2LA —*(6L3 — 6L4L, + L,))i3
+20(A2La — ¥*(2La — Ly))ia

+7 (A —¢?) — L2T* = 0.

The g-axis component is recovered substituting ¢, into (22).

(33)
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