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Abstract—Due to absence of a dc-link energy storage element in
the direct matrix converter (MC), any abnormality/disturbance
in the input voltages is directly reflected on the output voltages.
In this paper, a new modulation strategy to control the 3×3 MC
under unbalanced input voltage conditions is proposed. The pro-
posed strategy is based on modification of the space vector modu-
lation strategy, which formulates and solves an optimization prob-
lem to determine the best switching states and their corresponding
optimal duty cycles, such that the errors in the output voltages
and the input currents under unbalanced input voltage conditions
are minimized. The salient feature of the proposed strategy is its
capability to extend the output operating range of the MC. The
proposed strategy ensures that optimal performance of the MC
over the entire operating range, including the case when the con-
verter operates with an output voltage greater than the maximum
attainable balanced output voltage under unbalanced input volt-
age conditions, is achieved. Performance of the proposed strategy is
evaluated and validated based on time-domain simulation studies
in the MATLAB/Simulink software environment and experimen-
tation on a scaled-down laboratory prototype.

Index Terms—Abnormal input voltages, matrix converter (MC),
space vector modulation (SVM).

I. INTRODUCTION

THE absence of a dc-link energy storage makes the direct
matrix converter (MC) more sensitive to any disturbance

in the input voltages. Majority of modulation strategies devel-
oped for the MC are based on the assumption of balanced input
voltages. Consequently, if the input voltages of the MC are sub-
jected to any disturbance/imbalance, low-order harmonics are
introduced in the output voltages and input currents of the con-
verter. Furthermore, under unbalanced input voltage conditions,
the maximum attainable balanced output voltages of the MC is
reduced [1]–[3].

In the technical literature, a few methods have been proposed
to mitigate the impacts of unbalanced input voltages on the per-
formance of the MC [2]–[11]. The methods presented in [4]–[7]
reduce the undesirable harmonics in the output voltages of the
MC. The proposed methods in [1], [2], [8], [10], and [12] target
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improving the quality of the input currents, while generating
balanced voltages at the output of the converter. In [5]–[7], the
converter modulation strategy is modified to calculate the duty
cycles of the switches based on instantaneous values of the input
voltages. In [6], to mitigate the presence of undesired harmonics
in the output voltages, the duty cycles of the switches are calcu-
lated based on the instantaneous values of the input voltages. In
[5], the unbalanced input voltages are decomposed into the pos-
itive and negative sequence components, and the duty cycles of
the switches are calculated such that the negative sequence com-
ponent of the output voltages is enforced to be zero. In [4], the
voltage gain of the MC is updated based on the fuzzy logic, and
the duty cycles are calculated based on the Alesina–Venturini
strategy. In [7], the gain of the MC is calculated based on the
instantaneous values of the input voltages and the duty cycles of
the switches are calculated using the indirect space vector mod-
ulation (SVM) strategy. In [9] and [3], a feed-forward method,
based on the instantaneous measurement of the input voltages
is proposed. In [1], [2], and [8] authors improve the quality
of the input currents under unbalanced conditions. In [10], the
modulation strategy proposed in [13] is modified to eliminate
the undesirable harmonics in the input currents. This method
introduces negative sequence components in the reference cur-
rents to improve the quality of the input currents. In [2], two
approaches are proposed and analyzed to improve the quality
of the input currents based on selection of the reference angle
of the input currents. In the first approach, the input current
vector is chosen to be in phase with the input voltage vector.
In the second approach, the input current vector is calculated
based on the positive and negative sequence components of the
input voltages. Li et al. [8] propose three methods to select the
phase angle of the input current: 1) In the first method, the phase
angle is calculated based on the positive and negative sequence
components of the input voltages, 2) in the second method, the
input currents are chosen to be in phase with the input voltages,
and 3) in the third method, the input currents are chosen to be in
phase with the positive sequence of the input voltages. In all of
the aforementioned methods, the maximum attainable voltage
gain of the MC, which under ideal and balanced input voltage
conditions is limited to 0.86, is further reduced [3], [11].

In this paper, a new modulation strategy is developed to opti-
mizes the performance of the MC in terms of the output power
quality under unbalanced input voltage conditions, when op-
erating with a voltage gain less or greater than the maximum
attainable one. The developed modulation strategy modifies the
conventional direct SVM strategy to operate the MC under un-
balanced input voltage conditions. The implementation of the
proposed strategy involves calculation of optimal duty cycles of
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Fig. 1. Circuit diagram of the 3 × 3 MC.

the switching states to ensure that errors in the output voltages
and the phase of the input currents are minimized. The duty cy-
cles of the corresponding switching states are calculated based
on formulating and solving an optimization problem. Perfor-
mance of the proposed modulation strategy is evaluated based
on time-domain simulation studies in the MATLAB/Simulink
software environment and experimentation on a scaled-down
laboratory prototype. The study results demonstrate capability
of the proposed strategy to operate the MC under unbalanced
input voltages, with improved output power quality.

The rest of this paper is organized as follows. Section II
provides a brief overview of the conventional SVM strategy
for the MC. Section III discusses the impacts of unbalanced
input voltages on the operation of the MC. Section IV presents
the proposed modulation strategy. Section V reports the study
results and Section VI concludes the paper.

II. OVERVIEW OF THE SVM STRATEGY FOR THE MC

Fig. 1 shows a schematic diagram of a three-phase to three-
phase MC in which the input and output voltages (currents)
are va , vb , vc(ia , ib , ic) and vA , vB , vC (iA , iB , iC ), respectively.
The converter circuit is comprised of nine bidirectional switches
that allow connection of any of the output phases to each of the
input phases. Since input terminals a, b, and c are connected
to voltage sources, they must not be short circuited through
the MC switches. Similarly, since output terminals A,B, and
C are connected to current sources, they must not be open
circuited at any instant. Based on the constraints, the MC has
27 permissible switching states. The SVM strategy is based on
instantaneous space vector representation of the output line-to-
line voltages and input currents generated by the 27 permissible
switching states [14]. Out of 27 switching states, six of them are
referred as the synchronous switching states. For these switching
states, each output phase is connected to a different input phase.
Eighteen of the switching states referred as the active switching
states are shown in Fig. 2. For these switching states, two of the
output phases are connected to the same input phase, and the
third output phase is connected to a different input phase. Each

Fig. 2. Space vector representation of (a) output line-to-line voltages and
(b) input currents of the MC.

of the eighteen active switching states is assigned a number
between ±1 and ±9. The output voltage/input current vectors
of a pair of active switching states with the same number and
opposite signs have the same magnitude in opposite directions.
The remaining three switching states are zero states. Based on
the position of the reference output voltage and current vectors as
shown in Fig. 2, the SVM strategy selects four active switching
states that have vector components along the desired direction
and a zero switching state to modulate the MC. Table I lists the
active vectors that can be used for various voltage sector (KV )
and current sector (KI ) combinations.

The duty cycles of the selected switching vectors, i.e.,
dI , dII , dIII , and dIV , as well as the zero vector d0 for unity
power factor at the input are [14]
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d0 = 1 − dI − dII − dIII − dIV (1e)

where α̃o (β̃i), as shown in Fig. 2, represents the phase angle of
output voltage (input current) vector with respect to the bisecting
line of the sector and q is the gain of the converter. Finally, the
active and zero switching states are arranged and applied in a
sequence that requires minimum number of commutations.

III. OPERATION OF THE MC UNDER UNBALANCED INPUT

VOLTAGE CONDITIONS

In the technical literature, various modulation strategies have
been proposed to synthesize the reference output voltage of
the MC with unity power factor [15]–[17]. The proposed mod-
ulation strategies are developed based on the assumption of
balanced voltages on the input side of the converter. Any im-
balance, sag or spike in the input voltages significantly impacts
the performance of the MC. The impacts of unbalanced input
voltages on the output voltages, input currents, and maximum
attainable voltage gain of the MC have been investigated in the
literature [1], [3], [11], [18].
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TABLE I
SWITCHING STATES FOR VARIOUS VOLTAGE AND CURRENT SECTOR COMBINATIONS

KI 1 2 3 4 5 6

KV

1 −3 +1 +6 −4 +9 −7 −3 +1 −6 +4 +9 −7 +3 −1 −6 +4 −9 +7 +3 −1 +6 −4 −9 +7
2 +2 −3 −5 +6 −8 +9 +2 −3 +5 −6 −8 +9 −2 +3 +5 −6 +8 −9 −2 +3 −5 +6 +8 −9
3 −1 +2 +4 −5 +7 −8 −1 +2 −4 +5 +7 −8 +1 −2 −4 +5 −7 +8 +1 −2 +4 −5 −7 +8
4 +3 −1 −6 +4 −9 +7 +3 −1 +6 −4 −9 +7 −3 +1 +6 −4 +9 −7 −3 +1 −6 +4 +9 −7
5 −2 +3 +5 −6 +8 −9 −2 +3 −5 +6 +8 −9 +2 −3 −5 +6 −8 +9 +2 −3 +5 −6 −8 +9
6 +1 −2 −4 +5 −7 +8 +1 −2 +4 −5 −7 +8 +1 +2 +4 −5 +7 −8 −1 +2 −4 +5 +7 −8

I II III IV I II III IV I II III IV I II III IV I II III IV I II III IV

A. Impact on the Output Voltages

Under balanced input voltage conditions, the input voltage
vector has a constant magnitude and angular frequency while
under unbalanced conditions, both magnitude and the angular
frequency become time variant. In this case, the input voltage
space vector can be represented as the summation of positive
and negative sequence components by

vi = vip + v ∗
in = V pejωi t + V

∗
ne−jωi t

V p = VP ∠αp,V n = VN ∠αn . (2)

The switching functions/strategies developed for balanced input
voltages, when applied to unbalanced conditions, introduce har-
monics in the output voltages due to the presence of the negative
sequence components in the input voltages. The studies in [18]
show that under unbalanced input voltage conditions, low-order
harmonics of order of (2ωi ± ωo ) appear in the output voltages,
which lead to the distorted output voltages and, consequently,
distorted output currents as well.

B. Impact on the Input Currents

To maintain unity power factor at the input side of the MC, the
reference input current vector is chosen in phase with the input
current vector. Consequently, under unbalanced conditions, the
angular frequency of the reference input current, which should
be kept in phase with the input voltage vector, varies over time.
The theoretical analysis in [2] shows that the input current vector
under unbalanced conditions is represented as

ii =
(
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where po is the output power. Based on (3), under unbalanced
conditions, the input current has low-order positive sequence
harmonics whose magnitude decay by an unbalance factor of
|Vn|
|Vp| .

C. Impact on the Maximum Attainable Output Voltage

As investigated in [1], [3], and [11], under unbalanced input
voltage conditions, the maximum attainable output voltage of
the MC is reduced. In [1], it is shown that the maximum attain-
able balanced output voltages under unbalanced input voltage

conditions is limited to

Vo ≤
√

3
2

(VP − VN ). (4)

To ensure that, under unbalanced input voltage conditions, the
output voltages of the MC do not contain low-order harmonics,
the existing modulation strategies are modified to accommo-
date this goal [2]–[11]. However, little attention has been paid
to evaluate and/or improve the performance of MC, when op-
erating with an output voltage greater than

√
3

2 (VP − VN ). In
this paper, a new modulation strategy that aims at optimizing
the performance of the MC under unbalanced input voltage
conditions while operating, in particular, with a voltage gain
larger than the maximum attainable gain is developed. Although
synthesis of the desired output voltages with a voltage gain larger
than the maximum attainable one is not achievable within all
time instants, the developed strategy ensures optimal perfor-
mance of the MC in terms of the output power quality. Optimal
performance of the MC is achieved by formulating and solv-
ing an optimization problem, which determines the duty cycles
of the switching states such that the error between the average
voltages synthesized by the MC and their reference voltages is
minimized.

IV. THE PROPOSED MODULATION STRATEGY

The circuit configuration of the MC allows generating the
load voltages with controllable magnitude and frequency, as
well as maintaining the unity power factor at the input side. The
objective of the developed modulation strategy is to synthesize
the reference output voltage of the MC and to maintain unity
power factor at the input. The developed modulation strategy is
based on modification of the conventional direct SVM strategy
to optimize the converter performance. In the proposed strategy,
the corresponding duty cycles of the selected switching states
are calculated by solving an optimization problem that 1) min-
imizes the error between the average voltages synthesized by
the switching states and the reference voltages and 2) aligns
the input current vector along the desired direction. The imple-
mentation of the developed SVM strategy within each sampling
period Ts includes the following steps:

1) determination of the direction of input current vector;
2) identification of the location of reference output voltage

and input current vectors;
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3) for a given voltage and current sector combination, de-
termination of four switching vectors that have vector
components in the desired directions;

4) determination of the duty cycles of selected switching
states.

In the technical literature, various methods have been pro-
posed to improve the quality of the input currents of the MC
operating under unbalanced input voltage conditions [1], [2],
[8], [10]. In [2], two approaches are proposed and analyzed to
improve the quality of the input currents based on selection of
the reference angle of the input currents. In the first approach,
the input current vector is chosen to be in phase with the in-
put voltage vector. In the second approach, the input current
vector is calculated based on the positive and negative sequence
components of the input voltages. The theoretical analysis in [2]
shows that the second approach reduces the harmonic content of
the input currents without appreciably increasing the rms value
of the currents. The experimental results in [12] confirm the
effectiveness of the second approach in reducing the harmonic
content of the input currents. In this paper, the direction of the
current vector is chosen based on the second approach proposed
in [2], which ensures that the input currents only includes the
positive and negative sequence components of fundamental fre-
quency. The input current direction βi as shown in Fig. 2 is
varied dynamically as follows:

βi = angle (vip − v ∗
in) = angle

(
Vpejωi t − V

∗
ne−jωi t

)
. (5)

The implementation procedure for the steps 2 and 3 is simi-
lar to the conventional SVM strategy as discussed in Section II.
However, in step 4, the duty cycles of the switching states are cal-
culated based on solving an optimization problem formulated as

Minimize

[V1,ref − (V1,I dI + V1,II dII )]
2

+ [V2,ref − (V2,III dIII + V2,IV dIV )]2

+ [I2,ref I1,I dI − I1,ref I2,II dII ]
2

+ [I2,ref I1,III dIII − I1,ref I2,IV dIV )]2

Subject to

dI + dII + dIII + dIV ≤ 1, dk ≥ 0, dk ≤ 1,

for k ∈ {I, II, III, IV } (6)

where V1,ref and V2,ref (I1,ref and I2,ref ) are the components
of the output voltage (input current) reference vector along V1
(I1) and V2 (I2) as indicated in Fig. 3. V1,I (V1,II , V1,III , V1,IV )
and V2,I (V2,II , V2,III , V2,IV ) are the components of the output
voltage vector along V1 and V2 for the switching vectors VI

(VII , VIII , VIV ). I1,I (I1,II , I1,III , I1,IV ) and I2,I (I2,II , I2,III ,
I2,IV ) are the components of the input current for the switching
vectors VI (VII , VIII , VIV ). The constraints of the optimization
problem in (6) ensure that the duty cycles of the switching states
belong to [0, 1] and their summation is less than or equal to 1.

Without loss of generality, both output voltage and input cur-
rent reference vectors are assumed to be in Sector 1. As shown
in Table I, the switching states −3, +1, +6, and −4 are used

Fig. 3. Components of (a) the output voltage and (b) input current vectors of
the MC along the sector boundaries.

Fig. 4. Components of (a) the output voltage and (b) input current vectors of
the selected switching states when KV = 1 and KI = 1.

to modulate the MC. The output voltage and input current vec-
tors generated by these switching states are shown in Fig. 4. In
Fig. 4, the boundaries of output voltage (input current) sector
are represented by V1 and V2 (I1 and I2), respectively. The com-
ponents of the reference output voltage (input current) vector
along V1 (I1) and V2 (I2) are given as V1,ref and V2,ref (I1,ref
and I2,ref ), respectively. As illustrated in Fig. 4(a), component
of the output voltage vector generated by the switching states
−3 and +1 along V2 is zero, i.e., V2,I and V2,II are equal to
zero. Furthermore, component of the output voltage vector gen-
erated by the switching states +6 and −4 along V1 is also zero,
i.e., V1,III and V1,IV are equal to zero. Similarly, component
of the input current vector for the switching states −3 and +6
(+1 and −4) along I1 (I2) is zero. The duty cycles dI and dII

of the switching states −3 and +1 are calculated such that the
error between the component of reference voltage along V1 , i.e.,
V1,ref and voltage generated by the switching states −3 and +1
is minimized, while the input current vector is along the desired
direction. The first term of (6) minimizes the error between the
average voltages synthesized by the switching states −3 and
+1 and the reference voltage V1,ref . To ensure that the input
current vectors generated by the switching states −3 and +1 are
along the desired direction, the following conditions should be
satisfied [14]:

dI I1,I = I1,ref

dII I2,II = I2,ref . (7)

The third term of the optimization problem (6) ensures that the
error between the input current vector and its reference vector
is minimized. Similarly, the second term of the optimization
problem (6) minimizes the error between the average voltages
synthesized by the switching states +6 and−4 and the reference
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voltage V2,ref . The fourth term of the optimization problem
(6) ensures that error between the input current vector and its
reference vector is minimized. By expanding the terms, the
objective function of the optimization problem in (6) can be
rewritten as

Minimize f(dI , dII , dIII , dIV ) = K1d
2
I + K2d

2
II + K1d

2
III

+ K2d
2
IV + K3dI dII + K3dIII dIV + K4adI

+ K5adII + K4bdIII + K5bdIV + K6a + K6b (8)

where

K1 = V 2
1,I + I2

2,ref ,K2 = V 2
1,II + I2

1,ref (9a)

K3 = 2(V1,I V1,II − I1,ref I2,ref ) (9b)

K4a = −2(V1,refV1,I ),K5a = −2(V1,refV1,II ) (9c)

K6a = V 2
1,ref (9d)

K4b = −2(V2,refV2,I ),K5b = −2(V2,refV2,II ) (9e)

K6b = V 2
2,ref . (9f)

The optimization problem of (6) is a nonlinear optimization
problem with inequality constraints. The solution to (6) can be
obtained by calculation of the values that satisfies the Karush–
Kuhn–Tucker (KKT) conditions, which are first-order necessary
conditions [19]. The constraint space of the optimization prob-
lem can be divided into 31 regions in which the solution lies
within one of those regions. However, this approach is compli-
cated and may not be implementable in real time as the calcula-
tion burden is significantly high. To resolve this issue and for the
sake of simplicity, a simplified method that can be implemented
in real time is developed to solve the optimization problem of
(6). The developed simplified method, which essentially solves
the optimization problem of (6) with reduced computational ef-
fort, decomposes of the optimization problem in (6) into two
sub-optimization problems expressed by

Minimize [V1,ref − (V1,I dI + V1,II dII )]
2

+ [I2,ref I1,I dI − I1,ref I2,II dII ]
2 (10)

Subject to

dI + dII ≤ a1 , dk ≥ 0, dk ≤ 1, for k ∈ {I, II}

and

Minimize [V2,ref − (V2,III dIII + V2,IV dIV )]2

+ [I2,ref Iα,III dIII − I1,ref I2,IV dIV )]2 (11)

Subject to

dIII + dIV ≤ a2 , dk ≥ 0, dk ≤ 1, for k ∈ {III, IV } .

The objective functions of the optimization problems in (10)
and (11) are convex and their solutions can be obtained by
calculating the values that satisfy the KKT conditions [19].
The constraint dI + dII + dIII + dIV ≤ 1 of the optimization
problem in (6) couples the sub-optimization problems in (10)
and (11). This constraint, i.e., dI + dII + dIII + dIV ≤ 1, is
split into two constraints, i.e., dI + dII ≤ a1 and dIII + dIV ≤

Fig. 5. Constraint space of the optimization problem of (10).

a2 . The summation of the constants a1 and a2 is equal to one.
If either of a1 or a2 is fixed, then, the two sub-optimization
problems can be solved separately. However, since neither a1
nor a2 is fixed, the following approach is followed to solve the
optimization problems:

1) solve the optimization problem of (10) to find dI and dII

with a1 = 1;
2) solve the optimization problem of (11) to find dIII and

dIV with a2 = 1;
3) verify if the constraint dI + dII + dIII + dIV ≤ 1 is sat-

isfied. If the constraint is not satisfied, recalculate the duty
cycles based on the formulae given in Table III.

The optimization problems of (10) and (11) are similar. There-
fore, to avoid repetition, only the solution to problem (10) is
discussed. By expanding the terms of the objective function, the
optimization problem in (10) can be rewritten as

Minimize f(d1 , d2) = K1d
2
1 + K2d

2
2 + K3d1d2 + K4ad1

+ K5ad2 + K6a (12)

Subject to

dI + dII ≤ a1 , dk ≥ 0, dk ≤ 1, for k ∈ {I, II}
where

K1 = V 2
1,I + I2

2,ref , K2 = V 2
1,II + I2

1,ref (13a)

K3 = 2(V1,I V1,II − I1,ref I2,ref ), K4a = −2(V1,refV1,I )

(13b)

K5a = −2(V1,refV1,II ), K6a = V 2
1,ref . (13c)

The constraint space of the optimization problem represented
in Fig. 5, can be divided into seven regions listed in Table II. The
solution to the problem is in a specific region if the correspond-
ing inequalities of each condition are satisfied in that region.
The optimal solution to the optimization problem in each re-
gion can be obtained by equations listed in the corresponding
solution column of Table II. To calculate the corresponding
duty cycles, the coefficients of the objective function should
be found using (13). Subsequently, the conditions for region 1
listed in Table II are evaluated, and if satisfied, the duty cycles
are calculated using the corresponding formulae. Otherwise,
the algorithm proceeds to evaluate the conditions in region 2
to find the optimal values of the duty cycles dI and dII . dIII

and dIV are calculated by a similar procedure as well. Subse-
quently, if the constraint dI + dII + dIII + dIV ≤ 1 is satisfied,
the obtained values are the optimal solution. If the constraint
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TABLE II
SOLUTIONS TO THE OPTIMIZATION PROBLEM IN VARIOUS REGIONS

Region Constraints Condition Solution

1 dI = 1, dII = 0 K 3 + K 5 a − 2K 1 − K 4 a > 0, 2K 1 + K 4 a < 0 dI = 1, dII = 0

2 dI = 0, dII = 1 2K 2 + K 5 a < 0, −2K 2 − K 5 a + K 3 + K 4 a < 0 dI = 0, dII = 1

3 dI + dII = 1 −(K 4 a + K 3 ) − K 5 a + 2 K 2 −K 4 a −K 3
2 K 1 + 2 K 2 −2 K 3

> 0 dI = K 5 a + 2 K 2 −K 4 a −K 3
2 (K 1 + K 2 −K 3 ) , dII = 1 − dI

4 dI = 0, dII = 0 K 4 a > 0, K 5 a > 0 dI = 0, dII = 0

5 dII = 0 −K 3 K 4 a + 2K 1 K 5 a > 0 dII = 0, dI = −K 4 a
2 K 1

6 dI = 0 −K 3 K 5 a + 2K 2 K 4 a > 0 dI = 0, dII = −K 5 a
2 K 2

7 dI + dII < 1 dI , dII ∈ [0, 1] dI = K 3 K 5 a −2 K 4 a K 2
K 2

3
−4 K 1 K 2

, dII = 2 K 1 K 3 −K 4 a K 3
K 2

3
−4 K 1 K 2

TABLE III
RECALCULATION OF THE DUTY CYCLES

Recalculated duty cycles

dI , dII , dIII , dIV ∈ (0, 1) dI , r = dI + Δ d c 2
2 ( c 1 + c 2 ) , dI I , r = dII + Δ d c 1

2 ( c 1 + c 2 ) , dI I I , r = dIII + Δ d c 2
2 ( c 1 + c 2 ) , dI V , r = dIV + Δ d c 1

2 ( c 1 + c 2 )

dI = 0 dI I , r = dII + Δd
c 3

c 3 + 2 K 2 ( c 1 + c 2 ) , dI I I , r = dIII + Δd
2 K 2 c 1

c 3 + 2 K 2 ( c 1 + c 2 ) , dI V , r = 1 − dI I , r − dI I I , r

dII = 0 dI , r = dI + Δd
c 3

c 3 + 2 K 2 ( c 1 + c 2 ) , dI I I , r = dIII + Δd
2 K 1 c 1

c 3 + 2 K 1 ( c 1 + c 2 ) , dI V , r = 1 − dI , r − dI I I , r

dIII = 0 dI V , r = dIV + Δd
c 3

c 3 + 2 K 2 ( c 1 + c 2 ) , dI , r = dI + Δd
2 K 1 c 1

c 3 + 2 K 1 ( c 1 + c 2 ) , dI I , r = 1 − dI V , r − dI , r

dIV = 0 dI I I , r = dIII + Δd
c 3

c 3 + 2 K 2 ( c 1 + c 2 ) , dI , r = dI + Δd
2 K 1 c 1

c 3 + 2 K 1 ( c 1 + c 2 ) , dI I , r = 1 − dI I I , r − dI , r

dI = 0, dIII = 0 dI I , r = dII + Δ d
2 , dI V , r = 1 − dI I , r

dII = 0, dIV = 0 dI , r = dI + Δ d
2 , dI I I , r = 1 − dI , r

dI = 0, dIV = 0 dI I , r = dII + Δ d K 1
K 1 + K 2

, dI I I , r = 1 − dI I , r

dII = 0, dIII = 0 dI V , r = dIV + Δ d K 1
K 1 + K 2

, dI , r = 1 − dI V , r

is not satisfied, the duty cycles are recalculated based on the
formulae given in Table III. The formulae that can be used to
recalculate the duty cycles are based on the values obtained in
steps 1 and 2. The values of coefficients c1 , c2 , and c3 are de-
fined as c1 = K3 − 2K1 , c2 = K3 − 2K2 , c3 = 4K1K2 − K2

3 ,
Δd = 1 − (dI + dII + dIII + dIV ). The coefficients K1 , K2 ,
and K3 are defined in (13). The detailed mathematical solution
to the optimization problem is provided in the Appendix.

V. PERFORMANCE EVALUATION

This section presents a set of simulation and experimen-
tal results to evaluate the performance and effectiveness of
the proposed modulation strategy under unbalanced input volt-
age conditions. The simulation studies are conducted in the
MATLAB/Simulink software environment. The bidirectional
switches of the prototype MC are realized using the back-to-
back IGBTs with antiparallel diodes in the common-collector
configuration. The experimental studies are performed using a
2-kVA scaled-down prototype. The bidirectional switches of the
MC are realized by back-to-back connection of IRG7PH35UD1
IGBT modules in the common collector configuration. A four-
step commutation strategy based on the current sign measure-
ment is employed to commutate the bidirectional switches. The
control is implemented using the National Instruments cRIO
controller system. The block diagram of the control imple-

Fig. 6. Implementation block diagram of the proposed strategy.

mented in the cRIO system is shown in Fig. 6. The parameters
of the study system and the prototype including the input filter,
input supply, and load are listed in Table IV. The laboratory
prototype of the MC is shown in Fig. 7. The proposed mod-
ulation strategy is implemented with the switching frequency
of 10 kHz, corresponding to the switching period of 100 μs.
The performance of the MC operating with the proposed strat-
egy under unbalanced input voltage conditions with a reference
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TABLE IV
PARAMETERS OF THE STUDY SYSTEM

Parameter Value Parameter Value Parameter Value

V in 100 V Lf 2 mH C 100 μF
fin 60 Hz Cf 4.7 μF RL 25 Ω
fsw 10 kHz Rd 33 Ω LL 40 mH

Fig. 7. Experimental setup.

output voltage less and greater than the maximum attainable
output voltage is evaluated. As given in (5), the input current
direction βi is varied dynamically for the SVM and the proposed
strategies. The coefficients defined in (9) are calculated using per
unit values of voltage and current. The magnitudes of the refer-
ence output voltage and the current are chosen as the base values.

A. Simulation Results

Simulation studies are conducted in the MATLAB/Simulink
environment for the MC, when subjected to 20% unbalanced
input voltages by injecting a negative sequence set of voltages,
i.e., VN = 20∠0◦ in addition to the positive-sequence voltages,
i.e., VP = 100∠0◦. Performance of the proposed modulation
strategy is evaluated for the following operating conditions.
1) An output voltage magnitude and frequency of 50 V and
60 Hz, respectively and 2) an output voltage magnitude and
frequency of 86 V and 60 Hz, respectively. The input current
reference angle is generated based on the method described in
Section IV.

The simulated waveforms of the MC of Fig. 1 under the
operating condition 1) are shown in Fig. 8. The three-phase
unbalanced input voltages and the angle of the input current
reference are shown in Figs. 8(a) and (b), respectively. The three-
phase load and input currents are shown in Figs. 8(c) and (d),
respectively. The value of the objective function defined in (10)
is provided in Fig. 8(e). As shown in Fig. 8, for a reference output
voltage of 50 V, the duty cycles of the switches can be calculated
such that the MC operates at the desired reference voltage and
current reference angle. Therefore, the value of the objective
function defined in (10) remains zero.

The simulated waveforms of the MC system of Fig. 1 under
the operating condition 2) are shown in Fig. 10. The three-
phase load and input currents are shown in Figs. 10(c) and (d),

Fig. 8. Simulation waveforms of the MC operating with the proposed mod-
ulation strategy under unbalanced input voltage conditions when Vo = 50 V
and fo = 60 Hz: (a) input voltages, (b) angle of the reference input current,
(c) three-phase load currents, (d) three-phase input currents, and (e) Value of
the objective function defined in (10).

Fig. 9. Simulation waveforms of the MC operating with the SVM strategy un-
der unbalanced input voltage conditions when Vo = 50 V and fo = 60 Hz: (a)
input voltages, (b) three-phase load currents, and (c) three-phase input currents.

respectively. The value of the objective function defined in (10)
is provided in Figs. 10(e). Based on the Fig. 10, for a reference
output voltage of 86 V, the value of the objective function defined
in (10) is nonzero at some instants, indicating that it is not
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Fig. 10. Simulation waveforms of the MC operating with the proposed mod-
ulation strategy under unbalanced input voltage conditions when Vo = 86 V
and fo = 60 Hz: (a) input voltages, (b) angle of the reference input current,
(c) Three-phase load currents, (d) three-phase input currents, and (e) value of
the objective function defined in (10).

Fig. 11. Simulation waveforms of the MC operating with the SVM strat-
egy under unbalanced input voltage conditions when Vo = 86 V and fo = 60
Hz: (a) input voltages, (b) three-phase load currents, and (c) three-phase input
currents.

possible to generate the desired reference output voltage and
input current angle. However, the proposed modulation strategy
ensures that optimum performance of MC is achieved by finding
the duty cycles that minimize the error.

Fig. 12. Simulated harmonic spectra of the MC waveforms operating with the
proposed modulation strategy when Vo =50 V and fo = 60 Hz: (a) three-phase
input currents, (b) three-phase load currents, and (c) three-phase line-to-line
output voltages.

Fig. 13. Simulated harmonic spectra of the MC waveforms operating with the
SVM strategy when Vo =50 V and fo = 60 Hz: (a) three-phase input currents,
(b) three-phase load currents, and (c) three-phase line-to-line output voltages.
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Fig. 14. Simulated harmonic spectra of the MC waveforms operating with the
proposed modulation strategy when Vo = 86 V and fo = 60 Hz: (a) three-phase
input currents, (b) three-phase load currents, and (c) three-phase line-to-line
output voltages.

Fig. 15. Simulated harmonic spectra of the MC waveforms operating with the
SVM strategy when Vo =86 V and fo = 60 Hz with SVM modulation strategy:
(a) three-phase input currents, (b) three-phase load currents, and (c) three-phase
line-to-line output voltages.

Fig. 16. Simulation waveforms of the MC operating with the proposed mod-
ulation strategy under 15% imbalance in the input voltages when Vo = 64 V
and fo = 60 Hz, (a) input voltages, (b)–(d) three-phase line-to-line output
voltages, (e) three-phase load currents, (f) Three-phase input currents, and
(g) harmonic spectrum of load currents.

To highlight the superiority of the proposed strategy over the
SVM strategy in terms of improving the output current wave-
forms, the corresponding MC waveforms operating with the
SVM strategy with an output voltage magnitude of 86 and 50 V
for fo = 60 Hz are shown in Figs. 9 and 11, respectively.

The harmonic spectrum of the converter input and output
currents and their corresponding THDs when operating with
the proposed modulation strategy and the SVM strategy for the
reference output voltages of 50 and 86 V, i.e., equivalent to the
line-to-line voltages of 122 and 210 V, are given in Figs. 12–15,
respectively. As shown in Figs. 12 and 14, by using the pro-
posed modulation strategy, the THDs of the input and output
currents are considerably reduced. The simulation studies also
confirm the capability of MC operating under unbalanced input
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Fig. 17. Experimental waveforms of the MC operating with the proposed
modulation strategy under 15% imbalance in the input voltages when Vo = 64 V
and fo = 60 Hz: (a) input voltages, (b)–(d) three-phase line-to-line output
voltages, (e) three-phase load currents, (f) three-phase input currents, and (g)
harmonic spectrum of load currents.

voltage conditions, even with a reference voltage greater than
the maximum attainable one.

B. Experimental Studies

The simulation and experimental results of the MC system of
Fig. 1 operating with the proposed modulation strategy under
15% imbalance in the input voltages when Vo = 64 V and fo =
60 Hz are shown in Figs. 16 and 17, respectively. For this case,
the set of three-phase input voltages can be represented with
VP = 88.5 V and VN = 13 V. As shown in Figs. 16(e) and 17(e),
despite the presence of 15% imbalance in the input voltages, the

Fig. 18. Simulation waveforms of the MC operating with the proposed
modulation strategy under 9.5% imbalance in the input voltages when Vo =
50 V and fo = 50 Hz: (a) input voltages, (b)–(d) three-phase line-to-line out-
put voltages, (e) three-phase load currents, (f) three-phase input currents, and
(g) harmonic spectrum of load currents.

proposed strategy modulates the converter by minimizing the
error between the output voltages and their reference values,
while maintaining the desired input current reference angle.

The simulation and experimental results of the MC system
of Fig. 1 operating with the proposed modulation strategy un-
der 9.5% imbalance in the input voltages when Vo = 50 V and
fo = 50 Hz are shown in Figs. 18 and 19, respectively. For this
case, the set of three-phase input voltages can be represented
with VP = 94 V and VN = 9 V. As shown in Fig. 19, the pro-
posed strategy modulates the converter by minimizing the error
between the reference and the output voltages of the converter,
while maintaining the desired input current reference angle. The
results of Figs. 18 and 19 confirm the capability of the proposed
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Fig. 19. Experimental waveforms of the MC operating with the proposed mod-
ulation strategy under 9.5% imbalance in the input voltages when Vo = 50 V
and fo = 50 Hz: (a) input voltages, (b)–(d) three-phase line-to-line output
voltages, (e) three-phase load currents, (f) three-phase input currents, and
(g) harmonic spectrum of load currents.

strategy to operate the MC under various unbalanced input volt-
age conditions.

VI. CONCLUSION

In this paper, a new modulation strategy for the MC oper-
ating under unbalanced input voltage conditions is presented.
The proposed strategy ensures that optimal performance of the
MC over the entire operation range, including the case when
the converter operates with an output voltage greater than maxi-
mum attainable balanced output voltage under unbalanced input
voltage conditions, is achieved. The modulation strategy, which
is based on modification of the conventional SVM strategy,

determines the duty cycles of switching states by formulating
and solving an optimization problem that minimizes the error
between the reference and the measured output voltages. Based
on the KKT conditions, the solution to the optimization prob-
lem is found. The capability of the proposed modulation strategy
is investigated based on time-domain simulation studies, in the
MATLAB/Simulink environment and experimental studies. The
studies conclude that the proposed strategy ensures optimal per-
formance of the MC is achieved over the entire operating range
under unbalanced input voltage conditions.

APPENDIX

A. Solution to a Nonlinear Optimization Problem
With Inequality Constraints

The optimization problem in (10) is a standard nonlinear op-
timization with inequality constraints. The potential candidates
for optimizing (10) can be found by solving the first-order KKT
conditions [19]. To verify, if the obtained point is a local mini-
mizer, the second-order conditions need to be evaluated. How-
ever, if it is proved that the function f(d) is convex, the point
obtained by the first-order conditions is the global minimizer
over the feasible region [19].

1) First-Order Conditions (The KKT Conditions): The KKT
conditions for the optimization problem of (10) are given by

a)

μ =
[
μ1 μ2 μ3 μ4 μ5

]T ≥ 0

b)
[

2K1dI + K3dII + K4a

K3dI + 2K2dII + K5a

]
+ μ1

[
1
1

]
+ μ2

[
−1
0

]

+ μ3

[
0
−1

]
+ μ4

[
1
0

]
+ μ5

[
0
1

]
=

[
0
0

]
,

c)

μ1(dI + dII − 1) = 0, μ2dI = 0, μ3dII = 0

μ4(dI − 1) = 0, μ5(dII − 1) = 0

d)

dI + dII ≤ 1

where μ1 , μ2 , μ3 , μ4 , and μ5 are the KKT multipliers. The coef-
ficients K1 , K2 , K3 , K4a , and K5a are defined in (9). The KKT
conditions for problem (10) have seven variables, two equations,
and five inequality conditions. The solution space or the feasible
space of the problem can be divided into seven different possible
regions. The constraints that need to be satisfied by the solution
in each region can be derived by solving the KKT conditions. In
this section, the constraints for region 1 are derived. A similar
procedure can be used to derive constraints in the other regions.

Region 1: dI = 1 and dII = 0
For this solution, the inequality constraints dI + dII ≤ 1,

dII ≤ 0, and dI ≤ 1 are active constraints, while dI ≤ 0 and
dII ≤ 1 are nonactive constraints. To satisfy the third KKT
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condition, the following conditions must be true:

μ2 = 0, μ5 = 0, μ1 , μ3 , μ4 > 0. (14)

Substituting for μ2 = 0, μ5 = 0, dI = 1, and dII = 0 in the
second KKT condition, the associated equations are written as

2K1 + K4a + μ1 + μ4 = 0 (15a)

K3 + K5a + μ1 − μ3 = 0. (15b)

Based on (15) and for μ1 , μ3 , μ4 > 0, the following two
conditions need to be satisfied:

K3 + K5a − 2K1 − K4a > 0, (16a)

(K3 + K5a) < (K3 + K5a − 2K1 − K4a). (16b)

Based on the aforementioned discussion, it can be concluded
that if the constraints in (16) are satisfied, then dI = 1 and
dII = 0 is a candidate for the minimizer.

2) Global Minimum for the Optimization Function: The KKT
condition is only a necessary condition and not a sufficient con-
dition. However, if the function f(d) is a convex function, the
point obtained by the first-order condition is a global optimum.
To prove that function f(d) is a convex function, it should be
proved that the Hessian of the function f is positive semidefinite.
The Hessian of f is

F (d) =

[
2K1 K3

K3 2K2

]
. (17)

Since the Hessian matrix F (d) is symmetric, Sylvester’s cri-
terion can be used to determine the positive definiteness of the
matrix [19].

Sylvester’s Criterion: A quadratic form xT Qx, Q = QT is
positive definite, if and only if, the leading principal minors of
Q are positive.

The leading principal minors of the matrix F (d) are

Δ1 = 2K1 = 2(V 2
1,I + I2

2,ref ) (18)

Δ2 = det F (d) = 4(V1,I I1,ref + V1,II I2,ref )2 . (19)

The selected vector VI to modulate the converter is nonzero.
Hence, V 2

1,I + I2
2,ref is nonzero and always positive. Therefore,

the leading principal minor Δ1 is always positive. Based on
(19), it can be concluded that Δ2 is a nonnegative number. For
any given voltage current sector combination, V1,I and V1,II are
positive. Furthermore, I1,ref and I2,ref are nonnegative numbers
and, within each switching cycle, their values are not simultane-
ously zero, leading to Δ2 to be always positive. Therefore, f(d)
is a positive definite on R2 and, hence, it can be concluded that
the feasible point found by the first-order necessary condition is
a strict global minimizer.

B. Sub-optimization Problems

In this section, the equivalence of the solution to the op-
timization problem of (6) to solve the suboptimization prob-

lems of (10) and (11) is discussed. The solution to the
sub-optimization problems can be classified into two cases:
1) dI + dII + dIII + dIV ≤ 1 and 2) dI + dII + dIII + dIV >
1, which will be individually discussed in the followings.

1) The KKT Conditions: The KKT conditions for the opti-
mization problem of (6) are given by

a)

μ = [μ1 μ2 μ3 μ4 μ5 μ6 μ7 μ8 μ9 ]T≥ 0

b)
⎡
⎢⎢⎢⎢⎢⎣

2K1dI + K3dII + K4a

K3dI + 2K2dII + K5a

2K1dIII + K3dIV + K4b

K3dIII + 2K2dIV + K5b

⎤
⎥⎥⎥⎥⎥⎦

+ μ1

⎡
⎢⎢⎢⎢⎢⎣

1

1

1

1

⎤
⎥⎥⎥⎥⎥⎦

+ μ2

⎡
⎢⎢⎢⎢⎢⎣

−1

0

0

0

⎤
⎥⎥⎥⎥⎥⎦

+ μ3

⎡
⎢⎢⎢⎢⎢⎣

0

−1

0

0

⎤
⎥⎥⎥⎥⎥⎦

+ μ4

⎡
⎢⎢⎢⎢⎢⎣

0

0

−1

0

⎤
⎥⎥⎥⎥⎥⎦

+ μ5

⎡
⎢⎢⎢⎢⎢⎣

0

0

0

−1

⎤
⎥⎥⎥⎥⎥⎦

+ μ6

⎡
⎢⎢⎢⎢⎢⎣

1

0

0

0

⎤
⎥⎥⎥⎥⎥⎦

+ μ7

⎡
⎢⎢⎢⎢⎢⎣

0

1

0

0

⎤
⎥⎥⎥⎥⎥⎦

+ μ8

⎡
⎢⎢⎢⎢⎢⎣

0

0

1

0

⎤
⎥⎥⎥⎥⎥⎦

+ μ9

⎡
⎢⎢⎢⎢⎢⎣

0

0

0

1

⎤
⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎣

0

0

0

0

⎤
⎥⎥⎥⎥⎥⎦

c)

μ1(dI + dII + dIII + dIV − 1) = 0,

μ2dI = 0, μ3dII = 0, μ4dIII = 0, μ5dIV = 0,

μ6(dI − 1) = 0, μ7(dII − 1) = 0,

μ8(dIII − 1) = 0, μ9(dIV − 1) = 0,

d)

dI + dII + dIII + dIV ≤ 1,

−dI ≤ 0, −dII ≤ 0, −dIII ≤ 0, −dIV ≤ 0,

dI ≤ 1, dII ≤ 1, dIII ≤ 1, dIV ≤ 1.

The KKT conditions for the sub-optimization problem of (10)
are given by

a)

μ = [μ1a μ2 μ3 μ4 μ5 ]T ≥ 0

b)
[

2K1dI + K3dII + K4a

K3dI + 2K2dII + K5a

]
+ μ1a

[
1

1

]
+ μ2

[
−1

0

]

+ μ3

[
0

−1

]
+ μ4

[
1

0

]
+ μ5

[
0

1

]
=

[
0

0

]
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c)

μ1a(dI + dII − 1) = 0,

μ2dI = 0, μ3dII = 0, μ4(dI − 1) = 0,

μ5(dII − 1) = 0

d)

dI + dII ≤ 1, −dI ≤ 0, −dII ≤ 0, dI ≤ 1, dII ≤ 1.

Similarly, the KKT conditions for the suboptimization prob-
lem of (11) are given by

a)

μ =
[
μ1b μ2 μ3 μ4 μ5

]T ≥ 0

b)
[

2K1dIII + K3dIV + K4b

K3dIII + 2K2dIV + K5b

]
+ μ1b

[
1

1

]
+ μ6

[
−1

0

]

+ μ7

[
0

−1

]
+ μ8

[
1

0

]
+ μ9

[
0

1

]
=

[
0

0

]

c)

μ1b(dIII + dIV − 1) = 0,

μ6dIII = 0, μ7dIV = 0,

μ8(dIII − 1) = 0, μ9(dIV − 1) = 0

d)

dIII + dIV ≤ 1,−dIII ≤ 0, −dIV ≤ 0, dIII ≤ 1,

dIV ≤ 1.

The coefficients K1 , K2 , K3 , K4a , K5a , K4b , and K5b are
defined in (9).

2) Solution for Case 1 (dI + dII + dIII + dIV ≤ 1): Consid-
ering the solution space of (6), when dI + dII + dIII + dIV < 1
and dI , dII , dIII , dIV ∈ (0, 1), all the constraints of (6) become
inactive. Hence

μ =
[
μ1 μ2 μ3 μ4 μ5 μ6 μ7 μ8 μ9

]T = 0T .

(20)

The solution can be obtained by solving the following set of
equations:

⎡
⎢⎢⎢⎢⎢⎣

2K1dI + K3dII + K4a

K3dI + 2K2dII + K5a

2K1dIII + K3dIV + K4b

K3dIII + 2K2dIV + K5b

⎤
⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎣

0

0

0

0

⎤
⎥⎥⎥⎥⎥⎦

(21)

dI + dII + dIII + dIV ≤ 1

−dI ≤ 0, −dII ≤ 0, −dIII ≤ 0, −dIV ≤ 0

dI ≤ 1, dII ≤ 1, dIII ≤ 1, dIV ≤ 1. (22)

Now, consider the solutions to the optimization problems of
(10) and (11) in dI + dII < 1 and dIII + dIV < 1, respectively.
Since all the constraints of optimization problems (10) and (11)
are inactive, the solution can be obtained by solving:
[

2K1dI + K3dII + K4a

K3dI + 2K2dII + K5a

]
=

[
0

0

]
, (23)

dI + dII ≤ 1, −dI ≤ 0, −dII ≤ 0, dI ≤ 1, dII ≤ 1. (24)
[

2K1dIII + K3dIV + K4b

K3dIII + 2K2dIV + K5b

]
=

[
0

0

]
, (25)

dIII + dIV ≤ 1, −dIII ≤ 0, −dIV ≤ 0, dIII ≤ 1, dIV ≤ 1.

(26)

As shown in (21), (10), and (11), solving (21) is equivalent to
solving (23) and (25). Therefore, the solution to the optimization
problem in (6) when dI + dII + dIII + dIV < 1 and dI , dII ,
dIII , dIV ∈ (0, 1) is equivalent to the solution to the optimization
problems in (10) and (11) when dI + dII < 1 and dIII + dIV <
1, respectively. Following a similar procedure, the equivalence
of solutions for other regions when dI + dII + dIII + dIV ≤ 1
can be proved.

3) Solution for Case (dI + dII + dIII + dIV > 1): Since the
objective functions in (10) and (11) when dI + dII + dIII +
dIV > 1, dII = 0, dIV = 0, and dI + dIII > 1 are strictly con-
vex, the solution is assumed to lie on dI + dIII = 1. Conse-
quently, by solving (6) with dII = 0, dIV = 0, and dI + dIII =
1, the solution is obtained as

dI =
K4b − K4a + 2K1

4K1
, dIII = 1 − dI . (27)

Following a similar procedure, the solutions for the remaining
combinations when dI + dII + dIII + dIV > 1 can be obtained.
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